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AWARD FOR DISTINGUISHED SERVICE TO 
PROFESSOR EDWARD JAMES McSHANE 


Citation of Professor McShane. Professor Edward James McShane has been 
named as the recipient of the “Award for Distinguished Service to Mathe- 
matics.” This award is made for “outstanding service to mathematics, other 
than mathematical research.” Consequently in honoring him today we pass 
over his brilliant record of mathematical research, first in the absolute minimum 
problems of the calculus of variations and later in the theory of integration in 
general spaces, in functional analysis and the general theory of limits. Today 
we honor the man who contains the mathematician. 

It 1s possible, acceptable, and indeed admirable for a mathematician in his 
public life to be wholly committed to his research, to speak only through his 
original mathematical writing and to influence others only through this medium. 
Consequently we feel an even greater admiration for a man who, though he 
could rest upon his outstanding contributions to mathematical research, goes 
beyond them to express himself in a spirit of service to the profession, to the 
nation, to the community of mathematicians in the world, to people, whether 
important or not, whether friend or stranger. McShane is such a man. 

We recall some examples of Professor McShane’s service to mathematics 
beyond his research, starting with his concern for mathematical exposition. Per- 
haps it began with the translation of Courant’s Differential and Integral Cal- 
culus which he did while he was in Géttingen as a young postdoctoral fellow. 
Later, in 1952, this concern for exposition led him to write the MonTHLY article 
on Partial Orderings and Moore-Smith Limits which was awarded the Chauvenet 
prize for that period. This work and still later his exposition of The Theory of 
Limits in the Association film by that name, reflect the influence of E. H. Moore, 
himself a mathematician with a great concern for teaching, with whom McShane 
as a graduate student at Chicago was closely associated. We may cite also the 
McShane-Botts Real Analysis (1959) written on a foundation of Professor 
McShane’s teaching at the University of Virginia “to present, in a form acces- 
‘sible to the mature senior or beginning graduate student, some widely useful 
parts of real function theory, of general topology, and of functional analysis.” 

Turning to the field of national service we recall that early in World War II, 
Professor McShane was drafted into the war effort as Mathematical Ballistician, 
Aberdeen Proving Ground. After the war when this phase of Professor Mc- 
Shane’s career was over, his national service in peace was expressed through the 
National Research Council, in which he ultimately became Chairman of the 
Division of Mathematics, and the National Science Foundation, where he is 
now a member of the Board. Meanwhile he had been recognized by the mathe- 
maticians as President of both the American Mathematical Society and the 
Mathematical Association of America. He has also served the Conference Board 
of Mathematical Sciences in many capacities and is a member of the National 
Academy. 
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Professor McShane’s universally recognized friendliness, together with his 
fabulous facility with languages, enabled him to make friends easily among 
mathematicians and teachers in many countries of the world, in Germany, 
Italy, The Netherlands, France and, more briefly, in Colombia and Japan, to 
mention some of them. So we are confident that in these countries there are to- 
day many friends of McShane, the man and the mathematician, who would 
wish to join us in honoring him. 

He has served the Association in many different capacities since 1926. As 
President he conceived and appointed the Committee on the Undergraduate 
Program in Mathematics. He sounded the warning that the teacher is vital to 
the life of mathematics, often saying that an excessive financial support of re- 
search which withdraws all the good teachers from the classroom could bring 
extinction to mathematical research as we know it. In his retiring address, stress- 
ing the need for communication, he said: “Everyone of us is touched in some 
way or other by the problems of mathematical communication. Every one of us 
can make some contribution, great or small, within his own proper sphere of 
activity. And every contribution is needed if mathematics is to grow healthily 
and usefully and beautifully.” 

As President of the Society he found himself in a struggle to reduce the ten- 
sions between the pure and applied mathematicians. No better leader could 
have been found for such a crisis; for his own contributions to both fields gave 
him authority in each camp and his personal qualities made him absolutely 
trusted by the embattled proponent of either point of view. Indeed, if there were 
enough mathematicians having a McShane-like grasp of both fields and a 
McShane-like spirit of good will towards all colleagues, there would be no prob- 
lem of reconciliation between these different types of mathematicians. 

Distinguished as Professor McShane’s contributions to mathematics through 
national organizations have been, however, each of these positions tends to 
carry its own recognition and its own honor. Moreover, each such position of 
honor and responsibility came to him for the same reason that today he receives 
the Award for Distinguished Service. This is the great esteem in which so many 
individual mathematicians hold him. In thousands of different incidents which 
have gone unrecorded he has been helpful to graduate students, sympathetic to 
the problems of teachers in the many little-known schools and colleges he has 
visited, generous in bringing his brilliant mathematical intellect to the aid of 
some young mathematician grappling with a problem, wise in his counsel, 
trusted in difficulty, and inspiring in his readily-sensed ideals of human behavior. 
To the many people who have been touched by Professor McShane in these 
ways he is affectionately known as “Jimmy McShane.” So today we salute 
Jimmy McShane. 


AWARD OF THE 1964 CHAUVENET PRIZE TO 
PROFESSOR LEON A. HENKIN 


The Board of Governors of the Mathematical Association of America at its 
meeting on August 25, 1963, at the University of Colorado voted to award the 
1964 Chauvenet Prize to Professor Leon A. Henkin of the University of Cali- 
fornia, Berkeley, for his paper “Are Logic and Mathematics Identical?,” pub- 
lished in ScIENCE, 138 (1962) 788-794. 

A certificate and monetary award in the amount of one hundred dollars was 
presented to Professor Henkin at the time of the Business Meeting of the Asso- 
ciation on January 26, 1964, at the University of Miami. 

The Chauvenet Prize is awarded for a noteworthy expository paper, pub- 
lished in English, such as will come within range of profitable reading for mem- 
bers of the Association. The purpose of the prize is to stimulate expository con- 
tributions to mathematical journals on the part of younger American scholars. 
The 1964 Prize, awarded for a paper published in 1962 by a member ot the 
Association, is the fourteenth award of the Chauvenet Prize since its institution 
by the MAA in 1925. For a list of the names of the previous winners, see this 
MONTHLY, 66 (1959) 446-447, 67 (1960) 118, and 70 (1963) 2-3. 

Professor Henkin was born on April 19, 1921, in Brooklyn, New York. He 
received his A.B. from Columbia University in 1941 and his M.A. from Prince- 
ton University in 1942. After an interval of four years as a mathematician in in- 
dustry, he returned to Princeton where he obtained his Ph.D. in 1947 and then 
served successively as Henry B. Fine Instructor and as Frank B. Jewett post- 
doctoral fellow. 

In 1949, Professor Henkin was appointed Assistant Professor of Mathe- 
matics at the University of Southern California, and since 1953, he has been a 
member of the faculty of the University of California, Berkeley. During 1954-55 
he was a Fulbright Research Scholar at the University of Amsterdam; during 
1960-61, he served as Visiting Professor at Dartmouth College; and during 
1961-62, he was a Guggenheim Fellow and member of the Institute for Ad- 
vanced Study. 

Professor Henkin has served as a Visiting Lecturer for the MAA, as Chair- 
man of the MAA Committee on Production of Films, and is presently a member 
of the Committee on the Undergraduate Program in Mathematics. He has served 
as Editor of the Journal of Symbolic Logic, and in 1962 was elected to three-year 
terms as President of the Association for Symbolic Logic and as Member-at- 
large of the Council of the American Mathematical Society. 

Professor Henkin’s many significant contributions to logic and the founda- 
tions of mathematics are contained in his thirty-five publications. His interest 
in improving mathematical education at all levels is evidenced by his participa- 
tion in numerous NSF summer institutes and his book “Retracing Elementary 
Mathematics,” published in 1962 in cooperation with W. N. Smith, V. J. 
Varineau and N. J. Walsh by Macmillan Company. 
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NEW MATHEMATICAL METHODS IN THE LIFE SCIENCES 
GEORGE B. DANTZIG, University of California, Berkeley 


Haldane stated “The only way of real advance in biology lies in taking as 
our starting point, not the separated parts of an organism and its environment, 
but the whole organism in its actual relation to environment, and defining the 
parts and activities in this whole implying their existing relationships to the 
other parts and activities” [1]. 

Recognizing the dangers inherent in oversimplification, we might neverthe- 
less say that in medicine we are dealing functionally with highly complex sys- 
tems of chemical reactions and with control mechanisms that affect the varying 
rates of these reactions. 

A living animal is perhaps the most complex chemical factory that will ever 
be devised. Its highly dynamic character has been brought into even sharper 
focus by the recent introduction of isotope techniques. It is clear that new ap- 
proaches should be sought for viewing the human body as a whole and to make 
it possible to integrate and evaluate the information that has been accumulated 
but not necessarily interrelated about thousands of parameters developed in the 
study of living systems. 

Indeed it is interesting to note that the most recent developments have 
evolved out of the analogy between the automation and control of complex in- 
dustrial processes (and decision making in general) and the complex metabolic 
and control processes of the human body. We appear to be at that point in 
human understanding when the greatest progress will be made if many processes 
are considered in relation to each other. Mathematical models of biochemical 
processes should now be undertaken that view the human body as a whole, as 
well as consider a particular organ which may incorporate a number of such 
processes. 

The idea of building mathematical models of biological systems is, of course, 
not new. Lotka, Rashevsky, Henderson, Michaelis, and others were early in- 
vestigators who proposed mathematical models of biological systems or who 
pioneered in the quantification of parts of such systems. But it is only in recent 
years that the field has attracted a great deal of attention because now better 
tools are at hand to develop the basic ideas. 

The emerging nuclear and space age presents an especially difficult challenge 
to biological science and medical art. The stresses that may be placed on organ- 
isms by the completely new and stringent environments associated with these 
technologies are largely unknown. To understand the effects of these environ- 
ments on the whole organism, especially on the human system, will be difficult 
and slow, if not impossible, within the present state of the biological arts and 
sciences. The reason is partly our lack of knowledge of individual biological 
phenomena, and partly the present lack of a technique for integrating a very 
large number of environmental effects. We should not try to decide in advance 
which lack is more important. Mathematical techniques and computing facilities 
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for integrating more and more complicated sets of components are now becoming 
available. These techniques should be pushed to the biological or mathematical 
limit—whichever comes first—in the hope that mathematical models for in- 
creasingly large portions of the human system can be constructed. 


An example of a model. Perhaps one of the simplest systems of chemical 
reactions that takes place simultaneously in the human body is the exchange of 
CO, and O2 between blood and air in the lungs. 


Air out: 11, x2, 3, %4 Air in: @1, @2, @g, 4, as 


Lung level 


Arterial ye ne BM: ==: i Venous 
blood out y WEEP blood in: 
V5y ar | 30 V1, Ve, me 8 Vi2 


em! o 
ow enen~, 


sess 


Tissue level 


Cell output Cell input 
Fic. 1 


In Fig. 1 the heavy arrows indicate the flow of blood from the tissue level 
to the lungs and the other arrows, the corresponding flow of air. The actual ex- 
change takes place in tiny air sacs called alveoli shown in Fig. 2. There are close 
to 10° such sacs in the human lungs. 

For a resting individual it can be assumed that the stale air that we breathe 
out and arterial blood are in equilibrium; that is, if we were to collect the stale 
air in the top of a big jar and expose it to the blood collected in the bottom, then 
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no further exchange would take place between them. For the purposes of build- 
ing the chemical model we have essentially three compariments separated by 
membranes; the air compartment, the plasma (the fluid surrounding the cells), 
and the red cells. 


Respiratory bronchioles Terminal bronchioles 


Alveolar ducts 


Alveolar sacs 


Pulmonary alveoli 


Fic. 2 


To illustrate the principles for building a mathematical model for predicting 
the distribution of various type chemicals in the air and arterial blood leaving 
the lungs, let us extract a small piece of our respiratory model. For simplicity 
we have set aside most of the substances found in the blood plasma compartment 
except for carbon dioxide dissolved in water. This will result in the chemical 
species H,2O, H+, OH~, COz, HCO;. We suppose that everything else is held 
at constant temperature and pressure and that sufficient time has lapsed for 
the mixture to settle down. Our problem is to predict the equilibrium distribu- 
tion. 

To build up the chemical equilibrium model we first distinguished the differ- 
ent molecule types by giving a formula by which they could be formed from 
elementary elements. A simple example of this is H2O which indicates that water 
can be formed from two atoms of hydrogen and one of oxygen. Actually we could 
use any building block we please to build up the molecular types. Since organic 
molecules are very complex, we found it more convenient to use groups of atoms 
as our “building blocks.” In our model we used Ht, OH~, and COs. Thus, water 
is represented as a vector composed of one unit of Ht and one unit of OH™ (indi- 
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TABLE I 
les | . 
Building Blocks Molecules in Mixture 
(atoms) HO Ht OH- CO, HCOF 

Ht 1 1 

OH- t 1 ' 
COs 1 \ 

Quantities in Mixture XH0 xut ou" x00, seco; 


Mass Balance Relations 


Input Ht = xy,0 + xut 
Input OH- = sx,0 + xon- + xHC03 
Input CO, = *%C0g + XHCO3 


cated by the position of the unit entries in the HO column of Table I) while 
HCO; is formed from one unit of OH~ and one unit of CO, (as shown by the 
position of the units in the HCO; column). 

To determine the unknown quantities of these molecules, x; in the equilibrium 
mixture, we first express the chemical law of mass balance. In words, this law 
says that the total amount of each type of building block placed initially in the 
mixture is equal to the amounts used to form the various species in the mixture. 
The equations expressing each of these relations are shown in the bottom half of 
Table I and are formed from the top half by multiplying x; by the corresponding 
entries in any row and summing. 

For equilibrium, however, classical chemistry tells us that another law must 
also be satisfied, the Jaw of mass action. There are various ways to express this 
law. One way is to state that the so-called free energy will “run down hill” until 
a minimum is reached. Now the function F which measures the free energy of 
the system has the simple form; 


F(x) = eu,oFa,0 + xatPut +--+ + xucorFuco;, 


where Fy,0 = Cu,0 tlog (xu,0/2x;). Mathematically our problem is: 
Find x;20 and minimum F satisfying: 


Mass BALANCE: 
Dy aij; = Bs, Dt = HB 4 =1,2,-+-,m 
j 


F = 9) 2a;(c; + log [x;/z}), 


where F, called the Gibbs Free Energy Function, must be modified if there is 
more than one compartment. 
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This is like a linear program except that our function to be minimized is non- 
linear. There are many methods for solving such systems in the physical-chemi- 
cal literature. 

The classical approach is to ignore the nonnegativity constraints—to assign 
Lagrange multipliers to the equations, and to set up the conditions that the par- 
tial derivatives must satisfy at equilibrium. In addition to the Mass Balance 
equations that we have already discussed, this gives rise to another set of condi- 
tions called the Law of Mass Action. If the Lagrange multipliers are eliminated 
in a systematic way this gives rise to a second set of equations each linear in the 
logs of the variables. 


Mass ActTIon Law: 
log [%n,0] — log [xu+] — log [xou-] = log ku,o, 


where [x;| is a symbol for x;/#,; the “concentration” of species j. 

Mathematically, what the classical approach has done is to take a relatively 
simple linear inequality system with a homogeneous convex objective which is 
to be minimized and to replace it by a messy hybrid system consisting of linear 
equations and nonconvex conditions on the logs which is difficult if not impos- 
sible to analyze. It is perhaps for this reason that the physical-chemical litera- 
ture is full of papers devoted to special cases. 

The full respiratory model, which contains all the relations commonly de- 
scribed in a volume on the subject has the following compact appearance. (See 
Table IT on the following page.) Notice that there are forty-four chemical species 
in this model. It includes a special fourth compartment called “Hemoglobin 
Structure.” This part is based on a theory developed by Linus Pauling in 1935 
which assumes that the four sites where oxygen attaches to the hemoglobin form 
a square. It also includes the theory of Roughton on the manner that CO, 
attaches to sites adjacent to the oxygen sites. 

One direction of research has been to represent compactly all the different 
variants of a basic molecule. In the case of hemoglobin there are some 21° 
different species of this molecule arising because there are about 150 sites where 
H* ions can attach or not attach to the long stem of the molecule. Based on 
certain assumptions about the independence in the probability of attachments of 
zons to various sites, it is possible to replace a large number of different columns 
Bl few generic columns. This fourth compartment reflects such a reduction, 

5 |. 

The method of solution that has been proposed recently for solving such 
systems is to replace Gibbs Free Energy Function by a quadratic fit and to solve 
the resulting system (mathematically the same as a quadratic program) by a 
special technique. The solution is used to generate a new quadratic fit and the 
process is repeated. It takes about two minutes on a 7090 to solve such a system 
with great numerical accuracy (not to be confused with accuracy of input data). 
In short by going back to the original convex free energy proposed by Gibbs 
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and minimizing it, instead of writing down all the conditions that hold at equi- 
librium, the mathematical structure is easily analyzed and solved on computers 
even though it may involve many chemical species competing with each other 
for the limited number of atoms in the mixture (cf. [2]). 


An example of nonzero fluxes. In developing a model of transport of sub- 
stances into and out of the body tissues, we assume that there is a steady flux of 
substances across the membranes that separate the various compartments. 


Tissue Level 


COz 


Fluids Inside Fluids Outside absorbed by 
Cell Cell ¥ blood stream 


> HCO;- 


CO», 
generated by 
burning nutrients 


XN Cell Membrane 


Fic. 3 


The previous model no longer applies because there the net flux across mem- 
branes was assumed zero. One approach has been to assume each compartment 
to be in virtual equilibrium with respect to itself and to assume that concentra- 
tion gradients appear only in the immediate neighborhood of the interface (like 
two lakes both nearly level except near the waterfall separating them). 

Now the flow rates of dissolved Oz, say, depends on difference of their con- 
centrations on one side and the other. For example, under certain assumptions 
based on Fick’s Law: 


Flow O2.=&(concentration dissolved oxygen outside 
—concentration dissolved oxygen inside the cell). 


On the other hand, it can be shown mathematically that 


log(concentration O2 inside) = Lagrange multipliers of the mass balance 
oxygen-equation for inside the cell. 


This suggests relating the flow rates directly to Lagrange multipliers associated 
with equilibrium in each of the compartments. 

This leads to the consideration of a new type of mathematical problem which 
is over-simplified here to indicate the approach. In the matrix equations below, 
the top set represents the mass balances in the inside of the cell (Compartment 
I) and the second, the mass balances outside the cell (Compartment II). 
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Lagrange 
Multipliers 
AyX1 == by (Inside) AY 
ArnXn = by (Outside) MII 


F(X1) + F(X) = Min 


If we knew the vector of building blocks by or bi, we could minimize F(X1) or 
F(X) and find the equilibrium distributions X; or Xn. We suppose, however, 
that we know only their sum 0;-++0n = 6. We assume also that we know the fluxes 
and from them can deduce a relation at equilibrium between the Lagrange 
multipliers \; and Au. To simplify the discussion we assume that we can derive 
from the known fluxes that \r—\Arr=A;} i-e., A is known. Then we can solve the 
above system by a simple device. What we do is add the first set of equations 
to the second as shown below. This induces a change in the Lagrange multipliers. 
In fact, those for the first set must be replaced by their difference \ (known) 
while the second remains unchanged. But mathematical theory tells us that in 
this case we can multiply the first set of equations by \ (transposed) and sub- 
tract the product from the function to be minimized, after that the first set can 
be ignored and the dotted system can be solved in its place. 


Lagrange 

Multipliers 
Ay X1 = by Ar — An = 
Ay Xi + AnXn = by + by = b NG 


erm eRe SS SN EN ES SO SE SG SN SE SE STE ND 


It is easy to see that the dotted system is mathematically of the same type 
as one obtained for a problem involving zero flux across the membrane. 

Thus by this device a steady-state nonzero flux problem can be reduced to an 
ordinary zero flux case. Notice that in doing this we have applied our Lagrange 
multipliers only to part of the constraints and not to all of them. This is a modi- 
fication of the usual Lagrange multiplier approach and has important applica- 
tions in mathematical programming. In fact, it underlies the solution of non- 
linear programming problems based on the decomposition principle. 

Steady state models of this type have been coded up on computers by 
modifying the zero flux codes discussed earlier. They solve rapidly in about four 
minutes for very large scale systems. They have been used to investigate and 
predict known phenomena of transport across cell boundaries. 


A mystery. There is, however, a complication. Living cells do not appear to 
believe in the laws of physics and appear to invent their own laws. One of the 
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great mysteries* is this: The concentration of sodium ions within the cell is 
low relative to the outside; while for potassium ions the reverse is true. The rela- 
tive amounts vary for different animals and the values selected below are illus- 
trative only. 


Inside Cell Outside Cell 


high 
high low 


There are various theories that explain this phenomenon of active transport. 
Some are complete with “trapdoors” which open and close at just the right 
moment so that Nat goes to one side and the K+ to the other (Maxwell’s 
Demon). The most popular explanation at present, however, is the so-called 
carrier theory, which is based on known phenomena. 

Assuming the existence of a “carrier” substance (in the membrane that com- 
bines selectively with positive ions) we have been able to obtain some separation 
of Nat and K* and it might be possible that if we push this popular approach 
harder we will be able to explain the observed quantitative differences. 

Recently, however, we have been excited by another type of mechanism, 
statistical in nature, for explaining the movement uphill of Nat, say, against 
its concentration gradient [3]. 


aaaobé$obob ob 
A B 


We conjecture that there are passages interconnecting two compartments A 
and B each so narrow that objects (molecules or ions) must line up in single 


* One of the referees of this paper, a biologist, states: “The author’s idea that these phenomena 
belong in the realm of black boxes is not valid. The phenomenon (which went unnamed) is called 
Donnan Equilibrium. The theory was worked out by Gibbs in 1876.” 

A second referee states: “I question whether it is justified to refer to this phenomenon as 
‘one of the great mysteries... .’ As a biologist, I should object to his statement that ‘Living 
cells do not believe in the laws of physics and appear to invent their own laws’.” 

Except for the adding of the words, “appear to” after “do not” above, I have left my remarks 
unchanged. I should say, however, a few words about what the model discussed up to now does 
include. It is, in fact, quite sophisticated: It includes Gibbs’ theory, it includes volumetric effects 
as well as charge effects (Donnan Equilibrium), it includes effects of temperature, pressure, the 
laws of solubility, “salting in and out” phenomena, osmotic pressure, the passage of charged 
particles across a simple membrane with known distribution of potential, the exclusion of certain 
species from passage across the membrane and the varying of membrane permeability of other 
species. The author conducts a joint seminar with Nello Pace, the physiologist, in which this type 
of approach has been investigated to quantitatively predict phenomena of transport across cell 
walls. Theoretical considerations (as well as hundreds of trials on computers under a wide range 
of membrane characteristics) have convinced us that a more complicated theory of membrane 
structure is essential to explain quantitatively the phenomenon of active transport. 
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file in the passage. The objects originating in A will be denoted by a, those in B 
by 6. In the figure »=7 and there are three objects from A and four from B. 
We will call the number of @ objects in the passage the state. In the above case, 
the state is 3. The state of the passage can be changed, however, by the impact 
of an a object from A or by the impact of a b object from B. If impacts occur 
simultaneously at both ends, no change takes place. If not, we refer to the im- 
pact as an a impact-event if it is caused by an a object, and as a b impact-event 
in the other case. Only if the state is 0 can a 0 impact-event cause an object 0 
to be driven out of the passage and become an object of A, or, if the state is n, 
can an a impact-event cause an object a to become an object of B. We are inter- 
ested in the relative frequency of the events “an a object moves into the B 
compartment” and “a b object moves into the A compartment.” 

The matrix below gives the transition probabilities of going from state 4 
to j after an event. 


State State After an Event 


Before an 
Event 0 1 


Pp 
0 


Letting \=p/q=ratio of impacts and p+q=1, we can derive from the above 
two laws governing the flow rates: 

1. THE DIFFERENCE IN FLow Rates (A-—B) —(B—A) = ConsTAntT (inde- 
pendent of 2). 

2. THE RATIO OF FLOW RATES IS PROPORTIONAL To A"™}, 

We now assume that A objects really are the totality of Nat and Kt ions 
in the cell and that the B objects are the totality of these same ions outside the 
cell. In this case we have 


Inside Outside 


Nat 1 9 
Kt 19 1 


10 
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We next assume that the ratio of A impacts to B impacts is proportional to 
the total concentration of A objects to B objects or \=20/10 = 2. Suppose that 
the passage length is very small, say n=4. Then 


Ratio of Total Flow Rates(IN/OUT) =\°/1 = 25/1. 


Notice that, because of the assumption of a narrow passage, if an A object 
happened to be a Nat (which will happen every 1/20 A impacts), then this Nat 
ion will be trapped in the passage if it is followed by another A object. Thus, out 
of every 25° of the A objects moving across 1/20 will be Nat. Similarly, out of 
every & of the B objects moving in the reverse direction 9/10 will be Nat. It 
follows that 


Ratio of Nat Flow Rates IN/OUT = (25 & 1/20)/(1 X 9/10) = 24/9 > 1. 


Therefore 
Na Flow Rate (IN— OUT) > Na Flow Rate (OUT — IN). 


Once we are able to explain any movement against the gradient it is not 
difficult to imagine another such mechanism for K+ moving against its gradient 
in the reverse direction. 

The narrow passage approach thus leads to a theory based on a Markov 
process to explain the mysterious natural life process of flows against the gradi- 
ent. In its present state this is only a conjecture. It will be at least another year 
before experimental evidence can be analyzed to test this hypothesis. 


Some concluding remarks. I have tried by way of examples to illustrate how 
mathematical, statistical and computer methods are currently being applied in 
the biological sciences. Those which I have selected, I believe, have some element 
of novelty in them, both from the view point of the mathematician and of the 
life scientist. The more classical methods based on simultaneous partial differen- 
tial equations will, of course, remain the dominant tool; these will be coupled 
with the newer methods developed for solving large-scale inequality systems 
arising in the planning of large-scale enterprises. 

Thus we see that mathematical, statistical, and computer methods are being 
applied with greater emphasis than ever in the biological sciences, and that a 
new field of “Bio-Mathematics” will undoubtedly emerge. The long term goals 
of such research will be the gradual development of mathematical models for 
the entire human system. 

For the present, however, emphasis is placed on the representation of sub- 
systems. By a model, as we have used it, is meant a representation of a current 
theory with its attendant hypotheses and assumptions. When such a theory 
fails to supply values of certain constants that represent, say, reaction rates or 
rates of physical flow, the model builders will undoubtedly insert “plausible” 
values and encourage laboratory experiments that will lead either to validation 
of the model or its replacement by another. 
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A partial list of mathematical sub-models that are under development is: 
1. Control mechanisms of the central nervous and hormonal systems. 

. Neurological nets and learning processes. 

The mechanisms of transport in the system as a whole. 

The mechanisms of transport at the cell level. 

. Integration of metabolic processes at the cell level. 

Chemical structures in the nucleus and other parts of the cell. 

. Stochastic theory of the dynamics of population genetics. 

. Cell multiplication, growth and aging processes. 

. System modification due to disease. 


This paper is based on an invited address before the Mathematical Association of America in 
Berkeley, January 28, 1963. For further development of the discussion see the first two sections in [2]. 

This research has been supported by Contr. Nonr 3656 (02) with the Office of Naval Research 
and by Grant GM-09606-02 from the National Inst. of Health. 
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A PERIODIC OPTIMAL SEARCH 
DAVID MATULA, University of California, Berkeley 


1. Introduction. The search problem is a standard example in the application 
of dynamic programming methods. An object is in one of a finite set, I, of possible 
locations, with a priori probability »;, (>)p;=1, iG). Associated with each 
location 7 is a cost for searching that location c;, and an overlook probability a,, 
that if the object is in 7 and we search 7, we do not find it. The problem is to find 
a program m= [m(1), 7(2),--- |, ie., a sequence of locations to be searched 
such that the expected cost V(x), of finding the object is minimal. Note that, in 
general, to be successful, each location must be searched infinitely often. 

A program is called ultimately periodic if r(j+0)=7(j) for all 7> 7, where 
T denotes the length of the transient phase and @ the length of the period. Our 
major result, Theorem 3, yields the conditions for the existence of an ultimately 
periodic optimal program and also determines the minimal period and the 
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minimal transient length. Whereas the general dynamic programming solution 
gives an optimal program recursively, our solution has the advantage of admit- 
ting a closed form expression and requires evaluation of only the first 7+6 
terms. A further virtue ensues from the observation that a periodic program 
yields for the expected cost a power series that is algebraically summable in 
closed form, which is, in general, not possible for arbitrary search procedures. 


2. Optimal programs. To avoid trivial cases we will assume throughout this 
paper that we are dealing with a search problem over at least two locations satis- 
fying the strict inequalities 0<a;<1, 0<c,;, 0<p;<1, for ET. 

For any program x, M(i, N, x) is the number of searches of location 1 among 
the first NV searches using program x. A program is called suitable if for r(WV) =], 


M(j,N—1,%) M(i,N—1,%) 


(1) Q; b;p;/ j= max a; b:p:/ c;} 


for all N. The following theorem of dynamic programming is stated without 
proof [1]. 


THEOREM 1. A program 1s optimal tf and only zf it 1s sustable. 


Our first insight into the frequency of search of a particular location by an 
optimal program is 


THEOREM 2. Let x be an optimal program. Then 


lim M(t, N, x)/N = (1/log a;) > (1/log a,), iEl., 
N- jer 
Proof. Let 
M(i,N 3) 1/N ,- M(j,N,®) 1/N 
(2) Lii(N) = [as bipi/e| /[az ° ” bipj/ej] 


We first shall show that the limit of this ratio is one. 

For 147 consider three cases. 

(i) (NV) =. Then ghON-L™)D pb /¢;, = aN ps /c;, Lij(N—1)21, and 
Lij(N) = a7" [Lij(N —1) OY, 

(ii) w(V)=j. Then ap N-h™)b bs] 6,SahON Wb 5/5, L;(N—1)S1, and 
Li(N) = (1/a;)/% [Li(N —1) OY, 

(iii) r(N) 47 or j. Then Lij(N) = [L.,(N—1)]@-9", 

Now we may choose WN large enough so that both location 1 andj have been 
searched at least once. Then if £:;(V—1)>1, Z,;(N) is smaller but certainly no 
smaller than a}; similarly if L;;(N—1) <1 then L,;,;(N) is larger but no larger 
than (1/a;)/%, and if £,;(V—1)=1 then Z,,;(N) is one of the three values 
(1/a;)/¥, 1, al’. In any case we have 


(1/a;) = Li(N) =a; 
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Since this is true for arbitrarily large N, limy.... L:;(N) =1, or alternatively we 
have limy... log £;;(N) =0. 
Recalling (2), we see that 


iim [(MG, N, =)/N) log a; — (M(j, N, =)/N) log a; 


+ (1/N) log (p:bic;/p,bjc:)] = 0, 
iim [M(j,N, =)/N — (M(i, N, x)/N) (log a;/log a;)] = 0. 


Summing this result over jEJ yields 


lim E — (M(i, N, ~)/N) du (log a;/log a) = 0, 


Noo 


jim M(i, N, x)/N = (1/log as) / >> (1/log a,). 


jel 


3. Periodic optimal programs. We wish to determine under what conditions 
a periodic optimal program exists, if indeed any exist at all. Assuming the 
existence, we may examine the properties of such a program, as in the 


LemMaA. If x 1s an ultimately periodic optimal program of transient length T 
and period 0= > ier oi, where o; is the number of searches of location i per period, 
then 


(3) a; = a,? forz,7 EI. 
Proof. Letr;=M(, T, x), so that M(t, RO+T, x) =ko;+7;, 
lim [M(i, K, x)/K] = lim [(Ro; + 7,)/(T + 20)] = 05/0. 
K- k— © 


By Theorem 2, o;/0=(1/log a:)/ Dojer (1/log a;), or log a%*=0/ >> jer (1/log a;). 
Noting that the right hand side is independent of 7, af‘=a7 for 7, EI. 

This result is crucial and will motivate our remaining work. We may state 
this result in terms of the search problem parameters only as follows: 


COROLLARY. A necessary condition for the existence of an ultimately periodic 
optimal program is that the set of ratios {log a;/log a;}, 7, 7EI, consist only of ra- 
tional numbers. 


Having found that a periodic optimal program imposes necessary conditions 
on the overlook probabilities, we may ask if these conditions on the a; alone are 
sufficient to insure the existence of an ultimately periodic optimal program. The 
answer is affirmative, and we now construct such a program. Furthermore we 
show that the method of construction used necessitates evaluation of a minimum 
number of terms of the program before the condition of periodicity can complete 
the solution. 


18 A PERIODIC OPTIMAL SEARCH [January 


THEOREM 3. For the search problem where the ratios {log a,/log a;} are rational 
numbers for 1, jE 1, there exists a program x* such that 
(a) x* 1s ultimately periodic of period 8 and transient length T, where 


(4) | = min fv | 0’ and 6’ / >> (log a;/log a;) are integers for i C 1 


jel 


(5) T=>) | min a axbipi/ ci: < min (eel aca} |, 
ieI Ln=0,1,2,++° jel 
(b) x* ts optimal, 
(c) 61s the minimal possible period, 
(d) T ts the minimal possible transient length. 


Proof. For any search problem there exists at least one suitable program =. 
For this x recall (1) and let 


MGU,N—1,%) 


(6) o(N) = max { a bipi/ci}, N=1,2,---. 


An inductive argument readily shows that @(JV) has the same value for any suita- 
ble program. 

(NN) is a monotonically nonincreasing function which approaches zero, hence 
we may define 
(7) VY = min {b;p;/(a;c,)} (8) T=min{N|¢(N) S YL}. 

jer 

Note that this definition of T agrees with (5). 

Since the numbers {log a,/log a;} are all rational, 1/ > jer (log a;/log a,) is 
rational for any 1€ J, giving meaning to (4), and we define 


(9) o; = 0 > (log a;/log a,), tel 
(10) X = exp ? 2 (1/log at 
(11) K = min {K’| 6(K’) S$ XY}. 


The following relations will be needed 

(12) 6= > a, (13) X=a; forallieElr. 
iel 

Finally let 

(14) G= {i | bi p:/(aic;) = y} 


and list the elements of G, 7%, 41, 42, - + * , tz. Now we are in a position to define 
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«* as follows: 
n*(j) = (J) forls7S K-1 
(a+ K) = 4; forO0SjSL,14;EG 
r*(j + 0) = x*(j) forj>K+L—60 
(a) x* 1s ultimately periodic of period 6 and transient length T. 
First we will show that T=K-+2L+1—6. Consider two cases for 7. 


Case 1: i€G. We have from (6) and (11) a@@*-4%.p,/c;= XY. Using (13), 
(14) and observing that M(i, T—1, ~*) =0 for 1€G 


o; = M(i, K —1, x*) — M(i, T —1, x*) +1. 
Case 2:1€ I, 1G. We have from (6) and (8) 


(15) ey pos ST < ag babi ce 

Using (6), (11) similarly and then (13) 

(16) af Og de, ST < GeO es. 

Combining the left side of (15) and the right side of (16) yields 
at T~1,%*) av (¢,K—1,%*)—¢;—1 


o: = M(i, K — 1, x*) — MG, T — 1, x*). 


Similarly the right side of (15) and the left side of (16) give 
oS MG, K —1, x*) — Mi, T — 1, =*), 


so finally o,= M(t, K—1, x*) -M(i, T—1, z*). Using the results of Cases 1 and 
2 and noting that there are L-+1 elements of G, 
6=>)o=K—-T+L+1 
ier 


T=K+L+1-—4. 


This shows that «* has transient length 7. 

Now we observe that o; is the number of searches of location 7 per period 6. 
Our choice of 6 assures us that g.c.d. {o;} =1. Therefore x* is ultimately periodic 
of period @. 

(b) «* zs optimal. 

It will be proved by induction on k (k=0, 1, 2,---+), that ~* is suitable 
through stage K+L-+8. 

For k=0 it is clear from the definition of «* and the fact that x is suitable 
that «* is suitable through stage K+L. 

Assume x* is suitable through stage K+L-+2, and that ~*(K+L++1) 
=j, hence also x*(K+L2+k+1-—6) =j. 
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M (j,K+L+k,™*) oj7+M (j, K+L+k—6,7*) 
a; b;p;/cz = aj b;p;/¢; 
M (j,K+L+k—6,2") MG, K+L+k—6,2") 


= Xa; bspi/cj = X max (a; bspi/cs} 
tel 


= max {gh MORATEO2YD 5 /e,} = max {gh RHEE 5 Hoh 
ic! te. 
This shows that x* is suitable through stage K+ZL+-+1, and by the induction 
axiom suitable at all stages. Applying Theorem 1, we see that x* is optimal. 

(c) Minimality of period. 

Let x’ be any ultimately periodic optimal program of period 6’ with 6’ 
= ) ier 5;, where s; is the number of searches of location 7 per period 6’. By the 
lemma a;'=a# for all 7, 7EJ7. Now recall that aj‘=a; for all 1, jEJ7. Letting 
g=5,/o1, we have s;=qoi, 1G JI. Since g.c.d. {oi} =1, q is an integer and 0’ =g0. 
Therefore any other possible period is a multiple of 6. 

(d) Minimality of transient length. 

Assume that x’ is an ultimately periodic program of transient length T’ and 
period 6’ (where &’ =g6 by part c) with T’ <7. For some 1€G choose 


J,= max {J|r’J) =i, $7’ +64. 


Since 7 occurs go; times per period, we must have 


an’ bipi/es = OT) = G(T’ + 0") = X°G(T’) > X°V = X"b,bs/ (asc) 
= at’ bspi/ci. 


But this is a contradiction. So we have shown that T is the minimal transient 
length, thus completing the proof of the theorem. 
Combining the corollary and Theorem 3 we may state the 


PERIODIC SEARCH THEOREM. A necessary and sufficient condition for the 
existence of an ultimately periodic optimal program ts that the ratios {log a;/log a;} ; 
1,j€/, all be rational. 


The following numerical example illustrates the transient and periodic be- 
havior of an ultimately periodic optimal program. 


pr = 28 a1 = 50 b; = .50 1, = 
pe = .64 ag = 25 be == .75 (= 2 
ps = .08 a3 = .25 bz = .75 cz = 4 
Y=min { },p,/ (a;c;) } =.06. From equations (4) and (5) 
g=4, T=2. 


This implies that it is sufficient to find the first six terms of the program. From 
equation (6) 
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o(1) = max { bsps/cs} = 24. 


The maximum occurs for 1=2, therefore 7*(1) =2. Using ¢ recursively to deter- 
mine x* 


N 1 2 3 4 5 6 
o(N) .24 .07  .06 .035 .0175 .015 
n*(N) 2 1 2 1 1 3 


We choose 7*(6)=3 rather than 7*(6)=2 because 3€G, (see (14) and the 
definition of «*). We see that «* has the transient sequence (2, 1) followed in- 
definitely by the sequence (2, 1, 1, 3). 


x* =: [2,1, 2,1, 1,3, 2,1, 1,3,--- ]. 


4, Conclusion. It is an interesting observation from Theorem 2 that the 
limiting frequency of search of a location for any optimal program depends only 
on the overlook probabilities, not on the initial probability distribution or even, 
surprisingly, the relative costs. For the ultimately periodic optimal program of 
Theorem 3, we see how the initial probability distribution and costs affects the 
transient phase (5). The order of search within the period also is affected by all 
parameters, but the length of the period is determined only by the overlook 
probabilities (4). 

In practical applications it is generally desirable to find the minimal expected 
cost as well as an optimal program. The use of ultimately periodic programs 
presents an efficient method for estimating this cost when an optimal program 
itself is not periodic. 

We first evaluate the first T terms (5), of a program we shall call «’. Then we 
approximate the ratios {log a:/log a;} by rational numbers and find a period @ 
(4). The next 6 terms of the program are then evaluated. x’ is completely defined 
by repeating that period indefinitely. The expected cost V(x’) may then be 
calculated inclosed form and a bound on its difference from the minimum should 
be easily determined. 

Obviously the ratios {log a;/log a; may be approximated arbitrarily closely 
by rational numbers, so the expected cost may be found to any accuracy desired. 
The practical success of this method depends on one’s ability to pick good ap- 
proximations that at the same time keep @ manageably small. With electronic 
computers to aid us, this method should handle all search problems. 

I wish to thank Dr. David Blackwell for his helpful suggestions during the preparation of this 
paper. This work was supported by the Computer Center at the University of California, Berkeley, 
California. 
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SIMPLE EXTENSIONS OF TOPOLOGIES 
NORMAN LEVINE, Ohio State University 


1. Introduction. Let (X, 3) be a topological space and 3C3*. Then 3* will be 
termed a simple extension of 3 iff there exists an A G3 such that 3* 
= ,OU(O'NA): O, OES}. In this case we write 3*=3(A). 

In this note we attempt to answer this general question: If (X, 3) has prop- 
erty Q, under what conditions will (X, 3(A)) also have property Q, where Q is 
some topological property? 


2. Preliminaries. 


Lemma 1. Let (X, 3) be a topological space and 3* =3(A) a simple extension. If 
BCX, then Int* B=Int BUInta(BNA), where Int*, Int and Int, denote the 
interior operators relative to 3*, Sand 3(\A respectively. 


We omit the easy proof. 


Lemma 2. Let (X, 5) be a topological space and 3* =3(A) a simple extension. If 
BCX then c*B=cBN\{ CAU(ANc(BOA))}, where © denotes the complement 
operator and c* and c denote the closure operators relative to 3* and 3 respectwwely. 


Proof. c*B = @ Int* eB = e{Int CBU Inta CB CO A} (by Lemma 1) 
=@C Int CBN\e Inta C4(BOA) =cBN { CAUC, Inta C4(BNA)} = cB 
A{ @AUca(BONA) =cBN { CAU(AN (BON A))}. 


Lemma 3. Let (X, 5) be a topological space and 3*=3(A) a simple extension. 
Then (A, 30\A)=(A, S*OA) and (CA, S-VCA) = (CA, T*MNCA). 


The reader may easily supply the proof. 


Lemma 4. Let (X, 3) be a topological space and 3*=5(A) a simple extension. 
If BCX, then c*(BI\A) =c(BI\A). 


Proof. c¥(BN\A) =c(BNA)N { CAU(ANc(BOA)) (by Lemma 2) = c(BMA). 


CoroLiary 1. Let (X, 3) be a topological space and 3*=3(A) a simple exten- 
sion. Then A is closed in (X, 5) iff A is closed in (X, 3*) (A is always open tn 
(X, 3*)). 


Proof. By Lemma 4, ¢*A =cA and thus A =c*A iff A=cA. 


Lemma 5. Let (X, 3) be a topological space and 3*=3(A) a simple extension. 
If F is closed in (X, 3*) or (X, 3), then FO\A is closed in (A, S*(1\A) = (A, SOA) 
and F(\CA, is closed in (CA, 3*(.\CA)=(CA, SO\CA). 


The proof follows from Lemma 3. 


Lema 6. Let (X, 3) be a topological space and D a dense subset of X. If OCS, 
then cO=c(ONM\D). 


This follows from [1] page 57. 
22 
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3. Some examples. 

Example 1. Let X: a,b and 3: @, X. Then (X, 3) is regular and completely 
regular, but (X, 3({a})) is neither (see Theorems 2, 3 and 4). 

Example 2. Let X:a, b, cand 3: @, {a}, a, b}, X. Then (X, 3) is normal, 
but (X, 3({a, c})) is not (see Theorem 5). 

Example 3. Let X:a, b, cand 3: @, {a}, X. The simple extension 3({0}) of 
3 is not a minimal extension for 3C3({a, b})C3({b}), the inclusions being 
proper. 

Example 4. Let (X, 3) be the closed unit interval with the usual topology. 
Then (X, 3) is compact, but (X, 3({4})) is not. If CX, 3({4})) were compact, 
then since e{3} is closed in (X, 5({4 ), (e{s}, a({a}yne{s}) would be com- 
pact and by Lemma 3, (C€ { 4 } ; 5(\e} ) would be compact, a contradiction (see 
Theorem 6). 


) 
3} 


4, Continuation. 


THEOREM 1. Let (X, 3) be a topological space which 1s To, T1 or Tz and AES. 
Then (X, 3(A)) ts To, Ti or To. 


This follows from the fact that JC3(A). 


THEOREM 2. Let (X, 5) be regular and AGS, CACS. Then (X, 3(A)) its 
regular. 


Proof. Let x<G@OU(O'NA) ESA). Case 1: xO. There exists then a UGS 
C3(A) such that x© UCcFUCcUCOCOU(O'NM A) since (X, 3) is regular. 
Case 2: xO. Then x€O’ and there exists a U’E3C3(A) such that xC VU’ 
CcU’ CO’. Then eC UNA Ce*(U'NA) =c(UWNNA) (by Lemma 4) CeU'McA 
COMA COU(O'N A). 


THEOREM 3. Let (X, 3) be a topological space and AC-3. If A ts dense in (X, 35), 
then (X, 3(A)) ts not regular. 


Proof. Suppose (X, 3(A)) is regular. Let x€A—Int A. Then «GA CI(A) 
and there exist sets O, O’€3 such that «COU(O'NA) Cc*#(OU(O'NA)) 
=c*(O)\Uc*(O'1\ A) CA. Now x€O lest x€Int A, a contradiction. Hence 
xECO'NVA Cc*(O'NA) CA. By Lemma 4, c¥(O’1\A) =c(O’C\ A) and by Lemma 
6, c(O’T\A) =cO’. Thus x GO’ CcO'’ CA which implies that xCGInt A, a contra- 
diction. 


THEOREM 4. Let (X, 3) be completely regular and A E3, CA E35. Then (X, 3(A)) 
ts completely regular. 


Proof. Let xGOU(O'NA). Case 1: xO. Then there exists an f: X—|0, 1] 
continuous relative to 3 (and hence to 3(A)) such that f(x) =0 and f[CO] =1. 
Then f[e{OU(O’NA)}]Cf[CO]=1. Case 2: xO. Then xGO'NAESINA. 
But (A, 37-\A) is completely regular (a subspace of a completely regular space 
is completely regular) and there exists then an f: A—[0, 1] continuous relative 
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to S(\A and hence 3(A)\A by Lemma 3 such that f(x) =0 and f[@4(O’N A) | 
=1. Let f*: X—>[0, 1] as follows: f*(a) =f(a) for all a€ A and f*(y) =1 for all 
y€CA. Now A is open and closed in 3(A) and it follows that f*: X—[0, 1| is 
continuous relative to 3(A). Clearly f*(«) = 0 and ftle{o U (O' (1\ A) | 
Cf*[e(O’NA) |=f* [C4 UC4(O'N A) | =f* [CA JUs[C4(O’NA) ] = 1. 


CoROLLARY 2. Let (X, 3) be a Tychonoff space (completely regular and T,). If 
AES, CA CI, then (X, 3(A)) ts Tychonoff. 


The proof follows from Theorems 1 and 4. 


THEOREM 5. Let (X, 3) be normal and A E35, CA C3. Then (X, 3(A)) ts normal 
iff (CA, S-\CA) ts normal. 


Proof. Necessity. If (X, 3(A)) is normal, then (CA, 3(4A)(CA) is normal 
since CA is closed in (X, 3(A)). But (CA, 3(\CA)=(CA, B(A)MECA) by 
Lemma 3. 

Sufficiency. Let F and G be closed and disjoint in (X, 3(4)). Then FA and 
GCO\A are closed in (A, 3(4)MA) and hence in (A, 3-14) by Lemma 3. Since A 
is closed in (X, 3), FA and GNA are closed in (X, 3). But (X, 3) is normal 
and thus there exist disjoint sets U and Vin 3 (and in 3(A)) such that FO A CU 
and Gf\A CV. Also Ff\ CA and Gf\ CA are disjoint and closed in 
(CA, 3(A)(V\CA) = (CA, 3(\CA) (by Lemma 3) which is presumed to be normal. 
There exist then disjoint sets U* and V* open in (CA, S-\CA) = (CA, 5(A)MCA) 
and thus open in (X, 3(A)) (since CAC3I(A)) such that FO\CA C U* and 
GI\CA C V*. Then F=(FOA)U(FOCA) C(UNA)U U* = U" and G= (GNA) 
U(GNCA) C(VONA)UVF=V". U” and V” are clearly disjoint and open in 
3(A). 


THEOREM 6. Let (X, 3) be countably compact (compact or Lindeléf) and 
AGS. Then (X, 3(A)) ts countably compact (compact or Lindelif) iff CA is 
countably compact (compact or Lindeléf) in (X, 3). 


Proof. We prove the theorem only for the countably compact case. 

Necessity. Suppose (X, 3(A)) is countably compact. Now CA is closed in 
(X, 5(A)) and hence is countably compact in (X, 3(A)). Then @A is countably 
compact in (X, 3) since JCS(A). 

Sufficiency. Let X =UP (O;U(O/ MA)). Then CA CUP O; and since CA is 
countably compact, CA CU O;. But X =U? O;VUO! and thus X =U™ 0,VO}/. 
Then 4CU! O,U(O/ MA) and it follows then that X¥=AUCA=U™t" Oo, 
ULNA). 

THEOREM 7. Let (X, 3) be a second axiom space and AES. Then (X, 3(A)) 


is @ second axiom space. 


Proof. Let {0} be a countable open base for 3. Then {0;U(O,1A)} is a 
countable open base for 3(4). We may assume that QO, is the empty set. 
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THEOREM 8. Let (X, 3) be separable and ACS. Then (X, 3(A)) ts separable 
af (A, S(\A) ts separable. 


Proof. Necessity. If (X, 3(A)) is separable, there exists an H CX denumerable 
such that c*H=X. Now A€3(A) and thus c*(H(MA) =c*A by Lemma 6. Then 
ACc*A=c*(H(\\A)=c(HNA) by Lemma 4, or A= AN\c(AN\A). Since ANH 
is countable, (A, 3(\A) is separable. 

Sufficiency. Let H be countable and dense in (X, 3) and J countable and 
dense in (A, 3(\A). Then JUZ is countable and dense in (X, 3(A)). For let 
OU(O'NA) # @. Case 1.04 B. Then ONH# @ and {OU(O'NA)}N{ HUT} 
#2. Case 2,.O= 2. Then O' MAX OS and JO(O'C\ A) x S. Thus 
{OU(C'NA)}O{HUIS 4D. 


THEOREM 9. Let (X, 3) be a topological space and AES, (A, 3-\A) connected 
and A dense in (X, 3). Then (X, 3(A)) ts connected. 


Proof. Deny. Let OU(O’OA) and GU(G’NA) constitute a separation in 
(X, 5(A)). Then OUVUO'#@ and GUG’# @ and since A is dense, (OUO’)MA 
~@% and (GUG’')NAx#@. Now X = (OU O’) U(GUG’) and hence 
A={(OU0))NA}U{(GUG)NA} contrary to (A, INA) being connected. 

Example 5. Let (X, 3) be the plane with the usual topology and 4A = { (x, y): 
x =0 or y rational or both 7 Then A is dense in (X, 3), connected and not open. 
Thus (X, 3(4)) is connected by Theorem 9 and the topology for the plane is 
not maximal relative to connectedness. 


Reference 
1. J. L. Kelley, General Topology, Van Nostrand, New York, 1955. 


SPLITTING CONSECUTIVE INTEGERS INTO CLASSES 
WITH EQUAL POWER SUMS 


J. B. ROBERTS, Reed College, and Birkbeck College, University of London 


In 1851 E. Prouhet [2] observed that if »=b* then the first » nonnegative 
integers can be split into ’ equinumerous classes with equal tth power sums for 
all t, satisfying 0=t<k. This was first proved, in a more general form, by D. H. 
Lehmer [1] in 1947. Later proofs and generalizations have been given in 
[3, 4, 5, 6, 7]. In particular, the following result is an immediate consequence 
of a theorem proved in [4]. 

If q ts a factorization of n whose factors have least common multiple Lg then 
the first n nonnegative integers can be split into L, classes with equal t-th power sums 
for all t satisfying 


(1) OsSt<g*— max », 
0<s<L, 


where q* is the number of factors in g and v, is the number of them that divide s, 
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We call (1) the t-range of the factorization g. In the present paper we discuss 
the following three problems. 

I. What is the maximum #-range possible for factorizations q? 

II. Given g, how can one find splittings with ¢-range (1)? 

III. Given g, how many splittings exist with t-range (1)? 

We give the answer to I and give an algorithmic solution to II that yields a 
whole family of splittings. The answer to III is not known but we do give some 
results concerning the problem. 

Included also is an application to the theory of linear congruences. 


1. The maximum f-range. For convenience we denote the right term in (1) 
by T. Further, we put Q, for the set of all factorizations of # and, as above, write 
g* and L, for the number and least common multiple, respectively, of the factors 
in g when g@Q,. A number L is said to be permissible for n if L=L, for some 
g&OQ,. In this section we determine the maximum value of T taken over all 
g&Q, and also the maximum value of T taken over just those g for which L, 
is equal to an arbitrary fixed permissible L. 

First of all we note that a necessary and sufficient condition for a number L 
(<n) to be permissible for m is that L contain every prime factor contained in n. 
The necessity is obvious and we prove the sufficiency as follows. Let 


au 


(2) n=pi---py, L=pi-++pfes L1SaSyfortsisu, 
Then we may write 
(3) V=batrn; VOSnN< a, 
and the factorization 
ay T1 au Au Yu 
+ Pty Pty ty Pur * > Puy Pu 
enter a re? 


ay 
pi; 
-_——oo 


by by 


(4) qg= 


is in QO, with L,=L. 

Suppose now that m and L are as in (2) and g@Q, with L,=L. (This g may, 
but need not be, the factorization in (4).) Let 6,(q) designate the number of 
factors in g that are divisible by pj’. Then vx/,,=9* —8;(q) and, since 


max vy, = max VLI p35) 
0<s<L 1SjsSu 


we have 


max vy, = max (g* — 6,(g)) = q* — min 8;(q), 
0<s<L 1Sjsu 1Sjsu 


and therefore, 


(5) T = g* — max », = min 8,(q). 
O<s<L 1Sjsu 
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As already noted, the factorization g in (4) is one for which (5) is true. But 
for this g we know £;(q) =0;. On the other hand, if qg’ is any other factorization 
of n with Ly =L we cannot have §;(q’) >; for any j, and therefore 

min 6;(g') S min 6; = min £;,(q). 

1SjSu 1SjS8u 1sjSu 
Noting from (3) that b;= [y;/a;| we have a complete proof of the following 
theorem. 


THEOREM 1. For n and L as in (2), 


(6) max G — max n) = min [y;/a;]. 
qcQ, L,=L 0<s<L lsjau 
CoroLuarRy. Let L be a permissible divisor of n and write n=L*h, where 
1<A<L. Then if h=h---h,, where each h,; dwides L, the factorization 
{L, se DLs e:, h,t, where there are k factors of L, gives the maximum value 
of T for a factorization with Lg=L. This maximum value is T=k. 


It is now very easy to determine the maximum value of T over all permissible 
L. We need only maximize the right side of (6) over all u-tuples (ai, - ++, @u), 
where the a; are subject to the restrictions set out in (2). The maximum value 
may be taken on for many different values of L, but, since |y,;/a;| Sv; always, 
one value of Z yielding the maximum is L=1--: py. This gives 


max G — max r) = min yj; 
qaeQ, O0<s<L 1Sjsu 


and hence proves the next theorem. 


THEOREM 2. The maximum value of T ts the smallest exponent occurring in the 
canonical prime factorization of n. 


As an example let us consider the case where n=b*, b=108. Prouhet’s 
theorem tells us of the existence of a splitting with 108 classes and {-range 
0<t<b. Since n=2*-3%*, Theorem 2 tells us of the existence of a splitting with 
t-range OSt<2k. Making use of (5), one readily sees that if qg consists of 2k 
factors of 6 and k factors of 3 then 7 = 2k. Thus, since L,=6, there is a splitting 
with 6 classes and f-range 0 St < 2k. 

In this example we have increased the f-range while decreasing the number of 
classes and thereby increasing the size of each class. 

Generally speaking, for arbitrary n, each g@Q, gives rise to a family of split- 
tings with f-range given by (1). In the next section we give a constructive pro- 
cedure for the determination of this family. 


2. Construction of splittings. Each string S of 2 symbols of ZL varieties can 
be used to separate the first nonnegative integers into L disjoint sets. Denoting 
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the w+1st term of S by w(S) we need only put the numbers 7 and s, 0X7, 
s<n-—1, into the same set if and only if r(S) =s(S). 

We shall take the integers 0, -- - , L—1 as our varieties of symbols. 

Our aim in this section is to show, for each gq€Q,, how to construct a family 
of strings S, consisting of integers taken from 0, --- , L,—1, such that for each 
string the separate classes constitute a splitting having f-range given by (1). 

The construction will be based on a theorem, proved in [4], which we quote 
below. Before this we introduce some terminology. 

Let q= { m1, ce, Nm } COQ, and for each j=1, 2,---,m let hj, be a map- 
ping, of period 1;, taking all integers onto the integers 0, 1, - - - , m;—1. We shall 
call hj. a mod n; projection map, and, if it happens to be the identity when 
restricted to 0, 1,+--+-,#;—1 we shall call it the canonical mod n; projection 
map. 

Now, for a fixed s, 0<s<L, define the functions fi, - > - , fm by: 


f;(n) = €xp (2rsih;—1(n)/nj), jul,-++,m. 
It is clear that f; has period 2; and that 


nj—-1 


D Sin) SS (exp(2rsi/nj)) "AM 


n=0 nul} 


nj—-1 


Dd, (exp(2asi/nj))*. 


n=( 


This sum is zero if 2; does not divide s and is not zero otherwise. We write 


nj—l 


> fi(nnt=0 for0StsSa;, 
n=0 
where a;= —1 or 0 depending on whether n; divides s or not. (l.e., when a; di- 


vides s we symbolize that the sum is not zero by writing the impossible side 
condition 0<is —1.) 
We are now ready to apply the following theorem from [4]. 


THEOREM. If m, °° -, Mm are integers 22; a1, °° +, Am are integers 2 —1; 


fi, °° + Fm are functions such that f; is periodic of period n; and > "73 f;(n)n'*=0 
for OStSa;; po=1, pj=m-:->-n; for 157m, then 


> filn)fo([n/ pil) - > + fm([n/Pm—r])n' = 0 forOSt<art-++t+an+m. 


n=0 


The f; defined above satisfy the hypotheses of this theorem and therefore 
we find 


pm—-—l 


D, exp (2arsi(ho(n)/mi + +++ + Im—i([2/Pm—1])/Mm)) 0? = 0 


n=0 


for OSt<m-—vp,, where p, is the number of 2, - +--+, a, that divide s. 
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We now put L=L, and define C,, 0<r<L, to be the set of all u, OSn<pdm, 
satisfying 


(7) Lho(n)/na + + + + Lhm_1([n/Pm—1])/nm = r (mod L). 
With this notation the above equation becomes 

L-1 
() X ( X #) (exp Qrsi/D) = 0 

r=0 neCr 


for OSt<m-—-v»,. Since this is true for all s, 0<s<JL, the coefficients must all be 
equal and we have proved the next theorem. 


THEOREM 3. Let OSr<u<L and 3=maxoc,cz vs. Then 
Ynt= Yont forOSi<m—Zi. 


né&C, néECu 

Observe now that the maps fJ,-°+, Ama defined by hj(v) =h,(v) —h,(0) 
are modular projection maps (with the same respective moduli as the /;) and 
in fact give rise to the same classes C;, arising from the h; (perhaps rearranged). 
Further, each kh} maps 0 onto 0. Therefore we confine ourselves, in all that fol- 
lows, without loss of generality, to using modular projection maps that take 0 
onto 0. 

Now Theorem 3 shows that for each g@Q, and choice of modular projection 
maps ho, - +: , Ag*-1 there is a splitting of the first m nonnegative integers into 
L, classes with equal tth power sums for all ¢ satisfying OSt<T. 

We are now ready to construct the strings promised at the beginning of this 


section. We suppose g = {m1, rey tm €CO,, L,=L and that ho, - - + , km—1 have 
been chosen. We put H;=Lh;/nj41 for 7=0, 1, ---,m—1 and define S, by: 
(9) ‘ met 

Sia = Sy SH, Oem 1, 


where Sj denotes the string obtained from S; by adding a modulo L, to each term 

of S;, and S}.S} denotes the string obtained by juxtaposing the strings Sf and S%. 
We prove next that for each w, OS w<pm, the number w(S,) is congruent, 

modulo JL, to the left side of (7) after the 2 there has been replaced by w. 


THEOREM 4. w(Sn) =r if and only if wEC,. 
Indeed, let w=ao+aipit +++ +Gm-tfm-1, where 0S0a;<nji1. Now put 


W1=W—Am-1Pm—1, We = W1— Om—2Pm—2, * °°» Wm-1= A. Then 
W(Sm) = W1(Sm—1) + Hm—1(Am~1) 
= We(Sim—2) + Hm~2(AGm—2) + Hm—1(Gm—1) 


ll 


H (ao) i oe Hm—1(Qm—1) 
== Dho(do)/m1 + +2 + + Lhm-1(Qn—1)/tm (mod L). 
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Eliminating the a; we have 


w(Sm) Lhyo(w)/mi + +++ + Lhm—1({w/Pm—1])/Mm 


Il 


(10) 


ll 


>) Lhy-1([w/m + + + me-1|)/ns (mod L). 

We call S, a splitting sequence (for g and the h,, or alternatively of the classes 
C, obtained in this way). 

To illustrate the use of (9) in constructing splitting sequences let us consider 
n= 36, q= 13, 3, 2,2 } and compute the classes C,, 0S7r<6, relative to the maps 
ho, hi, he, hz, where ho(1) = 2, ho(2) =1 and the others are canonical. Then we have 
the table: 


a H (a) H(a) H,(a) H;3(a) 
0 0 0 0 0 
1 4 2 3 3 
2 2 4 
From (9) we find: 
So = 0 
Sy = 042 


Se = 042 204 420 
S3 = 042 204 420 315 531 153 
S, = 042 204 420 315 531 153 315 531 153 042 204 420. 


This splitting sequence S, yields: 


Co = 10, 4, 8, 27, 31, 35} Cs = {9, 13, 17, 18, 22, 26} 
Ci = {10, 14, 15, 19, 23,24} Cy = {1, 5, 6, 28, 32, 33} 
Co = {2, 3, 7, 29, 30, 34} Cs = {11, 12, 16, 20, 21, 25}. 


3. The number of splittings. In [4] we stated (but omitted the proof) that 
the number of distinct splitting sequences for 7 of the form b*, where L=), that 
had t-range 0St<k, was not less than ((b—1)!)*-". This number of splitting 
sequences may be obtained by suitable choices of the mod 0 projection maps 
ho, - : + , Ay-1. All these splittings are associated with the factorization of b* that 
has 2 factors of b. Call this factorization qi. As we shall see later, other factoriza- 
tions may lead to different splitting sequences with the same t-range and this 
proves that in general the above number of splitting sequences is too small. 
First, however, we give a very simple proof that the stated number is a lower 
bound. 

We begin with the observation that if ho, +--+, Ax1 and hd, +--+, hy are 
two sequences of mod 6 projection maps associated with qi and if for some s and 
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twe have h,=h; and h:#h/ then the splitting sequences S, and S# correspond- 
ing to the maps are distinct. Indeed, choose a and a’ such that 


hila) # hia), h(a’) = hi (a), 

and put m,=ab', nx=a’'b’. Then, with r=h,(a), 

(53) = h(a) = 7 hi (a) = ny(S¢ ), 

no(S,) = h(a’) = h(a’) = r = no(S?), 
so that mGC,—C; while mCC,A\C; . Thus C,, Cy are neither disjoint nor equal 
and this means S; and S/ are distinct. If one now fixes fy one sees that the 
number of distinct ways of choosing I, -- - , Ax-1 is just ((b—1)!)*-! and our 
assertion is proved. 

Returning to the more general situation where 7 need not be of the form 0% 


we give next a general theorem concerned with the equivalence of splitting se- 
quences obtained from distinct factorizations of a certain type. 


THEOREM 5. Let q= { a1, rey Om} be an ordered factorization of n and put 
19=0, 4,=m and define 
(11) b; = Qi;_4+1 oes ai; for 1 <= q < k, 1;~1 < 1; 


Then b+ - + be=n and therefore qi={bi, +++, bz} is also an ordered factorization 
of n. Now, the following three propositions are equivalent. 

I. There exists a splitting sequence of q that 1s a splitting sequence of qu. 

Il. Every splitting sequence of q 1s a splitting sequence of qu. 

Ill. For each j, the factors on the right of (11) are relatively prime in pairs. 


Before proving this theorem we shall illustrate it by an example. Suppose 
n=b*, b=pf--+ + pi", where the p; are distinct prime numbers. Then, by the 
results in Sections 1 and 2 every ordering of the factorization 


q = {pry tty Pret tty Puy? -, pu}, 
where each 94? occurs & times, gives T= for all choices of modular projection 
maps. This is the same f-range afforded by the factorization q.= {b, ce, bt, 
where there are & factors of B. 

By Theorem 5 only those orderings of g which cannot be separated into blocks 
of length u, each block being a permutation of pf! - - - , p#*, can lead to splitting 
sequences not contained among the splitting sequences of qy. 

For n= 6? we have b=6, k=2, p1=2, po=3 and q= (2, 2, 3, 3}. The possible 
orderings of q are: 


2,2,3,3 2,3,2,3 3,2,2,3 2,3,3,2 3,2,3,2 3,3,2,2. 
By Theorem 5 only the first and last of these can lead to splitting sequences not 


contained among the splitting sequences arising from the factorization {6, 6}. 
We analyse these two separately. 
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A. For {2, 2, 3, 3} the maps ho, hy must be canonical but he and hg may be 
either of the two maps: 
(a) h(0) = 0, A(1) = 1, A(2) = 2, 
(b) k(0) = 0, k(1) = 2, A(2) = 1. 


Choosing them both (a) gives a splitting sequence equivalent to that obtained 
when both are taken (b). Similarly, choosing h3 to be (a) and hy to be (b) gives 
an equivalent splitting sequence to that obtained when these are reversed. When 
they are both (a) the splitting sequence is different from that obtained when 
one is (a) and the other (b). The two new splitting sequences are: 


024240 402351 513315 351513 135024 240402 
042240 420315 531153 315531 153042 204420. 


B. A similar analysis applied to {3, 3, 2, 2} yields the new splitting se- 
quences: 


033025 524114 255241 140330 411403 302552 
033025 524114 411403 302552 255241 140330. 


By Theorem 5 all four of these are distinct from the 120 splitting sequences 
obtainable from the factorization {6, 6}. 


4. Proof of Theorem 5. In the proof we shall make use of the following: 


LEMMA 1. For eachj=0,1,--+-,m-—1 let h; be a mod aj41 projection map and 
let Sm be the splitting sequence associated with these maps and the ordered factoriza- 
tion q= { da, my Om} of n. Further, suppose 


OSv<a-::a, OSf <d4t, where s21 and (21. 
Then if 
w= + fdr-* * Os4t-1 
we must have (putting L for L,) 
W(Sm) = 00Sim) + Lhesyt-1(f)/ae42 (mod L). 
Indeed, since 
W< O° ++ Get Oy ++ Ages — O15 * + Opt < O1° + + Oey, 
we have 


([v/ar- ++ dea] + fas: ++ dr. fori Si<cst+t, 
[w/ar-+ + aa] = f fori=s+4, 


0 forst+i<i. 
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Therefore 


wW(Sim) = [ » h;-1({w/ay ‘ee a;-1|)/a; 


st+i~—1 
= L 2 hy-s([v/ar > > + @s-1])/as + Lhe f)/eers 
= DL » h;-1([v/a1 vee ai-1|)/a; + Lhest-1f)/ Gare 


0(Sm) -+- Lhe t—1f) / Get (mod L). 


We now proceed to the main proof. Since II implies I in an obvious fashion 
all will be proved if we succeed in showing that III implies II and that not-III 
implies not-l. 


(i) II] implies I. Let S,, be the splitting sequence of g with modular projec- 
tion maps fo, > + , Am—1 and let L=L,. Now, for 0Sj<k, define 


S41 
hj (m) = Dy bjrahi-r([m/aijga + > + a1) /a%. 
tnt ;-+-1 
We show that dj} is a mod 0;41 projection map and that the splitting sequence 
SS? associated with gq, and these maps is equivalent to S,. This will prove (i). 
Since each /;(0) =0 so also does h} (0) =0 for each j. Also, since 4; is periodic 
with period a@j11, we see that hj (m+bj41)=h} (m). Finally, suppose 0551S 52 
Sbj41—1 and hj (s1) =hf (se). Then 
ty 
De baat hi—1([51/aijgr + + Gir)) — Bi-a([52/aija1 + + + aea))} Jas 


imi;t1 
is congruent to zero modulo 0;41. This implies 

[s1/ nS ae a;-1| = [s2/ Qijp1e °° a;-1| (mod a;) 
for each 2=2;+1,-° +>, t)41, which in turn implies s;=52. This completes the 
proof that h}/ is a mod 0j.; projection map. 


Since the a; appearing in 5; are relatively prime in pairs we know L=Ly,. 
Therefore 


w(St) = 3 Lif ([w/bs +» + Bj]) bins 


j=0 


k~1 41 
= DIL Do byghia([w/ar + + + as-1])/asbjes 


j=0 t=75-4-1 
= > Lhi-1([w/ar + + + a-1])/a; = w(Sn), 


and (i) is proved. 
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(ii) not-III implies not-I. Let ho, - + + , hm-1 be any sequence of modular pro- 
jection maps associated with g and hy, - - - , hxy_, be such a sequence associated 
with gq. We shall show that the corresponding splitting sequences are not equiv- 
alent when III is violated. If Z,4LZ,, there is nothing to prove. Therefore we 
suppose L=L,=L,,. 

Let 6; be the first of bi, -- +, 6, whose factors, according to (11), are not 
relatively prime in pairs and suppose @,;,_,4: and a:;_,4,, 1Si<r, are two factors 
of b; with greatest common divisor d> 1. Choose /; and fe such that 

O<fi< diye, Me peai(fi) = d;_4:/¢, 
0< f a< Q4-_3+1) hi; 41-1 2) = Qi; 144/ d. 
Now choose v such that 0Sv<ai - - + a4;_,4+-1 and put 
W=ou+tfidar-:: Qj; 14t-1; we = u+ feai--- Q4; 14r~1- 
Then, using Lemma 1 twice, we find 
W1(Sm) = Sm) + Lhs;_.41-1(f1)/ai;_44 = 0Sm) + L/d 
(Sim) + Lh, _y41-1(f2) /@i;_a49 = We(Sim) (mod L). 


Il 


On the other hand 


k 
wi(Sf) = Dy Lhsa([(o + fags + + + aig gpt1)/b1 + + + Bia) /d3 


ton] 


7 
> Lhi-1([v/b1 - b;—1| + figs - es Qi; _y4t-1/01 . b;—1)/b¢ 
j==1 


j—1 


Dd. Lhi-a([v/b1 + + + bs-1]) 


inal 
+ Lhj-1([v/bi - + + by] + fia: Os;_,4t-1/b1 > + + bj-1)/b; 


modulo L. If we change f, to fe and ¢ to 7 on the right side of this expression we 
get a similar expression for we(Sz). Using these expressions we see that if 
Ww ,(S% ) —we( Sz) were divisible by Z then 0; would divide the left, and therefore 
the right, side of the equation 


i 


(fiar 29° Oe. i4t-1 — feds 2 itr) /b1 3+ Ayy 
j J 
= G@ijytie** Q;,-,44-1(f1 _- f aQdis_14t °° ° Qi; 1471): 


But this right side is not zero and is, in absolute value, smaller than 6b;. There- 
fore 


wi(SK) 4 we(S?Z) (mod L). 
This, along with w,(S,,) =we(S,,) (mod LZ), completes the proof of (ii) and there- 


fore of the theorem. 
This theorem merely touches upon the considerably wider problem of giving 
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a complete characterization of the equivalence classes of splitting sequences 
associated with factorizations q&Q, with given L,. 


5. A small generalization of Theorem 3. In proving Theorem 3 in section 2 
we made use of the fact that if a polynomial of Zth degree vanishes at each of 
the Lth roots of unity other than 1 then all coefficients of the polynomial are 
equal. There is a very simple generalization of this fact that we set out in a 
lemma. 


Lemma 2. Let P(x) = >52)! cax™. Then the following two statements are equiv- 
alent. 

(i) ¢,=c, for every r and s such that r=s (mod a); 

(ii) exp(27st/ab) 1s a zero of P forall s satisfying 0 Ss Sab —1ands 0 (mod BD). 


According to an argument suggested by Prof. E. M. Wright, (ii) is equivalent 
to the statement that P(x) has the factor 


b—1 
(1 = a9/(1 — a8) = Do a 
j=0 
and this is clearly equivalent to (i). 
Using this lemma and (8) we are able to state the following generalization of 
Theorem 3. 


THEOREM 3’. Suppose a is a divisor of L and OSr<u<L with r=u (mod a). 
Further, let o’ be the maximum number of m, °° +, tm that divide an s satisfying 
0<s<L and s40 (mod L/a). Then 

Sa nt= > nt forOSi<m—y. 
néC, néCu 
When a=1 this theorem reduces to Theorem 3. The theorem is of some 
interest since 7’ is often smaller than 7. This increases the range of values for f. 
Of course we pay the price in that we are no longer splitting all non-negative 
integers from 0 to n—1 into classes with the same set of power sums. 
One can, through further refinements of Lemma 2, get even more informa- 
tion from (8). However the point of diminishing returns is soon reached and 
we have not yet discovered a proper further generalization. 


6. An application. Consider the congruence system 


Lay/my + +++ + Litn/tm =r (mod L) 


(12) 
0S %1<m,-+-,0S 4m < Mn, 
where L is the least common multiple of the n;. 
If X =(%1, - ++, Xm) is a solution of (12) define X’ by: 
(13) X! = “ipo + opi + Xspo +--+ + XmPm—r, 


where the ; are as in section 2. Then 0S X’ <p, and X’CC, where C, is com- 
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puted from the factorization { m1, ty Nm of 21° ++ Mm using the canonical 
maps. Conversely if X’CC, (again using the canonical maps) the corresponding 
X is a solution of (12). 

If we write X‘ for the é-th power of X’ and call it the#-th power of the vector 
X then we can (in the case where canonical maps are used) rephrase Theorem 3’ 
(and hence Theorem 3) as follows. 


THEOREM 6. Suppose a is a divisor of L and v’ ts the maximum number of 
11, + °°, Mm that divide an s lying strictly between 0 and L and not divisible by L/a. 
Then the sum of the t-th powers of the solutions of (12) 1s dependent only upon the 
residue class of r modulo a for all values of t satisfying OSt<m—YD’. 


In the particular case a= 1 and t=0 the conclusion tells us that the number 
of solutions of (12) is independent of r; in fact there are m1 - - - m»/Z solutions. 

If the greatest common divisor of the m; is unity then L is also the least 
common multiple of L/m, - + - , L/nm. Thus, in this case, the same analysis may 
be applied to what we call the complementary system to (12): 


N41 + +++ + MnXm = Ss (mod L) 
OS 4. < L/m,---,0 S tn < L/mn. 


(14) 


Returning to (12) and letting S,, be the splitting sequence of the factoriza- 
tion { m1, ce, tm} relative to the canonical maps we have, as already observed, 


X is a solution of (12) if and only if X’(S,,) = 7. 


This enables us to give an algorithmic solution of (12) (and also of (14) when 
the 2; have greatest common divisor unity). As an example consider the system 
6x4 +- 10x2 -|- 15x = | (mod 30) 
O0OS%<5, 0OS"<3, OS 4% <2. 
The number of solutions is 5-3-2/30=1. The splitting sequence S; of the 
factorization {5, 3, 2} of 30 with the canonical maps is: 
0, 6, 12, 18, 24, 10, 16, 22, 28, 4, 20, 26, 2, 8, 14, 
15, 21, 27, 3, 9, 25, 1, 7, 13, 19, 5, 11, 17, 23, 29. 


The only w, OS w<30, with w(S;) =1 is 21. Since 
21 = 1, [21/5] = 1, [21/3-5] = 1 (modulo 5, 3, 2 respectively). 


the only solution is X =(1, 1, 1). 

It should be noted that the method is particularly useful when there are 
many solutions and one needs to find them all or when one wishes to find solu- 
tions for many values of r. 


This work was supported by a research grant from the National Science Foundation. 
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CONCENTRIC POLYGONS 
PAUL J. KELLY ann DAVID MERRIELL, University of California, Santa Barbara 


1. Introduction. This paper brings together from the literature a number of 
properties of concentric polygons. The writers feel that these results deserve to 
be better known, first for their intrinsic geometric interest, and second because 
the proofs are an excellent illustration of the power of complex variables in 
geometry and at a level suitable for undergraduates. 

Edward Kasner in [7, 8, 9] generalized the theorem that the midpoints of 
the sides of any quadrilateral are vertices of a parallelogram. In these papers a 
polygon is taken to be a set of m points, not necessarily distinct, together with a 
‘ cyclic ordering. Jesse Douglas in [4, 5] placed this generalization in a wider con- 
text and introduced the notion of representing the vertices by complex coordi- 
nates. 

Let r= (Pi, Po, - ++, P,) be an n-gon. If the Cartesian coordinates of P; are 
(a;, bj), then P; can also be represented in the complex plane by a;+7b;. We use 
P; to designate both the point and its complex representation. The centroid 
of 7 is 


1 n 
— 20 Pj. 
NW j=l 
Given any complex number c=)\-+ip, we define the c-derived polygon of 7 
to be a polygon w.=(Q1, Qe, - > + , Qn) where Q;= (1-0) P;+c¢Pjy1 and Pry =F. 
The point Q; is obtained by moving from P; along the line P;P;41 a distance 
which is A times the length of segment P;Pj,; and then moving 90° to the left 
a distance which is uw times the length of this segment. Thus the triangles 
(P;, Py11, Q;) are all similar to the triangle (0, 1, c). This construction of the 
derived polygon is designated in [4] by S(a), where a= —c/(1—0). 
Since 20;=2P;+c2(Pj11—P;) =ZP;, the derived polygon 7, has the same 
centroid as 7. Hence we say 7 and 7, are concentric polygons. 
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Let Ted = (Tea= (Ry, Ra, co ty Rn). Then 
Ri = (1— DO; + dOju. = 1 — 6 —d + cd) Pi + (0+ d — 2cd) Pyay + cdP yas. 


Since the coefficients are symmetric in c and d, m.,.g=74,-. An extension of this 
argument shows that if one forms successive derived polygons using complex 
constants ¢1, C2, ° °°, €n, the final polygon is the same no matter in what order 
.the constants are used. 

We define the alternating midpoint polygon of a to be the polygon M(r) 
=(Mi, Mo,--+, Mn) where M;=3(P);+P;42), the midpoint of the segment 
P;Pj,2, indices greater than n being reduced modulo n. If c=4(1-+7) and Zis 
the conjugate of c, then M(m) =7.,3. For, in this case 1—c—é+cé=1, c+é—2cé. 
=, and cc=4. As a corollary of the remarks about the order of the constants, 
if d is any constant, M(m)g= M(a). 


2. Douglas’ Theorem. On the sides of any n-gon 7, construct isosceles tri- 
angles with vertex to the right and vertex-angle 27/n. The resulting vertices 
form a derived polygon z,,, where 

1 4 wk 

Ch = — — —cot—-: 

2 2 n 
On the sides of this polygon construct isosceles triangles with vertex to the right 
and vertex-angle 47/n. Continue this construction using vertex-angles a= 67/n, 
8ar/n, > +--+, 2(n—1)a/n, where the triangles are constructed to the left with 
vertex angle 2r—a@ when a>7. Jesse Douglas proved in 1938 that the vertices 
of the final polygon 7e,05,...,c,-, coincide in the centroid of 7. This remarkable 
theorem was proved independently by B. H. Neumann in 1940. An elementary 
proof is given in [11]. If the construction using c,_, is omitted, the final polygon 
is regular in the sense that its vertices occur at equal angular intervals of 2p7/n 
on the circumference of a circle. If =1, in which case the final construction is 
omitted, the polygon is regular in the ordinary sense. The constants c, may be 
written in the form 1/(1—a@,) where the w; are the m—1 roots of *«*~!+x2-? 


+ +++ +x+1=0. 


3. Triangles. By the special case of Douglas’ Theorem for n = 3, the vertices 
of the derived polygons for 


form equilateral triangles (possibly of side 0). This is equivalent to the well- 
known theorem that the centers of equilateral triangles constructed either out- 
wardly or inwardly on the sides of any triangle are vertices of an equilateral 
triangle. 

A famous problem of Fermat was to find the point having minimum sum of 
distances to the vertices of a triangle. If the triangle is r=(P1, P:, P3) and 
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Te=(Q1, Oz, Q3) is the derived triangle for c=4(1+7-+/3), then the lines P1Qz, 
P2Q3, P3Q; are concurrent in the Fermat point [3]. The proof of concurrency is 
contained in the following more general result. 


THEOREM 1. If 7, 1s the derived triangle of 7 for c=3+1p, then the lines P;Qj41 
are concurrent. 


Proof. The condition for concurrency of lines AB, CD, and EF is that 
B-A D-C F-—E 
A=| B—A D—-C F-—-E |=0, 
BA—AB DC—CD FE -— EF 
where P is the complex conjugate of P [13]. Since 1—-c=é, Q;=é€P;+c¢Pj41 so 
for the lines P;Qj.1, 
€P,+ cP3— Pi CP3+c¢cP1 — Pe €P,+ cP, — P3 
cP, + €P3 — P; cP3 + €Pi — Ps cP, + éP, — Ps 
(GPiP2+cP,:P; (€P2P3+cPi:P,  (éP1P3 + cP2P; 
— ¢P:P,— €P1P3) —cP2P3— ¢€P,P:) — cP1P3 — €P2P3) 
Adding the second and third columns to the first gives a column of zeros soA=0. 


For »=0, the point of concurrency is the centroid of 7, for w=$+/3 it is the 
Fermat point, and as y+ © the limiting position is the orthocenter. 


THEOREM 2. The locus of the points of concurrency of the lines P;Qj41 as p 
varies 1s a hyperbola which passes through the centroid, the Fermat potnt, the ortho- 
center, and the three vertices of wr. 


Proof. Let a, b, c be real numbers with a and c not zero. Choose Pi=2a, 
P,=0 and P3=2b+2c1. Then 0; =a—2ami, Q2=b—2ceu+(c+2bu)t and Q;3=a+b 
+2cu+[c+2(a—b)p|i. The Cartesian equations of P:Q, and P2Q; are 
ct 2bu e+ 2(a¢— bu 


(— 2a) and y= 


i % 
b — 2cu — 2a a+t+b-+ 2cu 


Eliminating yu, one obtains 
c(2b— a) (x?—y?) + 2(ab—a?—b?+-c?) xy + 2ac(a—2b)x + 2a(eb+b?—c*)y = 0. 


The discriminant is nonnegative so the conic is a hyperbola which is degenerate 
when a= 2b. One can easily check that the vertices lie on the curve. This hyper- 
bola and its properties were discussed by Casey in [2]. 

Since the perpendiculars from Q; onto the sides P;Pj4, meet in the circum- 
center of 7, the triangles + and 7, are orthologic [6]. It follows that the perpen- 
diculars from P; onto Q;Q;-1 are concurrent. For y=0 ,the point of concurrency 
is the orthocenter of 7, for w= © it is the centroid, and for uy = #4 it coincides with 
the point of concurrency of the lines PjQj41. 
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CoROLLARY. The locus of the points of concurrency of the perpendiculars from 
P; onto O;Q,-1 as p varies ts the hyperbola of Theorem 2. 


Proof. From the proof of the theorem, the perpendiculars from Ps: onto Q2Q1 
and P; onto Q:0;3 have equations 


a—b-+ 2¢ b+2 
ve and yo — Te — 20), 


a G+ 2a+ Bu 2bu — c — 4ayu 


If one chooses p= 1/4v, these equations reduce to those for P2Q3 and P1Q2 with 
pw replaced by v. Hence the elimination of »v yields the same hyperbola. 


4. Quadrilaterals. For 1=4, the constants of Douglas’ Theorem are 4—3, 3, 
and 4+. The construction of successive derived polygons using in either order 
14 and i, or $ and 4+4, yields vertices of a square. The construction using 
4+ yields M(m) consisting of the midpoints of the diagonals of 7. 

The next theorem is a generalization of Problem 24 of [12 |. 


THEOREM 3. Let c=i+ip and let O; and Qj denote the vertices of mw. and 7, 
respectively where r is any quadrilateral. Then (Q1, Q2 , Qs, Q4) and (Qi, Qe, O3 , Oa) 
form parallelograms. 


Proof. Since c=4-+ip, €=1—c. The midpoints of Q103 and Q7 Qi coincide 
in 4[¢(P1t+Ps)+c(P2+P.) |. Similarly, the midpoints of Q204 and Q/ QJ coin- 
cide. 

A theorem of van Aubel [6] also proved in [4] and [12] can be rephrased: 
If ris any quadrilateral and c=4+4, the diagonals of 7, are equal in length and, 
if the length is not zero, the lines of the diagonals are perpendicular. 


THEOREM 4. Let r be any quadrilateral and c=4+ 4. The circle whose center is 
the centroid of 7 and whose diameter ts the segment joining the midpotnts of the d1- 
agonals of + passes through the midpoints and intersection of the diagonals of 7-. 
The four midpoints are vertices of a square. 


Proof. The midpoints of the diagonals of 7 and 7, are the vertices of M(m) and 
M(r,) respectively. Since M(x.) = M(r), and c=i-+4, the four midpoints form 
a square. The pairs of midpoints are ends of perpendicular diameters of the cir- 
cle. By van Aubel’s theorem, the diagonals of 7, are perpendicular, so the two 
midpoints of the diagonals together with the point of intersection P form a tri- 
angle with right angle at P. Hence the circle, which has the midpoint segment 
of 7, as diameter, passes through P. 


References 


1. H. F. Baker, A remark on polygons, J. London Math. Soc., 17 (1942) 162-164. 

2. J. Casey, A treatise on the analytical geometry of the point, line, circle, and conic sections, 
Hodges Figgis, Dublin; Longmans Green, London, 1893. 

3. H. S. M. Coxeter, Introduction to geometry, Wiley, New York, 1961. 


1964] MATHEMATICAL NOTES 41 


4. Jesse Douglas, Geometry of polygons in the complex plane, J. Math. Phys., 19 (1940) 93 
-130. 

5. , On linear polygon transformations, Bull. Amer. Math. Soc., 46 (1940) 551-560. 

6. H. G. Forder, The calculus of extension, Cambridge University Press, London, 1941; 
Chelsea, New York, 1960. 

7. E. Kasner, The group generated by central symmetries, with applications to polygons, 
this MontuHiy, 10 (1903) 57-63. 

8. E. Kasner, E. Jonas, K. Way, and G. Comenetz, Centroidal polygons and groups, Scripta 
Math., 2 (1934) 131-138. 

9. E. Kasner and G. Comenetz, Groups of multipoint transformations with applications to 
polygons, Scripta Math., 4 (1936) 37-49. 

10. B. H. Neumann, Some remarks on polygons, J. London Math. Soc., 16 (1941) 230-245. 

11. , A remark on polygons, J. London Math Soc., 17 (1942) 165-166. 

12. I. M. Yaglom, Geometric transformations, Random House, New York, 1962. 

13. C. Zwikker, Advanced plane geometry, North-Holland, Amsterdam, 1950. 


MATHEMATICAL NOTES 
EDITED BY J. H. Curtiss, University of Miami 


Material for this department should be sent to J. H. Curtiss, 
University of Miami, Coral Gables 46, Florida 


SUMMATION OF CERTAIN SERIES 
L. Caruitz, Duke University 
1, Making use of some results from the theory of elliptic functions, Watson 

[3] proved the following two formulas of Ramanujan: 

> n 1 1 

a ? 

ani e’"™—1 24 8 

(1) 


ee) yim 
n=l e2nr — 1 8m + 4. 


where B2, denotes a Bernoulli number in the even suffix notation. Hardy [1] 
has given two proofs of the more general result (also due to Ramanujan) 


(2) at (= (1 — 22) + SH ) = (—1)i¢" (= el — 22 + YS ), 


n=] e2n —_ 1 2 n=1 e2n —_ 1 


where {(1—2k) is the Riemann zeta-function, & is an integer greater than 1 and 
a, B are positive numbers such that a6=7?. When & is odd and a=, both 
sides of (2) vanish and we get (1). 
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It may be of interest to mention the formulas 


yrk— 1 2k—-1 


n 
(3) as we Ie a ene = (—1)*6* Ss (- 1)? i gon 
n=1 n=1 —¢* 
where & is an integer greater than 1 and aBG=7?. When &=1 we have 
i n 1 a n 
(4) aD) (=1)4§ = = — - 8 Oo (-p 1 
nal ere — enna 4 nal np e np 


where a8 =7*. The proof of these formulas is similar to Hardy’s first proof. Put 
nr 


fila) = x 131 


— ene 
Then we have 


1 
(S) fila) = > T(s)a~*n(s)&(s — 2k + 1)ds, 


2rd (2%45) 


where k21, 0<6<1, 


nO =(1-2)r, w= (1-S)ro 


and f@ =i Si. We now move the line of integration in (5) to the left into the 
position (—d— 07, —6-+ 07). When k<1 we find that the integrand has no 
singularities in the strip —6SoS2k+56; when k=1 we have a pole at s=1 with 
residue (4a)~1. It follows that 


1 
(6) fia) = Ch + _ ’ 
201 (—8) 
where 
0 (k > 1) 
C= 1 
—_ k=1 
le ( ) 


Now replace s by 2k—s and use the functional equation for ¢(s): 


S 1—s 
mr (2)e0) = emvrr($Z)ra—» 


Then (6) becomes f;(a) =c,+(—1)*(r/a)**f,(r?/a), and (3) and (4) follow 
immediately. 
If we take a=B=7, k odd (3) and (4) reduce to 
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ee 


(7) ys (- Ly gum ——————— = 0 (k = 1, 2,3,---), 
n=1 — en 
1 
(8) we I) 
nao] —e@r Sar 
respectively. 
In this connection we note that Phillips [2] has proved that 
a) —{ n—-1 4m—1 
» ee oe _ {a — 1) Bam 
nal nim—l(ent — e~7™) 2(4m) ! 
2mn—-1 
- » (— me 5) ae — 1) (24-2271 — 1) Bann Bat (m= 1,2,3,---). 
n=1 


2. Jacobi has obtained the expansion [4, p. 520, ex. 5] 


kh? K? K(k -—E 12 ng 
(9) sn2(2Kx) = KGW #) -—> Z cos 2nrx. 
Aq? 2 y 1-—q™* 


If x is replaced by x +4, (9) becomes 
k?K? cn?(2Kx) K(K — E) 
10 SS = 1)2-1 
(10) An? dn?(2Kx) Ag? + zis 
We now take k=1/,/2 so that g=e~* and [4, p. soa 
(11) K = gr "7(TG))?, 2E — K = 2n9/(T(4))?. 
In particular, when x =0, (10) reduces to (8), while (9) becomes 


°0 Tr 2 1 
(12) yt @G@))? 1 
1 em — eon 647 8r 
It is not difficult to show that (10) implies (7). Indeed when k=1/+/2 we 
have 


~ COS 2nwrXx. 


dnx 
cnix = ’ dnix = 
cnx cnx 
Thus (10) yields, since dn’x =4(1-+cn?2x), 
K(K — EB) ne—"™ K? 
——_—_—— + — -= (— 1)" ee — (cos 2nrx + cosh 2nrx) = ——; 
Arr? Sx? 
making use of m we get 
“0 ne“ 1 
> ——— (cos 2nmx + cosh 2nrx) = a 
1 — vis 


This evidently contains both (7) and (8). 
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INVERSION FORMULAE FOR CHARACTERISTIC FUNCTIONS OF ABSOLUTELY 
CONTINUOUS DISTRIBUTIONS 


EUGENE LuKACS, The Catholic University of America, Washington, D. C. 


Let F(x) be a distribution function, that is, a nondecreasing function which 
is continuous to the right and for which F(— ©) =limz._.. F(x) =0 while F(-+ 0) 
=limz.. F(x) =1. If a distribution function F(x) is absolutely continuous then 
it has a Lebesgue integrable density function p(x) and F(x)=/_*.p(y)dy. A 
density function p(x) is characterized by the following two properties: (i) p(x) 
>0 for all real x, and (ii) [“.p(x)dx =1. The Fourier transform 


(1) ft) = [ etar(a) 


of a distribution function F(x) is called its characteristic function. If a distribu- 
tion function F(x) is absolutely continuous with density function p(x) = F’(x), 
then its characteristic function is given by 


(2) | f® = f e*'* p(x) dx. 


We mention next several properties of density functions and characteristic 
functions which will be used later. 
Let Fi(x) and F(x) be two distribution functions. Then the function 


@) F@) = [Fie 9)aR) = f Pe - ar.) 


is also a distribution function. We say that F is the convolution of Fi; and Fs 
and write 


F= F,i*Fo. 


It is known ([2] p. 45, the convolution theorem) that a distribution F is the 
convolution of two distributions F; and F, if and only if the corresponding char- 
acteristic functions satisfy the equation 


(4) fQ =fAOfed@. 
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In the following we shall be concerned with the case in which F(x) as well as 
F(x) are absolutely continuous with density functions p1(x) and p(x) respec- 
tively. Then F(x) is also absolutely continuous and has a density function p(x) 
and (3) reduces to 


(3a) (a) = [pile —np)dy = J pale — »)ar00)ay, 


We write then again p=, * po. 
We see from (1) that a distribution function F(x) determines the character- 
istic function. Moreover, Paul Lévy ([1] p. 166) gave a general inversion formula 


1 eT 1 — evith 
(5) F(x +h) — F(x) = lim — —_——. e **f(t) di 
T—+0 lr —T7 at 


which is valid if « and x+A are continuity points of F(x). Since a distribution 
function is completely determined by the values at its continuity points we can 
say that F(x) and f(t) determine each other uniquely. We conclude from this 
uniqueness property and the convolution theorem that the product of two 
characteristic functions is always a characteristic function. 

If a characteristic function f(t) is absolutely integrable over (— o, +.) 
then the corresponding distribution function is absolutely continuous. Its den- 
sity function p(x) = F’(«) is then given by the formula 


1 eo 
(6) p(a) = Fa) = = fe septie 


It is well known (see for instance [2] p. 41 and 72) that the absolute integrability 
of f(é) is a sufficient, but not a necessary condition for the validity of the inver- 
sion formula (6). For instance, formula (6) holds also for all Pélya-type char- 
acteristic functions even if they are not absolutely integrable. 

The purpose of this note ts to derive inversion formulae which are valid for all 
absolutely continuous distribution functions F(x). 

Let G(x) be an absolutely continuous distribution function whose character- 
istic function g(f) is absolutely integrable over (— 2%, +) and write q(x) 
=G'(x) for its frequency function. According to formula (6) 


1 00 
q(x) = — f e—tee(t)dt. 
27 J _. 


For any T, gr(t)=g(t/T) is also a characteristic function which is absolutely 
integrable over (— ©, +) and it is easily seen that its frequency function 
gr(x) is given by 

(7) qr(x) = Tq(Tx). 


Let p(x) be again the frequency function corresponding to f() and remember 
that f(t) was assumed to belong to an absolutely continuous distribution but is 
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not supposed to be absolutely integrable. We consider the function 
t 
(8) hal) = feel) = f08(—). 


We note that Ar(t) is the product of two characteristic functions and is 
therefore also a characteristic function. We see from (1) that | f@®| <1. Since 
g(t) is absolutely integrable over (— ©, + ©) we conclude from (8) that hr(é) 
is absolutely integrable over (— ©, +0). Therefore hr(é) belongs to an abso- 
lutely continuous distribution Hr(x). The density function H7(x) of this dis- 
tribution can be determined by means of the inversion formula (6) and is given 


by 
(9) Ha(2) = =f egn(df(0a 
On the other hand it follows from (8) and (3a) that 
Ho(s) = pear= Tf pe —aalrdde = fp(* - 2) aay 
Since [?.q(y)dy=1 we have 
ao) | aa) - 9) =] f “[o(#- 2) - 20] aonay]. 


Let x be a continuity point of p(x) and let e>0 be an arbitrarily small number. 
We note that for all sufficiently large T 


y 
4—-—)]—p(we)| S86 
| »( *) p (2) | 
and from (10) that also | H r(x) — b(x)| Se, so that 
(11) lim Hr(x) = p(x). 
T'~—>» 0 
We combine (9) and (11) and obtain 
tre. t 
(12) F'(«) = p(#) = lim —{ e—ttzy (=) oa 
To 27 —00 T 
This inversion formula is valid for any absolutely continuous distribution func- 
tion F(x), provided that x is a continuity point of the frequency function p(x). 
Formula (12) can also be interpreted by stating that the inversion formula 
(6) is valid for all continuity points of an arbitrary frequency function if the 


integration is considered in the sense of a summability method with summabil- 
ity factor g(¢/T), where g(é) is an absolutely integrable characteristic function. 
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For instance if we put 


13 p= fol for |¢] <1 

(3) 8H = 9 for |¢| 21 

then (12) becomes 
a u 

(14) F'(x) = p(*) = lim — e~ ite (1 — “t) joa 
Too 2rd 7 L 


This means that formula (6) is valid in the sense of (C, 1) summability. 
If on the other hand we set 


(15) g(t) = el, 


then we obtain from (12) the inversion formula 
1 co 
(16) F'(x) = p(x) = lim —f f(t) exp [—itx + | ¢| /T\dt. 
T-0 LATS 16 


This means that (6) is valid in the sense of Abel summability. Formula (16) is 
also given by H. Richter [3]. 


This work was supported under the National Science Foundation Grant GP-96. 
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THE NEAR RINGS ON A FINITE CYCLIC GROUP 


JamEs R. Cuay, University of Washington 


The triple (G, +, *) is said to be a left near ring if (G, +) is a group, (G, *) 
is a semi-group, and » is left distributive over +, i.e. for a, b, cEG, a * (b+c) 
=a *b+a*c. The definition and theory for right near rings are similar to 
that of left near rings. In the following, the term “near ring” will mean “left 
near ring.” 

In this paper, we derive the machinery that is necessary and sufficient to 
construct all the near rings whose additive group is finite and cyclic. 

Since each cyclic group of order z is isomorphic to the integers modulo 2, 
throughout this paper we shall let our set G=Z,= {0, 1,2,---, n—1}, 
1<n<o. Also, + and - will denote addition and multiplication modulo a, 
respectively, on our set G, and 7 will denote a function whose domain 1s Z, and 
whose range is contained in Z,. 

The operation + on G is one of the n®’ distinct operations that can be de- 
fined on G. If the trivial group fo} is excepted, then + is not the only opera- 
tion. We shall see that of the remaining n™°—1 operations, exactly 1” of them 
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are left distributive over +. These 2” operations will be put into a 1-1 cor- 
respondence with the set of all functions + mapping Z, into itself. Then, neces- 
sary and sufficient conditions will be placed upon the a such that the corre- 
sponding operations will be associative. Finally, necessary and sufficient condi- 
tions will be placed upon the set of a defining associative operations to deter- 
mine isomorphism, thus defining an equivalence relation on the family of all 
near rings having the same additive cyclic group. 


THEOREM I. Let * be a binary operation on Z,,. The operation * 1s left distribu- 
tive over + iff there is a function w such that for all p,qEZn, p * G=T(p) -¢g. 


Proof. If * is a binary operation, and pCZ,, then p*1=s, sGZ,. Define 
a(p) =s. This defines our map x. For p, qEZ,, note that since * is left distribu- 
tive over +, 


peg = ped ttt s+: +1) = pelt pelt s+ + pet = a(p)-¢. 


q terms g terms 
Let a be such that for all p, qEZn, p * gq=7(p)-qg. Then for p, g, rEZn, 
P(g +7) = r(p)-(9 +7) = m(b)-q + mb) 7 = peg + per. 
CoRoLiary. There are exactly n” left distributive operations defined on Z,. 


Proof. Certainly there are n” distinct functions 7 with domain Z, and range 
contained in Z,. Let 11 and 72 be any two such functions such that 714 72. Since 
13412, there is a CZ, such that m1(p) ~72(p). If a1 and a2 both defined the 
same operation *, then we would have 


O # milp) — wa(p) = mi(p)-1 — wa(p)-1 = pel — pel = 0. 


THEOREM II. A necessary and sufficient condition for a function x to define an 
associative left distributive operation is that r(p)-w(g) =7(p-7(q)) for all p, qEZn. 


Proof. Assume that the operation * defined by 7m is associative. Then for 
P,9,7CZy 
qx(per) = ge(a(p)-r) = w(q)-a(p)-7 = wp) -a(Q) 7 
and 
(qxp)¥r = (x(q) p)¥r = w(p-a(q)) °F. 


Hence, when r=1 we have m(p) -7(q) =7(p:7(q)). 

For the converse, note that for all r@Z, and for p, q@Z, arbitrary, 
r-w(p)-w(q) = r-m(p-7(qg)). But as shown above, r-7(p)-7(q) = q* (p * 17) 
and r-m(p-7(q)) =(q* Db) *¥ 7. 

THEOREM III. Let f be a group automorphism on (Zn, +), and suppose that 


f(1) =s. Assume 7, and me define the two associative operations *, and *2 respectively. 
Then f is a near ring isomorphism tf m(p) =T2(p-s) for all pEZy. 
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Proof. First note that since f is an automorphism, (s, 2) =1, 1.e. s and are 
relatively prime. 
Assume f is a near ring isomorphism between (Z,, +, *) and (Zn, +, *2). 


Then f(p *1 g) =f(b) *2f(q). But 
f(b*i@ = f(mi(p)-@) = (mild) 9) fC) = mi(P)-9°8 
and 
T(p)*of@ = (b-f(1))*2(¢- f(D) = (b-5)*2(g-s) = ma(b-s) 9-5. 


Since (s, 7) =1 we have m()-q=72(p-s)-g. For g=1 we have m(p) =72(p:5). 

Conversely, assume that 71(p)=72(p-s) for all pCZ,. Certainly m(p)-q°s 
= 12(p-s)-q-s, and as shown above 71(p)-¢:s = f(p*q) and m(p-s)-q°s 
=f(p) *2 f(q). Since p, EZ, are arbitrary, f is an isomorphism. 

The following are some immediate consequences of the above results. 

We will need the fact that & * 0=0 for all & Z, if * is an associative left dis- 
tributive operation. Note that 0 * & need not equal 0. 


THEOREM IV. Jf (Zn, +, *) is a near ring of prime order p, and if m 1s the 
function defined by *, then (0) © {0, 1}. If r(0)=1, then r(k) =1 for all REZy. 


Proof. Let g=k and p=O in the results of Theorem II, and then (0) 
=m(k)-3(0). If +(0)=0 our results hold trivially. Assume 7(0)=i0. Then 
t =7(k)-t holds for all RE Z,. Since p is a prime, there is a multiplicative inverse 
t-! with respect to -, so multiplying on the right by ¢-1 gives 1=7(k) for all k 
including k= 1. 

It is also true that 1(0) =1 implies r(k) =1 for all REZ, even if m is nota 
prime. 


THroREM V. If 1(0) =0 and 1(k) € {0, 1} for all kEZp, then * defined by x is 
associative. 
Proof. Theorem II implies that if r(p)-m(q)=a(p-7(q)) for all p, gEZn, 


then * is associative. 
Checking each of the four cases below yields the theorem 


1 (p) ™(q) 
Case 1 0 0 
Case 2 0 1 
Case 3 1 0 
Case 4 1 1. 


Recall that there are ” distinct operations * on Z, such that (Z,, +, *) isa 
ring. It is easy to see that each of these operations defines an endomorphism on 
Zn, and conversely. Also, the function 7 defined by 7(k) =1 for all k GZ, defines 
an associative operation on Z,. Using these two facts and the results of Theorem 
V, it is easy to see that there are at least 2*-1++ left near rings that can be con- 
structed from a finite cyclic group of order n> 1. 

For n=2 and n=3, there are exactly 2*-!-+n, but for »>3 there are many 
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more. Indeed, as a result of programming the results of Theorem II for the IBM 
7090 computer, it was found that for 7 =4 there are 17 distinct near rings on Z,. 
For n=5, there are 29; for 7=6, there are 98; and for »=7, there are 112. The 
results of Theorem III can also be programmed, and as a result, for any integer 
n> 1, all the near rings on Z, can be constructed and be separated into equi- 
valence classes by isomorphism. 
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A NOTE ON SYMMETRIC FUNCTIONS 
A. O. Morris, University College of Wales, Aberystwyth 


Given a set of 2 variables a1, a2, > + - , Qn, their elementary symmetric func- 
tions a,, their homogeneous product sums h,, and their power sums s, may be 
defined by the generating functions A(x), H(x) and S(x) as follows: 


(1) A(a) = TI — at) = 14+ 3 o(—2y, 
(2) H(x) = II (1 oye) = 1 hye 
(3) S(x) = log H(«) = > 5,4" /¥, 


Recently Littlewood [1] has defined a more general type of symmetric func- 
tion g,(t) by means of a generating function Q(x, ¢) as 


(4) O(«, 1) = II (1 — a,xt)/(1 — ax) = 1+ > q(t) x". 


It is of interest to find formulae expressing the q,(¢) in terms of the a,, h, 
or S,, and vice versa. Perron [2 | has obtained such formulae in the special case 
t= —1. 

First we note the following identities connecting Q(x, f), A(x), H(x) and S(x): 


(5) Q(x, t) = A(xt)/A(*) = H(x)/H(«t) = exp {S(x) — S(xé)}. 
By comparing the coefficients of x” on both sides of the equations 
Q(x, A(x) = A(t), 
Q(x, HH (xt) = H(x), 
Q(x, t){S"(x) — Sa(xt)} = O.(x, t), 
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we obtain the following sets of relations 


r—l 


(6) > G—R(—1)Far + (1 — fa, = 0, 


R=0 


r—1 


(7) SS g,_vt®he + (i — 1)hp = 0, 
=) 


R 


(8) 7 q-n(l — #8)sx + (—1)q, = 0. 


R=1 


Taking r=1, 2,---, we obtain from each of the relations (6), (7) and (8) a 
system of p linear equations in p variables. These may be solved by determinants 
to express g, in terms of a,, h, and s, respectively, or to express @y, Ny OF Sy in 
terms of the q,. 


If dp(t) = (1-4) (1—2”) - - 


- (1—2°), we find that 


a,(1 — £) 1 0 0 
ao(1 — #?) ay 0 
a3(1 — 2%) ae ay 
(9) Gp = le eee 
Do ee ee eh ee te 0 
Do ee ee 1 
a,(1 — #?) Ap—1 Ap—2 ay 
q1 1-1 0 0 0 
q2 qi 1-72 -+-e eres 
Qs qe Qo tt ts 
(10) @plf)dp =e ee 
we ee ee ee ee et te 0 
a 1 — fP-1 
dp Qp—1 In—2 qi 
(¢ — 1)hy 1 0 
(t? — 1)he thy 1 
(11) q@ = (—1) (8 — 1)hg ihe thy 
De ee ee ee ee ee eh ee 1 
(t? — i)h, t? 1h 1 17°}, _-» thy 
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(12) 


(14) 
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qi t—1 0 
qe ‘qi i? — I 
bo(l)hp = q3 tqe £q1 
Pp p 
a a a fp-1 — 1 
Ip ldp—1 tq p—2 tP*g1 
(1 — t)s1 —1 0 os 0 
(1 — #?)s» (1 — t)sy —2 0 
pla (1 — @)s3 (1 — #?)se (1 — £)sy 0 
e p — 
oe —~(p — 1) 
(1 —?)s, (L— )sp-1 (1 — *)sp-2- + > 1-1 
q1 1 0 
2q2 q1 1 
(1— Ps, = (-pef PP 


Plo Qp-1 Qp-2° °° Q1 


(13) can alternatively be obtained in a more convenient form as follows. 
From (5) we see that 


a 


m=0 


oe (1 — 2£")s,x" 


Q(x, #) = exp {x 
1 — }{" , r 
xp sat 


=m 


4 


> a (1 — f)(1 — f2)m-. +5, a 


(p) Sp 


where the summation is for all partitions (0) = (191202393 -- - ) of msuch that 


Pit2pe+3p3+ -- 


we see that 


(15) 


=M, Sp= SysPsy + + > 


and z,=1"p1! 2”pe! 3%p3! - - - . Hence, 


1 
Om(t) = >> — (1 — t)(4 — £?) ee Sp. 


(p) 


Sp 
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A SIMPLE NORM INEQUALITY 


C. F. DuNKL AND K. S. WILLIAMS, University of Toronto 


The following useful norm inequality seems to be new. For nonzero vectors 
x and y in a normed linear space, 
x” y | 
lel [loll 


(*) lle — || 2 (lal + [lol)) 

It yields, for example, a simple proof that if X is a Banach Space, and 4, Me 
are closed independent subspaces of X, then if there exists a d>0 such that 
\|x1 —x9|| Sd, whenever *1C My, x2€ Me and || 2ea|| = ||cel] = 1, then Mi@Mz is 
closed. 


Proof of Inequalhty: 
¥ YM e Wall || — a|o-— | < lle — 
eer at lta pal * lay pal 94 
PE < Ile — yl] + [sl] —llal | salle oll. 


Similarly by adding and subtracting x/ ||| we have: 


(2) loI| 


U7 pqs 
7 Toll = Alle — all. 
lal Ilo 


The result now follows by adding (1) and (2). 
The authors originally conjectured the inequality (*) in the stronger form 


x 4 | 
ell [lol 
but this is not true in general. Consider, for example, the normed linear space 
consisting of ordered pairs of real numbers, say (x1, x2), with norm equal to 
| x1 + | 2 . Take x = (1, €) and y= (1, 0), where ¢ is positive and small. Then the 
inequality (*) becomes 


|e — ol] = dial] + [lol 


4(1 + «/2) . 
Ait. — 


Thus it is obvious that the constant } is the best possible. We have been unable, 
however, to answer this question: Does equality ever hold if || «|| +||,| 0? 


IV 


€ 
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We show that in a complex inner-product space with / { (x, x) } as norm the 
inequality does hold with § instead of 4. For then 


it~ tl ~ eg Tala) 
=2-2Re(77, LD 


1 


lal [loll 


1 
= Tag Pll lt — (all? + [loll? — Ile — il] 


y 2 


lll Ibs 


[2\|al| [lvl] — 2 Re (, »)] 


—— 
— 


ll [lol 
Hence 
fll tlt yf 
lx — 9 -( ; \a-w 
= EET lel + lb ~ le - at 2 0 


One further question, is the converse true—Does the inequality with the con- 
stant § imply that X is an inner-product space? 


ON A NOTE BY Q. G. MOHAMMAD 
H. GUGGENHEIMER, University of Minnesota 

Theorem 2 in the Note [1] is based on the fact that all roots of p(z) =3" 
+a, z"-*+ +--+ +a, are also roots of P(z) = (24~—a,_)p(z) =2"t9+dgi2" 1+ + es 
+bn4q, and on an estimate of the influence of the gap-size g on bounds for the 
roots. Dr. Mohammad’s argument on top of p. 903 leads to an improvement of 
my statements in the Note [2| in the same issue of the Monruty. Especially, 
the bound 2 is now replaced by a bound 1. 

Let be m(k, M) the unique root >1 of 


ak — gk-l— M = 0 
defined for positive integer k and positive M. In 
(1) gr>+tagrit..-+ta_i2ta, = 0 


let be a, the first nonzero coefficient, a, the coefficient greatest in absolute value. 
All roots of (1) lie in the circle | z| <m(q, |p|). 
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If (1) has real coefficients, let be a, the first negative coefficient, a, the nega- 
tive coefficient of greatest absolute value. All roots of (1) are <m(r, | ae| ). 

A table of m(k, M) is given below, For practical purposes, approximations 
are quickly found in a table of powers. 


TABLE of m(k, M) 


k= 2 3 4 5 6 

M 
0.5 1.37 1.30 1.26 1.23 1.22 
1 1.62 1.48 1.39 1.33 1.29 
2 2.00 1.73 1.55 1.46 1.40 
3 2.31 © 1.87 1.66 1.54 1.46 
4 2.57 2.00 1.76 1.61 1.51 
5 2.80 2.12 1.84 1.66 1.56 
6 3.00 2.22 1.90 1.71 1.60 
7 3.20 2.32 1.95 1.75 1.63 
8 3.38 2.40 2.00 1.79 1.66 
9 3.55 2.48 2.05 1.83 1.68 
10 3.71 2.55 2.10 1.86 1.71 
20 5.00 3.10 2.41 2.09 1.88 
40 6.85 3.80 2.81 2.34 2.07 
60 8.27 4.28 3.038 2.52 2.20 
80 9.46 4.67 3.29 2.68 2.29 
100 10.52 5.00 3.45 2.75 2.38 
500 22.87 8.29 5.00 3.70 3.03 
1000 32.13 10.40 5.90 4.21 3.39 


This research was sponsored by the Air Force Office of Scientific Research. 
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SUMS OF LOGARITHMS OF BINOMIAL COEFFICIENTS 
H. W. Goutp, West Virginia University 


The object of this note is to establish two general limits involving sums of 
logarithms of binomial coefficients. 


Let 
n pn 1 
1 P, = l ; S, = — Pray 
(1) 2 (7) m2 
and 
n 1 
(2) 2, = >» (—1)' ioe (7), Tn = — Qny 
k=0 bk n 
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where p is any positive integer. We shall show that 


n— 0 2 
and 
(4) lim Tin = (Q, 


It is clear that T2,-1=0 for all positive integers n. 
We shall need to note the binomial coefficient identity 


‘ Ce) Gr GG) 
ph pk—p/\ p/\ ps 
In the case of P, we proceed as follows. By means of (5) we have, when 221, 
toe (oy) = Sloe ee 9) tte (8) ~ Eee (% ) 
P, = ] = l l — l ) 
S8 (I Zeloe | gp) tel) el, 
or 
pn\”  f pk\™ (pn) |” 
yn teentl (ECM) omega 
P/ itm \ p (pn — p)\"(pn)! 


Now by a general limit theorem of Stolz [1, 414] if }, increases steadily to 
co then 


. Pn 
(7) Jim = lim 


n+o Oy na On — Dn_1 


provided that the second limit exists. This is a kind of finite difference analogue 
of the familiar rule of l’Hospital. Cauchy gave the case },=n. To apply the 
theorem here we choose b, =?, so that b, —bz-1.=2n—1=n(2—1/n). Then we 
have 


a cenenrrcemennemmcrmmememmmeds STS meenvaemrencenen ements oO eres epnee prenenerenmnnymrnmncngenratnammnen © 
ba — bana 2—1/n ~ (pn— p)\(pn) En 
Since the outside factor tends to 4 we shall have finished the proof of (3) if we 


can show that the ratio of factorials tends to e?. To show this we need the 
familiar limit 


—- 
— 


(8) 


ro glilr 


Indeed we have 
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sen 2)! 8 ye, Bt = 1) ++ (Om ~ P+ 1) 
noe (pn — p)i(pn) "nv [(pn) tt/Pn] 

am TD PD) 

pee (r}i/r)p 


l 


ry \P 1 2 p—il 
im (LY. (1-2) (1-2). (1-22) ow 
roo \elilr r r r 


for p=2, and it is clearly also correct when p=1. 
The simplest case, p=1, was the subject of a recently proposed problem [2]. 
In the case of Q, we find by means of (5) that 


: np) (e)> (i) 
= —1)*1 1)*] 1)* ] 
m yo (Oe + O(- og (T > (- og (* 
or 
{ n R 
(9) On + Oa-1 = Jie, ioe (*") — 2 (=1)'1og (? ), n21. 
2 p kanl p 
Since 0, =0 when z is odd we have then 


On = — Eo (—tytlog (* ") = > log (Or?) — X08 ("7 ) 


n_ [2kp — 2kp\ n P 2pk-p—-jti 
mg (22) (Ym og fy BPS, 


kewl p p ket jut 2Hk —7+1 


Now to show that T:, tends to 0 as n—> 0 we should have to show that the 
nth root of the product tends to 1. For example, when =3 we should have to 
show that 


(10) 


lim 


i> 2 


n (6k — 3)(6k — 4)(6k — 5)) ¥ 
(I 6k(6k — 1)(6k — 2) \ 


But in general, if a>b>cZ20, then 
n_ ak —b) 's 
(11) lim ‘ Il - \ = 1. 


n> 2 k=nl ak —c 


This is immediate from the Cauchy limit theorem, to the effect that lim,.., ai” 


exists and has the same value as limyn., Qn41/@n provided this limit exists. Thus 
by (11) any product of a finite number of such factors has the same property, so 
we see that 72, tends to zero as m increases. The basic technique we have em- 
ployed may be applied to a wide variety of similar series. 


Supported by National Science Foundation Research Grants G-14095 and GP-482. 
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CENTRAL-FORCE LAWS FOR AN ELLIPTIC ORBIT 
Kurt Toman, Air Force Cambridge Research Laboratory, L. G. Hanscom Field, Bedford, Mass. 


An ellipse can represent the trajectory of a particle of mass m which moves 
under the influence of a central-force field. If the origin of the central-force 
field lies at the center of the elliptic trajectory or at the focal point respectively, 
the well-known force laws of harmonic and gravitational motion are obtained. 
Other force laws result for different locations of the origin of a central force. It 
is the purpose of this analysis to illustrate the influence of the location of the 
origin of a central force upon force laws which yield the same elliptic trajectory. 
In this study the origin of the force is displaced in discrete steps from the center 
of the ellipse to the apex along the major semi-axis. 

The vector of a central force F is, by definition, everywhere directed toward 
the same center such that FXr=0, where r is the position vector of the particle. 
From Newton’s second law of motion F= mi it follows that rXr=0. Through 
integration one obtains rXr=c. Consequently, r-(r Xr) =r-c=0 and the trajec- 
tory of the particle is a plane curve. 

In a cylindrical coordinate system the equation of motion of a particle 
whose position vector is r(#) can be written as 


(1) r= (* — ré*)o + (rd + 276)a + 22, 


where 9, w, Z are the unit vectors of the acceleration components corresponding 
to the range 7, azimuth @¢, and elevation z, respectively. The dots indicate 
differentiation with respect to time. Since the trajectory of the particle is a 
plane curve this coordinate system can be chosen so that #=0. Since FXr=0 
there exists no acceleration in the direction of w and r¢+2#6=0 in (1), from 
which follows the constancy of the areal velocity 7246/2 =f. Thus, (1) reduces to 


(2) r= (# — rg) og. 


Combining (2) with Newton’s second law of motion one obtains the scalar 
equation for the force 


F = m( — rd’). 
The substitution of space- for time-derivatives yields 
(3) F = 4mf*r-5(rr"" — 2r” — 12), 
where 


= r(o), yi = dr/dd, rl = d*r/dg?. 


1964] MATHEMATICAL NOTES 59 


The force law of (3) is determined if 7(¢) is known. 

Let us choose a Cartesian coordinate system with its origin at the center of 
an ellipse whose major semi-axis of length a lies along the abscissa x(y=0) and 
whose minor semi-axis of length 0 lies along the ordinate y(x=0). The center of 
the ellipse has the coordinates x)= yo =0. First, let us assume that this center 
of the ellipse contains the location of the origin P;(x=0, y=0) of a central force 
under whose influence a particle of mass m is moving along a trajectory which is 
specified by this ellipse. For this origin r(@) can be written as 


(4) r = b(1 — & cos? ¢)“1/? | Ps (omy) 
where e is the eccentricity of the ellipse. Obtaining 7’, r’’ from (4) the force law 
can be determined from (3) as 
F= — (4mf?p-la—)r = — (4r?mT-*)r, 
where p=a(1i—e?) and T is the period of revolution. This well-known force law 
describes the harmonic, isochronous motion (F«7). 
If the focal point of the same ellipse represents the location of the origin 


Py(x = ea, y=0) of a central force and the position vector of the particle is now 
measured from Py, 7(@) becomes 


(5) r= p(1+ cos o)-* | Py (emea,y=0) - 
Substituting 7, 7’, r’’ from (5) into (3) one obtains the central-force law 
(6) = — (4mfp )r? = — (4n*maT-*)r-*. 


This well-known force law describes the gravitational motion (Ff «r-?). 
Another simple analytical solution of (3) is obtained if the origin of the 
central force is located at the apex of the ellipse. For this origin r(¢) has the form 


= — 2p cos (1 — € cos? $)| Prema ym) 
and the solution of (3) is obtained as 
F = (Amfrep~4)r(1 — [1 + r%e2p?]4/?)-8 
which reduces to 
F = — (4mf?ép)r? for rep! >>> 1, 
F = — (32mf?p)r-> for rep Llc 
For other locations of the origin of a central force solutions of (3) become 
rather involved and must be computed. For a particular ellipse (a = 250, b=125) 


computations include the following positions (y=0) of the origin of the central 
force relative to the center of the ellipse. 


Xp 0 62.5 140 187.5 ea=216.5 220 240 249 
curve if I] Ii! IV V VI Vil Vill 
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100 200 300 r 


Fic, 1. Central-force laws for an elliptic trajectory. 


The Roman numerals correspond to the curves of Fig. 1. For each curve a 
conveniently normalized force F, read on a log-scale, is plotted along the ordi- 
nate. The range 7, read on a linear scale, is plotted along the abscissa. For 
xp=0 the force law F «ris represented by curve I. A displacement of the origin 
of the central force from x=0 to x>0 unfolds curve I into II, III, etc. For 
x =a—b?/a=187.5 (IV) the force law approaches F «r~? of curve V. For x> ea 
curves VI to VIII are obtained. A (Ff « r—5)-distribution is shown for comparison. 

Fig. 1 depicts members of a family of central-force laws. It is seen that F(r) 
can be double valued. This circumstance reveals that F is also a function of ¢. 
The ¢-dependence of F is a property of all force laws whose origin is neither the 
center nor the focal point of the elliptic trajectory (see [1]) although it is not 
discernible if the origin of the force lies in the neighborhood of the focal point 
(e.g. curve VI). 
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SELF PRODUCING SEQUENCES OF DIGITS 
J. H. Jorpan, Washington State University 


D. Kaprekar [1] noticed that if one takes any four digits, not all the same, 
in the base ten, and lets A represent the largest number expressible in these four 
digits, and lets B represent the smallest number expressible in these four digits, 
and then considers the four digits produced by A — B as a new sequence of four 
digits, and repeats the operation, then within seven repetitions he will obtain 
the sequence of digits {7 , 6, 4, 1}. Further if the operation is repeated on 
{7,6, 4, 1} the resulting sequence will be {7,6, 4,1}. This interesting phenom- 
enon motivated this paper. 

Let 1 be a positive integer and let R, be a sequence of digits of the base n 
not all the same. Two sequences will be considered the same if one is merely a 
permutation of the other. 


DEFINITION. The Kaprekar Operation on a sequence of digits, K(R,), ts as 
described above except that R, may have any number of elements, not just four. 


DEFINITION. A sequence R, is self producing tf K(Ra) =Ra. 


Digits larger than nine will be denoted by representing the digits in the base 
ten and underscoring. All numbers will be represented to base ten for con- 
venience. 


Lema. If n>2 and if Ry ts a sequence of digits with more than two elements 
then any number that can be represented by K(R,) 1s composite. Indeed, by a gen- 
eralization of the rule of casting out nines, 1t 1s divisible by n—1. 


The following are examples of self producing sequences of digits: 
R, = {3,2,1,0}; Rs = {3,3, 2,0}; Re= {5,2}; Rio = {9, 5, 4}; 
Rio = {7,6, 4,1}; Rw = {9, 8, 7, 6, 5, 4, 3, 2, 1}; 
and 
Ris = {10, 9, 7, 5, 4, 1}. 
THEOREM 1. Given m>1, there are infinitely many positive integers n that have 
a sequence of m digits that are self producing. 


Proof. Case 1:1f m=2K—1, K>1, let be any multiple of K, say K-g=n, 
then 


R, = {n — 1, (K — 1)g, (K — 1)g — 1, (K — 2)g,---,8,g— 1} 
is self producing. 


Case 2: If m=2K, and if K=1, then for n=3g+2, R,= {2g-+1, gt is self 
producing. 
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If K>1 and »=10+15¢, then 
Rn={7+12g, 6+10g,---, 6+ 10g, 6+-9g, 4+ 6g, 3-+5g, my 3+5¢, 1+3g} ’ 


where the 6-+10g and 3++-5g each occur K —2 times, is self producing. 

Case 1 of the proof exhibits sequences in which all digits are different when 
n2=2K. This is in some ways better than the sequences exhibited in Case 2 of 
the proof. It seems reasonable to raise the question: For m even, do there exist 
infinitely many self producing sequences of m different digits? 

The author has found two other parametrizations that could have been used 
in the proof of Case 2. They are: 

For 2=13+21g and K>2 


R, = {10 + 18g,9 + 15g,8+ 14¢,---,8+ 14g, 7+ 12,5 + 9¢, 
4+ 7g,-++,4+ 6g, 1+ 3g}, 


where 8-+14g and 4+7g occur K —3 times. 
For n=28+51g and K>3 


R, = {22 + 42g, 19 + 36g, 18 + 34g, ---, 18+ 34g, 18 + 33g, 16 + 30g, 
11 + 21g, 10 + 18g,9-+ 17g, ---,9+17g,8 + 15¢,4 + 9g}, 


where 18+34g and 9+17g, occur K —4 times. 
A general formula would be desirable. 


COROLLARY 1. The following bases have at least one sequence of 2K digits that 
are self producing: 


i) » = 10 (mod 15) and K > 1 
ii) m = 13 (mod 21) and K > 2 
lili) » = 28 (mod 51) and K > 3. 


CoROLLARY 2. The following bases have at least two distinct sequences of 2K 
digits that are self producing: 


i) »=55 (mod 105) and K >2 
ii) mw = 130 (mod 255) and K > 3 
ili) # = 181 (mod 357) and K > 3. 


CoROLLARY 3. If n=895 (mod 1785) then n has at least 3 sequences of 2K 
digits that are self producing, for K > 3. 


Example for Corollary 2: Let n=55, then two self producing sequences of 
six digits are: 


ween © eee fore ~ ee ee le Cen mee i 2 le 


COROLLARY 4. There 1s a self producing sequence of m elements to the base ten 
af and only 1f m1, 2, 5 or 7. 
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Proof. lf mA1, 2, 5 or 7 and if m is even the proof is imbedded in Case 2 of 
the proof of Theorem 1; if m=3 or 9 the examples suffice; if m=2K—1for K>5 
then 

Rio = {9, 8, 7,6,°++,6,5,4,3,---, 3, 2, 1}, 
where 6 and 3 occur K —4 times, is self producing. It is easy to see that there are 
no self producing sequences for m=1 and m=2. 

To show there is no self producing sequence for m=5 we assume that there 
is a self producing sequence {9, a, b, c, d} and consider: 


9 a b C d 
— d C b a 9 
9—d x 9 ¥y d+1. 


Notice that 9—d>x, x +y=8 and either c=d or c=d+1. If c=d then x=y=d 
and a=9—d; but a=2d+1 so 3d=8 which is impossible. If c=d+1 then 
y2zd+1,so x=d and y=8—d,so a=9—d, but a=2d+2 so 3d=7, which is im- 
possible. 

To show that there is no self producing sequence for m=7 we assume that 
there is a self producing sequence 19, a,b, c,d, e, f} and consider: 


9 a b C d € f 
—f e d C b a 9 
9—f x y 9 Zz Ww f+1. 


Notice that 9-f2x>¥4, s2w, x+w=9, y+z2=8 and either e=f or e=f+1. If e=f then f must 
occur at least twice in the answer. From the inequalities, w=f and either z or y=f. Now w=f=x 
=9—f, but x=a—e=a—f .. a=9. Since sSz+y=8, a=9—f; “. f=0, whence x=9, which im- 
plies that 6=9, since there are three 9’s in the answer. )=9=>z2=d, leaving c and y as the only 
unmatched elements; .°. c=. Since c2d, y2z. Since one of y or z must be 0 it must be z=0=d. 
Since d=e=f=0, three 0’s are required in the answer; but x+y+s-++-w=17, which is impossible 
with three of them zeros. If e=f+1 then (by considering size) y=f. It now follows that z=8 —f. 
Since a is next to the largest, a=9—f. Now x=a—e=8-—2f. By considering sizes we see that 
b=8—f=s. Now d=b—1—y=7—2f. But d and w are the only unmatched digits, and therefore 
d=w=2f+1. Combining the two expressions for d we have 4f=6, which is impossible. 


Other corollaries of this type are possible to other bases. 
THEOREM 2. The base n possesses a sequence of two digits that 1s self producing 
af and only tf n=3¢4+2. 


Proof. If n=3g+2 the proof is imbedded in Case 2 of the proof of Theorem 
1. Let {a, b}, with a>b, be self producing to the base 2; then an+b—(bn-+a) 
=bn-+a or 26-+1=a and 2a—n=5), whence n= 36-++2. 


DEFINITION. A self producing sequence of digits 1s unanimous 1f it 1s eventually 
obtained from any other sequence of digits, not all the same, by repeated Kaprekar 
Operations. 


Examples. Rs= {3, 3, 2,0}; Rio= {7, 6, 4, 1}; R= {9,5,4}; and Re= {1,0} 
are unanimous. 
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Necessary and sufficient conditions are desired to tell when a base 7 has a 
unanimous sequence of m digits. An obvious necessary condition is that the 
base x must have exactly one self producing sequence of m digits. This condition 
is not sufficient since Ry= {3, 2, 1, 0} and Re={5, 2} are not unanimous. An 
immediate consequence of this condition is that if 2 satisfies the conditions of 
Corollary 2 then it would not possess a unanimous set of m digits for m even 
and m> 6. 

As observed by the referee, there is a positive result in this direction. 


THEOREM 3. The base n possesses a unanimous sequence of 3 digits f and only 
af n=2K. 


Proof. lf n=2K then {n—1, K, K-1} is self producing by the proof of 
Theorem 1. Now since the Kaprekar Operation on 3 digits in the base 2 always 
yields »—1 as one of its digits and the sum of the other two equals n—1, the 
sequence after one Kaprekar Operation would be {n—1, a, n—1—a}, where 
a= K. Repeating the Kaprekar Operation yields {n— 1,a—1i,n —a} ;thusa—K 
repetitions of the Kaprekar Operation will result in in— 1,K,K- 1} which is 
then unanimous. If »=2K-+1, a self producing sequence would be of the form 
{2K , a, 2K —a}, with a2 K. Applying the Kaprekar Operation to this set we 
obtain {2K, a-—1, 2K—a+1 ie thus 2a—1=2K, which is impossible; hence a 
self producing sequence does not exist, and therefore a unanimous sequence is 
impossible. 


THEOREM 4. If Ro has h 2 1 ones and m — h 2 1 zeros then K(R2) has 
max(h, m—h) ones. 

Proof. Let p=max(h, m—h) and q=min(h, m—h). The largest number 
formed by the digits of Re is A =2™+!—2™—-*+!1 and the smallest B=2'+1—1. 
Hence 

A — B= Qmtl — Qptl — Dati 4 4 
= Qm it gm-1... 4 Qptet Qptl — Jeti 4 4 
= QM 4 Qm-1i... 4 Dette + opt Jett... 4 Qetl4 


which is the desired result. 
CoROLLARY 1. K(R2) = R, if and only if h=m—h. 


CoroOLuARY 2. The base two has a unanimous sequence of m digits if and only tf 
m=2 or 3. 


Are there infinitely many unanimous sequences for m=2 or m=4? Are there 
any unanimous sequences for m2 5? 
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EXPECTATION FOR SOLITAIRE 
R. A. Jacosson, South Dakota State College 


In this paper we discuss a generalization of problem E 1544 [1]. A solitaire 
player shuffles a deck of cards numbered from 1 to z inclusive, and lays them 
face up, one at a time. Every time he turns up a card, he scores a number of 
points, to be determined in one of the two following methods: 

(i) the score is based on the card just turned up and all preceding cards, 

(ii) the score is based on the card just turned up and its immediate pred- 
ecessor only. 

In either case, the first card turned over contributes a score of zero. Our 
problem is to find the expectation of his score, assuming that all arrangements 
of the deck are equiprobable. 

For example, the games might be scored as follows: 


Game 1. Score 1 point for each preceding card which is less and 0 points for 
each preceding card which is greater than the card just turned up. 

Game 2. Score the positive difference between the card just turned up and its 
immediate predecessor if the predecessor is greater. If the predecessor is smaller, 
score zero. 

Game 3. If the card just turned up is greater than its immediate predecessor, 
score two points if their sum is even and zero points if their sum is odd. If the 
predecessor is greater, score minus one. 

Game 4. Score two points for each odd preceding card less than the card just 
turned up, and score zero points for all other cards. 


It is evident that games 1 and 4 are scored by method (i) while games 2 and 3 
are examples of method (ii). 

In the following, f(a, b) is the score achieved if card [a] precedes card [b]. 
The expectation and the sum of the scores for all 2! equiprobable outcomes for 
a deck of m cards are denoted by E, and S,, respectively; that is, E,=S,/n!. 


THEOREM 1. In case (i), the expected value is given by the recursion relation 


1 n 
(1) Enis = Ent > Dilflan+ t) + fetta}; F, = 0, 


q=1 


Proof. Consider the m! by ” array (matrix) of equiprobable arrangements of 
a deck of m cards where each row indicates one ordering in which the cards are 
turned face up, one at a time. Let s; be the score associated with row k, so that 
Sn= >on se The (1 +1)! equiprobable arrangements and the total score, Sy41, 
for a deck of +1 cards can be found by inserting card [n+1] in the above 
array. We place card [n+1]| between the # and (p+1)-st card of row & and com- 
pute the resulting score for this arrangement. The scoring would be unchanged 
until card [z+1] is turned up. Turning up card [n+1], wescore >-?_,f(q:, 2-+1) 
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points, where cards [q;] are the cards which precede [z-++1]. Thereafter, upon 
turning up each card [q;|, 7=p+1, - --, 2, we would score the same as in the 
previous array plus the score f(z +1, g;). Thus, the total score given by inserting 
(n-+1] at this point in row k is 


Sit Digan + 1) + > f(m + 1, qi). 


Since each card [q| appears p(n—1)! times in the original array in columns 
1,2, +++, p; it follows that the insertion of card [n+1]| in each of the m! rows 
between cards of column # and column p-+1 yields a total score of 


(2) Lat DoH —DHe n+) + Do oe Hyee+s, q)- 


k==] 


Sum (2) also holds if p=0, ; in other words, if card [7-+1]| is first or last. 
Thus, we find that the total sum of all (2-+1)! equiprobable scores is 


Sos =D [Sat (= DEL (1h aye + 1) + Ow — pil + 1 0} | 


1 n 
(3) = tS + ~ IEP S ffm) + fle 10) 
= (nt 5.4 1) , {f(qnu+t1)+fat+ 1, qg)}. 


The result (1) is then obtained by substituting S,=2!En, Snyi=(n+1)! Fags 
in (3) and simplifying. 

For game 1, f(a, b) =1, a<b; f(a, b) =0, a>b and (1) becomes the difference 
equation 


1 nm 
Fayi = Ex + 2 » (1), 


q=1 


nN 
= Ent >? E, = 0; 


and thus E,=n(n—1)/4, n=1, 2, 
For game 4, f(a, b) =1—(— tye, a<b; f(a, b)=0, a>b and (1) becomes the 
difference equation 


i n 
Ena = Ex + — >> {1 -— (-1)4}, 


2 g=l 


= m+ (n+) Ey = 0; 
eee 2 
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and thus 
2n? —1-+ (—1)" 


k= 
8 


=1,2,--- 
THEOREM 2. In case (ii), the expected value is given by the recursion relation 


1 n 
Env = Ey +——| > {f(q, 2+ 1) +f(n +1, g} 
m-ib i 


1 n gq-—l 
(4 -=SS fantseo}], B=0. 
n q=2 r=1 
Preceding as before, we find the total sum S,41 by inserting card [z+1] in 
the original array of equiprobable outcomes for a deck of m cards. If card [n+1] 
is placed between card [a] and [}] of row 2 in the original array, we get the score 
setf(a, n+1)—f(a, b)+f(n-+1, b). A particular pair of cards [q], [r] occur in 
(1 —2)! rows of the original array in columns and (+1) in both the orders 
[a], Ir] and [r], [¢]. It follows that the sum of the scores obtained by inserting 
card [n+1] between columns » and (p-+1) in these (n—2)! rows would equal 
the sum obtained from these rows in the original array plus the sum 


(n — DUfq n+) —fqan+fn+ 1,7} 
for the rows in which [q] precedes [7], and the sum 
(n — ifr, n+ 1) -—fr,o +fat+ 1,9} 


for the rows in which [r] precedes [q]. Utilizing all possible pairs of cards, we 
see that the sum of the scores obtained by inserting card [z+1] between col- 


umns p and (p-+1) is 


StH - MSS Gat t) —faN titi +sen+) 
—fir,ot+fa+1,9} 


5 n 
ast DLS qn +t) +60 +1,9)} 
—~(n— 2! > x (fq 7) +4lr, 9}. 


If card [x-+1] is first in a row, the score is increased by f(n-+1, g) where [q] 
was previously the first card in the row. Since card [gq] is first in (n—1)! rows of 
the original array for each gq, the resulting sum for all arrangements in which card 
[n+1] is now first is 


(6) Sat (w— 1)! fla +1, 9). 


q=l 
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Similarly, the scores obtained when card [7-+1] is last in all rows add up to 


(7) Sat (wn — 1)! DO flan + DV. 


q=1 


Noting that card [z+1] can be placed between two adjacent columns in ”—1 
ways, we combine (5), (6) and (7) to find that the total sum for all (7-+1)! 
equiprobable outcomes its 


n 


Say = (0 — 1) | Se+ n— MIS ant) +in+1,9} 


q=1 


— (n — 2)! > > ifr) +S (r, o} | 


g=2 r=] 


+] 5.+ (n — 1)! Silat 1, o | + |S. + (n — 1)! FC + »|, 
Sass = (w+ 1)Sy + 0! DO (fqn tl) +f +1, 9} 
) _ 
—(n- MID dD (fan +s, o}- 


g=2 r=1 
Substituting S,=n! E, and Spyi1=(a+1)! E,+1 in (8) and simplifying, we have 
equation (4). 
In game 2, f(a, b) =0, a<b; f(a, b) =a—b, a>b and the expectation from (4) 
is 


1 re Lae 
Fat = Ey + ——| Dtt-9-—LoG-o|, 


m+iLl ge NM q=2 r= 
1 pam@+1) 14 g¢-1}) 

oe il 2 an SS 2 | 
2n+1 


= fy,+ 6 ) E, = 0; 


and thus FE, =(n?—1)/6, n=1, 2,---. 
In game 3, f(a, b) =1+(—1)2+*, a<b, f(a, b) = —1, a>b and the expectation 
from (4) is 


n 


Enji = Ey + ——,| de {1 + (= 1) +(—1)} 
—~— Dd U(-1) +1+ (— 1} | 


nN q=2 fol 


= rts] Dye 2 EE Hy] 


1964] CLASSROOM NOTES 69 


1 (—1)"—1 12 es 
= FE, + ——| —————- + — Sf 
+l 2 + n du 2 
2 1)(—1)"—1 
pp ete Tt pn ao, 
A4n(n + 1) 
and thus £,= {1—2n—(—1)"}/4n, nm=1,2,-°°. 
Reference 


1. H. W. Hickey, this MoNTHLY, 69 (1962) 920. 


CLASSROOM NOTES 
EpIrED By GERTRUDE ERRLICH, University of Maryland 


This department welcomes brief expository articles on problems and topics closely related 
to classroom experience in courses that are normally available to undergraduate students, from 
the freshman year through early graduate work. Items of interest to teachers, such as pedagog- 
ical tactics, course improvement, new proofs and counterexamples, and fresh viewpoints tn gen- 
eral, ave invited. All material should be sent to Gertrude Ehrlich, Mathematics Department, 
University of Maryland, College Park, Maryland. 


REMARKS ABOUT QUOTIENTS 


Raymonp M. REDHEFFER, University of California, Los Angeles 


1. Introduction. In [1] Thomas Mott establishes an interesting result for 
nonnegative functions f and g, under the assumption that f and —g are non- 
decreasing. Specifically, if 


(1) u(x) =f Aoas and v(x) =f g(s)as 


then w/v is nondecreasing at points where v0. 

Because of the monotony of f and g the set where u and 2» are positive is an in- 
terval, outside of which both f and g are 0. It suffices, therefore, to prove 
the theorem under the assumption that both u and v are positive. 

If the monotony fails, so that u(x1)u(«2) >u(x2)v(%1) for some x1<%2, then we 
can approximate f and g by continuous positive increasing functions, f° and g°, 
in such a way that the same inequality holds for the corresponding integrals «° 
and v°. Thus, it suffices to establish the result for f and g continuous. 

The theorem for this case requires nothing beyond first-semester calculus. 
Let u=eY and v=e". We would like to show that log(u/v) = U— V is increasing 
or, equivalently, that U’2 V’. The mean-value theorem gives 


yt £0. 0) ! 
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when we recall that f(x) =f(é) for a<&<x. Similarly, V’S1/(«—@a) and hence, 
the proof is complete. 


2. A differential inequality. As a rule, the difference of two increasing func- 
tions U and V is only of bounded variation; U—V can have infinitely many 
maxima and minima. Nevertheless the function U— V of the preceding discus- 
sion turned out to be monotone! Why? 

The reason is that u and v almost satisfy a certain differential inequality. 
Indeed, we could have approximated f and —g by strictly increasing differenti- 
able functions. Then u’’>0, v’’ <0, and hence, at points where u>0 and v>0, we 
have uu" >o7 0". | 

More generally, let an operator 7 be defined by T0=0, and by 


(2) Tu = $(x) — f(x, uy’, uu"), 


whenever “4 +0. At an interior point P, where u>0 and v>0, suppose Tu < Tz, 
and suppose 


(3) f(x, u-*u', s) or fla, ov’, s) («= P) 


is monotone nondecreasing as a function of s. Then w/v cannot have a relative 
maximum at P. For proof set u=e” as before, so that Zu = TU, where 


TU = $(x) — fix, UV’, U" + (U’)?]. 


At P we have a relative maximum for U— V, hence U’= V’, U"” S V’’, and the 
assumed relation TU <T7'V fails. The special case Tu= —u-!u" gives another 
proof of Mott’s theorem. 


3. A kind of duality. In an interval (a, 6) let T have the form (2), let u(a) 
=u(b)=0, and let u be continuous for a$xSb. Suppose that, at each point 
where “v0, one of the functions (3) is nondecreasing in s. Then the following 
conditions are incompatible: 


uZ#0, %Tu<Tv, inflo] >0 (a<2x<d). 


Indeed, if all three hold we can assume sup u>0, since T(—u) = Tu, and sim- 
ilarly we can assume inf v>0. Then w/v has an interior maximum, in contradic- 
tion to the foregoing considerations. 

The above remark can be used in three ways. If there exists a v satisfying 
Tu<Tv and inf v>0, then u=0. This is a uniqueness theorem for u. 

If there exists a 140 such that Tu<Tv then inf |v| =0. This is a Sturmian 
theorem for v. 

If there exists a solution u#0 of the equation Ju = X, where A is a constant, 
and if v is any C®) function satisfying inf |v] >0, then it is not the case that 
Tu<Tv. This yields a lower bound for the characteristic value A; namely, 
\Zinf, Tv. (The estimate is often sharp, because the choice v= would give 
equality.) 
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4, A more general setting. The same methods apply to many partial differ- 
ential equations. As an illustration, consider the operator 


(4) Tu = (x) — f(x, w' grad u, uw tAn), 


where x is a point of Euclidean m-space, Au is the Laplacian, and the monotony 
condition analogous to (3) holds. The interval (a, b) is now replaced by a 
bounded region B. An appropriate boundary operator (also admissible for the 
one-dimensional case) is 


Ru = n(x) — k(a, ww), (« © OB), 


where A(x, s) is nondecreasing in s, and where u, denotes the normal derivative. 
At each boundary point we need: either u=0, or Ru< ku. 

Discussion of this more general problem is closely analogous to the discussion 
of (2), as the reader can verify. It turns out, also, that mild continuity condi- 
tions, coupled with strict monotony of f, enable us to replace the condition 
Tu<Tv by TusTz. 

As an application consider the theory of functions of a complex variable. By 
the Cauchy-Riemann equations the function u= | f(z) | 2 satisfies 7u=0, where 


Tu = | ut grad u|? — wan. 


If v= | g(z) | 2 then Tu<Tv and the general theory applies. The assertion that 
u/v satisfies the maximum principle is the ordinary maximum principle when 
v= 1, it is the Schwarz lemma when v= |], and it is essentially the three-circles 
theorem of Hadamard when v=|2|*. Analogs of these useful tools of function 
theory are thus available for broad classes of nonlinear partial differential equa- 
tions. 


5. Concluding remark. It is pleasant to find unity in seeming diversity: 
Maximum principles, uniqueness, Sturmian theorems, lower bounds for char- 
acteristic values, the Schwarz lemma from function theory, and the theorem of 
Mott on integrals not only belong in the same ball park, but they are, so to 
speak, members of the same team. 


References 


1. Thomas E. Mott, On the quotient of monotone functions, this MONTHLY, 70 (1963) 195- 
199. 

2. Raymond M. Redheffer, Maximum principles and duality, Monatsh. Math., 62 (1958) 
56-75. 


Mathematical Swifties 


“It’s an equivalence class of rational Cauchy sequences,” Tom said realistically. 
“Is the closure of this set equal to the whole space?” Tom asked densely. 
“That line is perpendicular to the plane,” Tom stated normally. 
“Of course that open cover has a finite subcover,” Tom observed compactly. 
“Is that expansion taylor-made?” Tom asked seriously. 
“Those sets have no elements in common,” Tom remarked disjointedly. 
R. T. SMYTHE 
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LEFT AND RIGHT IDEALS IN THE RING OF 2X2 MATRICES 


HENRYK MINC, University of Florida and University of California, Santa Barbara 


One of the most illuminating examples for a first course on rings and ideals 
is the ring M2 of 22 matrices over, say, the real field. Although all properties 
of left and right ideals of this ring and of ideals of its subrings are well known, 
yet surprisingly enough they are not discussed in any of the standard text-books. 
In this note we characterize all the left and all the right ideals of M: and thus 
show that M, is simple. We examine in the same manner the ring of the upper 
triangular 22 matrices and find all its ideals. We use the terminology of [1]. 

It is well known that if a left (right) ideal S of a ring R with identity 1 con- 
tains a left (right) regular element then S=R. For, if a€@S and ba=1 for some 
bER then ba=1CRS=S and therefore x=x1€S for any «CR. In particular, 
if any left or right ideal S of M2 contains a non-singular matrix then S= M2. 
We now prove that every left (right) ideal of Mp is a principal left (right) ideal 
and thus determine the structure of matrices in such ideals. 


THEOREM 1. The principal left ideal generated by a singular nonzero matrix 
(°° | 
A= 
ay by 


consists of all matrices of the form 
(“" vr) 
aro brs 


where r, and r2 run over all real numbers, 1.e. of all matrices whose rows are scalar 
multiples of the vector (a b). The principal right rdeal generated by the matrix A 
consists of all matrices whose columns are scalar multiples of the vector (9). 


Proof. Let C= (ci) be any matrix in Mb». It suffices to prove that the rows of 
CA are scalar multiples of (a b) and the columns of A Care scalar multiples of (7). 


CA = ( “) ( ”) (a b) = (O" + 2) (a b) 
Co1 C22 y Co1% -F C22 
x Cir C12 x 
AC = ( \e 6) ( ) = ( ) (ocr + bee1 acie + e229); 
y C21 C22 ¥ 


b 
CA = (“" ") and AC = (** *), 


are bre VS1  YS2 


and 


1.€. 
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where 
ry = Cue + C124, 2 = Cox + C224, $1 = Q611 + 0001, So = A612 + bee. 
THEOREM 2. Every left (right) ideal of Mz is a principal left (right) ideal. 


Proof. We prove the theorem for left ideals. The ring M, is a principal left 
ideal generated by any nonsingular matrix. In view of Theorem 1 it suffices to 
prove that if a left ideal S of M2 contains matrices A and B such that Av, 
the zth row of A, and By, the jth row of B, are linearly independent, then 
S= M2. Let EZ, denote the 2X2 matrix with 1 in the (r, s) position and zeros else- 
where. Then the matrix 


A (i) 
EuiA + EyB = 
By) 
belongs to S and has linearly independent rows, 1.e. it is nonsingular. Hence 
S= Mo. 
We prove similarly that every right ideal of M: is principal. 


Coro.uary 1. A left ideal of Mz is proper if and only wf tt consists of all matri- 
ces whose rows are scalar mulitples of a fixed nonzero vector. 


CorROLLARY 2. A right ideal of M21s proper af and only tf tt consists of all mairt- 
ces whose columns are scalar multiples of a fixed nonzero vector. 


THEOREM 3. The ring M2 1s simple. 


For, if Sis a proper left ideal of M2 then, by Corollary 1, it contains nonzero 


matrices 
a |b 0 0 
(oo) am (| 4) 
0 0 a |b 


where a and 0 are some real numbers, not both zero. But then Corollary 2 implies 
that S cannot be a proper right ideal. 

Note. The usual proof of simplicity of M,, the ring of Xn matrices, can of 
course be used to prove that M2 is simple. Thus let S be a nonzero ideal of Me 
and suppose that A = (a,;)€S and a,.#0. Since S isa two-sided ideal, XAYES 
for any X and Yin M:. In particular, the nonsingular matrix 


Are O 
Ey,A Es + EoyA Egg = ( ) 
0 are 
belongs to S. Hence S= M2. Thus the only nonzero ideal of M? is the ring itself 
and therefore Me is simple. 
We now investigate left and right ideals in T2, the ring of 2X2 upper tri- 
angular matrices, and show that this subring of M2 contains proper two-sided 
ideals. 
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THEOREM 4. If S 14s a left deal of Tz, and SH T? then erther (i) S consists of all 
scalar mulitples of dyLut+diFie for some fixed scalars ay, and dy, or (ii) S con- 
sists of all 2X2 matrices whose second row 1s zero, or (111) S conststs of all 22 matri- 
ces whose first column 1s zero. 


Proof. Since S¥Ty, the left ideal S cannot contain a nonsingular matrix. 
Hence if A = (a:;) ES then either a1; =d2,=0 or @e:=d2.=0. Moreover, S cannot 
contain matrices b= (b;;) and C= (Cj) such that bo = boo = 0, 61:0 and C11 = Coy 
=(), C20, for then B+C is nonsingular. It follows that all matrices in S have 
either a zero row or a zero column. Suppose now that 


is a nonzero matrix in S and let Z=(z,;) be any matrix in To. Then ZA =2,A 
and thus the principal left ideal generated by A consists of all scalar multiples 
of A. If S contains also a matrix 


bis OD 
Be ( 11 *) 
0 O 
which is not a scalar multiple of A then it must contain all matrices whose 
second row is zero. For, (@31 dy2) and (01: by2) are then linearly independent and, if 


He ("” 5”) 
0 0 


is any matrix whose second row is zero, there exist scalars x and y such that 
%(A11 12) +y(b1 by2) = (2 hy), 1.€., XA + YB = FH, where xX and Y are any matrices 
in T. with x and y as their (1, 1) entries respectively. Hence HES. 

Now suppose that a left ideal S of TJ: contains a matrix 


0 C12 
C = ( ), C22 of 0, 
O Coe 


and X = (x.;) is any matrix in T2. Then 


xyc= ( 11019 + _ 


0 X22022 


and clearly S contains all 2X2 matrices whose first column is zero. 


THEOREM 5. If Sis a right ideal of T, and SAT» then etther (i) S consists of all 
scalar multiples of dy2Ey2+d22LFee2 for some fixed scalars di. and do or (ii) S con- 
sists of all 2X2 matrices whose second row 1s gero, or (iii) S consists of all 2X2 matri- 
ces whose first column 1s zero. 


The proof is similar to that of Theorem 4. 
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The following result is an immediate consequence of Theorems 4 and 5 and 
of the definition of an ideal (two-sided). 


THEOREM 6. The ring Tz contains exactly three proper nonzero ideals: (i) the 
ideal consisting of all scalar mulitples of Eye, (ii) the ideal consisting of all 2X2 
matrices whose second row is zero, (iii) the tdeal consisting of all 2X2 matrices 
whose first column 1s zero. 


Reference 
1. N. Jacobson, Lectures on Abstract Algebra, 1, 11, Van Nostrand, Princeton, 1951/53. 


SOME RECURSIVE FORMULAS FOR EVALUATION 
OF A CLASS OF DEFINITE INTEGRALS 


M. L. GLASSER, Battelle Memorial Institute 


We consider the class of integrals /¢°f(x) (log x)"dx, where f(x) is a rational 
function having no real poles and a zero of at least second order at infinity. 
Log x denotes the principal branch of the logarithm function: 


log z = log p + 10,0 S64 < 2z, 


where z= pe”. Let o[f(z) | denote the sum of the residues at the poles of f in the 
upper half plane. 


Tueorem I [1]. 
f [ f(x) + f(—x)] log «dx + rif f(a)dx = 2wic[f(—z) log z]. 
0 0 
Proof. Let C be the positively oriented boundary of the region between two 
semicircles, about the origin in the upper z=x-+1y plane, of radii P>p. Let P 


be large enough and p small enough so that C encloses all the poles of f in the 
upper half plane. Then, breaking up 


f f(—2) log 2dz 
C 


into integrals over the various segments of the contour, we find that the integrals 
over the semicircles vanish at p—-0, P— ©; e.g., over the smaller semicircle, 


f f(—2) log 2dz 


s [| 1—seollog p + i] | a 


which vanishes as p—0. By a simple change of variable the remaining two 
integrals may be written 


P P 
f f(—*) log «dx +f f(x) (log « + im)dex. 
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The theorem follows upon applying Cauchy’s theorem and letting p--0, P>o. 
Coro.uary. If f ts odd then Jof(x)dx= —2a[f(z) log z]. 
If f is even then Jo f(x) log xdx = ire [f(z) log z|]+42°e [f(z) ]. 
THEOREM II. 


J cee x)"[f(2) + f(—2)|dz + > (*) criyt f° og 22) —#f (a) dee 


= Qricl| (log z)"f(—z)]. 


Proof. Let C be the above contour. Breaking up fc(log 2)"f(—2z)dz as before, 
we again find that as Po, —->0 the integrals along the semicircles vanish and 
we have left 


f (log «)"f(—x)dx +f (log « + i)"f(x)dx. 


The theorem follows from expanding the second integral by the binomial theo- 
rem, applying Cauchy’s theorem and letting p—-0, Poo. 

Let I; denote / 9 (log x)#“f(x)dx, 7=1, 2,--- ; and o,=a[(log z)*f(—32)]. 
Then, immediately, we have the foliowing 


Corouuary. Jf f ts odd then 


1 n {nn 
I, = 20, _ > ( ) (ri) Mapas ' 
uN kz=2 R 


wl n /(n 
Tats = > | 20 —_ > ( ) (ri) Teas | : 


k=1 


If f 1s even then 


As an example we consider 


oe) lo 2 
l= f Qos 2)" ae 
0 wt 
where f(z) = (z?-++1)—! and is even. There is only one pole in the upper half plane, 
at =i. We easily find o9=1/21, opx=7/4, op=7%4/8. Thus y)=7/2, I2=0, 
I3=7°/8. 
Reference 


1, E. T. Copson, An Introduction to the Theory of Functions of a Complex Variable, Oxford, 
University Press, London, 1935, p. 154, Ex. 24. 
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ON AN ITERATIVE METHOD 
TostH1ro HommAé, Osaka Gakugei University 
The following theorem is an example of the power of iterative methods: 


SCHAEFER’s THEOREM [2]. If a completely continuous (not necessarily linear) 
map A maps a bounded closed convex set C of a Hilbert space into itself so that 


(1) | 4x — Ayl| = |e — »| 
for x, yEC, then the sequence 

Xn41 = @AXn + (1 — a)xy (n= 0,1,2,---) 
converges to a fixed point of A for any xo€C and any a such that 0<a<1. 


The success of an iterative method may be a simple consequence of a theorem 
in general topology. Cheney and Goldstein [1] show that their theorem contains 
Schaefer’s when A satisfies the additional condition that ||Ax—Ayl|| <||x—»l 
unless «=. 


THEOREM OF CHENEY AND GOLDSTEIN. Let B be a map of a metric linear space 
into itself satisfying (1), 


(2) || Ba — Bx|| < |la — Bx|| unless Bx = x, 
and 
(3) . { Bex: n = 0,1, 2,--- } has a cluster potnt, 


then B"x converges to a fixed point of B. 


Since Schaefer’s original proof uses either Schauder’s fixed point theorem or 
the spectral theorem, whereas Cheney-Goldstein’s proof is completely elemen- 
tary, it may be observed that Schaefer’s theorem is implied by Cheney-Gold- 
stein’s theorem if A is assumed to be linear. 


PROPOSITION. Cheney-Goldstein’s theorem implies Schaefer's if A is linear, but 
not uf A 1s nonlinear. 


Proof. Suppose that A is linear and B=aA +(1—a)I, where J is the identity 
operator. Since x,=B"xo, Xx, is contained in the convex closure D of 
{Atxo: n=0,1,2,--- } which is compact according to the complete continuity 
of A. Moreover, D is invariant under A. Hence (3) is satisfied by B. 

Now, assume Axo¥xo. If A(Bxo—%0) = Bxo—X0, then A2xy—Axp=Axp—X0 
since Bx — x = a(Ax — x), so that we have AX) — A*™-!xy = Axo — x0 for 
n=1, 2,-+-+, which contradicts (3). Therefore A(Bxy)—x 0) #4 Bxo—xo unless 
Bxo=%o. Since A and consequently B satisfy (1) and || Bx|| <||«|| unless Ax = Bx 
=x, B satisfies (2). 

Therefore the first half of the proposition is proved. To prove the remainder, 
consider the real line as a Hilbert space. Let us define a completely continuous 
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nonlinear map A which maps [0, 1] into itself: 


— forx = 
a= f ; =, 


4) 0, for x < 4. 


Clearly A satisfies the hypothesis of Schaefer’s theorem, whereas (2) is not satis- 
fied by B since || B’x — Bx|| =||Bx —x|| for «=1. 


References 


1. W. Cheney and A. Goldstein, A proximity map for convex sets, Proc. Amer. Math. Soc., 
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ANOTHER COMPLETENESS PROPERTY 
ROBERT R. CHRISTIAN, The University of British Columbia 


It is well known [see, for example, page 163 of Universal Mathematics, 
CUPM, 1958] that the only convex subsets of the real line are intervals: de- 
generate, finite, or infinite. That is, if an ordered field is complete, then its only 
convex subsets are intervals. It is not so widely recognized that the converse 
is also true: 


THEOREM. An ordered field F whose only convex sets are intervals (degenerate, 
finite, infinite), 1s complete. 


Proof. It will be sufficient to show that every nonempty set M that is 
bounded above has a least upper bound. Let J be the set of all upper bounds of 
M. Then J is a nonempty convex set with no number as right end point. Thus J 
is an infinite interval. Since [+ F, J must have a left end point b (which may or 
may not be in J). This number is the least upper bound of M. 

Evidently, the property given in the theorem can serve as a completeness 
axiom in defining the real number system. In some ways this new property seems 
more intuitively evident than other completeness properties, and so may com- 
mend itself for classroom instruction. Finally, the property in question may be 
stated in terms of betweenness, and hence may be of some use in geometric 
contexts. 


Query: If I'(x) is the Eulerian Gamma Function, it is not hard to calculate 
an approximate value of /y dx/I'(x). Does anyone know of an evaluation in 
closed form? Address all answers to Mr. Lowell T .Van Tassel, 5550 Lodi Street, 
San Diego 17, California. 
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A COLLEGE PROGRAM IN MATHEMATICS FOR ELEMENTARY SCHOOL TEACHERS 
RosErtT L. Pork, Kansas State Teachers College of Emporia 


The changes now taking place in the mathematics programs of many ele- 
mentary schools have brought into prominence the question of what is the best 
way to strengthen the mathematical training of the teachers and supervisors of 
grade-school mathematics. In many colleges and universities, the content of 
mathematics courses for teachers is determined by the department of mathe- 
matics; and this poses a new problem for those departments of mathematics 
that in the past have offered only “standard courses” which all students must 
take, regardless of the students’ major fields. There is strong evidence that such 
a universal approach (i.e. the same mathematics courses for all students) is 
not the most effective program. In fact, the universal approach has this danger: 
the needs of elementary teachers are not met in a “standard course”; and, fur- 
ther, a reaction to “standard courses” can, and often does, result in the creation 
of special “courses for teachers” that are badly planned and offer only a greatly 
weakened content with no compensating strengths. 

The situation is made more acute by a further consideration. In the past, 
teachers of mathematics in elementary schools have usually not been required 
to have special mathematical training; but today, more and more principals and 
superintendents of elementary schools are asking for teachers with a strong 
mathematical background. That is to say, there appears to be a decided move- 
ment toward having teachers in elementary schools who would qualify as special- 
ists in mathematics, even though these same teachers are also to teach other 
subjects such as geography, history, or penmanship. 

At the Kansas State Teachers College of Emporia, the Department of 
Mathematics determines what mathematics courses the elementary teacher 
must take and what the mathematical content of these courses shall be. A brief 
description of these courses follows. 


Courses required of all who wish to teach in the elementary grades. These 
courses are required of the prospective elementary teacher regardless of major 
academic subject; that is, all prospective elementary teachers, even those who 
are not planning to teach mathematics, are required to take these courses. 

1. Fundamentals of Mathematics (two semester hours, freshman year). 

2. Structure of Arithmetic (two semester hours, freshman or sophomore year). 

The first course, Fundamentals of Mathematics, covers numbers, numerals, 
number systems, the concepts of algebra based on the laws of a number field, 
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elementary mathematical logic, intuitive and deductive geometry, and the 
theory of measurement. Although this course provides only “two hours of 
credit,” intensive work is demanded of the student. 

In the second course, Structure of Arithmetic, the concepts and principles of 
arithmetic are developed from the properties of the field of real numbers. The 
treatment is thorough. The insight of the student is reinforced by numerous 
problems that he is required to work: exercises in bases other than base 10, ratio 
and percentage problems, decimal representation, approximation of irrational 
numbers by rational numbers, etc. Again, the “two-hours credit” is misleading: 
the amount of work required of the student is quite heavy. 

This concludes the description of the mathematics courses required of all 
prospective elementary teachers. There is, in addition, a required course (dealing 
with methods of teaching mathematics) given under the auspices of the Depart- 
ment of Education; it should be mentioned that this “methods” course requires 
either current registration in or prior credit for the Structure of Arithmetic 
course given by the Department of Mathematics. 


Courses required for an area of concentration in mathematics. After com- 
pletion of the basic program, the student is eligible to take additional mathe- 
matics courses. Many students feel that competence in mathematics is of grow- 
ing importance to the elementary teacher; they believe that elementary school 
administrators will soon come to realize the value of properly trained teachers 
of mathematics. As mentioned earlier, an increasing number of principals and 
superintendents of elementary schools are asking for teachers with a strong 
background in mathematics; doubtless the students are correct in their predic- 
tion. However this may be, more and more students are choosing course work 
that will prepare them to be better teachers of mathematics at the grade school 
level. To ensure that such additional course work does in fact do what it is sup- 
posed to do (i.e. to supply the mathematical background needed by a competent 
teacher of grade school mathematics), the Department of Mathematics has 
designed the courses listed below; the prospective teacher who chooses this area 
of concentration is required to have 12 hours selected from among these courses. 
All these courses are taught by the staff of the Department of Mathematics. 

1. Algebra for Elementary Teachers (3 semester hours) 

2. Geometry for Elementary Teachers (3 sem. hrs.) 

3. Astronomy (2 sem. hrs.) 

After completion of Algebra and Geometry, the student is eligible to take: 

4. Number Systems (3 sem. hrs.) 

5. Introduction to Deductive Mathematics (3 sem. hrs.) 

6. Introduction to Inductive Mathematics (3 sem. hrs.) 

7. Applications of Arithmetic (A Seminar—3 sem. hrs.) 

A brief description of these courses follows: 

Algebra for Elementary Teachers resembles the “standard” college algebra 

course, except that not all topics of a “standard” course are covered. Emphasis is 
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placed upon those parts of algebra that are considered important to the teacher 
of elementary mathematics. In this way, the student thoroughly masters the 
material that 7s covered. Problem-solving is an important part of this course. 

Some students are allowed to substitute the regular “standard” algebra 
course, and a few students are allowed to by-pass algebra altogether; the De- 
partment of Mathematics decides which students qualify for this substitution 
or waiver on the basis of high school transcripts. 

Geometry for Elementary Teachers is designed to acquaint the student with 
the concepts, principles, and applications of geometry that are most useful to 
the elementary teacher. Portions of plane and solid Euclidean geometry, plane 
trigonometry, direct and indirect measurement, are among the topics covered. 

Astronomy is taught by the staff of the Department of Mathematics. Pres- 
entation of much of the material is made vivid by lectures given in the new 
Planetarium located on campus. In addition to general descriptive astronomy, 
the student learns about eclipses, tides, the concept of time, and the construc- 
tion of calendars. An elementary account is given of the theory of star evolution, 
star distances, star brightness, and the classification of stars. 

Number Systems—an algebraic construction of the real number system, be- 
ginning with Peano’s Postulates for the natural numbers. The algebraic aspect 
of number systems is emphasized: ordered pairs of numbers, algebraic exten- 
sions, equivalence relations, isomorphisms, etc. Specific examples are used ex- 
tensively; e.g., modulo arithmetics are used to illustrate integral domains and 
fields. 

Introduction to Deductive Mathematics deals with what is meant by mathe- 
matical proof. Various kinds of proof, such as reductio ad absurdum, mathe- 
matical induction, logical inference, enumeration of cases, the method of exhaus- 
tion, the exclusion principle, are treated; and illustrations are afforded by 
specific examples. The student becomes familiar with the working terms used 
in serious mathematics, such as: If...,then...;Ifandonlyif... ;A neces- 
sary but not a sufficient condition.... 

Introduction to Inductwe Mathematics introduces probability and statistics. 
The treatment is reasonably thorough for a course offered at this level. Among 
the things discussed and illustrated by examples are, e.g., random sampling 
and discrete sample spaces. The student makes calculations using the mean and 
the standard deviation. Absurdities that can result from improper use of sta- 
tistics are also discussed at some length. 

Applications of Arithmetic is actually a seminar in problem-solving. The stu- 
dent utilizes everything he has learned from previous mathematics courses 
(algebra, geometry, etc.). In numerical problems, the student learns to estimate 
the answer as well as calculate the answer, and then to compare the two (as an 
aid in detecting mistakes). 

Other Courses. Students with an especially strong background in mathe- 
matics are sometimes allowed to substitute more advanced courses (such as 
Calculus) for some of the courses listed above. 
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AN APPEAL FROM CUPM 


As part of its effort to improve mathematics education in the colleges and 
universities of our nation, the Committee on the Undergraduate Program in 
Mathematics (CUPM) has produced proposals for recommended curricula and 
outlines for specific courses in several broad areas. Some of the CUPM recom- 
mended courses are of such a nature that they can be taught using existing 
textbooks or combinations of available books. Many of them, however, either 
contain material not presently available in texts at the undergraduate level or 
are organized in such a way as to make them difficult or impossible to teach 
without the preparation of new texts. 

In some areas, where present publications and experience are particularly 
thin, CUPM has directly sponsored the writing of text materials. However, the 
Committee does not exist for the purpose of producing textbooks; it is deter- 
mined, in fact, to do as little of this as possible. It exists for the purpose of pro- 
posing changes in mathematical curricula and stimulating the production, by 
individual authors, of texts reflecting its recommendations. At the same time, 
the Committee and its Panels are always eager to learn of forward-looking ideas 
in mathematics education which may be at large today and may influence their 
deliberations and conclusions. 

For this reason, the Committee issues in this note a strong appeal to all 
persons associated with its work or acquainted with its recommendations for 
information leading to the discovery of manuscripts or sets of notes which re- 
flect these recommendations. It also issues an appeal to the mathematical com- 
munity at large for clues leading to any existing notes for experimental under- 
graduate mathematics courses which appear to be promising and merit wider 
circulation. Such notes may be extremely helpful to the Committee and might 
even effect major changes in some of its views. 

Any person who is reached by this appeal and who knows of the existence 
of any such manuscript or rough set of notes will contribute significantly to the 
work of CUPM by sending this information to: 

CUP M Central Office, P.O. Box 1024, Berkeley 1, California. 

Such assistance will be greatly appreciated by CUPM and may indeed be 
of great benefit to mathematics education now and in the future. 


THE MATHEMATICS CURRICULUM OF THE JUNIOR COLLEGES, 
COLLEGES, AND UNIVERSITIES IN WEST VIRGINIA 
1962-63 


ANDREW N. AnEART, West Virginia State College, Institute 


J. William Drew [1] recently made a study of the mathematics curriculums 
of 27 fully accredited colleges and universities from 13 states, mostly east of the 
Mississippi, but no college from the state of West Virginia was included in this 
study. To fill this gap is the object of this note. 
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We present a comprehensive survey of the mathematical courses and instruc- 
tional personnel of every junior college, college, and university—both public 
and private—in the state of West Virginia. A tabular summary is given of the 
1962-63 catalog offerings in mathematics of the eight public state colleges (Blue- 
field State College, Concord College, Fairmont State College, Glenville State 
College, Shepherd College, West Liberty State College, West Virginia Institute 
of Technology, and West Virginia State College), the seven private colleges 
(Alderson-Broaddus College, Bethany College, Davis and Elkins College, Morris 
Harvey College, Salem College, West Virginia Wesleyan College, and Wheeling 
College), the three junior colleges (Beckley College, Greenbrier College for 
Women, and Potomac State College), and the two state universities (Marshall 
University and West Virginia University) plus the Kanawha Valley Graduate 
Center of the West Virginia University. 

The following explanatory comments are in order before presenting the 
tabulated data. 

1. There are 17 four-year institutions of higher education plus the Kanawha 
Valley Graduate Center and three junior colleges included in this report. These 
21 institutions are accredited under the North Central Association of Colleges 
and Junior Colleges and other agencies of accreditation. 

2. The course data and personnel for the junior colleges are tabulated 
separately. 

3. The course offerings studied were listed under the following headings: 
Department of Mathematics, Department of Mathematics and Physics, and 
Department of Mathematics and Astronomy. Unless the course was specifically 
listed under one of the three headings, it is not included in the tabulations. A 
number of courses such as plane surveying, engineering drawing, descriptive 
geometry, business mathematics, statistics, and teaching methods were offered 
in many institutions under a wide assortment of departments such as physics, 
technical science, engineering, economics, business, and education. 

4. In the various institutions many courses were listed under a wide variety 
of titles. We have attempted in the tables to group such courses under some 
common characteristic title. 

5. Some of the courses listed were designated as being offered in alternate 
semesters, alternate years, or summers only. 

6. A large number of the teaching personnel had pursued advanced study 
beyond the highest degree attained, but I was unable to arrive at an exact per- 
centage. 

7. The first year of calculus is offered in a number of different sequences and 
different course titles. These offerings have been grouped as calculus in Table I. 

8. In Table I, only those courses are included which are offered by at least 
five of the colleges and universities. 
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TABLE I. MATHEMATICS OFFERINGS IN SEVENTEEN COLLEGES AND UNIVERSITIES 


AND THE KANAWHA VALLEY GRADUATE CENTER 


Courses 


Algebra (Intermediate) 
College Algebra 
Plane Trigonometry with or without spherical 


Arithmetic or Mathematics for Teachers (content) (See 


comment 3.) 

Solid Geometry and/or Space Geometry 

Plane Analytic Geometry 

Calculus (See comment 7.) 

Solid Analytic Geometry 

Differential Equations (Ordinary) 

Introduction to Mathematics or Introduction to Analysis 
(modern ideas such as logic, sets, etc.) 

Modern Algebra 

Seminars and/or Independent Study 

Mathematics for Public Schools, Modern Mathematics 
for High School Teachers, Special Topics for Teachers 
(See comment 3.) 

Theory of Equations 

Advanced Calculus 

Elementary Statistics and/or Business-Economic Sta- 
tistics (See comment 3.) 

Mathematical Statistics 

Theory of Probability and Statistics and/or Mathemati- 
cal Probability 

Numerical Analysis or Finite Differences 

Vector Analysis and/or Tensor Analysis 

Development of Mathematics and/or History of Mathe- 
matics 

Modern Geometry for Teachers or College Geometry 

Descriptive Geometry (See comment 3.) 


TABLE IT. SUMMARY OF COURSE OFFERINGS AND Major REQUIREMENTS 


Total number of credit hours offered in all schools 
Total number of noncredit courses 


Total number of courses offered with high school units of credit 


Average number of credit hours required for a major 
Average number of credit hours required for a minor 


Average number of credit hours required for a teaching field 


Number of Schools 
Listing 


Credit 
Hours 


0-3 
3-4 
3-6 


2-3 

4 unit —3 
3-4 

6-12 

2-3 

3-6 
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TABLE III. DEGREES OF MATHEMATICS STAFF 


Highest Degree Attained Number Percent 
Bachelors 4, 4.4 
Masters 72 79.1 
Doctorates 15 16.5 

Total number of teachers 91 


TABLE IV. MATHEMATICS OFFERINGS IN THREE JUNIOR COLLEGES 


Courses Number of Schools Credit Hours 
Listing 

General Mathematics (Arithmetic and 

Algebra) 1 3 
Elementary Algebra 1 1 unit 
Intermediate Algebra 2 3 
College Algebra 3 3 
Algebra (Accelerated Course) 1 0 
Plane Geometry 2 1 unit 
Solid Geometry 3 1 unit to 3 hours 
Plane Trigonometry 3 1 unit to 3 hours 
Mathematics for Teachers 2 3 
Business Mathematics 2 3 
Consumer Mathematics 1 3 
Analytic Geometry 2 4 
Calculus (Integrated differential and integral) 2 8 
Calculus (Integrated plane and solid ana- 

lytics, differential and integral) 2 6 to 12 hours 
Slide Rule 1 0 

Reference 


1. J. William Drew, The Mathematics Curriculum in the Small College. This Monruty, 69 
(1962) 664. 


SCIENCE IN THE PRIMARY GRADES 


ARTHUR H. LIVERMORE, Reed College and The American Association 
for the Advancement of Science 


One of the responsibilities of the Commission on Science Education of the 
American Association for the Advancement of Science is to encourage the de- 
velopment of science materials for elementary schools. In partial fulfillment of 
this responsibility the Commission sponsored an eight-week writing session at 
Stanford University during the summer of 1963. The work at Stanford was 
directed by John R. Mayor and Arthur H. Livermore. Financial support was 
provided by a grant from the National Science Foundation. 
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Members of the writing group came from various disciplines and educational 
levels. The majority of the writers were college and university people from the 
fields of astronomy, biology, chemistry, geology, mathematics, physics, psy- 
chology, and science education. The rest of the group were elementary school 
teachers and supervisors. In all, 35 individuals cooperated in the work. There 
was close association with the SMSG writing group which worked in an adjacent 
dormitory. Members of both groups ate lunch together and had many opportuni- 
ties for informal discussions. 

The product of the writing group is a series of 84 exercises to be used in 
grades K through 3. These have been published in four parts entitled Science, 
a process approach. It is expected that fifteen or twenty more exercises will be 
completed this fall. These will be published in loose leaf form. 

At two 84-day conferences held at Cornell and at the University of Wiscon- 
sin in the summer of 1962, it was decided to adopt a “process approach” to 
teaching science in the early grades. During the winter and spring of this year 
a panel under the chairmanship of Burton H. Colvin of Boeing Scientific Labo- 
ratories (Seattle) made detailed plans for the preparation of a science sequence 
in which the process approach would be followed. The summer writing group was 
presented at the start with a list of the processes and with some suggestions from 
the panel for materials that might be written. Though the processes were fleshed- 
out with a rich variety of material from various fields of science, the fact that the 
processes were kept continually in mind prevented the writing group from pro- 
ducing mere “bits and pieces.” 

Even in the earliest grades the effort is made through the activities provided 
to develop in children the abilities to make precise observations, to measure, to 
communicate, to recognize space-time relationships and to use numbers. Later 
other processes are added—classification, inference, prediction. 

As an example of the way in which abilities are gradually developed through 
the materials we might look at a series of exercises on Observation in Part One. 
In this series the children use various senses for observation. The exercises are 
entitled: Observing Color, Shape, Size, and Texture; Perception of Sound; Per- 
ception of Odor; Observing Temperature; Observing Hardness; Observation of Color 
and Color Changes in Plants. Then there is a culminating exercise called Obser- 
vation Using Several of the Senses. 

In the series of exercises directed toward developing the ability to make 
appropriate measurements are two—Making Comparisons Using a Balance and 
Measuring Forces with Springs. Here, in first grade, children not only learn the 
process of measurement, but are introduced to the concept of mass. The dis- 
tinction between mass and weight is considered in more detail in later exercises 
(third grade). 

In this sequence of science activities, recognizing and using numbers and 
number relations has been considered one of the basic abilities necessary for the 
study of science. Writers of the materials were encouraged to make the exercises 
quantitative, where appropriate, and not to delay the teaching of one of the 
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process skills only because children might not be prepared to use the number 
relations involved. Exercises on counting, adding, and multiplying were also 
introduced. Through the number exercises it is expected not only that the chil- 
dren will develop the facility with numbers that they will need in the science 
exercises, but also that, because of the way in which numbers are taught, they 
will understand the algorithms involved in using numbers. 

With attention directed toward the processes of science, it is possible to 
define clearly the objectives of each exercise. In one exercise at the kindergarten— 
first grade level we expect the child to learn to recognize three-dimensional 
shapes by observing the shadows which they cast. In another the objective is 
to begin to develop the child’s ability to use graphs as a means of communica- 
tion. With the objectives clearly defined, the abilities developed can be checked. 
For this purpose, at the end of each exercise there is an appraisal activity. In 
the appraisal of the introductory exercise on graphing the child is asked to make 
a bar graph to tell how many of each kind of toy there is in a mixture of three 
types of toys. It is suggested to the teacher that a typical response of the child 
should be, “I divided the toys into three piles: trucks, cars, and motorcycles. 
For each truck I put a red square in this ‘line’ of squares, for each car a blue 
square in this ‘line’ of squares, and for each motorcycle a yellow square in this 
‘line’ of squares. There are six cars, four trucks, and two motorcycles.” 

The writers believe that the abilities developed in the early grades will make 
it possible for the children to learn the facts and the concepts more easily in 
later grades. There it should be possible to assume that the child will use his 
process abilities as he studies more of the “content” of science. This assumption 
is being made in some additional exercises which are being provided in unbound 
form for teachers to use in the later part of the third grade. These include exer- 
cises on force and motion, mass and acceleration, and solubility. 

The materials are being tried out this year in four grade levels at twelve 
centers—four in the west, two in the south, two in the midwest, and four in the 
east. There are approximately ten teachers at each center. A science consultant 
meets with the teachers every two weeks to assist them in their work. An evalu- 
ation program has been established. The evaluation results will be used as a 
guide as the materials are rewritten and extended into grades four and five in 
the summer of 1964. 


NSF SUMMER INSTITUTES FOR HIGH SCHOOL STUDENTS 
ROBERT SpirA, University of California, Berkeley 


As part of the national scientific effort, the NSF each year conducts Insti- 
tutes in mathematics for high school students. This article discusses the methods 
used at the University of California at Berkeley during the last three years. 

The aim of the NSF program is to inform young people about the possibili- 
ties and attractiveness of a career in mathematics. At Berkeley, the program 
tries to reproduce the atmosphere of productivity of professional mathemati- 
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cians. Along with this, a great deal of information on professional opportunities 
is imparted. The emphasis is on interest and self-discipline. 

The Institute is of great professional benefit to the participants. There are 
six weeks of intense activity, and then a year for reflection and personal action. 
The participants are started on a mathematical career. 

Selection of the participants is one of the critical problems. More students 
should learn of the programs and apply for them. For selection, most attention 
is paid to the written statement of the applicant and the MAA high school test 
score. We seek the students who put out extra effort and have started projects 
on their own. The MAA tests are an excellent guide. 

For the most part, the participants are around 16 years old, going into their 
senior year. A high school graduate can be selected, and there are usually some 
juniors and freshmen. The younger participants can return the following year 
for a second six weeks. These returnees lend continuity to the program, and 
also set examples of what can be accomplished. It is difficult to tell which par- 
ticipants will “take hold,” so a fair effort is made to develop each person. For 
reasons of class stability, two to four of the best girls have been selected each 
year, even though their records are not as good as the boys’. 

One of the initial problems is that students who have been best in their 
school are brought into contact for the first time with professionally equal or 
superior companions. We attempt to develop a working philosophy which deals 
with this ego-shattering experience. 

The six weeks of the program are filled with hard problems, research projects, 
two courses of study and visiting lecturers. The learning of material is not 
emphasized, so that a small number of topics are taken up and discussed very 
thoroughly. The topics are independent, so that a student who gets lost has a 
fresh chance around once a week. 

An essential part of the program is weekly problem sheets. These consist 
of 6 to 8 problems of varying difficulty. Typical problems are: 


n 


1 2 3 
Sum —-+—-+-——-+--:- vee first week 
wm oie tie tT eT (iirst week) 
Find numbers + = 2"-3-P (Pa prime) such 
that the sum of divisors of x equals 3x. (third week) 
LettQO=1+4¢+244+ 29+ .-.--. Find Q. (fifth week) 


Some problems have definite answers, while others are rather indefinite, re- 
quiring a limiting down or changing to become reasonable, the usual case in 
any mathematical research. Problems in the current MONTHLY are also used, 
and if solutions are obtained they are submitted. 

Meetings are held three times a week to discuss the problems. During this 
time there are discussions of mathematical techniques, psychological attitudes, 
organization of solution efforts, organization and technique of thinking, and 
the solution or efforts at solution of the problems. There is a weekly session of 
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the returnees to make up the problems for the following week. Sometimes prob- 
lems come from the students. 

Most of the participants subscribe to the MONTHLY at the conclusion of the 
Institute, so that they may continue to receive the stimulation of the Problem 
sections. A few of the boys make remarkable progress during the ensuing year 
on the MonTHLy problems; one young man, for instance, solved 12 elementary 
and 5 advanced problems from the MONTHLY. 

The course work usually centers around a series of topics. These have been 
taken from: Number theory, geometry, theory of groups, and the theory of 
graphs. The best results seem to occur when the instructor has only a little 
previous knowledge of the subject material. Then the lectures have a great deal 
of floundering about and troublesome points in proofs. Since the amount of 
material covered is immaterial, a great deal of the technique of mathematical 
thinking can be observed. This is not to say that the best method is to watch an 
incompetent person perpetrate illogic. Rather, everything is made clear during 
the course of a proof, and if a troublesome point or doubt appears, it is brought 
out in the open and analyzed. If it cannot be settled on the spot, it is put off for 
further thought, and returned to at the next lecture. Sometimes a proof has been 
returned to in four different lectures. To sum up, we try to go through the proof, 
not the motions. 

For research problems, the ones thought up by the students themselves are 
the best. For those students not at the point of thinking up problems, we have 
assigned problems. These come from investigations of the lecturers, generaliza- 
tions of MontHLy problems, etc. C. S. Ogilvy’s book Tomorrow's Math is also 
very valuable for this. Typical research problems are: 

What kind of rectangles can be formed from T-shaped tetrominoes? 

Which polyominoes can form rectangles? 

How far outside a given triangle is the Erdés-Mordell inequality satisfied? 

This last year, some of the participants started work on very hard problems 
involving graph theory, such as the four color problem. The research problems 
should be started in the first week so that there is a reasonable time to work on 
them. It is a good idea to lay out a plan of research with each student, and to 
spend some joint time attacking the problem. The problems should be genuine. 
It is an excellent idea to have the lecturers perform mathematical research them- 
selves and to give reports every few days on their own progress. 

In conclusion, the program at Berkeley attempts to give a fair picture of the 
attractiveness of the life of a mathematician. A careful effort is made to develop 
each participant to the maximum degree. 

The NSF mathematics program at Berkeley is under the direction of 
Frantisek Wolf. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EpITED BY Howarp EvEs, University of Maine 
COLLABORATING Eprror: C. W. DopGE, University of Maine 
Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, University of Maine, Orono, Maine. This department wel- 
comes problems believed to be new, and demanding no tools beyond those ordinarily furnished 
in the first two years of college mathematics. To facilitate their consideration, solutions should 
be submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E 1651. Proposed by Azriel Rosenfeld, Budd Electronics, Long Island City, 
N.Y. 


Prove that no multidigit integer is equal to the sum of the squares of its 
digits. 

E 1652. Proposed by Erwin Just, Bronx Community College 

Prove that [[™3 k!>(m/e)™ for all positive integral m. 

E 1653. Proposed by Arthur Engel, Stuttgart, Germany 


There are given p,=1+[en!] points in space. Each pair of these points is 
connected by a line, and each line is colored with one of m different colors. Show 
that there is at least one triangle all of whose sides are of the same color. 


E 1654. Proposed by Ralph Greenberg, University of Pennsylvania 


A set of numbers is said to be special if the sum of the numbers is zero. Let 
N(r) denote the number of special proper subsets of the set of rth roots of unity. 
Show that V(r) =0 if and only if 7 is prime. 


E 1655. Proposed by A. J. Goldman, National Bureau of Standards 


Determine the validity of the following asserted algorithm for finding the 
least common multiple L of a finite sequence X = (x1, %2, - ++, Xn) of positive 
integers. Beginning with XM = X, at the mth step one has a finite sequence 


(m) (m) (m) (m) 
X = (4%, 5 %2,°°+,) Ha )- 


If all components of X™ are equal, their common value is L and the algorithm 
stops. If not, choose a minimum component «™ of X™ and form Xt) by 


GED wee Lege FD — 0) for GR. 
E 1656. Proposed by G. A. Heuer and D. B. Erickson, Concordia College 


Let {R; +,- } be a system such that {R; +} is a cancellation semigroup, 
{R; } is a semigroup, and “-” is right and left distributive over “+”. Let zEK 
be such that zx =xz=2 for all xR. Is g an additive identity? 


90 
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E 1657. Proposed by Michael Gemignant, University of Notre Dame 
Let G be any group and A a subgroup of G. Let xCG, «x EA. We say x aug- 


ments A if Az,=AU 1x, at} is also a subgroup of G. Suppose x augments A. 
Show that A, is cyclic of order 2, 3, or 4. 


E 1658. Proposed by D. L. Silverman, Beverly Hills, Calif. 


Points are selected at random on the circumference of a circle until they 
form the vertices of an inscribed polygon which encloses the center of the circle. 
Prove that the “expected polygon” is a pentagon. 


E 1659. Proposed by José Gallego-Diaz, Universidad del Zulia, Maracaibo, 
Venezuela 

A parabola has the property that the circumcircle of the triangle formed by 
three tangents to the curve passes through a fixed point (the focus). Does this 
property characterize the parabola? 


E 1660. Proposed by Seymour Kass, Illinois Institute of Technology 


Give an example of a strongly partially ordered set which has the property 
that every pair of unrelated elements has a sup and inf, while every pair of 
related elements has neither. (Strong partial order: antireflexive and transitive.) 


SOLUTIONS 
Horological Interchangeability 
E 1571 [1963, 330]. Proposed by J. L. Pietenpol, Columbia University 
How many times in a twelve hour period are the hands of a clock inter- 


changeable (i.e., such that interchanging the positions of the hands yields a 
possible clock reading)? 


Solution by D. C. B. Marsh, Colorado School of Mines. Measured in degrees 
clockwise from 12:00, at / minutes after H o’clock, the locations of the minute 
and hour hands are M@ and 5H+M/12 respectively. For “interchangeability” we 
must satisfy 


M’ = 5H + M/12, 5H’ + M’'/12 = M, 
with H, H’E{1,2,---,12} and OSM, M’<60. Solving 
M = 00(4 + 12H’) /143, M’ = 60(H’ + 12H)/143, 
we note that all pairs of H, H’ yield solutions with only H=A’=1 and H=f’ 
=12 giving the same reading—spaced 12 hours apart. Thus, during a twelve 


hour period there are 12*—1=143 times when the clock hands are interchange- 
able; of these, 11 are self-corresponding while the others form 66 dual pairs. 
Also solved by J. C. Abad, R. H. Anglin, W. D. Anscher, K. F. Bailie, Frank Dapkus, Monte 


Dernham, P. J. Erdelsky, Robert Feinerman, Michael Goldberg, J. A. H. Hunter, A. R. Hyde, 
R. A. Jacobson, Emmett Keeler and Richard Zeckhauser (jointly), P. L. Kingston, E. F. Lang, 
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Harry Langman, Coline Makepeace, Helen M. Marston, J. E. Morriello, P. N. Muller, J. B. 
Muskat, P. R. Nolan, E. T. Ordman, Stanton Philipp. S. J. Ryan, Jean-Pierre Sampson, D. L. 
Silverman, Guy Torchinelli, B. R. Toskey, Gary Venter, Andy Vince, Julius Vogel, W. C. Water- 
house, S. E. Weinstein, K. L. Yocom, A. R. Zingher, and the proposer. 

Attention was called to Problem 61 in H. E. Dudeney’s Amusements in Mathematics (Dover 
Publications, Inc., 1958) and to Exercise 19 of Chapter II in Harry Langman’s Play Mathematics 
(Hafner Publishing Company, 1962). 


Squares and Rectangles on a Chess Board 
E 1572 [1963, 330]. Proposed by Anders Bager, Hj¢rring, Denmark 


Enumerate the number of (1) squares, (2) rectangles, on an 2 Xn “chess” 
board. 


Solution by R. A. Jacobson, South Dakota State College. The number of squares 
of dimension j Xj on an » Xn chessboard is (n-+1—j)?. Hence the total number 
of squares is given by 


n 


> (w#+i1— fp? = n(n 1)(2n + 1)/6. 


j=l 


The number of rectangles of dimension jX on an Xn chess board is 
(n+1—j)(n+1—k). It follows that the total number of rectangles is 


SU w+1-p@ti-2# = n(n + 1)2/4. 


Also solved by J. C. Abad, R. G. Albert, J. A. Andrews and W. C. Waterhouse (jointly), R. H. 
Anglin, W. D. Anscher, Joseph Arkin, K. F. Bailie, B. W. Banks and J. R. Fall and Lawrence 
Lessner (jointly), M. J. Behr and William Roughead (jointly), W. G. Brady, Julian Braun, 
Robert Brooks, R. E. Brown, A. W. Brunson, D. I. A. Cohen, Charles Conlin, Frank Dapkus, 
J. F. Dillon, P. J. Erdelsky, Bruce Erickson, J. A. Faucher, S. T. Fisk, E. T. Frankel, C. M. Frye, 
Michael Gemignani, Michael Goldberg, Ralph Greenberg, R. E. Greenwood, J. C. Hennessey, 
K. D. Herr, J. A. H. Hunter, A. R. Hyde, Roman Kaluzniacki, Emmett Keeler and Richard Zeck- 
hauser (jointly), C. L. Krueger, Joel Kugelmass, G. J. Kurowski and J. D. Watson (jointly), Harry 
Langman, H. R. Leifer, S. B. Leonard, Robert Maas, Coline Makepeace, Andrezj Makowski, C. F. 
Marion, D. C. B. Marsh, Helen M. Marston, R. A. Melter, Stephen Montague, J. E. Morriello, 
P. N. Muller, Amos Nannini, Sam Newman, L. S. Nicholson, E. T. Ordman, R. R. Perez, Stanton 
Philipp, E. M. Scheuer, R. R. Seeber, R. L. Syverson, Ronald Tannenwald, Rory Thompson, 
Dmitri Thoro, Guy Torchinelli, B. R. Toskey, Gary Venter, Andy Vince, Julius Vogel, S. E. Wein- 
stein, Ron Wilder, and the proposer. 

Editorial Note. Attention was called to J. A. H. Hunter and J. S. Madachy, Mathematical 
Diversions (D. Van Nostrand Col, Inc., 1963), p. 129, to H. E. Dudeney, Amusements tin Mathe- 
matics (Dover Publications, Inc., 1958), Problem 347, to Scripta Mathematica, 1949, p. 100, to 
School Science and Mathematics, Problem 2859, and to this MONTHLY, Problem 1127 [1955, 183]. 

It is interesting that the number of squares on an m Xn chess board is) 7.1 and the number of 
rectangles is) ,%_.1 7%. The number of squares on an m Xn chess board, m2, is 


n(n + 1)(3m +1 — n)/6, 
and the number of rectangles is 


mn(m + 1)(" + 1)/4. 
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The number of cubes in an m Xn Xp three-dimensional chess board, m2p, nZ2/f, is 
b(p + 1)[6mn — (b — 1)(2m + 2n — p)]/12, 
and the number of rectangular parallelepipeds is 
mnp(m + 1)(n + 1)(p + 1)/8. 


The last two formulas reduce to [n(m+1)/2]? and [n(n+1)/2]* for p=m=n. It follows that the 
number of cubes on an Xn Xn three-dimensional chess board is equal to the number of rectangles 
on an “Xn planar chess board. 
Inhis Play Mathematics (Hafner Publishing Co., 1962, p. 36), Harry Langman shows that there 
are 
(n — 1)n(n + 1)(2m — n)/12 


squares with vertices at points of an mXn rectangular lattice, m2n. 


A Triangle Inequality Involving the Angle Bisectors 
E 1573 [1963, 331]. Proposed by Franz Leuenberger, Zuoz, Switzerland 


Prove that the arithmetic mean of the angle bisectors of a triangle T never 
exceeds the sum of the distances of the circumcenter from the three sides of 7, 
with equality if and only if T is equilateral. 


Solution by Leonard Carlitz, Duke University. Let a, B, y denote the angles, 
a, b, c the sides, and fg, ts, t, the internal angle bisectors of the triangle. It is well 
known that ta= [2bc cos (a@/2) |/(b-+c). Since 4bc S$ (b-+c)?, with equality if and 
only if b=c, we get 
(1) t, < be cos? (a/2). 
Then, by Cauchy’s inequality, 
(2) (>> ta)? S >> be DS cos? (a/2). 


Since >> cos?(a@/2) $9/4 (the maximum is attained when a=B=y=60°), (2) 
becomes 


(>> ta)? S (9/4) Do be. 
Thus, to prove the stated inequality, it will suffice to show that 
(3) >) bc S A(R + 17), 


where R is the circumradius and ¢ the inradius. Since a=2R sin a and (by 
Carnot’s theorem) 


> Rosa=R-+r, 
(3) is equivalent to 
(4) >> sin Bsiny S (>, cosa)?. 
Now set 


cosa = x, cos 6 = y, cosy = (1 — %7)1/2(1 — y?)1/? — gy, 
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so that (4) becomes 
(1 — x?) 21 — 2) 02 + [1 — a2)? + (1 — y®)2] [y(1 — 02)? + (1 — y?) 2] 
< [x + y— xy + (1 _ 2) 1/2(1 _ yy?) 1/22, 
This reduces to 


(1 


| 


w— y+ Qay)(1 — 211 — yt 
S1l—x— yt Ixy — xy — xy? + 2x42, 
Since 1—x—y+2xy>0 when 0Sx81, OSyS1l, we get 


(S) (1 — 07)2(1 — y?)'2 S 1+ xy — xy/(L — « — y + 2xry). 
Now 

(6) (1 — «?)'/?(1 — y®)? = 1 — xy 

and 


1—a2— y+ 2xy 2 1/2, 
so that 
xy/(1— «x — y+ 2xy) S 2xy. 
Hence (6) implies (5). This completes the proof of (3). 
Also solved by A. N. Aheart and the proposer. 
Editorial Note. One wonders if there isn’t a nicer way to establish the trigonometric ine- 
quality (4). 


A Concurrency Condition 
E 1574 [1963, 331] Corrected. Proposed by Simon Vatriquant, Brussels, Bel- 
gium 
If, in triangle ABC, sin A cos B=sin C cos C, show that the circumdiameter 
through A, the median through B, and the angle bisector through C are con- 
current. 


I. Solution by P. R. Nolan, Depariment of Education, Dublin, Ireland. Let 
the circumdiameter 4A’ cut BC in D; let the median through B cut CA in E; 
let the angle bisector through C cut AB in F. Then, since <ABA’=90°, xBAD 
=90°— xC. Similarly, XCAD=90°— xB. It follows that 


BD/DC = ¢cosC/b cos B = sinC cos C/sin B cos B, 
Also, CE/EA=1, AF/FB=6b/a=sin B/sin A. Therefore 
(BD/DC)(CE/EA)(AF/FB) = sin C cos C/sin A cos B = 1, 
and AD, BE, CF are concurrent by Ceva’s theorem. 
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Il. Solution by K. W. Crain, Purdue University. In trilinear coordinates the 
equations of the concerned lines through A, B, C respectively are 


BcosC — ycosB = 0, 
asin A — ysinC = 0, 
a—-6B= 0. 


Now a necessary and sufficient condition that these lines be concurrent is that 
the determinant of the system of equations be zero, or 


sin A cos B — sin C cosC = 0. 


Also solved by A. N. Aheart, José Gallego-Diaz, D. C. B. Marsh, and the proposer. 


Solutions of 6(m) =m/p 


E 1575 [1963, 331]. Proposed by Ronald Alter, University of Pennsylvania 
Find all pairs of positive integers m, p such that ¢(m)=m/p, where p is 
prime and ¢ is the Euler function. 


Solution by L. R. Heinen and W. C. Waterhouse, Harvard University. We 
shall not require in advance that p be prime. Let p;,1=1,---,k, be the primes 
dividing m. Then ¢(m) = m [J#., (4; — 1)/ Pi» SO we must solve 


k 
II (: — 1)/¢: = 1/p. 
t=1 
Let p; be the greatest of the p,; then clearly p; divides p, so 1/p,21/p. But 


Il Ge — 0/21 (s — 0/s = 1/pe. 


$=] a=2 


Hence p,= ), and all integers between 1 and p, must be primes dividing m. 
Thus the only solutions are p= 2, m= 2¢ and p=3, m= 23°, for positive a and 0. 


Also solved by J. C. Abad, R. G. Albert, W. D. Anscher, Joseph Arkin, K. F. Bailie, Merrill 
Barnebey, Marjorie R. Bicknell, D. A. Blaeuer, W. R. Boland and J. C. Smith, Jr. (jointly), W. H. 
Bonney, Leonard Carlitz, S. R. Cavior, Martin Cohen, Bruce Erickson, G. J. Etgen, Stephen Fisk, 
Michael Goldberg, Jerry Goodman, Ralph Greenberg, Michael Heiberg, J. A. H. Hunter, R. A. 
Jacobson, Erwin Just and Norman Schaumberger (jointly), Roman Kaluzniacki, Joel Kugelmass, 
Douglas Lind, N. F. Lindquist, Barry Litvack, A. E. Livingston, Andrzej Makowski, C. F. Marion, 
D. C. B. Marsh, Helen M. Marston, Stephen Montague, J. B. Muskat, E. T. Ordman, Stanton 
Philipp, Henry Ricardo, W. H. Richardson, J. A. Schumaker, R. Sibson, Jr., D. L. Silverman, Guy 
Torchinelli, B. R. Toskey, Dennis Travis, Andy Vince, P. O. Wood, Jr., K. L. Yocom, and the 
proposer. 

Makowski pointed out that a proof, by A. Schinzel, of the more general result established 
above can be found in W. Sierpifski, Theory of Numbers (in Polish), Warsaw, 1949, pp. 196-7. 
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Solutions of n?(*) =s5 


E 1576 [1963, 331]. Proposed by L. R. Heinen and W. C. Waterhouse, Har- 
vard University 


Find all pairs of positive integers 1, s such that 2* =s, where ¢ is the Euler 
function. 


Solution by D. L. Silverman, Beverly Hills, Calif. Let d(s)=m. For n>2, 
m=(n?®) >ne@—-1= "1, contradicting the inequality 212m for n>2 and 
m arbitrary. Hence »<2, and we get the obvious and unique solutions (n, s) 
=(1, 1), (2, 2), or (2, 4). 

Also solved by J. C. Abad, Merrill Barnebey, W. H. Bonney, Leonard Carlitz, S. R. Cavior? 
Martin Cohen, G. J. Etgen, Stephen Fisk, Michael Goldberg, Jerry Goodman, Ralph Greenberg; 
R. A. Jacobson, Roman Kaluzniacki, Joel Kugelmass, A. E. Livingston, Andrzej Makowski, C. F. 


Marion, D. C. B. Marsh, Stanton Philipp, W. H. Richardson, J. C. Smith, Jr., Guy Torchinelli: 
B. R. Toskey, Andy Vince, P. O. Wood, Jr., and the proposers. 


Stancliff Determinants 
E 1577 [1963, 331]. Proposed by Marjorie Bicknell, San Jose State College 
Show that for any integer » one can construct a symmetric fourth order 
determinant whose elements are ten consecutive integers and whose value is 7. 


Solution by Cornelius Groenewoud, Cornell Aeronautical Laboratory, Buffalo, 
N. Y. The determinant 


nm+1%n-—8 n n— 7 
n-8& n—-1 n-—-6 n-—-2 
n nm-6 n-5 n—-—3 


n-7T n-2 n—3 n—-A4 


is composed of the ten consecutive integers n—8, n—7,---,n—1, n, n+1, is 
symmetric, and has the value z. 

Remarks by the proposer. This problem appears in the unpublished notes of 
the late Fenton S. Stancliff, who studied extensively the effect of adding a con- 
stant to each element of a matrix. The problem has many essentially different 
solutions. If we are restricted to use only two consecutive integers, we have the 
following two matrices, 


1001 1111 
000 1 100 0 
001 17 101 0[ 
1111 1001 
for each of which the determinant value decreases by k when & is added to each 


element. 
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Also solved by Brother U. Alfred, R. A. Jacobson, J. F. Latimer, D. C. B. Marsh, Stanton 
Philipp, and K. L. Yocom. 


A Divergent Series 
E 1578 [1963, 331]. Proposed by E. O. Thorp, New Mexico State University 


Consider the series >>, | sin n| *, where a is an arbitrary positive number. 
For which values of a does the series converge and for which values does it 
diverge? 


Solution by Julius Vogel, The Prudential Insurance Company of America, 
Newark, N. J. The series diverges for all positive a, because | sin n| * does not 
approach zero with increasing n. In fact, given any integer mo, however large, 
define ¢ as an integer falling in the interval 


2ano + r/6 << t < 2am + 52/6. 
Then ¢>m» and | sin t|*>(1/2)4. 


Also solved by E. R. Barnes, D. I. A. Cohen, Frank Dapkus, Michael Gemignani, Michael 
Goldberg, Ralph Greenberg, T. J, Grilliot, R. A. Jacobson, Erwin Just and Norman Schaumberger 
(jointly), Joel Kugelmass, A. E. Livingston, D. C. B. Marsh, D. J. Peterson, Stanton Philipp, D. L. 
Silverman, Guy Torchinelli, W. C. Waterhouse, and the proposer. 

Livingston showed, more generally, that ) n= 1| sin nx|2 diverges for all real aand x #0 (mod r). 


Supplemented, Strongly Normal, and Normal Subgroups 
E 1579 [1963, 331]. Proposed by Azriel Rosenfeld, Veshiva Unwersity 


Call a subgroup H of a group G strongly normal if every subgroup K of H 
which is normal in H is normal in G. Prove that supplemented implies strongly 
normal implies normal, but that neither reverse implication holds. 


Solution by W. H. Bonney, New Mexico State University. Let H be a supple- 
mented subgroup of G so that G=H@K, where © means direct product. Now 
given a normal subgroup N of H, nC N, g=hkCG, we have 


(hk) n(hk) = kh nhk = k-mk, 


with 2,EWN since N is normal in H. But k-'1,k=m, since every element in K 
commutes with every element in H. Thus strongly normal is implied by supple- 
mented. Clearly strongly normal implies normal. 

In the permutation group 8S; on three letters, the subgroup of even permuta- 
tions has three elements, so is strongly normal, being simple and of index 2. 
It is not supplemented since otherwise S3 would be abelian. 

Let G=G:1@G. where Gi=G_ and G has at least two elements. Then G is 
normal in its holomorph H and G; is normal in G. On the other hand, by the 
definition of the holomorph of a group, there exists an hGH such that h7!Gyh 
= G,. Hence normal does not imply strongly normal. 


Also solved by the proposer. 
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Wieferich Squares 


E 1580 [1963, 331]. Proposed by Guy Torchinelli, State University College at 
Buffalo 


Prove or disprove: If » is prime then 27-141, mod p?. 


Disproved, by an appropriate reference, by H. L. Alder, W. R. Boland, Leonard Carlitz, 
J. D. Cloud, D. I. A. Cohen, Martin Cohen, W. A. Edelstein, Stephen Fisk, Michael Gemignani, 
Michael Goldberg, Jerry Goodman, Ralph Greenberg, A. W. Johnson, Jr., Edgar Karst, Sidney 
Kravitz, Douglas Lind, Barry Litvack, Andrzej Makowski, J. B. Muskat, K. K. Norton, Stanton 
Philipp, H. J. Ricardo, R. R. Seeber, R. E. Shafer, D. Suryanararyana, Dmitri Thoro, Andy Vince, 
W. C. Waterhouse, K. S. Williams, P. O. Wood, Jr., and the proposer. 

Editorial Note. It was conjectured for some time that 2?! —1, where is a prime, though divisi- 
ble by #, is never divisible by 2. It was shown, in 1909 by A. Wieferich, that if this were true, then 
we cannot have positive integers x, y, 2, p such that x?-++-y?=2?, where is prime and x, y, 2 are 
prime to ~, and an important case of “‘Fermat’s Last Theorem” would be established. In 1913, 
however, W. Meissner showed that the conjecture is false for p=1093, and, in 1922, N. G. W. H. 
Beeger showed it false for b=3511. A simple verification of the first counterexample can be found in 
Hardy and Wright, An Introduction to the Theory of Numbers, p. 73. Calling the square of a prime 
p such that p? divides 2?-!—1 a Wieferich square, it is not known if there are infinitely many 
Wieferich squares. The best result so far along this line was given (following some previous weaker 
results) by Erna H. Pearson in Math. Comp., 17 (1963), pp. 194-5, where it is shown that 1093 
and 3511 are the only primes $200,183 (the 18,000th prime) with 271=1 (mod $?). In this same 
paper it is also shown that 5, 13, and 563 are the only primes $200,183 with (b—1)!=—1 (mod p). 
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PROBLEMS FOR SOLUTION 
5161. Proposed by Seth Warner, Duke Unwersity 


Let K be a finite field and K* the multiplicative group of all nonzero ele- 
ments of K. Show that HU {0} is a subfield of K for every subgroup H of K* 
if and only if the order of K* is a Mersenne prime. 


5162. Proposed by W. E. Briggs, University of Colorado 
Show that )onsz o?(n)/n? is asymptotic to Ax, and find the constant A. 
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5163. Proposed by S. D. Chatterji, University of New South Wales, Australia 

Let (S, >., m) be a totally-finite positive measure space and let f(s) be a 
real-valued integrable function on S such that f(s) >0 almost everywhere with 
respect to the measure m. Let T be a one to one measure-preserving transforma- 
tion of S onto itself. Prove that 


Ss) dm(s) = m(S). 


s f(Ts) 
5164. Proposed by Gregory Thompson and Peter Truenfels, Minneapolts- 
Honeywell Regulator Co. 


Find the Taylor series expansion of e~*Jo(zx) about the origin. 


5165. Proposed by A. S. Galbraith, Army Research Office, Durham, N. C. 

Let p, and qx, k=1, 2,---, be the terms of two arithmetic progressions. 
Evaluate the determinant whose element in the 7th row and jth column 1s 
Pi+s/Qiri- 

5166. Proposed by Peter Rejto and Charles Conley, New York Unversity 

Let A be aclosed and densely defined operator on a Hilbert space such that 
the range of A is contained in its domain, and such that A? is the identity on 
the domain of A. Does it follow that the spectrum of A includes at most the 
points 1 and —t? 


5167. Proposed by P. D. Barry and W. K. Hayman, Unwersity of London 

Let 0<mSueS +++, nn, Sa= >.%.1 ui. Show that >) (un/Sa)* converges 
for alla>1. 

5168. Proposed by A. Himmelfarb, Fordham University 


All subrings of Zm, the ring of integers modulo m, are of the form dZm, 
where d is a divisor of m. (dZm denotes the set of all ring multiples of d.) For a 
given m, determine (a) those d for which dZ,, has a unity element, (b) the unity 
element for such d, and (c) the number of such d. 


5169. Proposed by Séndor Lajos, University of Economics, Budapest, Hungary 

A subsemigroup B of a semigroup S is called bi-ideal of S if BSBCB (see: 
A. H. Clifford and G. B. Preston, The algebraic theory of semigroups, v. I, p. 84.) 
Prove that a subset A of a semigroup S is a bi-ideal in S if and only if A is a left 
[right | ideal of a right [left] ideal of S. 


5170. Proposed by Stanley Franklin, University of California at Los Angeles 


For any infinite cardinal &, there exists a compact Hausdorff space E of 
cardinality S which is not the Stone-Cech compactification of any of its proper 
dense subspaces. 
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SOLUTIONS 
A Geometric Limit 
5047 [1962, 812]. Proposed by M. S. Knebelman, Bucknell University 
Given a plane curve Cy and a fixed point P. C, is the pedal of P with respect 


to Cyr-1, n=1, 2,°--+. Prove that as n—~, lim C, consists of all circles with 
center at P, each tangent to Co. (Circles of zero or infinite radius not excluded.) 


Solution by the proposer. We choose FP as the pole of a polar coordinate system 
and r=r(6) as the polar equation of Co. We assume that r(@) is at least piecewise 
differentiable in some 0 domain. If the equation of C, is rn=/f,(6,), the problem 
is to find limnse fn(On). 


V1 


Co 


Pe 
From the figure it is evident that C; has the parametric equations 
4) r, = 7(6) sin y(@) 
0, = 6 + (¥(9) — 47), 
wherey(6) is defined by tan =1/r',0 SW Sz. From (1) we have dn /d6=rcosp-y’ 
+r’ sin =r cos y-(1+y’) and d6,/d0=1+y’, so that tan y,=tan p except 


possibly in case ¥(6) = —1, but in this case C» is a straight line and will be con- 
sidered separately. Thus ¥1(6;) = (0). Similarly we shall find that 


r, = 7(0) sin” (6) 


as the parametric equations of C4. 

In order to consider lim,.... C, it is convenient to introduce ¢(6) =(6) — $7. 
Now suppose there is a point on Cy at which (6) =0. Choosing the line through 
P and this point as the initial line, (2) becomes 
r, = 1(6) cos" (6) 

6, = 6+ nd(8), ¢(0) = 0. 


(2) 


(3) 
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We further assume that there is an open 6 interval (0, w) in which (6) 40. For 
otherwise the part of Cy on this interval would be a circle of radius r(6) and cen- 
ter at P and would be its own pedal curve. To obtain a point on C, we let 6, 
be some finite angle and compute 7(@,). But from the second equation in (3) 
@(0)-—-0 as well as 6-0 as n—o. Hence, since ¢2(92) =6(6), dn(6n)—0 and 
r(6,)—r(0) so that limy.. 7%n,=7(0), which is the equation of a circle center at P 
and tangent to Cy) at 9@=0. Each point on Co, where = 3a may be treated the 
same way, thus yielding a number of tangent circles. If there is no point on Co 
at which ~=4a then corresponding to any 0, 6,— © and lim,... C, does not 
exist. 

It only remains to consider the case of a straight line r cos 0=a. Its first 
pedal is 7,=a61=0 which is a point. If this point is treated as a circle of zero 
radius its pedal is r=a cos 9 and r,=a cos*t? (6,/(m+1)), so that limn.. %n =a, 
a circle of radius a. 


Ideal Bases in Algebraic Number Fields 


5068 [1963, 97]. Proposed by Peter Flor, Mathematics Institute of the Univer- 
sity of Vienna, Austria 


Let K be a quadratic field over the rationals with discriminant d. For any 
irrational number tC K, let at?+bi-+c=0, (a, b, c)=1 (a, b, c rational integers) 
and let D(t) =b?—4ac. Let (a, 8) be any pair of numbers of K which are linearly 
independent over the rationals. Then it can be shown easily that (a, 8) is the 
basis of some (integral or fractional) ideal in K if and only if D(a/B) =d. Can 
this result be extended in any way to characterize ideal bases in algebraic num- 
ber fields of arbitrary degree? 


Solution by Johann Cigler, University of Vienna. Let K be an algebraic num- 
ber field of degree 2 which is identical with its conjugate fields. Let d be its 
discriminant. Suppose that aj, °° +, @, are n elements of K. These elements 
generate an ideal A whose norm will be denoted by N(A). Let (61, ---, B,) 
be a basis of A. Then it is known (cf. E. Hecke, Vorlesungen tiber die Theorie der 
algebraischen Zahlen) that (a1, - - + , @,) is a basis of A if and only if 


Q1 °° *Qn 2 B1 oe Bn 2 
(2) (2) (2) (2) 
a1 °° * On Bi Bn 
(1) = 
{n) (n) (n) (n) 
Q1 n Bx Bn 
Now the relation 
B1 77" Bu 2 
1 


(2) re 
N(A)? 1} rs 
(A) are 
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holds. On the other hand, if we form the expansion 


‘ ” (v) (7) (v) n—1 
(3) Dow = TI (on +a, x+-+--fta, x ), 
pan 


then N(A) is equal to g, the greatest common divisor of the coefficients c; (See 
loc. cit., p. 107, Satz 88.) Combining (1), (2) and (3) we get therefore: 


The numbers a1, * - + , &, form a basis of an ideal A in K if and only if 
' a4 An, |? 
(4) es = d, 
gt a) (n) 
a1 * On 


When n = 2, the discriminant D(a;/ae) of the normed polynomial 
c(x* —an/ae2) (x —a/oY) is exactly the lefthand side of (4). (A polynomial is 
said to be normed if all coefficients are integers without common divisor.) 


Weakly Continuous Mapping in Hausdorff Space 


5069 [1963, 97]. Proposed by D. R. Andrew, University of Southwestern 
Louisiana 


Prove or disprove the following statement. If S is a Hausdorff space and 
f: SOT is a weakly continuous one-to-one mapping of S onto the space T such 
that f-!: TS is weakly continuous, then T is necessarily a Hausdorff space. 
(See Norman Levine, A Decomposition of Continuity in Topological Spaces, this 
Monta ty, 1961, pp. 44-46, for the definition of a weakly continuous function.) 


Solution by S. M. Robinson, Smith College. The following example provides 
a negative answer. Let us recall first that f: ST is weakly continuous at s©S 
if for every neighborhood V of f(s) in T, there is a neighborhood U of sin S 
such that f(U) CelrV. f is weakly continuous if it is weakly continuous at each 
point of S. 

Now let S be the closed unit interval [0, 1] with a topology described by 
the following neighborhood systems: 

For s+0, $31, let the local base at s be the same 4s is given by the usual 
topology. 

For s=0, let the local base be the family of sets 


[0, a) U (@, 1) - { tn} nets where 0<a<B<“%,< 1 


for each 2, and where x,—1 in the usual sense. 

For s=1, the base is defined in the following way. Let {an} uy be an arbi- 
trary fixed sequence satisfying a,<1 and a,—1 in the usual sense; then, the 
local base at 1 will be the family of sets of the form {An}, An={1,@n1,Gna2, + °°}. 
The topology of S is clearly a Hausdorff topology. 

The space T will again be the closed unit interval and for each 0, ¢ will 
have the same local base as in S. At 0, however, we will take as the local base 
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the sets [0, a)\(@, 1). That TJ is not Hausdorff can be seen by examining the 
neighborhoods of 0 and 1. 

Let f be the identity map from S onto T. Since the topology for S is stronger 
than that for J, f must be continuous and therefore is weakly continuous. Also, 
since for each ¢+0, ¢ has the same neighborhood base in each space, f~' is con- 
tinuous at each point not equal to 0. We claim that f~! is weakly continuous 
at 0. Let V= [0, a)U(@, 1) — {xn} ey be a typical basic neighborhood of 0 in S. 
Then U=clgV is a neighborhood of 0in 7, for V2 [0, a)U(8, 1). Thus we have 
that f-1(U) =clsV. This proves the final assertion and establishes the counter- 
example. 


Compound Events in a Probability Space 

5070 (1963, 97]. Proposed by S. Birnbaum, New York City 

Let 
(1) A, B,-+-+,K be k events in a probability space, and let 
(22) P(AUBU:--UK)/+P(AUBU.-:--UK)U::: 

+ P(AUBU.---UB) 

be denoted by > P. Show that >) P=2*—1. 

Editorial Note. Several readers noted the ambiguity in (2) and suggested the 


following revised statement: Let Ai, A2,--, Ax be & events in a probability 
space. Show that P(Z,U Z,\U---U Z,) = 2* — 1, where the sum is to be 
taken over all 2* possible distinct sequences Z;,-- +, Z, such that Z; is either 
A; or A; Gj=1, my k). 


Solution by E. S. Keeping, University of Alberta. Let E; stand for one of the 
2* compound events mentioned in the problem, and let E; be the complement of 
E;. Then >>; {P(E +P(E,) } =2". 

Since the complement of A1WA2U - - - UA; Is AVA) ++ + C\Ax, and 
similarly for the others, the EZ; are disjoint and together make up the whole 
probability space, so that i P(E) =P(>.; E,: =1. Hence 5); P(E, =2*-1. 

Also solved by M. T. Bird, A. J. Bosch, W. E. Bonnide, D. Z. Djokovié, N. J. Fine, John B. 
Kelly, Max Klicker, Alfred Lehman, S. G. Mohanty, Vivian Pessin, E. M. Scheuer, Donna J. Sea- 
man, Zbynék Sid4k, D. L. Silverman, W. A. O’N. Waugh, John Weissman, and the proposer. 


A Set of Transcendental Numbers 
5072 [1963, 215]. Proposed by W. E. Briggs, University of Colorado 
Prove that 


bei 8 
6) = aT 


is irrational for infinitely many rational 8 on (0, 1). 
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Solution by Sidney Heller, Brookhaven National Laboratory, Upton, N. Y. We 
have 


@ = X(—-—), g(1 — 6) = 1+ D(—- ), 


Nun] nH n+ 6 n=2 n—@ 


Hence there follow 
20 


1 
g(t — 0) — g@) -——= > 


1 1 
1 — 6) — 2(@) — —— + — = rot wf. 
g( ) — g(8) ar a Cot 


For rational 0, cot 7@ is algebraic, whence 7 cot 7 is transcendental, and there- 
fore at least one of g(0), g(1—6) is transcendental. This implies the result. 


Also solved by R. O. Atkinson, I. N. Baker, George Bergman, L. Carlitz, S. Chowla and S. L. 
Segal, N. J. Fine, Stephen Fisk, Ralph Greenberg, Stanton Philipp, J. H. van Lint, and the 
proposer. 


An Extended Chord Theorem 
5073 [1963, 215]. Proposed by D. J. Newman, Yeshiva University 


Let f(x) be continuous on [0, 2] and suppose that f(0) =/(2) =0. Show that 
f(x) =f(y) has at least » different solutions with x—y¥y a positive integer. (The 
well-known chord theorem asserts that there is at least one solution with 
x—y=1.) 

Solution by N. J. Fine, University of Pennsylvania. A proof can be given by 
induction on n. The case n=1 is trivial. Given f continuous on [0, ”], with 
f(0)=f(n), by the chord theorem there exist a, a+1€[0, 2] such that f(a) 
=f(a+1). Define g on [0, n—1] by 


g(x) =f(x%) (OSe%8a), ge) =fetl) @sSxsn-— 1). 
Then g is continuous and g(0)=g(m—1). By the inductive hypothesis there are 
n—1 solutions (x;, y;) to the equation g(x) =g(y) with y—x a positive integer. 
Since 0 = g(y,) —g(x;) is equal to one of the differences 
fos) — f(a), if yi < a, 
fs + 1) — fm), ifv, Sas yi, 
for +) -f@+1), iLa<-x, 
we have n—1 (distinct) solutions to f(x)=/f(y) with y—x a positive integer. 


Adjoining to these the new solution (a, a+1), we have n solutions and the in- 
duction is complete. 


Also solved by I. N. Baker, D, Z. Djokovié, R. A. Jacobson, Vivian Pessin, H. Shniad, Jean 
Tzembalario, and the proposer. 
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Subsequence of a Sequence of Measurable Sets in (0, 1) 
5074 [1963, 215]. Proposed by Paul Erdis, University College, London 


Let E,, 1<n<© be an infinite sequence of measurable sets in (0, 1), each 
E, having measure =c. It is well known that there exists an infinite subsequence 
En» 1Sk< © such that fz_; L,, is not empty. Prove that the sequence m <1 
< +++ can be chosen so as to have upper density c, and that this result is the 
best possible. 


Solution by Richard Scoville, Duke University. Let E,(x) be the characteristic 
function of the set £;, and let a,(x)= | E(x) +Fa(x) + --- +E n(x) }/n. Let 
f,(X) =SUPmen Om(x) and f(x) =lim sup a,(x)=lim f,(x). We must show, then, 
that for some x, f(x) =c. Suppose, on the contrary, that f(x) <c almost every- 


where. Then 
c> f fatim f f.ztimsp faa 


a contradiction. This proves the conclusion of the problem. But we note that, 
for our argument to be valid, it is only necessary that lim sup { (Es) +u(E2) 
+++ +py(En)}/n2c. 

To show that the conclusion is the best possible, we let {7,} be a sequence 
of positive numbers decreasing to zero, to be determined later. Let F, 
= [0, rr + 4] — {4} if 2 is odd, and F, = [4 — ra, 1] if m is even. Then 
lim | F(x) + Fe(x) + vee +F,(x)}/n=3. Now, we can choose the sequence 
{r,} in such a way that for each 2, there is an interval C, in F, of length r,, the 
sequence {Cr} satisfying lim sup 1 C1(x) + C2(x) + » ++ +C,(x)}/n=4. Then if 
we put E,=F,—Cn, we have p(L£,) =4, f(x) =4, and lim inf a,(“) =0. For any 
other ca similar construction is possible. 


An Irrational Number 
5075 [1963, 215]. Proposed by Paul Erdiés, University College, London 


Let m1<m< -- + be asequence ofintegerssuch that lim sup m./mm2 + + + Mn-4 
= co and lim inf m/m1>1. Prove >.1/m; is irrational. (See also problem 
4773 [1958, 782 |.) 


Solution by G. M. Bergman, Harvard University. Suppose that >51/n.= p/4, 
p and q positive integers. Then for any fi, 


re) 1 p ki-—1 1 
kek, Wk qd k=l My 


This must have denominator <gmme - - + mx,-1, and so must be 21/qnime - + + Me,-1. 
Now since lim inf 2:/m-1>1, we can find a>1 and an integer Ro such that 
k>ko implies nz/m12a. By the “lim sup” condition, we can find ki>R» such 
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that m4,/m °° ° m,-1>agq/(a—1). Then 
© 61 a | a 1 


= —— OY 
kek, Mh jad ANY, (a _ 1) 2, Gn, °° *° Wky-1 


a contradiction. 

More generally, if we require, further, that lim sup mz/(m1 °° + m1)" = ©, 
then the sum cannot be algebraic of degree r. The proof is essentially the same, 
but we must replace the step p/q— > /P7}= dof, by P(E) SBD ea, 
where B is a bound on the derivative of the polynomial P (and we consider 
the denominator of the left-hand term). If this condition is satisfied at once for 
all r, the result is equivalent to lim sup (log m;)/(log m1 - + + m1) = ©, which 
will therefore make the sum transcendental. 


Also solved by Robert Breusch, Leopold Flatto, Ralph Greenberg, and J. H. van Lint. 
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Cohomology Operations. Lectures by N. E. Steenrod, written and revised by 
D. B. A. Epstein. Annals of Mathematics Studies No. 50, Princeton Uni- 
versity Press, Princeton, N. J., 1962. x +139 pp. $3.00. 


The study of primary cohomology operations, especially the Steenrod 
squares and reduced powers, has proved very fruitful in algebraic topology and 
its applications. This book, in its first four chapters, gives a good sampling of 
applications of the Steenrod squares to such problems as embedding spaces in 
spheres and the vector field problem. This is done using axioms for the mod 2 
Steenrod algebra. Then, in the last five chapters, the reduced powers are con- 
structed in a “new and more perspicuous” manner and shown to satisfy the 
axioms. 

Anyone familiar with the papers or lectures of N. E. Steenrod will recognize 
the lucid style and the very helpful intuitive discussions as in the first section 
of chapter seven. This book should be readable by anyone who has had a good 
one year course in algebraic topology. It will clearly become the standard text 
in its field. This reviewer gives it his highest recommendation. 

F, P. Peterson, Massachusetts Inst. of Technology 
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Numerical Analysis, with Emphasis on the Application of Numerical Tech- 
niques to Problems of Infinitesimal Calculus in Single Variable, 2nd ed. By 
Zdenék Kopal. Wiley, New York, 1961. 594 pp. $12.00. 


The second edition of Professor Kopal’s well known and useful Numerical 
Analysis textbook is generally unchanged from that of the first edition, the 
major exception being that what had been Appendix I has now been greatly ex- 
panded to form Chapter 9 on “Operational Methods in Numerical Analysis.” 
This chapter is particularly interesting in that the rational approximations of 
Padé are now treated, and shown to be very useful in numerical differentiation, 
numerical integration, and interpolation. Regrettably, the author has decided 
not to bring the bibliography up to date, and has instead recommended the use 
of the Mathematical Reviews for listings of current research papers. 

Professor Kopal’s Numerical Analysis, with its excellent selection of topics, 
will continue to be one of the leading books on this subject. 

R.S. Varaa, Case Institute of Technology 


Proceedings of the Second International Conference on Operational Research. 
Edited by J. Banbury and J. Maitland, Wiley, New York, 1961, 830 pp. 
$15.00. 


One of the livelier scientific novelties of the last 25 years has been the de- 
velopment of operations research, a field of science that is seeking to account 
for the behavior of man-machine systems operating in a natural environment. 
The present volume, the proceedings of the conference held at Aix-en-Provence 
in 1960, gives an overview of current interests of workers in operations research. 
There were sessions on methodological aspects of operations research, comput- 
ers, the measurement of human factors, new mathematical methods, control of 
production, inventory control, and mathematical programming, as well as the 
application of operations research methods to the steel industry, the oil indus- 
try, atomic and electric power, military problems, mining, transport, and the 
problems of local and national governments. 

Since over 80 papers were given at the conference, strict length limitations 
were observed in order to keep the proceedings volume down to its present size; 
thus the papers are generally less than ten pages, giving them frequently a rather 
hasty synoptic character. Nevertheless, mathematicians interested in what is 
going on in operations research will find this book of interest; the brevity of the 
contributions, in fact, permits easy sampling. In particular, the reviewer recom- 
mends Moody on “Production Allocation in the Beet Sugar Industry” (p.237), 
Lombaers on “Determining the Ore-Unloading Capacity of a Harbour Installa- 
tion by Simulation on a Computer” (p. 328), Gillams on “Central Planning of 
an Atomic Energy Industry” (p. 470), Wohlstetter on “National Decisions 
Concerning Defense” (p. 517), and Hicks and Houlden on “Operational Re- 
search in the British Coal Industry” (p. 609). 

H. J. Miser, The Mitre Corporation 
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Mathematics for Quantum Mechanics. By J. D. Jackson. Benjamin, New York, 
1962. x +97 pp. $3.50 (paper), $4.75 (cloth). 


In this short book, emphasis is on the unity of the mathematical methods of 
quantum mechanics. There are chapters on eigenvalue problems in classical 
physics, orthogonal functions and expansions, Sturm-Liouville theory and linear 
operators on functions, and on linear vector spaces, as well as useful appendices 
on Bessel functions, Legendre functions and spherical harmonics. The material 
is lucidly presented with no attempt at mathematical rigor. Unfortunately, 
many definitions are stated without essential qualifications, which could easily 
have been supplied without greatly adding to the length of the text. The text 
may be used for introductory lectures or for supplemental reading to bring 
beginning students, deficient in applied mathematics, to an adequate level of 
knowledge in the mathematics of quantum mechanics. 

ERNEST IKENBERRY, Auburn University 


An Introduction to Information Theory. By Fazlollah M. Reza. McGraw-Hill, 
New York, xxi+496 pp. $13.50. 


This book is offered as an introduction to probability, information theory, 
and coding theory. The author sets no prerequisites beyond the usual mathe- 
matics included in an engineering or science program. The book is organized into 
four sections: Discrete Schemes Without Memory, Continuum Without Mem- 
ory, Schemes With Memory, and Some Recent Developments. There are seven 
short appendices, seven tables, a good bibliography, and an index. 

It will be convenient to discuss the author’s three main topics separately. 
First, the five chapters on probability. This material is by now completely 
standard, and it is not unreasonable to expect the author to avoid the more 
obvious pitfalls; but, alas! we find probabilities confused with frequencies, a 
completely inadequate definition of independence, events that are “independent 
but not necessarily mutually exclusive,” and Bayes’ theorem linked to causality. 
This part of the book cannot survive comparison with any one of several recent 
texts. 

The five chapters on information theory are relatively more successful. The 
author lists several alternative derivations of the entropy functional, and carries 
the development up to a heuristic treatment of the fundamental theorem for the 
continuous noisy memoryless channel, and a rigorous treatment of the discrete 
case. Here, the least successful sections are consistently those in which the 
author has added his own explanations to those of the original workers in the 
field. 

Finally, in the two chapters on coding, the author gets as far as the simpler 
error-correcting codes, and goes into some detail on group codes. Much of this 
material has been taken almost directly from the original papers. 

In a disarming touch, the author expresses the hope that this work will pro- 
vide “an existence proof of Shannon’s fundamental theorem that information 
can be transmitted ... despite all forms of noise.” This is undoubtedly the case; 
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but I would hesitate to recommend the book as a text without warning of the 
need for constant vigilance against varying notation, inaccuracy of expression, 
and diagrams that are badly drawn, wrongly labelled, or are actively misleading. 
Those on pages 47, 90, and 92 are particularly unfortunate. The noise level is in- 
deed high; and so is the price. 

C. L. Matiows, Bell Telephone Laboratories 


The Summaiton of Series. By Harold T. Davis. The Principia Press of Trinity 
University, San Antonio, 1962. x+140 pp. $6.00. 


The author declares in the preface: “The purpose of this small volume is to 
advance the reader’s understanding of the problem of the summation of series, 
with special emphasis upon the case of finite limits.” A systematic development 
of the calculus of finite differences and its relationship to or its analogy with the 
infinitesimal calculus form the contents of Chapter 1. The next two chapters are 
devoted to special methods of summing series, and these involve for the most 
part the use of gamma and psi functions, or Lubbock’s summation formula or 
the Euler-Maclaurin formula. Chapter 4 is concerned with describing some of 
the techniques employed in the construction of “Tables of finite sums.” Such a 
table plays a réle analogous to that of a table of integrals. The author’s “central 
exhibit” is a table of this type, which includes a fairly exhaustive collection and 
forms the appendix to the book. He illustrates (in Chapters 4 and 5) the use of 
these tables in actual summation problems. In the final chapter he discusses, 
among other topics, the general convergence tests for infinite series as also cer- 
tain general methods of finding the sums of such series. 

The virtue of the book consists in the number of illustrative examples, fol- 
lowed by examples to be solved, and in the very detailed table of finite sums. 
The book is essentially one on the summation of series employing the methods 
of the calculus of finite differences and could prove useful to those who need to 
compute such sums. 

M. S. RAMANUJAN, University of Madras, India 


A Guide to FORTRAN Programming. By Daniel D. McCracken. Wiley, New 
York, and London, 1961. 88 pp. 


McCracken’s guide to FORTRAN programming may be just the book you 
are looking for. There seems to be a rash of FORTRAN books on the market 
now. Each user should certainly examine the crop before making his decision. 
Your reviewer likes this volume. It is well presented and has good problems, 
some of which are short enough to permit the student to concentrate on a single 
point, while others (called case studies) are realistic enough to provide the 
reader some feeling for what programming is really about. The author has 
limited his attention to FORTRAN Programming and has not attempted to 
indicate the related mathematics. This seems a wise decision although your 
reviewer would have preferred at least some footnote references and/or sugges- 
tions on where the interested reader might look for up-to-date mathematical 
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treatments of related problems. 

The author concentrates on the IBM 709-7090 versions of FORTRAN and 
uses an appendix to point out the needed variations for other computers includ- 
ing the IBM 650, 1620, 705, 7070, as well as the Honeywell Algebraic Compiler, 
Philco 2000 Altac, and Central Data Corp. 1604 FORTRAN. 

Since the IBM 1620 seems currently to be a popular computer in both indus- 
trial and university circles, it might have been appropriate for the author to 
discuss the available 1620 versions in more detail. The reader would not, for 
example, be aware that GOTRAN is faster than FORTRAN in teaching and 
other situations where many short programs are run once or twice each. No 
mention is made of the excellent FORGO program, nor of the now widely used 
AFIT FORTRAN program. Perhaps the publisher will permit the author to in- 
clude such comments in the next issue and also, we hope, to fill the half pages 
at the ends of chapters with some more of D. D. McCracken’s excellent prob- 
lems. A few extras like “Write a program to read three numbers and print them 
out on one line in descending order” are always welcome. 

R. V. ANDREE, University of Oklahoma 


Complex Numbers and Functions. By T. Esterman. Athlone Press, London, 1962. 
viii +250 pp. $6.75. 


This book presents a first course in the theory of analytic functions of a 
complex variable and covers the usual material from the concept of complex 
numbers through Cauchy’s integral theorem to residue calculus, series develop- 
ments, and special functions. The presentation is characterized by a purely 
arithmetical approach and the exclusion of geometric intuition in argument and 
proof. The spirit of the book is that of Hardy’s “A Course of Pure Mathematics” 
and Landau’s “Foundations of Analysis.” This yields a rigorous and logical 
development of the theory which is supported by the clear exposition and the 
lucid style of the author. On the other hand, a certain amount of insight and 
motivation is lost by the exclusion of the geometric background of the theory; 
Riemann’s mapping theorem is not reached and the amount of material on con- 
formal mapping remains below the average of the standard text books. In gen- 
eral, however, the author succeeds in compressing into his book more informa- 
tion than its size would lead one to expect by relegating a part of the derivations 
into the exercises, which seem to be skillfully graded and well selected. Two less 
usual features of the book appear in its last two chapters. In one, the author 
uses the concepts of curve and winding number, derived in connection with the 
complex integral, to give an elegant proof of the Jordan curve theorem without 
topological-geometric argument. No figure is used in this chapter. Picard’s theo- 
rem is proved by means of the modular function which is explicitly constructed 
by Eisenstein series and very carefully discussed. The student who is exposed 
to this derivation will be convinced that Picard’s theorem is valid but he might 
be left wondering how one could guess this complicated way to prove it. This 
example shows the main characteristic of the author’s approach. He is excellent 
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in logical and rigorous argument but somewhat negligent on motivation and 
intuition. The book will be of interest to students with a more abstract outlook 
and preference for close argument and be most valuable to teachers of a course 
in complex variables who wish to present elegant but precise proofs for theorems 
which are often treated superficially in the conventional text books. 

M. M. ScuiFrFrer, Stanford University 


Introduction to Calculus. By K. Kuratowski. Addison-Wesley, Reading, Mass., 
1962. 315 pp. $5.00. 


This book is based on lectures given at the University of Warsaw. It de- 
velops the subject systematically and efficiently, treating many topics in 
greater depth than is common in a first course at an American university. 
There is an abundance of examples, and these are extremely well chosen to il- 
lustrate both the content of the theorems and the classical techniques of mathe- 
matical analysis. 

Proofs of theorems are rigorous, but the informal style of the exposition does 
not display the structure of the subject too sharply. Simply listing clearly the 
mathematical information assumed known by the reader would help. The prob- 
lems are too few in number, and many will be quite difficult for beginning stu- 
dents. It is assumed that the efficient development of the subject will be ade- 
quate motivation for the reader; no guiding comments are inserted on the his- 
torical development of the subject or on the power, generality, and use of the 
result being discussed. 

The book is divided into four chapters as follows: I, Sequences and Series 
(68 pp.); II, Functions (56 pp.); III, Differential Calculus (61 pp.); IV, Integral 
Calculus (108 pp.). 

Chapter I introduces the real number system and discusses the properties 
of sequences and series in some detail, closing with the derivation of standard 
(d’Alembert, Cauchy, Raabe, Kummer) convergence criteria and a discussion of 
convergence properties of products of series and infinite products. Chapter II 
discusses primarily the notions of limit and continuity for functions and se- 
quences and series of functions, culminating in treatments of power series and 
approximation theorems for continuous functions. A last section introduces the 
notation of mathematical logic but does not discuss the axiomatic development 
of the subject. Chapter III is a straightforward discussion of differential cal- 
culus, giving geometrical interpretations of the principal results and concluding 
with a detailed treatment of Taylor's theorem. The notion of a differential is 
discussed but not used extensively. Chapter IV establishes the properties of the 
indefinite integral and introduces definite integrals in terms of them. Standard 
calculational methods are discussed, and geometric applications are considered. 
The Riemann integral is defined and related to the previous concept of integral. 
A final section is devoted to the properties of improper integrals and of Fourier 
series. Mastery of the material presented will equip the student with a good 
working knowledge of the calculus of real valued functions of one real variable. 
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The misprints in the text are minor and should cause no difficulty. The book 
is recommended as supplementary reading for the superior student and as a 
text when the instructor is willing to spend considerable effort amplifying the 
material. 
R. C. Myousness, General Electric Company 
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Graviiative Stosswellen Nichtanalytische Wellenlisungen der Einsteinschen Gravti- 
tattonsgleichungen. By Hans Jiirgen Treder. Akademie-Verlag, Berlin, 1962. 
143 pp. DM38. 


NEWS AND NOTICES 
. EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this depariment by sending 
news ttems to Raoul Hailpern. Mathematical Assoctation of America, SUNY at Buffalo 
(Untversity of Buffalo) Buffalo 14, New York. Items must be submitted at least two months be- 
fore publication can take place. 


PERSONAL ITEMS 


Professor M. K. Fort, University of Georgia, represented the Association at the 
inauguration of Sanford S. Atwood as President of Emory University on November 15, 
1963. 

Professor Henry Sharp, Emory University, represented the Association at the 
Seventy-Fifth Anniversary Convocation of the Georgia Institute of Technology on 
October 7, 1963. 

Professor R. A. Moore, Carnegie Institute of Technology, represented the Association 
at the inauguration of Bennett M. Rich as President and the installation of Paul R. 
Stewart as Chancellor of Waynesburg College on October 12, 1963. 


University of Alberta: Professor M. V. Subbarao, University of Missouri, has been 
appointed Associate Professor; Associate Professor John McNamee has been promoted 
to Professor; Professor Max Wyman has been appointed Dean of the Faculty of Science. 

Andrews University: Assistant Professor R. A. Jorgensen has been promoted to 
Associate Professor; Associate Professor H. T. Jones has been promoted to Professor. 

Brigham Young University: Messrs. R. D. Jamison, University of Utah, and R. J. 
Egbert, University of Arizona, have been appointed Assistant Professors; Assistant 
Professor Paul Yearout has been promoted to Associate Professor; Dr. K. L. Hillam has 
been appointed Chairman of the Department of Mathematics. 

University of California, Los Angeles: Dr. G. L. Seever, University of California, 
Berkeley, has been appointed Lecturer; Associate Professor R. H. Sorgenfrey has been 
promoted to Professor; Assistant Professors T. S. Ferguson and Basil Gordon have been 
promoted to Associate Professors. 

Clarkson College of Technology: Visiting Professor Harry Langman, Ball State 
Teachers College, has been appointed Visiting Professor; Assistant Professor A. G. Davis 
has been promoted to Associate Professor. 

Dartmouth College: Professor Ernst Snapper, Indiana University, has been appointed 
Professor; Assistant Professors R. H. Crowell and R. E. Williamson have been promoted 
to Associate Professors. 

Duke University: Drs. J. A. Kelingos, University of Michigan, and O. P. Stackelberg, 
University of Minnesota, have been appointed Assistant Professors; Assistant Professor 
T. D. Reynolds has been promoted to Associate Professor. 

Emory University: Assistant Professor P. D. Hill, Auburn University, has been ap- 
pointed Associate Professor; Mrs. Dora H. Skypek, University of Wisconsin, has been 
appointed Assistant Professor. 
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Florida State University: Assistant Professors J. E. Snover and R. D. McWilliams 
have been promoted to Associate Professors. 

Illinois Institute of Technology: Associate Professor W. B. Caton, DePaul University, 
has been appointed Associate Professor; Associate Professor L. A. Kokoris has been 
promoted to Professor. 

State College of Iowa: Mr. John Cross, University of Illinois, has been appointed 
Assistant Professor; Associate Professor Augusta Schurrer has been promoted to Pro- 
fessor. 

Iowa State University: Dr. E. J. Peake, New Mexico State University, has been 
appointed Assistant Professor; Professor G. P. Weeg, Michigan State University, has 
been appointed Visiting Professor. 

Kansas State Teachers College: Mr. John Gerriets, Utah State University, has been 
appointed Assistant Professor; Professor O. J. Peterson retired May 31, 1963. 

University of Manitoba: Dr. W. J. Jonsson and Mr. H. C. Finlayson have been pro- 
moted to Assistant Professors; Professor N. S. Mendelsohn has been appointed Head of 
the Department of Mathematics and Astronomy. 

Mankato State College: Assistant Professor V. D. Turner has returned from leave at 
the University of Minnesota; Assistant Professor Francis Hatfield has returned from 
leave at the University of Florida and has been promoted to Associate Professor; Professor 
Carey Jensen retired June 1963. 

Mercer University: Professor Riley Plymale has retired as Chairman of the Mathe- 
matics Department but will continue as a faculty member; Associate Professor Sherwood 
Ebey has been appointed Chairman of the Mathematics Department. 

University of Michigan: Assistant Professor Arlen Brown, Rice University, has been 
appointed Associate Professor; Assistant Professors W. M. Kincaid and K. B. Leisenring 
have been promoted to Associate Professors. 

Mississippi State University: Assistant Professor T. W. Daniel, Arkansas State Col- 
lege, has been appointed Assistant Professor; Mr. S. J. Tramel has been promoted to 
Assistant Professor; Professor Arthur Ollivier retired May 31, 1963 with the title of 
Professor Emeritus. 

Missourt School of Mines and Metallurgy: Messrs. T. B. Baird, J. W. Joiner, H. D. 
Pyron and F. G. Walters have been promoted to Assistant Professors; Professor R. M. 
Rankin retired August 1963 with the title of Professor Emeritus; Professor D. H. Erkile- 
tian, Jr. has been appointed Chairman of the Mathematics Department. 

Montana State University: Dr. L. A. Schmittroth, Phillips Petroleum Company: 
Idaho Falls, Idaho, has been appointed Visiting Lecturer; Associate Professor William 
Myers has been promoted to Professor. 

Montclair State College: Mr. T. F. Carroll, Sefton Fibre Can Company, New 
Orleans, Louisiana, and Mr. J. F. Dillon, Naval Ordnance Laboratory, Silver Spring, 
Maryland, have been appointed Assistant Professors; Professor P. C. Clifford has been 
appointed Chairman of the Mathematics Department. 

Newark College of Engineering: Assistant Professor Michael Lione has been promoted 
to Associate Professor; Dr. E. C. Molina has retired. 

Ohio State University: Professor A. E. Ross, University of Notre Dame, has been 
appointed Chairman of the Mathematics Department; Professor Stefan Drobot, Uni- 
versity of Notre Dame, has been appointed Professor; Dr. Kenneth Leland, Louisiana 
State University, has been appointed Assistant Professor; Professor Hans Zassenhaus, 
University of Notre Dame, has been appointed Visiting Mershon Professor; Mr. R. T, 
Barnes has been promoted to Assistant Professor. 

University of Pittsburgh: Associate Professor F. G. Asenjo, Southern Illinois Univer- — 
sity, and Dr. Chong-Yun Chao, IBM Research Center, Yorktown Heights, New York, 
have been appointed Associate Professors; Assistant Professor H. A. Gindler, San Diego 
State College, has been appointed Assistant Professor. 
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Sacramento State College: Dr. Nancy J. Poxon, University of Illinois, and Mr. Rudolph 
Merkel, University of California, Davis, have been appointed Assistant Professors; Mr. 
Robert Alves has been promoted to Assistant Professor. 

San Jose State College: Dr. K. S. Davis, Electronic Specialty Company, Los Angeles, 
California, and Mr. Bruce Trumbo, Knox College, have been appointed Assistant Pro- 
fessors; Assistant Professor C. M. Larsen has been promoted to Associate Professor; 
Associate Professors V. E. Hoggatt and Robert Wrede have been promoted to Professors. 

South Dakota School of Mines and Technology: Assistant Professor H. J. Biesterfeldt, 
Lebanon Valley College, has been appointed Assistant Professor; Assistant Professor 
B. L. McAllister has been promoted to Associate Professor; Associate Professors D. C. 
Benson and R. E. Doutt have been promoted to Professors. 

Southeastern Louisiana College: Assistant Professors L. H. Davis and H. R. Moore 
have been promoted to Associate Professors. 

State University of New York at Albany: Messrs. Arthur Hadley and Roland Minch 
have been promoted to Assistant Professors; Assistant Professor P. T. Schaefer has been 
promoted to Associate Professor. 

State University of New York at Buffalo: Professor F. D. Parker, University of Alaska, 
has been appointed Professor; Assistant Professor Aaron Siegel, Drexel Institute of 
Technology, Drs. K. D. Magill, Pennsylvania State University, Sidney Penner, Illinois 
Institute of Technology, and J. M. Scandura, Syracuse University, have been appointed 
Assistant Professors; Messrs. R. B. Hooper, Trinity-Pawling School, Pawling, New York, 
and R. F. Shortt, Mansfield State College, have been appointed Lecturers. 

Virginia Polytechnic Institute: Assistant Professor Ronson Warne, Louisiana State 
University, has been appointed Associate Professor; Professor Leonard McFadden has 
been appointed Acting Head of the Mathematics Department. 

University of Washington: Assistant Professors R. J. Nunke and R. W. Richardson 
have been promoted to Associate Professors; Dr. Robert G. Thompson, University of 
Colorado, has been appointed Visiting Lecturer. 

Whittter College: Dr. P. B. Norman, Autonetics, Anaheim, California, has been ap- 
pointed Visiting Professor; Mr. R. A. Newcomb has been appointed Acting Chairman 
of the Department of Mathematics. 

Wisconsin State College, Hau Clatre: Mr. T. L. Vickrey, University of Texas, has been 
appointed Assistant Professor; Assistant Professor M. E. Wick has been promoted to 
Associate Professor. 


Assistant Professor George Baldwin, New Mexico State University, has been ap- 
pointed Associate Professor at Eastern New Mexico University. 

Mr. W. P. Banks, University of Michigan, has been appointed Assistant Professor 
at Illinois State Normal University. 

Assistant Professor W. A. Beck, Chatham College, has been promoted to Associate 
Professor. 

Professor R. R. Bernard, Davidson College, has returned after a year’s leave of ab- 
sence at Dartmouth University. 

Dr. Alfred Blumstein is on leave from the Institute for Defense Analyses as Visiting 
Associate Professor at Cornell University for the 1963-64 academic year. 

Dr. Sylvan Burgstahler, University of Minnesota, Duluth, has been promoted to 
Assistant Professor. 

Associate Professor R. K. Butz, Auburn University, has been promoted to Professor. 

Mr. S. D. Calkins, Florida State University, has been appointed Assistant Professor 
at Winthrop College. 

Rev. R. I. Canavan, S.J., St. Peter’s College, has been appointed Chairman of the 
Mathematics Department. 

Associate Professor Philip Cooperman, Fairleigh Dickinson University, has been 
promoted to Professor and appointed Acting Chairman of the Mathematics Department. 
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Assistant Professor R. A. Dobyns, McNeese State College, has been promoted to 
Associate Professor. 

Assistant Professor Walter Ehrenpreis, Trenton State College, has been promoted to 
Associate Professor. 

Dr. L. R. Ford, Jr., CEIR, Los Angeles, California, has joined the Defense Research 
Corporation of Santa Barbara, California, as Director of its recently organized Mathe- 
matics Group. 

Professor S. W. Hahn, Wittenberg University, has been appointed Associate Dean 
of the College. 

Associate Professor A. P. Hillman, University of Santa Clara, has been appointed 
Acting Chairman of the Mathematics Department. 

Assistant Professor N. W. Johnson, Geneva College, has been appointed Assistant 
Professor at Michigan State University. 

Dr. F. W. Lawvere, Columbia University, has been appointed Assistant Professor 
at Reed College. 

Visiting Assistant Professor C. W. Lytle, Drew University, has been appointed 
Assistant Professor. 

Assistant Professor D. M. Olson, Huron College, has been appointed Assistant Pro- 
fessor at Hartwick College. 

Professor Emma Olson, Kent State University, retired July 20, 1963 with the title of 
Professor Emeritus. 

Assistant Professor M. J. Poliferno, Trinity College, has been promoted to Associate 
Professor. 

Professor R. A. Rankin, University of Glasgow, Scotland, has been appointed Visit- 
ing Professor at Indiana University. 

Assistant Professor Rodrigo Restrepo, University of British Columbia, has been 
promoted to Associate Professor. 

Dr. James H. Rollins, University of Illinois, has been appointed Assistant Professor 
at North Texas State University. 

Mr. E. A. Schreiner, Wayne State University, has been appointed Assistant Professor 
at Western Michigan University. 

Associate Professor Gaston Smith, University of Southern Mississippi, has returned 
from the University of Alabama and has been promoted to Professor. 

Assistant Professor B. R. Toskey, Seattle University, has been promoted to Associate 
Professor. 

Assistant Professor D. H. Tucker, University of Utah, has been promoted to Associate 
Professor. 

Assistant Professor L. H. Turner, University of Minnesota, has been appointed 
Associate Professor at the University of Tennessee. 

Associate Professor H. R. van der Vaart, North Carolina State College, has been pro- 
moted to Professor. 

Professor Richard Varga, Case Institute of Technology, has been appointed Visiting 
Associate Professor at the California Institute of Technology. 

Associate Professor E. A. Walker, New Mexico State University, has been promoted 
to Professor. 

Associate Professor Lina R. Walter, Paterson State College, has been promoted to 
Professor. 

Professor S. E. Warschawski, University of Minnesota, has been appointed Professor 
and Chairman of the Department of Mathematics at the University of California, San 
Diego. 

Associate Professor Guido Weiss, Washington University, has been promoted to 
Professor. 
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Miss Laura E. Christman, retired from Senn High School, Chicago, Illinois, died on 
July 6, 1963. She was a member of the Association for 32 years. 

Associate Professor R. E. Fullerton, University of Maryland, died on May 21, 1963. 
He was a member of the Association for 10 years. 

Professor Raphael Salem, Institute Henri Poincaré, France, died on June 20, 1963. 
He was a member of the Association for 20 years. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


JUNE MEETING OF THE NORTHEASTERN SECTION 


The spring meeting of the Northeastern Section of the Mathematical Association of 
America was held at the University of Maine, Orono, Maine on June 21 and 22, 1963. 
Professor Evans Munroe, Chairman of the Section, presided at all meetings. 

There were 77 people registered for the meetings including 65 members of the Associa- 
tion. 

The following papers were presented: 


1. On the foundations of combinatorial analysis, by Professor Gian-Carlo Rota, Massachusetts 
Institute of Technology. 

2. Reports from Undergraduate Independent Study Programs: 

(i) Some theorems on non-commutative Noetherian rings, by Mr. Walter J. Savitch, University 
of New Hampshire, introduced by Professor Edward H. Batho. 

(ii) An undergraduate view of algebraic geometry, by Mr. Joseph C. Bodenrader, College of the 
Holy Cross, introduced by Professor Patrick Shanahan. 

(iii) Normal spaces, by Mr. George A. Kozlowski, Jr., Wesleyan University, introduced by 
Professor G. Phillip Johnson. 

(iv) Topology, algebra, and duality, by Mr. Thomas J. Kyrouz, Bowdoin College, introduced by 
Professor Reinhard Korgen. 

3. Computers on the college campus, by Professor Robert J. Walker, Cornell University. (By 
invitation) 

High speed digital computers are affecting the mathematics curriculum in a variety of ways— 
changing emphasis on present topics, suggesting new ones, generating interest in allied fields, and 
providing jobs for mathematicians. In addition to a critical look at all their offerings, undergraduate 
teachers should give special attention to the needs of two groups of students, the mathematics 
majors who go into computing (there is a surprisingly large number of these) and the embryo 
“computer scientists.” Such special courses as numerical analysis and probability for the former, 
and these plus logic and algebraic structures for the latter are recommended. 

4. On variation diminishing transformations, by Professor I. J. Schoenberg, University of 
Pennsylvania. (By invitation) 

At the third annual meeting of the Association of Maine College Teachers of Mathematics, 
held at Orono, Maine, on December 14, 1940, the speaker gave a paper On the Descaries’ rule of signs 
in which he described his results which appeared in the Math. Zeitschrift, vol. 38 (1934), pp. 546— 
574. The present lecture is in the nature of a progress report on Descartes’ rule. The ideas were 
traced which led to the determination of the variation diminishing convolution transformation by 


Albert Edrei and the speaker in the early fifties. 
R. S. PIETERS, Secretary 
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CALENDAR OF FUTURE MEETINGS 
Forty-fifth Summer Meeting, University of Massachusetts, Amherst, August 24-26, 


1964. 


Forty-eighth Annual Meeting, Denver-Hilton Hotel, Denver, Colorado, January 


28-30, 1965. 


The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY MounraAIN, Washington and Jef- 
ferson College, Washington, Pa., May 2, 
1964. 

ILLINOIS, Bradley University, Peoria, May 8-9, 
1964; Southern Illinois University, Car- 
bondale, May 14-15, 1965. 

INDIANA, Butler University, Indianapolis, May 
2, 1964, 

Iowa, Luther College, Decorah, April 17-18, 
1964. 

Kansas, Kansas State University, Manhattan, 
April 18, 1964. 

KENTUCKY, University of Kentucky, Lexing- 
ton, Spring 1964. 

LOvUISIANA-MississiPP1, Buena Vista Hotel, 
Biloxi, Mississippi, February 14-15, 1964. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw YorK, Spring 1964. 

MICHIGAN, Michigan State University, East 
Lansing, March 28, 1964. 

MINNESOTA 

Missour!, University of Missouri, Columbia, 
April 18, 1964. 

NEBRASKA, University of Nebraska, Lincoln, 
May 1-2, 1964. 

NEw JERSEY, Rutgers, The State University, 
New Brunswick, November 7, 1964. 


NORTHEASTERN, Worcester Polytechnic Insti- 
tute, Worcester, Mass., November 28, 
1964. 

NORTHERN CALIFORNIA, Stanford University, 
February 1, 1964. 

OuI0, University of Akron, May 9, 1964. 

OKLAHOMA, East Central State College, Ada, 
Oklahoma, April 10-11, 1964. 

Paciric NoRTHWEST, Washington State Uni- 
versity, Pullman, Washington, June 19, 
1964. 

PHILADELPHIA 

Rocxy Mountain, Colorado College, Colorado 
Springs, Colorado, May 1-2, 1964. 

SOUTHEASTERN, The Citadel, Charleston, South 
Carolina, March 20-21, 1964. 

SOUTHERN CALIFORNIA, San Fernando Valley 
State College, Northridge, March 14, 1964. 

SOUTHWESTERN, New Mexico State University, 
University Park, March 1964. 

Texas, Texas Technological College, Lubbock, 
April 10-11, 1964. 

Uprer NEw Yorxk State, New York State 
Education Department, Albany, May 16, 
1964. 

WISCONSIN, Wisconsin State College, White- 
water, May 2, 1964. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN MATHEMATICAL SOCIETY, New York, 
New York, February 29, 1964. 

AMERICAN SOCIETY FOR ENGINEERING EpUCA- 
TION, University of Maine, Orono, June 
22-26, 1964. 

CENTRAL ASSOCIATION OF SCIENCE AND MATH- 
EMATICS TEACHERS, Detroit, November 
26-28, 1964. 

INSTITUTE OF MATHEMATICAL STATISTICS, 


Berne, 14-16, 
1964. 

NATIONAL CoUNCIL OF TEACHERS OF MATHE- 
MATICS, Miami Beach, Florida, April 22- 
25, 1964. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Queen Elizabeth Hotel, Montreal, Canada, 


May 27-29, 1964. 


Switzerland, September 


Presenting Two Important New Mathematics 
Texts from Prentice-Hall 


Modern 
Mathematics 


The 
Non-Algebraic 
Elementary 
Functions: 


by Ralph G. Stanton and Kenneth D. Fryer, both of the Uni- 
versity of Waterloo. This text presents material that satisfies the 
modern demand for a terminal college course, with stress on 
concepts more than on manipulation. It provides a variety of 
topics ranging from set theory to the fundamental concepts of 
calculus. It is ideal for those students who will not take advanced 
mathematics, but who should obtain an insight into the ideas and 
methods of modern mathematics. 

January 1964 187 pages Text price $5.95 


by Andre L. Yandl, Seattle University. Here is a detailed and 
accurate treatment of the non-algebraic elementary functions 
which effectively prepare the student for a rigorous calculus 
course. The basic concept of a function is presented and then 
followed by a discussion of trigonometric functions. Advanced 
concepts supplement the development of the elementary ma- 
terial, but the text is so organized that advanced material may 


A Rigorous 
Approach 


be omitted without loss of rigor. 
January 1964 


266 pages Text price $5.95 


For approval copies, write: Box 903 


PRENTICE-HALL, INC., Englewood Cliffs, N.J. 


New and. Recent Joxtsa from a-(-( 


ready in January... 


Modern Basic Mathematics 


HOBART C. CARTER 

Mary Washington College of the 
University of Virginia 

at Fredericksburg 


Emphasizing theory rather than 
technique, this freshman text pro- 
vides a secure mathematical back- 
ground in analytical trigonometry 
and solid analytical geometry. 
Additional topics are introduced 
as preparation for further study, 
in a balanced presentation of tra- 
ditional and new mathematics. 
Numerous exercises are included 
with each section. 

448 pp., illus., $6.50 (tent.) 


REAL VARIABLES: An Introduction to the 
Theory of Functions 

JOHN M. H. OLMSTED, Southern Illinois University. 

An expansion of the popular Intermediate Analysis, 

this text proceeds, in order, from special cases to 

generalizations, proofs, and existence theorems. 2200 


exercises with answers supplement the text. 
621 pp., $9.00 


ADVANCED CALCULUS 

JOHN M. H. OLMSTED, Southern Illinois University. 
For students with a year of calculus, this text in- 
cludes chapters from Real Variables but emphasizes 
line and surface integrals, with added chapters on 


vector analysis, complex variables, etc. 
705 pp., illus., $9.50 


INTRODUCTORY ANALYSIS 

VINCENT 0. MCBRIEN, College of the Holy Cross. 
This text stresses those mathematical concepts most 
useful to the student majoring in biology or the social 


sciences. Over 500 exercises are included. 
188 pp., illus., $4.50 


APPLETON-CENTURY-CROFTS ° 440 Park Ave. S., N.Y., N.Y. 10016 


Division of Meredith Publishing Company 


OVERSEAS 


Robert College, in Istanbul, Turkey, presents a challenge in edu- 
cation where East meets West. An opportunity to contribute sig- 
nificantly to the development of a young republic is available to 
specialists in engineering, business administration and economics, 
the sciences, the humanities, and English as a foreign language. 


Graduate degrees required. 


Address inquiries to Miss Shirley Osmun, Personnel Officer, 
Robert College, Bebek Post Box 8, Istanbul, Turkey; with copy to 
the Near East College Association, 548 Fifth Avenue, New York 
36, New York. 


MATHEMATICS MAGAZINE 


Editor: Roy Dubisch, University of Washington 
Published five times per year, bi-monthly except July-August 
A publication of the Mathematical Association of America 


Regular subscription rate: $3.00 per year. Special subscription rate 
for MAA members: $5.00 for two years. Orders with payment must 
be sent directly to: 


Harry M. GEHMAN, Executive Director 
Mathematical Association of America 
SUNY at Buffalo (University of Buffalo) 
Buffalo, New York 14214 


Sample copies supplied upon request. 


OFFERING A GENEROUS REWABD!... 


Yes, the student who uses materials by 
WILLIAM L. HART 


gains the sound mathematical knowl- 
edge required by foday’s high edu- 
cational standards 


Two of W. L. Hart’s widely adopted texts: 


COLLEGE ALGEBRA AND TRIGONOMETRY 
387 pages of text $7.00 list 


.. . thorough in its treatment of funda- 
mentals, sensibly modern in its selection of 
topics, the book contains extensive problem 
material, illustrative examples, and _ fre- 
quent review. The text features an approach 
which assures a solid foundation for higher 
mathematics. 


ANALYTIC GEOMETRY AND CALCULUS 
Second Edition 
670 pages of text $9.40 list 


... for the student who has had substantial 
training in college algebra and trigonom- 
etry, this text is distinctly modern—from 
the treatment of the function concept to the 
introduction of vectors. No formal acquain- 
tance with analytic geometry is assumed; 
Chapters One and Two include a substantial 
introduction to the subject. Explicit illustra- 
tions and worked examples clarify the con- 
cepts throughout. Abundant exercises also 
make this an especially helpful text. 


Both texts include answers to odd-numbered exercises, with answers 
to even-numbered problems available in separate pamphlets. 


For additional information about William L. Hart's texts, you are invited to contact 


Home Office: Boston 1 Sales Offices: 
D C. HEATH Englewood, N.J. Chicago 16 San Francisco 5 
AND COMPANY Atlanta 3 Dallas 1 London W.C. 1 Toronto 2-B 


Two Reeent TEXTBOOKS from CHELSEA 


THE THEORY OF PROBABILITY 


By B. V. GNEDENKO, University of Moscow. SECOND (1963/1964) 
EDITION. Because of widespread adoptions, the first printing (1962) 
of this important text was sold out toward the end of 1963 and a new 
edition, with answers to the exercises, has been prepared by the 
translator, Professor B. D. Seckler. ' 471 pages. $8.75 


“Suitable for a senior or first-year graduate, nonmeasure-theoretic, 
course in probability ... A particularly outstanding introduction to 
the literature.” —Amer. Math. Monthly. 


“Suitable for first-year graduate students in mathematics (and mathe- 
matical statistics) and for superior mathematics students in the senior 
year. There is no assumption that the reader has a previous knowledge 
of probability theory ... extremely well written and suitable for indi- 
vidual study . . . a milestone in writing on probability theory.”— 
Sczence. 


LECTURES ON GENERAL ALGEBRA 


By A. G. Kurosu, University of Moscow. Authorized translation by 
K. A. Hirscu. This recent text is intended to give the non-specialist 
an appreciation of the full depth and generality of modern algebraic 
research, in a book of modest size. 335 pages. $6.95 


“This is an excellent book on modern algebra, which was written for 
non-specialists, but specialists may also profit . . . The style is excellent 
and the material well-chosen . . . Up-to-date without being very long, 
and an excellent one-year or two-year course can be based on this 
book.—Mathematical Reviews. 


—~— CHELSEA PUBLISHING COMPANY, Bronx, N.Y., 10468 


a SIGNIFICANT TEXTS FROM THE 
ALLYN AND BACON MATHEMATICS SERIES 


A leader in the field—~highly acclaimed, widely adopted 

INTRODUCTION TO TOPOLOGY by Bert MENDELSON, Smith College. “An excellent text, 
perhaps the best introduction to general topology now available.” John Dyer-Bennet, Carleton 
College. “Expository writing at its finest .. . should rule the field for many years to come. 
It is so well-written, and so cleanly structured that I would feel secure in using it even on 
the sophomore level.” Edward J. Farrell, University of San Francisco. “Presents in one com- 
pact volume the most important results and techniques of set topology.” Frantisek Wolf, 
University of California, Berkeley. 1962. 217 pp. $8.50 list. 


Coming in 1964—a new edition of a best-selling fext 

CALCULUS WITH ANALYTIC GEOMETRY, Third Edition by RICHARD E. JOHNSON, 
University of Rochester, and FRED L. KIOKEMEISTER, Mt. Holyoke College. Significantly im- 
proved, and still maintains the balance between rigor and intuition which proved so useful in 
the previous editions. 


Coming in 1964—new fitles in THE ALLYN AND BACON SERIES IN AD- 
VANCED MATHEMATICS, Irving Kaplansky, Consulting Editor, University of 
Chicago 

A SURVEY OF MATRIX THEORY AND MATRIX INEQUALITIES by Henry minc 
and MARVIN MARCUS, both of University of California, Santa Barbara. A concise, complete 
treatment, beginning at an elementary point and proceeding to topics of current research 
interest. 

SET THEORY AND TOPOLOGY by sames pucunps1, University of Southern California. 
An introduction to Set Theory and a comprehensive General Topology, featuring many ex- 
amples. 


New and Significant Mathematics Texts 

FOURIER SERIES AND ORTHOGONAL FUNCTIONS by Harry F. pavis, University of 
Waterloo, Canada. Blends modern ideas with practicality. 1963. 403 pp. $8.95 list. 
INTRODUCTION TO VECTOR ANALYSIS by Harry F. pavis, University of Waterloo, 
Canada. Provides a sound geometrical and physical understanding of basic concepts. Over 
450 problems and answers. 1961. 359 pp. $7.95 list. 

INTRODUCTION TO COMPLEX ANALYSIS by zeev neuwart, Carnegie Institute of 
Technology. “A splendid text in complex variable theory.” The American Mathematical 
Monthly. 1961. 258 pp. $7.50 list. 

INTRODUCTION TO MODERN ALGEBRA by neat 8. mccoy, Smith College. A com- 
plete, lucid exposition of modern algebra, adopted by over 300 schools. 1960. 304 pp. 
$7.75 list. 

LINEAR ALGEBRA: An Introductory Approach by CHARLES w. curtis, University of 
Oregon. Clear stimulating treatment—follows the historical development of linear algebra. 
1963. 210 pp. $8.25 list. 

SET THEORY AND THE STRUCTURE OF ARITHMETIC by sosern LANpIN and 
NORMAN T. HAMILTON, both of the University of Illinois. Provides a sound understanding of 
elementary arithmetic. Especially appropriate for future teachers. 1961. 264 pp. $7.75 list. 


A SURVEY OF GEOMETRY, Volume One by Howarp eves, University of Maine, Truly 
a survey of geometry, this first volume of a two-volume work introduces many ideas of geometry. 
1963. 489 pp. $9.95 list. 


VECTOR GEOMETRY by cILBerT DE B. ROBINSON, University of Toronto. Examines modern 
algebra and geometry with the assumption each is more complete with the other. 1962. 
176 pp. $6.95 list. 


For examination copies write to: Arthur B. Conant 


ALLYN AND BACON COLLEGE DIVISION 
150 Tremont Street, Boston 11, Massachusetts 


NEW FROM ADD ISON-WESLEY 


A FIRST COURSE IN CALCULUS 
By Serge Lang, Columbia University 


This text is intended to teach the basic notions of derivative and integral and the basic tech- 
niques and applications which accompany them. Written for the student, to give an immediate 
and pleasant access to the subject, it strikes a proper compromise between dwelling too much 
on special details and not giving enough technical exercises to acquire the desired familiarity 
with the subject. 

258 pp., 96 illus., $6.75 


A SECOND COURSE IN CALCULUS 
By Serge Lang 


Designed to follow the author’s A First Course in Calculus, this text is similar in tone and em- 
phasis. After an opening chapter dealing with vectors, it separates naturally into two parts, 
dealing with functions of several variables and linear algebra, respectively. Since these are es- 
sentially independent, they may be studied in either order desired, each part requiring approxi- 
mately one semester. 

In Press 


THE NUMBER SYSTEMS: Foundations of Algebra and Analysis 


By Solomon Feferman, Stanford University 


This self-contained text is designed to be used flexibly at the upper division or beginning graduate 
level. It is intended as a complete treatment of all the basic number systems, as well as various 
subsystems, and provides a logical transition from concrete and computational mathematics to 
modern abstract mathematics. The treatment throughout is rigorous, but the development is 


constantly motivated. 
432 pp., 58 illus., $8.75 


MATHEMATICAL ANALYSIS: 
A Modern Approach to Advanced Calculus 


By Tom M. Apostol, California Institute of Technology 

This advanced calculus text provides a development of the subject matter which is honest, rig- 
orous, modern and, at the same time, not pedantic. Most of the “hard” theorems which are 
either omitted or treated inadequately in some texts are proved here with great care. 


559 pp., 88 illus., $11.75 


Write for approval copies 


« 


A ADDISON-WESLEY PUBLISHING COMPANY, INC. 


We READING, MASSACHUSETTS + PALO ALTO +. LONDON 


Outstanding Mathematics Books ¢++++secccccccccccccces 


TENSOR and VECTOR ANALYSIS 


With Applications to Differential Geometry 
C. E. SPRINGER, University of Oklahoma 


This lucid book presents an elementary and gradual development of tensor 
theory from which the traditional material of courses on vector analysis 
is deduced as a particular case. The approach is designed to bridge the 
gap between mere manipulation and broad understanding of an important 
segment of both pure and applied mathematics. A knowledge of elemen- 
tary calculus is assumed. 1962. 242 pp., illus. $7.50 


FUNDAMENTALS of NUMERICAL ANALYSIS 


AUGUSTUS H. FOX, Union College 


A class-tested introduction to the basic methods involved in the numerical 
solutions of systems of algebraic equations, and ordinary and partial dif- 
ferential equations. Book fills the gap between the usual study of calculus 
and differential equations and the special techniques of modern technol- 
ogy by numerical analysis using large computer systems. Problems avoid 
the use of anything more extensive than a desk calculator. 1963. 147 pp. 


STATISTICAL ANALYSIS — Second Edition 


SAMUEL B. RICHMOND, Columbia University 


Ready in March! In this modern treatment of the subject, statistics and 
statistical analyses are considered as major tools in the decision-making 
process. Although no mathematical preparation beyond secondary school 
algebra is required, theoretical correctness has not been compromised. 
Recently developed ideas involving Bayes’ theorem and subjective prob- 
lems are discussed. Extensive illustrative problems. 2nd Ed., 1964. 644 pp., 
illus. About $9.00 


TRIGONOMETRY 


ROY DUBISCH, University of Washington 


An outstanding textbook which presents trigonometric functions as func- 
tions of real numbers, with trigonometric functions of angles as a support- 
ing topic. This approach relates the subject more closely to other courses in 
mathematics. Book features early definitions of functions in general, and 
emphasizes the distinction between a function and a function value; in- 
cludes many examples and problems. 1955. 396 pp., illus. $5.50 
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NEW FROM ADDISON-WESLEY 


CALCULUS WITH ANALYTIC GEOMETRY: A First Course 
By Murray H. Protter and Charles B. Morrey, Jr., University of California 


This first volume of an introductory, two-volume work deals primarily with analytic geometry 
and functions of one variable. To make it particularly attractive to students of science and 
engineering, the pace has been adjusted by devoting considerable attention to elementary topics, 
by providing additional illustrative examples and by adding intuitive explanations of many of 
the fundamental concepts. 5372 pp., 403 illus., $8.75 


MODERN MATHEMATICAL ANALYSIS 

By Murray H. Protter and Charles B. Morrey, Jr. 

A continuation of the above volume, this book deals essentially with vectors and functions of 
several variables, linear algebra, and differential equations. Of special interest, besides the ex- 
tensive treatments of linear algebra and differential equations, are the particularly detailed 


explanations of infinite series, partial differentiation, multiple integration, and the inclusion of 
a chapter on Fourier series. In Press 


COLLEGE CALCULUS WITH ANALYTIC GEOMETRY 
By Murray H. Protter and Charles B. Morrey, Jr. 


Designed for a three-semester introductory course, this text is a short version of the two-volume 
work described above. The tone and emphasis are the same, but the content is limited to ana- 
lytic geometry, calculus, and linear algebra. 916 pp., 551 illus., $11.50 


UNIVERSITY CALCULUS WITH ANALYTIC GEOMETRY 
By Charles B. Morrey, Jr. 
This text, covering the essential topics, places less emphasis than the above on elementary topics, 


and includes longer, more rigorous proofs at a more sophisticated level. 
754 pp., 341 illus., $12.50 


LINEAR ALGEBRA 
By Paul C. Shields, Wayne State University 


This treatment of linear algebra, designed for a course immediately following introductory 
calculus, approaches the subject through the study of linear transformations. The purpose is 
two-fold: to enable the student to acquire the tools of “modern” linear algebra and a familiarity 
with abstract ideas, and to use linear algebra to unify and clarify much of the subject matter 
encountered in subsequent analysis courses. 304 pp., 31 illus., $7.50 


Write for approval copies 


A_ ADDISON-WESLEY PUBLISHING COMPANY, INC. 
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1964 publications from McGRAW-HILL 


BRAINS, MACHINES, AND 
MATHEMATICS 


By MICHAEL A. ARBIB, Massachusetts Institute 
of Technology. 150 pages, $6.95. 


Introduces the reader to the common ground of 
“brains, machines, and mathematics’’ where 
mathematics is used to exploit analogues be- 
tween the working of brains and the control- 
computation-communication aspects of machines. 
Designed for the reader interested in such top- 
ics as cybernetics, information theory, Gédel’s 
theorem, and who wishes to gain, from one 
source, a more complete understanding of the 
subjects than is possible from popularizations. 


INTRODUCTION TO STATISTICAL 
METHOD 


By SYLVAIN EHRENFELD and SEBASTIAN BB. 
LITTAUER, both of Columbia University. McGraw- 
Hill Series in Probability and Statistics. 528 
pages, $9.75. 


An introductory text for scientists and engineers 
designed for courses usually offered at the ma- 
ture sophomore and junior levels. Presupposing 
a year and a half of calculus, it seeks to pro- 
vide a substantial background of methods and 
techniques for the use of probability and sta- 
tistical inference in decision problems in engi- 
neering, science and industry. There is an ade- 
quate supply of problems on which the student 
can sharpen his understanding of the text. 


DIFFERENTIAL GEOMETRY 


By HEINRICH GUGGENHEIMER, University of 
Minnesota. McGraw-Hill Series in Higher Mathe- 
maties. 378 pages, $12.50. 


In this senior-graduate level text, the author 
presents local differential geometry as an appli- 
cation of advanced calculus and linear algebra. 
From a minimum of geometric background, the 
book offers a rigorous, modern development, 
successfully presenting classical problems with 
modern methods. Many worked-out examples 
and more than 800 exercises are included. 


NONLINEAR MATHEMATICS 


By THOMAS L. SAATY, Office of Naval Research; 
and JOSEPH BRAM, Center for Naval Analyses. 
International Series in Pure and Applied Mathe- 
matics. 384 pages. $12.50. 


An important step in the direction of a unifying 
theory of nonlinear mathematics. To the student 
or instructor, it offers an organization of pro- 
lific subject matter, access to a large number of 
related topics, and selected references to readily 
available literature on the subject. Written at 
the senior-undergraduate and graduate level, 
this exposition includes sufficient background fo 
be useful to nonmathematicians, as well as re- 
search mathematicians. 


FUNDAMENTAL STRUCTURES 
OF ALGEBRA 


By GEORGE D. MOSTOW, Yale University; J. H. 
SAMPSON and JEAN-PIERRE MEYER, both of 
Johns Hopkins University. 588 pages, $8.95. 


Presents in one volume all of the modern alge- 
bra required for students entering undergradvu- 
ate science and engineering studies. The early 
chapters are designed for students with no math 
training beyond high school. Basic concepts of 
algebra are developed systematically through an 
axiomatic approach, but the authors have at- 
tempted to avoid more abstraction than is nec- 
essary for comprehension. 


PRINCIPLES OF MATHEMATICAL 
ANALYSIS, Second Edition 


By WALTER RUDIN, University of Wisconsin. [n- 
ternational Series in Pure and Applied Mathemat- 
ics. Available in February, 1964. 


A thorough revision of an outstanding text for 
the advanced undergraduate or graduate course 
in mathematical analysis. The major change in 
the new edition is a more extended treatment of 
functions of several variables. The book starts 
with a construction of the real number system 
and proceeds fo a study of continuity, limit op- 
erations, differentiation, and integration in sev- 
eral settings. 


Send for your copies on approval now. 
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New York, N.Y., 10036 


ADVANCED AND BASIC MATHEMATICS BOOKS FROM MACMILLAN 


AN INTRODUCTION TO MATHEMATICAL ANALYSIS 

By Robert A. Rankin, Professor of Mathematics in the University of Glasgow 
International Series of Monographs on Pure and Applied Mathematics, Volume 43 
Covers the theory of functions of a single real variable: based on lectures presented 
at the universities of Cambridge, Birmingham, and Glasgow, Professor Rankin’s com- 
prehensive work discusses all aspects of limits, continuity, differentiability, integration, 
convergence of infinite series, double series, and infinite products. AN INTRODUCTION 
TO MATHEMATICAL ANALYSIS provides an unusually rigorous first course in anal- 
ysis. It thoroughly develops the concepts of limiting processes and promotes facility in 
handling associated “epsilon-delta” techniques. 

CONTENTS: Fundamental Ideas and Assumptions. Limits and Continuity. Differentiability. In- 
finite Series. Functions defined by Power Series. Integration. Convergence and Uniformity. Hints 


for Solution of Exercises. Index. 
607 pages A Pergamon Press Book $11.50 


EQUATIONS OF MATHEMATICAL PHYSICS 
By A. N. Tikhonov and A. A. Samarskii, Moscow 
I.S.M. on Pure and Applied Mathematics, Volume 39 


This book is concerned with those problems of mathematical physics that lead to partial 
differential equations. The authors present a detailed treatment of the wave equation, 
the diffusion equation, and Laplace’s equation. Special attention is paid to the mathe- 
matical formulation of problems, to a rigorous derivation of the solutions in the simplest 
cases, and to their physical interpretation. Includes a supplement on special functions. 
With many illustrative problems. 

CONTENTS: Classification of Partial Differential Equations. Equations of the Hyperbolic Type. 
Equations of the Parabolic Type. Equations of the Elliptic Type. Heat Conduction in Space. 
Equations of Elliptic Type (Continuation). Special Functions—Cylindrical Functions—Spherical 
Functions—Chebyshev-Hermite and Chebyshev-Laguerre Polynomials. Tables of the Error In- 
tegral and Some Cylindrical Functions. Index. 

765 pages A Pergamon Press Book $17.50 


NOMOGRAPHY 
By Edward Otto, translated by J. Smolska 
International Series of Monographs on Pure and Applied Mathematics, Volume 42 


This manual illustrates the methods of constructing nomographs. Examples are given 
without unnecessary background details on the technical problems from which they 
have arisen. Of interest will be the special emphasis given to geometrical transformations, 
and particularly to projective transformations of a plane. This is an enlarged version of 
the original Polish work. 

CONTENTS: Introduction. Equations with Two Variables. Equations with Three Variables: Col- 
lineation nomograms, Lattice nomograms. Equations with Many Variables. Problems of The- 
oretical Nomography. Bibliography. Index. 

313 pages A Pergamon Press Book $10.00 


INTERMEDIATE DIFFERENTIAL EQUATIONS, Second Edition 
By Earl D. Rainville, The University of Michigan 


Power series methods, Fuchsian equations and Riemann P-symbol receive detailed treat- 
ment in the first half of this book. The latter half of the text applies these techniques to 
the study of the hypergeometric equation and the classical equations of Bessel, Legendre, 
Whittaker, Hermite, and Laguerre. Riccati equations and their applications form the 
subject of the closing chapter. The second edition gives expanded coverage to ordinary 
points, regular single points and complex variables. The number of exercises has been 
increased to about 550. 

CONTENTS: Linear Equations of Order Two. Complex Variables. Solution about an Ordinary 
Point. Regular singular Points. Additional Topics on Power Series Solutions. Fuchsian Equations. 
The Hypergeometric Equation. Logarithmic Solutions. Hypergeometric Functions. Confluence 
of Singularities. Whittaker’s Equation. Bessel’s Equation. Legendre’s Equation. Equations of 
Hermite and Laguerre. Riccati Equations. Applications. Index. 

320 pages $9.50 
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SYMMETRIC DIFFERENTIAL OPERATORS 
ROBERT McKELVEY, University of Colorado 


The self-adjoint differential boundary value problem has served from the 
beginning as a touchstone in the theory of symmetric operators in Hilbert space. 
Questions of extension and of spectral resolution may be cast in particularly 
simple form for ordinary differential operators, in terms of boundary conditions, 
spectral matrices, and eigenfunction expansions. It is my intent to give here 
an account of the theory of symmetric differential operators, taking advantage 
of these simplifications in order to describe Naimark’s theory of extensions into 
transcendent Hilbert spaces, and the qualitative characteristics of the spectra 
so obtained. 

Some definitions will be necessary at the outset. We shall deal with a Hilbert 
space H having inner product (uw, v) between pairs of its elements. Usually this 
will be the space Ls of functions quadratically integrable on an interval J = (a, B) 
and with inner product 


B 
(u,v) = J u(x) (x) dx, u,v E€ Lr. 
A linear operator JT will be said to act in H when both its domain and range 
are linear manifolds in H. An operator T+ in H is called an extension of T when 
the domain of 7* contains the domain of 7, and the operators coincide where 
they both apply: 


Tt 2 T iff Drs D Dro, Tu = Ttu foru Cc Dr. 


In his studies of symmetric operators, the Soviet mathematician M. A. 
Naimark [1] has found it useful to broaden this definition to include extensions 
which transcend the space H. That is, the operator T+ no longer necessarily acts 
in H, but has domain and range in some Hilbert space H+ in which H is possibly 
only a proper subspace. One thinks of H as given, and of H+ as any one of its 
many enlargements. We will distinguish between the two concepts of extension 
by referring to extensions in H on the one hand, and Naimark extensions on the 
other. 

If Dr is dense in H, then the adjoint T* of T is defined as the most extensive 
operator acting in H for which 


(Tu, v) = (uw, T*v) 


for all «@ Dr and all vC Dr*. The operator T is symmetric when contained in its 
adjoint: 7C7™* or, equivalently, when 


(Tu, v) = (u, To), u,v € Dp. 
119 
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If not only TCT* but also T=T™*, then T is called self-adjoint. 

Since the 1923 memoir of Torsten Carleman [2] on singular integral equa- 
tions, and the early papers of von Neumann [3] on abstract Hilbert space, it 
has been recognized that, among symmetric operators, it is the self-adjoint 
which is the true analogue, in infinite dimensional spaces, of the Hermitian- 
symmetric matrix. It is the self-adjoint which induces a natural decomposition 
of the space in which it acts, and which can be represented in a canonical di- 
agonal form. 

The distinction between symmetric and self-adjoint is of crucial importance 
to our subject, and will remain central throughout our discussion. 

Probably the most important symmetric ordinary differential operators are 
those associated with the Sturm-Liouville (SL) differential equation 


d*u 
— + [d — g(x)|u = 0 (x € I), 
ax? 


with g(x) real and continuous on the open or closed, finite or infinite real interval 
I. This equation, when associated with a compact interval, is called regular and 
is the equation treated originally by Sturm and Liouville [4]. The singular 
equation evidently admits of the possibility of erratic behavior of q(x), and hence 
of u(x), at an open end point or at infinity. A treatment of the singular SL prob- 
lem was one of the great early accomplishments of Hermann Wey! [5]. 

Weyl’s work showed that the proper setting for the consideration of the SL 
boundary value problem is in the context of the Hilbert space LZ». The definitive 
formulation of the problem in that setting is due to Marshall Stone [6]. One 
introduces a differential operator Q acting in LZ. by the formula 


d*u 
Qu = ——— + q(x)u wel. 
ax? 


Its domain Dg consists of those functions u€ Lz for which Qu exists and is also 
in Lo. 
For elements u, v€ Dg the Lagrange identity 
dOu — ud = u'd — ui’ 


holds in the integrated form 


(Qu, v) — (u, Qv) = lim A [u(x)a' (x) — u’(x)a(«) J. 
aa 


(The explicit limit takes account of the possibility that the interval J may be 
open.) 

The operator Q evidently has the largest domain compatible with an Lz 
setting. Normally, though, some restriction of this domain will be required to 
insure the vanishing of the right side of Lagrange’s identity and so to produce 
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an operator that is symmetric. It is certainly sufficient to restrict the operator 
to the manifold D,., where u€ Do iff 


(Ou, v) — (wu, Qv) = 0 for all v © Dg. 


This formula holds in particular for any vG Do. If one denotes by Q, the restric- 
tion of 0 to Do, then the formula becomes 


(Q,u, v) — (u, Qo?) = 0, u,v D,; 


that is to say, Qo is symmetric. 

The manifold D.=Dg, is, in a way, the smallest domain with which it is 
natural to associate an SL operator. A glance at the Lagrange identity shows 
that, in the regular case (of compact J), De, coincides with the manifold of 
functions u(x) in Dg which vanish, along with derivatives at the ends of I: 


u(a) = u'(a) = u(8) = u'(B) = 0. 


In the singular case Dg, may be characterized less simply as a kind of comple- 
tion of the manifold of smooth functions which vanish identically near the ends 
of I. 

All these remarks about the SL differential operator apply in straightforward 
analogy to much more general symmetric differential operators [7], [8]. Not 
merely is the symmetric Q, contained in Q, but its adjoint is exactly Q: 


0.20 = Qo. 


It may even happen that Q. coincides with Q, and so is self-adjoint. In general, 
though, Q. is properly included in Q, and between them lie infinitely many 
intermediate operators. These necessarily include all the symmetric and especially 
all the self-adjoint extensions in Le of Qo. 

In fact, as an operator is extended, so its adjoint is restricted; if Q:2Qo, then 
O# CQ. In particular, if Q; is a symmetric extension of Qo, then the multiple 
inclusion holds that 


0EaA50 C0. 


Thus, it may happen that, by extension, the relation of inclusion is refined to 
equality, and the condition of symmetry of self-adjointness. 

While extension in Le to the self-adjoint is always possible for the SL oper- 
ator, either regular or singular, and also for many other symmetric differential 
operators, nevertheless this is not universally the case. As J. von Neumann [3] 
has shown in detail, there are symmetric operators which do not have self- 
adjoint extensions in the space, and even some which do not have proper sym- 
metric extensions in the space. These operators are by no means pathological, 
and include in particular a great many ordinary differential operators. If, on the 
other hand, one follows Naimark in considering the broader class of self-adjoint 
extensions which may transcend the space, then one finds a different, and 


122 SYMMETRIC DIFFERENTIAL OPERATORS [February 


simpler situation: Every symmetric operator has at least one self-adjoint Nai- 
mark extension. 

At least as regards differential operators, it may at first appear inappropriate 
to consider Naimark extensions. A self-adjoint extension Q+ which acts in Lz 
is, by the preceding formula, contained in Q, and hence acts by a concrete 
process of differentiation applied in a certain manifold of functions in D. A 
Naimark extension, on the other hand, may contain in its domain vectors be- 
longing to an abstract space, to which it is applied by a process remote from 
that of differentiation. Actually, as we shall see, the Naimark extensions have a 
concrete interpretation. In any case, adequate justification for considering them 
lies in the information which they provide about their common generator Qo, 
whose credentials as a differential operator are unassailable. 

In harmony with this point of view, we shall always require of a self-adjoint 
Naimark extension Qt of Q, that it be a minimal extension of Qo, i.e., that no 
other self-adjoint operator shall lie between Q. and Qt. Furthermore, we will 
not distinguish between extensions which appear the same when viewed from 
Le, 1.e., which are unitarily equivalent under a mapping which leaves fixed the 
elements of Ly. With these understandings, we agree to call a self-adjoint Nai- 
mark extension Qt of Qo a self-adjoint differential operator. Later on we show 
how these operators can be given concrete specification in terms of boundary 
conditions. 

Up to now I have been describing the mode of generation of symmetric and 
self-adjoint differential operators. Now I shall turn to a consideration of the 
eigenfunction expansions which these operators induce. Fundamental to this is 
the property of the self-adjoint operator that it can be represented in a canonical 
diagonal form. 

Applied to the present circumstances, this means that the self-adjoint Ot 
in H* is unitarily equivalent to a certain canonical self-adjoint operator T+ in 
a space K*. In particular, there exists an isometric mapping V of L2 onto a sub- 
space K of K+, the mapping carrying Qo over to a symmetric restriction of T+. 
The mapping is onto Kt itself whenever O+ acts in Le. 

I will now describe a canonical operator, one both adequate to and appropri- 
ate for the representation of the differential operator Ot. It is, namely, the 
operator M of multiplication by the variable, in a vector-valued Lebesgue space 
Le (a). 

Here 


a(d) = lls ()||j.0=1 (—2 << ~) 


is a monotone increasing matrix function of A; that is to say, (o(A)n, n) is mono- 
tone increasing for each n-vector n= | 74 z=1- Consider the linear manifold Co of 
vector-valued functions 


f(d) = [|4,0)||j_1 (~20 <r < w) 
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with components f;(A) which are continuous functions of compact support. One 
defines an inner product on Cy by 


(f, 8) = Ds Fi(X)B(A)don(d), 
—o j,k=1 
the monotonicity of o guaranteeing that (f, f)20. The Hilbert space L.(c) is 
now defined as the completion of C, relative to this inner product. The multi- 
plication operator M is given by 


Mf(X) = (0) 


with its domain consisting of those f(\)€L.(¢) for which it is also true that 
AFA) E Le(o). 

It has been proved for very general ordinary differential operators that the 
self-adjoint Q+ is unitarily equivalent to the multiplication operator // in a space 
L2(o), with the order 2 of the matrix o equal to that of the differential operator. 
The isometric mapping V of Ze onto a subspace of L2(o) can be given as a kind 
of Fourier transform involving a basis s(x”, A), - °°, Sa(x, A) of solutions (not 
necessarily in Le) of the differential equation Os=d)s. If f(x) CG Le and 


Vi (x) = |[fir)||p_1 


then the transform and inverse transform relations are 


60) =f 1@)si(x, Nae (j=1,2---n) 


(a) = {XS fO)sile, X)den). 
—o j,k=1 
The integrals converge, respectively, in the norms of L2(o) and Le. 
The pair of transform formulas is said to constitute an ezgenfunction expan- 
sion for a function f€ Lo. These formulas do not in themselves express the 
equivalence of Q* to M; that fact is shown in the formula 


Otf= J A De fiA)se(x, A)dow(d) 
—o j,ks=l1 
valid for those f€ Dg for which both f and Q*f are in the subspace Le. In par- 
ticular, when Q+ is an extension in Lz of Qo, the formula applies to all fE De. 
In every case it holds for such f as belong to Dg,, and, since Q.CQ", implies that 


Qaf = fr YX HOdsila, dow) (/ E Dus) 
—o j,k=1 
In this sense the Fourier transform relations can be said to yield a diagonaliza- 
tion of the symmetric operator Qo, and so may be said to constitute an eigen- 
function expansion for Qo. 
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The results which I have been describing are the work of many hands. Con- 
cerning extensions in L. they were proved for the SL operator by Weyl and 
Marshall Stone. Generalization to wider classes of operators proved difficult, but 
ultimately was achieved by a number of authors using varied approaches: I 
will mention K. Kodaira [9], M. Krein [10], N. Levinson [11], and E. A. Cod- 
dington [12]. The results for Naimark extensions are due to A. V. Straus [13 ] 
and E. A. Coddington [14], [15]. A quite direct proof can be achieved by apply- 
ing a method of L. Garding [16], based upon the direct-integral formulation of 
the spectral theorem. (The treatment by this method of extensions confined to 
Lz is contained in work of F. Brauer [17].) 

The results quoted are evidently deficient in one important respect: they 
give no specific information about the spectral matrix function o(d). Such in- 
formation can be deduced by a study of the generalized resolvent operator R;. 
Let P be the operator acting in H+ which projects orthogonally onto the subspace 
Lz. Then R; is defined on Lz by [1] 


Ry = P[Qt — eI}. 


The complex number & takes values for which the inverse exists; in particular, 
£ can be any nonreal number. 

One can immediately write down an expression for R; in term of o(A). That 
follows from the chain of equations 


(Ref, f) = (lO* — eA) = ([M — é]-'t, f) 
=f D-d ¥ Hofodden0. 


—00 j kml 


By Stieltjes inversion one obtains reciprocally an expression for o(A) in terms 
of Re. 

The general principle of the inversion, in Hilbert space theory, has been 
known for a long time, was used in fact by Hellinger [18]. Strangely enough, 
the explicit form which it assumes for differential operators was not discovered 
until much later, when E. C. Titchmarsh [19] and K. Kodaira [20] came upon 
it independently. 

To Hermann Weyl, delivering the 1948 Gibbs lecture [21], this delay illus- 
trated “the degree to which mathematicians ... got absorbed in abstract gen- 
eralizations and lost sight of their task of finishing up ... concrete problems of 
undeniable importance.” 

I will not set down the Titchmarsh-Kodaira formula; what I wish to empha- 
size instead is that from knowledge of the resolvent operator R; for nonreal & 
one may recover the spectral function o, and hence Q? itself. 

Evidently, the operator R; acts in Ly. The Russian mathematician A. V. 
Straus [22] has shown how to characterize it directly in this setting. Immedi- 
ately from the definition one finds that R; serves as a left inverse for O0.—£J and, 
simultaneously, a right inverse for O— ET: 


R(Q,—- H)u=u; (Q— )Ru = 4. 
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Since (R;)—! also exists, these relations imply that R; can be expressed in terms 
of an operator Q; lying between Q,. and QO, Q.>CQ:CQ, by the formula 


Re = [Q — e1]7 Im £ # 0. 


In the special case where Q+ is an operator acting in 2, the projection P 
becomes the identity, and Q; reduces to Q* itself, independent of & In general, 
however, Q: is not self-adjoint, but belongs to a broader class of operators 
called maximal dissipative, characterized by 


Im(Qeu, u) = 0, O:D(Q:) = La, for Im — > 0. 


We note that, from the definition, Rz= (R;)*; hence Q;= Q#. Thus Q; for Im &<0 
is determined by Q; for Im &>0. For an investigation of the operator Q; for 
real &, see [23]. 

Straus’ chief discovery is that every self-adjoint extension Q+ of a symmetric 
Qo generates in this way a maximal dissipative extension Q: of Qo, which is 
analytic in € in the nonreal plane. Moreover, every extension Q; of Oo with the 
stated properties is thus obtainable. This result leads to an enumeration and 
classification of all self-adjoint extensions Q+ of Qo. For our purposes the most 
useful form of this classification is in terms of boundary conditions specifying 
the differential operator Q;. (It is an interesting exercise in hindsight to discover 
in the pages of Carleman’s Uppsala memoir, and even more clearly in Marshall 
Stone’s AMS colloquium volume, certain unmistakable foreshadowings of 
Straus’ theory. The generalized resolvent was present from the beginning, but 
only as an operator in Le, with its important relation to the Naimark extensions 
still undiscovered.) 

An enlightening perspective upon the classification procedure is obtained by 
introducing the bilinear form, or indefinite inner product {u, v}, defined for 
pairs of elements in Dg by 


1 
{ u, o} = 4 [(Qu, v) _ (u, Qv)|. 
4 


This inner product is highly degenerate; indeed, relative to it, the manifold 
Dg, is orthogonal to itself and to all of Dg. If QfACO0 then also QCO* CO, 
and the domains of Q, and Q# are orthogonal complements. Hence, in order for 
Q; to be symmetric, its domain must be self-orthogonal; in order for Q; to be 
self-adjoint, its domain must be self-complementary. The condition that Q; be 
dissipative is that {u, wu} 20 in Dg,. 

For an ordinary differential operator, the relative dimension of Dg, modulo 
Dg,, is always finite. Consequently, the domain of an operator Qi, lying between 
Q. and Q, is characterized by a finite set of conditions 


{u, v4} = 0 gaiy--+,m, 


expressing the orthogonality of u € Dg, to a relative basis 11,--°-, Um of 
Dg(mod Deg). By the Lagrange identity, these orthogonality conditions 
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amount to boundary conditions: in the SL case, of the form 


1 b 
{u, oj} =—limit A [u(x)6f (2) — w'(a)a(e)]=0, f= 1,2,-++ 5m. 
24 b7B xz=a 
ae 


It follows that the domain of the dissipative operator-valued function Q; 
is specified for nonreal — by a variable set of boundary conditions 


{u, v,(£)} = 0 jg =1,2,--+,m; 


since Q; is dissipative, these boundary conditions will also be called dzsstpative. 
The conditions may be self-adjoint for nonreal &, i.e., may specify a self-adjoint 
Q;, only in the case already described where Q* acts in Ze. In that case 4, - > >, Um 
are constant elements of Dg, and specify the domain of Qt itself. It should be 
noted that the boundary conditions take on an especially simple form for the 
regular SL operator, since in this case u, u’, v;, vf are all continuous on the closed 
interval (a, B). Thus, for example, the pairs of conditions 


on = 0 fe = u(6) 
or 
u(6) = 0 u'(a) = u'(B) 


specify the domains of self-adjoint operators containing Qo. An example of dis- 
sipative boundary conditions is the pair 


u(a) = 0 
wi + H(é)u(B) = 0, 
where H(€) is analytic on the upper half plane and 
Im H(£é) 2 0 when Im & > 0. 


It will be useful for us to single out certain special categories of boundary 
conditions, in addition to the self-adjoint. These will have in common the 
property that the v,(£) tend to continuous limits on a real interval A. If, on A, 
O; is self-adjoint, then the corresponding boundary conditions will be called 
quasi-self-adjoint on A. On the other hand, if, on A, Q; neither is self-adjoint nor 
even contains a proper symmetric extension of Qo, then the boundary conditions 
will be called strictly dissipative on A. 

The significance of these categories of boundary conditions is in connection 
with the qualitative properties of the spectral matrix. They are useful in de- 
scribing and comparing the various spectral matrix functions o(A) which are 
generated by one and the same symmetric differential operator Qo. Most known 
theorems along this line have to do with the spectrum S of o(A), that is the set 
of its points of increase. 

The earliest result of this kind is due to Weyl and deals with the essential 
spectrum S', namely, the set of cluster points of S. Weyl discovered that the 
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essential spectrum is the same point set for all self-adjoint extensions Q+ in Lo, 
thus, for all self-adjoint boundary conditions. 

It can be shown (see [23]) that this invariance of essential spectrum extends 
even to families of boundary conditions which are only quasi-self-adjoint on a 
real interval A. That is, the essential spectrum is the same in A for all such 
boundary conditions. For an arbitrary family of boundary conditions, the essen- 
tial spectrum must contain this basic invariant part, but may be a much larger 
set. In fact, if the boundary conditions are strictly dissipative on the interval A, 
that entire interval will belong to S. 

The phenomenon is perhaps most strikingly illustrated by an operator Qo 
having at least one extension with a purely discrete spectrum—that is, the 
spectrum consists of isolated eigenvalues. This is so, in particular, for any regu- 
lar differential operator. It is clear that in such cases the invariant part of the 
essential spectrum must be void. Consequently, all self-adjoint and quasi-self- 
adjoint boundary conditions generate discrete spectra. On the other hand, 
boundary conditions which are strictly dissipative on some A generate a spectral 
function o(A) which increases strictly and smoothly there—a fact first announced 
for regular operators by Coddington and Gilbert ([15]). (Actually a more precise 
statement is possible. See [15] and [23].) 

A behavior remarkably similar to that of essential spectrum is shown by 
a second point set called the absolutely continuous spectrum of o. Lebesgue de- 
composition of the components of o(A) breaks this matrix function into a sum 


a(A) = oa(A) + oe(A) 


of increasing matrix functions—the first absolutely continuous, the second 
purely singular. The absolutely continuous spectrum S, of o is defined as the set of 
points of increase of o,. The invariant character of absolutely continuous spec- 
trum was first recognized by Aronszajn ([24]); earlier investigators from the 
time of Weyl had incorrectly supposed that the similarly defined continuous 
spectrum would show this behavior. Just as for essential spectrum, the invari- 
ance of S, can be shown to extend to quasi-self-adjoint boundary conditions. For 
arbitrary boundary conditions S, will contain the invariant part, though in 
general, properly. Where the boundary conditions are strictly dissipative, there 
the spectral function is everywhere increasing, and furthermore is absolutely 
continuous. (These assertions have been proved so far only for the SL operator; 
see [23 ].) 

I wish to conclude my discussion of differential boundary problems by stat- 
ing a final qualitative property, this time a property of the point spectrum of o. 
The result is analogous to a theorem of R. Nevanlinna ((25], p. 60), regarding 
the indefinite Hamburger moment problem. 

We consider the class of SL problems which allow a nonvoid invariant part 
in the essential spectrum and for which, therefore as is well known, the spectral 
matrix g is essentially scalar. (This is Weyl’s limit point-limit circle case.) 
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Let Ao be a point of jump of a o» which corresponds to self-adjoint boundary 
conditions. Then the Nevanlinna property is the following: 


the mass concentrated at No by oo exceeds the mass which is concen- 
trated there by any other spectral function of the operator. 


A proof of the Nevanlinna property can be constructed along the lines of 
[23], Section 6. 


This article is adapted from a lecture delivered at the MAA 1962 summer meeting in Van- 
couver, B. C. 


References 


1. M. A, Naimark, Spectral functions of a symmetric operator (Russian) Izv. Akad. Nauk 
SSSR, ser. mat., 4 (1940) 277-318. 

2. Torsten Carleman, Sur les équations intégrales singulitres 4 noyau réel et symétrique, 
Uppsala, 1923. 

3. John v. Neumann, Allgemeine Eigenwerttheorie Hermitescher Funktionaloperatoren, 
Math. Ann., 102 (1929) 370-427. 

4, E. L. Ince, Ordinary differential equations, Chp. 10, 11, Dover, 1926. 

5. H. Weyl, Uber gewohnliche Differentialgleichungen mit Singularitaten und die zugehérigen 
Entwicklungen willkiirlicher Funktionen, Math. Ann., 68 (1910) 220-269. 

6. Marshall Stone, Linear transformations in Hilbert space, AMS Colloquium Publications, 
15 (1932). 

7. I. M. Glazman, On the theory of singular differential operators, Amer. Math. Soc. Transla- 
tion, 1953, 

8. E. A. Coddington, The spectral representation of ordinary self-adjoint differential opera- 
tors, Ann. Math., 60 (1954) 192-211. 

9. K. Kodaira, On ordinary differential equations of any even order and the corresponding 
eigenfunction expansions, Amer. J. Math., 72 (1950) 502-544. 

10. N. I. Achieser, I. M. Glasmann, Theorie der Linearen Operatoren im Hilbert-Raum, 
Anhang 2, Berlin (1960). 

11. N. Levinson, The expansion theorem for singular self-adjoint linear differential operators, 
Ann. Math., ser. 2, 59 (1954) 300-315; Transform and inverse transform expansions for singular 
self-adjoint differential operators, Illinois J. Math., 2 (1958) 224-235. 

12. E. A. Coddington, On self-adjoint ordinary differential operators, Math. Scand., 4 (1956) 
9-21. 

13. A. V. Straus, On spectral functions of an even order differential operator, Dokl. Akad. 
Nauk SSSR (N.S.) 115 (1957) 67-70. 

14. E. A. Coddington, Generalized resolutions of the identity for symmetric ordinary differen- 
tial operators, Ann. of Math., 68 (1958) 378-392. 

15. E. A. Coddington and R. C. Gilbert, Generalized resolvents of ordinary differential oper- 
ators, Trans. Amer. Math. Soc., 93 (1959) 216-241. 

16. L. Garding, Applications of the theory of direct integrals of Hilbert spaces to some integral 
and differential operators, Inst. for Fluid Dym. and Appl. Math., Univ. Md., 1954. 

17. F. Brauer, Spectral theory for the differential equation Zu=\Mu, Canad. J. Math., 10 
(1958) 413-428. 

18. E. Hellinger, Journal fiir Mathematik, 136 (1909) 210-271. 

19. E. C. Titchmarsch, Eigenfunction expansions associated with second order differential 
equations, I, Oxford, 1956. 

20. K. Kodaira, The eigenvalue problem for ordinary differential equations of the second 
order and Heisenberg’s theory of S-matrices, Amer. J. Math., 71 (1949) 921-945. 

21. H. Weyl, Ramifications, old and new, of the eigenvalue problem, Bull. Amer. Math. Soc., 
56 (1950). 


1964] EUCLIDEAN GEOMETRY AND MINKOWSKIAN CHRONOMETRY 129 


22. A. V. Straus, Generalized resolvents of symmetric operators, Izv. Akad. Nauk SSSR, Ser. 
Mat., 18 (1954) 51-86. 

23. R. McKelvey, The spectra of minimal self-adjoint extensions of a symmetric operator, 
Pacific J. Math., 12 (1962) 1003-1022. 

24. N. Aronszajn, On a problem of Weyl in the theory of singular Sturm-Liouville equations, 
Amer. J. Math., 79 (1957) 597-608. 

25. J. A. Shohat and J. D. Tamarkin, The problem of moments, Surveys Amer. Math. Soc., 
No. I (1948). 


EUCLIDEAN GEOMETRY AND MINKOWSKIAN CHRONOMETRY 
WALTER NOLL, Carnegie Institute of Technology 


1. Introduction. The term “Minkowskian Chronometry” is used here for 
the study of the structure of space-time appropriate to Einstein’s special rela- 
tivity. This term suggests a parallel with Euclidean geometry. Originally, 
geometry was an empirical science which dealt with measuring of distances on 
earth. The Greeks transformed this science into a beautiful mathematical dis- 
cipline. Chronometry is the science of the measurement of time intervals. 
Einstein’s first paper was a critical study of time measurements. It was Minkow- 
ski, however, who made a geometrical discipline out of Einstein’s chronometry. 
More recently, Synge ([2], [3]) has been an able advocate of the geometrical 
point of view in relativity. 

The present paper is an attempt to axiomatize Minkowskian chronometry 
using direct coordinate-free methods. I believe that the coordinate-free ap- 
proach fosters the cultivation of intuition, a scarce commodity in relativity be- 
cause the phenomena this theory is intended to describe are as yet rather remote 
from our daily experience. I hope, moreover, that Minkowskian chronometry 
will become, as Euclidean geometry did, a branch of mathematics that is of 
interest purely for its esthetic value. 

Section 2 contains a collection of definitions and results on vector spaces 
with an inner product that is not necessarily positive definite. We give a new 
proof of the inertia theorem of Sylvester, a proof that remains valid for infinite 
dimensional spaces. 

In Section 3 we present certain inequalities valid in inner product spaces 
of index one. The most notable of these are the “reversed Schwarz inequality” 
and the “reversed triangle inequality.” 

Section 4 consists of an axiomatic introduction to pseudo-Euclidean geom- 
etry, based on the fact that the structure of a pseudo-Euclidean space is deter- 
mined by its “separation function,” which in the Euclidean case is identical to 
the square of the metric. Associated with each pseudo-Euclidean space is a 
unique “translation space,” which is a vector space with inner product. 
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“Inner product” is just another term for “nondegenerate bilinear form.” 
Usually the term is used, however, only when the form is positive definite. But 
indefinite inner products can be treated in the same geometric spirit as definite 
inner products usually are, and we adopt here the terminology that has become 
standard so far only for the case of definite inner products (see, e.g. Halmos [5]). 
The theory of bilinear forms is extensive, much of it going back to the nineteenth 
century. In most textbooks, however, the subject is treated in analytical lan- 
guage with components. A notable exception is the treatise of Bourbaki [1], 
to which we refer for further information on the topics treated in Sections 2 
and 4. 

When the index of the translation space is zero, pseudo-Euclidean geometry 
reduces to Euclidean geometry, and when the index is one, it reduces to Min- 
kowskian chronometry. From a physical point of view it is reasonable to use 
distance as a primitive notion in Euclidean geometry, because there are yard- 
sticks to measure distances. In this case, the separation of two points is just 
the square of their distance. There are no “separation meters,” however, to 
measure the separation of two arbitrary events in relativistic space-time. In 
Section 5 we give an axiomatic introduction to Minkowskian chronometry 
based on primitive notions that have a more direct physical meaning: observers, 
clock-readings, signals. We show—and this is the least trivial part of the paper— 
that these primitive data determine the separation function uniquely. The fact 
that the index of the translation space is one is not an assumption of the theory 
but comes out as a theorem. 

Section 6 deals with temporal order, i.e. with the possibility of distinguishing 
future from past. It turns out that such order, in Minkowskian chronometry, is 
related to the distinction between emission and reception of signals. We note 
that in classical space-time, such distinction is not sufficient to determine 
temporal order. The axioms given here may answer a problem proposed by 
Suppes ([4], Sect. 4). 

We do not impose anywhere a restriction on the dimension, which may even 
be infinite. Of course, in the presently known physical applications of Minkow- 
skian chronometry the dimension is 4. 


2. Inner product spaces. (For details see [1].) Let 0 be a real vector space: 
A nondegenerate symmetric bilinear form on U will be called an inner product. 
The inner product of u, vEV will be denoted by u-v, and we will abbreviate 
u-u=u’. Nondegeneracy means that 


(2.1) u-v = 0 for all v GC U implies u = 0. 


A quadratic form ® on VU is a function ®: VR (R=set of real numbers) such 
that ®(v) =v-v for some inner product. The quadratic form determines the inner 
product uniquely. 

An inner product space U is a vector space with an additional structure de- 
fined by an inner product. If U is a subspace of VU, then U*= {v| v‘u=0 for all 
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uGu} is called the orthogonal complement of U. If dim U is finite, then 
uUit=U and dim Uu+dim Ut=dim V. A subspace U is called regular if UNUt 
= {0} and singular if u\u' {0}. If dim wv is finite and w is regular, then U 
has the direct decomposition U=wWw@ ut. 

A linear transformation 0: U->1 is called orthogonal if it preserves the inner 
product. In view of (2.1), Q is then also one-to-one and hence an automorphism 
of the inner product space VU. 

The following terminology is suggested by the physical applications. The sets 
of vectors 


U, = {v|v? > 0 or v = O}, 
(2.2) U_= {v|v? <0 or v= 0}, 
Uo = {v| v? = 0} 


will be called the space-cone, the time-cone, and the signal-cone, respectively. 
These cones have only the zero vector 0 in common. A vector v is said to be 
space-like, time-like, or a signal vector depending on whether vEU,, VEU_, or 
VEU. The maximal dimension of the time-like subspaces of 0, (i.e. subspaces 
contained in U_) will be called the index of U; it will be denoted by 7=ind V. 
(The customary definition is ind U = maximal dimension of the signal subspaces 
of 0. Our definition will give the same value if the sign of the inner product is 
properly adjusted, as is shown in Theorem 2 below.) 


THEOREM 1. If U ts a time-like subspace of maximal dimension i=ind V and 
uf ix, then the complement Ut ts space-like and © has the direct decomposition 


(2.3) U=UOSU, UWCV,UW CV4. 
In addition, for any decomposition of the type (2.3), we have dim U=i. 


Proof. Let UCV_, dim W=72. Wis then regular and U has the direct decom- 
position U=U@ut. Assume that w+ is not space-like. Then there is a vector 
ww"! such that w? <0, w0. By (2.1), there is a vector vEV such that w-v 
=aQ. Let 


=u+z, vueUuzeu” 


be the decomposition of v. We have a=w:v=w-u-+w:-z=w-z. Since w, z© ut, 
the vector p=z-+w also belongs to U* for any choice of 8. Now, 


p? = 77 -+ 26w-z + Bw? S 2? + Ba, 


Since a0, we can adjust 8 such that p?<0. If xG@U and y=x-+Ap, then 
y?=x?-+)’p? <0, unless y=O. Therefore, the space W’ spanned by %U and p is 
time-like and of dimension 7-+1, which contradicts the assumption that is of 
maximal dimension. 

Consider now an arbitrary decomposition of the form (2.3) and assume that 
UW is a time-like subspace of maximal dimension i. Every G@% has a unique 
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decomposition G=u+z, uEu, zEU*. This decomposition defines a linear trans- 
formation t->u=Ld of & into wu. If u=0, then 4=0-+zEU!C,, and hence 
fi=0. Thus L is one-to-one, which implies i=dim WSdim U. On the other 
hand, dim W<dim w= by definition of i. Q.E.D. 

In the case when dim 1 is finite, Theorem 1 reduces to a version of the classi- 
cal inertia theorem of Sylvester (cf. [1], Chapter 7, no. 2). 

Lincoln E. Bragg has disclosed to me a counterexample which shows that the 
conclusion of Theorem 1 may be false when 1= «©, From now on we assume that 
the index 7 of VU is finite (dim U need not be finite). 


CoROLLARY. Let a decomposition of the type (2.3) be given. Then any other 
decomposition of the same type has the form 


(2.4) » = O(U) 6 Q(W), 
where Q 1s orthogonal. 


THEOREM 2. If dim U—1221, then the maximal dimension of the signal sub- 
spaces of VU ts also given by 1. 


Proof. Let & be a signal subspace of maximal dimension 72’, and consider 
a decomposition of the form (2.3). By Theorem 1 we have dim U=7Z, dim ut 
=dim U—i27. The unique decomposition s=u+z, uGu, zEu" defines two 
linear transformations s—>u = Zs and s—>z= Ws of S$ into U and w+, respectively. 
It is easily seen that both Z and WN are one-to-one. It follows that z’=dim $ 
<dim Ww=12. If 7’<i, L(S) and N(S) must be proper subspaces of U and wut, 
respectively. It is then possible to find xGU and y€" such that x is orthogonal 
to L(S) and y is orthogonal to N(S). If x and y are normalized such that x?= —1, 
y’?= +41, the space spanned by § and x-++y is easily seen to be a signal subspace 
of dimension 2’+1, which contradicts the definition of 2’. Q.E.D. 


3. Spaces of index one. From now on we assume that V is an inner product 
space of index one. The following two theorems are corollaries of the results of 
the previous section. 


THEOREM 1. Let 1 be a tume-like unit vector (l?= —1). Then every vector VEU 
has unique decomposition of the form 
(3.1) v= é+w, w-l = 0, we U4. 


THEOREM 2. If a vector 1s orthogonal to a nonzero time-ltke vector then tt must 
be space-ltke. 


In an indefinite inner product space (ind 00), Schwarz’s inequality is of 
course not valid. When ind U=1 the following two theorems partially replace 
the Schwarz inequality: 
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THEOREM 3 (reversed Schwarz inequality). If u and v are both time-ltke, 
then 


(3.2) (u-v)? = u’v?, 
and equality holds only when u and v are linearly dependent. 
THEOREM 4. For any three nonzero time-like vectors u, v, and w, 
(3.3) (u-v)(v-w)(w-u) < 0. 
Proof. Let u, v, wEV_, all #0. Consider 
Z= au — BV, a=v-w, B= U-w. 
We have z-w=a8—Ba=0. It follows from Theorem 2 that 
0S 2? = au? + B'v? — 2aBu-v, 
1.e. | . 
(3.4) 2(v-w)(u-w)(u-v) S a’u? + 6?v?, 


Here equality can hold only when z=0, i.e. when u and v are linearly dependent. 
Since w is time-like and 40, Theorem 2 shows that a=v-w and B=u-w cannot 
be zero. Therefore, the right-hand side of (3.4) is negative, which proves Theo- 
rem 4. Theorem 3 is trivial when u=0 or v=0. Otherwise it follows from (3.4) 
when we put w=u and observe that u?<0. Q.E.D. 

Consider the relation u-v <0 within the set ©_ of all nonzero time-like vec- 
tors. Theorem 4 shows that this relation is transitive. Clearly, it is also reflexive 
and symmetric. Hence u-v <0 is an equivalence relation in O_. The vectors 
uGv_ and —uCv_ belong to different equivalence classes, hence there are at 
least two such classes. But there are no more than two classes, because if u, v, w 
belonged to three different classes, then the inner products on the left side of 
(3.3) would be all positive, which contradicts (3.3). We adjoin the zero vector 
0 to each of the two equivalence classes and denote the resulting sets by UL and 
U2, respectively. It is easily verified that UL and U2 are in fact convex cones. 
We summarize: 


THEOREM 5. The time cone VU. 1s the union of two convex cones VL and 0%. 
which have only the zero vector 1n common. Two time-like vectors u, v belong to the 
same cone tf and only if u-vS0. If uGv_ belongs to one of the cones, then —u 
belongs to the other, t.e., UL = —U2. 


We call UL and U2 the two directed time cones. 

If v is time-like, we call r(v) =~/—v? the duration of v. We have r(v) 20, 
and 7(v) =0 only if v=0. The following “reversed triangle inequality” is a con- 
sequence of Theorems 3 and 5. The proof is analogous to that of the ordinary 
triangle inequality. 
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THEOREM 6 (reversed triangle inequality). If the two vectors u and v both be- 

long to one of the directed time cones (u-vS0), then 

(3.5) 7(u + v) 2 r(u) + 7(v), 

and equality holds only when u and v are linearly dependent, 


Remark. The reversed triangle inequality expresses what is often mislead- 
ingly called “the relativistic clock paradox.” 


4, Pseudo-Euclidean Geometry. Let a set & of points x, y,--- and a func- 
tion 
(4.1) g:§EXEOR 


be given, where ® denotes the real line. The function o defines a certain structure 
on & The automorphisms of this structure are the one-to-one mappings a of & 
onto itself which satisfy 


(4.2) a(a(x), a(y)) = o(2, y) 


for all x, yG&. We denote by @ the group of all these automorphisms. We im- 
pose restrictive conditions on o by assuming that @ contains a subgroup V which 
satisfies the axioms (E,)—(E,) stated below. 

(E;) U0 ts commutative. 

(E2) 0 ts transitive. 

(E:) If VEU maps some point xC& onto itself, then v ts the 1dentity mapping. 

We write the group operation in U additively and denote the identity map- 
ping by 0. We write x +vC6& for the image v(x) of x«€@& under vEv. It follows 
from (E2) and (Es) that for any two points x, yG6& there is a unique vCWV which 
maps x onto y. The mapping v determined in this way will be denoted by 
v=y—x. The “sum” x+v and “point-difference” y—x thus defined obey the 
rules suggested by the notation. 

The following proposition is easily established: The value a(x, y) depends 
only on the point difference y—.x; 1.e., there is a function ®: V- such that 


(4.3) ®(y — x) = o(%, y) 


for all x, yE&. 

The last condition required of U is the following. 

(Es) 0 ts the underlying additive group of a real vector space and ® 1s a non- 
degenerate quadratic form on VU; 1.€., V0 can be gwen the structure of an inner product 
space such that 


(4.4) (y — x)? = (y — *)-(y — x) = o(e, 9). 
In view of (Es) we refer to the automorphism vin U as vectars. 


UNIQUENESS THEOREM. There 1s at most one subgroup V of the automorphism 
group @ such that © satisfies the axtoms (E1)—(E4). If such a subgroup extsts then 
its structure as an inner product space, as required for (E4), 1s unique. 
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Proof. Assume that VU and 0 are subgroups of @ which both satisfy (F)- (E4). 
If two points x, yG& are given, we denote by y—x the unique vector in U 
which maps x onto y and by y~«x the unique vector in © which maps x onto y. 
We choose a fixed point g€& and define a mapping f of VU into © by 


(4.5) v= f(v) = (¢+v) +4, 
so that 
(4.6) qtv=qtfv) =q+v¥ 


for all vEWv. It is clear that f is one-to-one and onto, and that f(0) =0=0. 
By (4.4) we have 


(4.7) a(x, y) = (y — x)? = (y > x)’, 
Substituting x=q-+u and y=q-++v into (4.7) we find that 
(4.8) (v— u)? = (v — 0)? 


holds for all u, vEV. In particular; when u=0=0=4, (4.8) shows that v?=v? 
for all ve. Hence, if we expand (4.8), 


(4.9) v? — 2v-u + uw? = v? — 2v-u + wo, 
the square terms cancel and we obtain 
(4.10) vu =v-u = f(v)-u. 
Repeated use of (4.10) shows that 
f(av + Bw)-t = (av + Bw)-u = a(v-u) + B(w-u) 

= [ef(v) + af(w)]-a 

Hence 
laf(v) + Bf(w) — flav + Bw)]-A = 0, 

which holds for all G€@%0. Since (Es) requires that the inner product is non- 
degenerate it follows from (2.1) that 
(4.11) af(v) -+ Bi(w) = flav + Bw) 


is valid for all v, wE and all real a, B. It is the content of (4.10), (4.11) and 
the remark after (4.6) that fi is an inner product space isomorphism of U onto 0. 

Let xG& and vEU be given. Put u=x—q so that x=q-+u. Using (4.6) twice 
and (4.11) once we derive 


etv=qtutv=gtfuty) = +i) +i) =¢tut i) = «+10. 
Thus, x +v=x-+f(v) is valid for all «€@&, which shows that the mappings v and 


{(v) of & onto & are the same. Therefore, f is the identity mapping of UV onto it- 
self, which completes the proof that U and 0 coincide as inner product spaces. 
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DEFINITION. A set & which is endowed with a structure defined by a real valued 
funciton o on &X6& 1s called a pseudo-Euclidean space if the axioms (E1)—(E4) 
are satisfied. The function o will be called the separation function of & The inner 
product space 0 determined by a is called the translation space of & (The definition 
given here differs from that of Bourbaki ({1] Chapter 6, no. 6) in that the 
translation space V is not regarded as part of the defining structure.) 


The uniqueness theorem insures that the translation space is well defined. 

If the separation function ¢ is nonnegative and if the translation space V is 
finite-dimensional, then & may be regarded as a Euclidean space in the ordinary 
sense. 

The following is a corollary of the uniqueness theorem. 


REPRESENTATION THEOREM. Let & be a pseudo-Euclidean space and q a point 
in & Then every automorphism a of & has a unique representation of the form 


(4.12) a(x) = a(g) + Q(x — Q), 

where Q 1s an orthogonal transformation of the translation space V. 
Proof. The mapping Q defined by 

(4.13) O(v) = aovog? 


is an isomorphism of the subgroup VU of @ onto its conjugate U*=a0Vo a7} 
in @. The mapping Q may be used to transport the inner product space structure 
of 0 to 0*. It is clear that U* then satisfies the conditions (E:)—(Ez). Hence, by 
the uniqueness theorem, it must coincide with U, and 0 must be an automor- 
phism of the inner product space U. Since we use the notation u(q) =q-++u when 
uCv, the image of g€& under the mapping Qv 0 a=a 0 v (see (4.13)) is given by 


(4.14) a(q) + Qv = a(g +). 
We obtain (4.12) by substituting v=x—g into (4.14). 


Remark \. In the Euclidean case (4.12) is the well-known formula for rigid 
displacements. Many textbooks, however, derive this formula under unneces- 
sary a priori assumptions of smoothness or even linearity of a; a theorem that 
does not require such assumptions appears as Exercise 21a, chapter 6, in Bour- 
baki [1]. The uniqueness theorem and the representation theorem, including 
proofs, remain valid when the field of real numbers is replaced by an arbitrary 
commutative ring ® of characteristic #2. In this case, the translation space is 
a module over @. 


Remark II. One may be tempted to define a subspace §& of a pseudo-Euclidean 
space & by the condition that the restriction og to § of the separation function 
o of & satisfy the axioms (F;)—(Es) and hence give & the structure of a pseudo- 
Euclidean space. Unfortunately, it may happen that such a “subspace” § is 
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not a subspace in the customary sense, 1.e., a set of the form 
(4.15) F=f{elx=ptuuE u}, 


where U is a subspace of the translation space of & For example, letE6=RXRXR 
with o defined by 


(4.16) a(x, y) = (%1 — yi)? — (%a — yo)? — (43 — ys)? 


The set & of all triples of the form (#(&), #(&), &), where ¢ is an arbitrary function 
o@: RR, is a “subspace,” but not of the type (4.15) when ¢ is not linear. But 
for this fact Theorem 1 of the following section would be trivial. 


Remark III. The uniqueness theorem given in this Section shows that the 
complete structure of a pseudo-Euclidean space, including the translation space, 
is determined by a knowledge of the separation function o alone. One may ask 
whether og itself may not be uniquely determined by the prescription of even less 
information. A result in this direction was found by Suppes [2]. Under the as- 
sumption that the translation space has index 1 and dimension 4, he showed that 
o is uniquely determined by its values a(x, y) for all pairs (x, y) such that o(x, y) 
<0. This result is easily obtained by an adaptation of the reasoning leading 
from (5.10) to (5.14) given in the following section. The uniqueness theorem of 
the following section is a different result of the same type. 


5. Minkowskian Chronometry. We assume that the following data are given: 

(a) aset &, whose elements x, y,--- will be called events; 

(b) a family Q of subsets of & which covers &. The members £& of Q will be 
called observers; 

(c) for each observer £€Q, a nonpositive separation function og on & 
which gives £ the structure of a one-dimensional pseudo-Euclidean space; 

(d) asymmetric binary relation ~ on & with the following property: Given 
any observer &£ and any event x ¢&, there are at least two events y; and ye in 
£& that are related to x. The relation ~ will be called the szgnal relation and a 
pair (x, y) of events related by ~ will be called a szgnal. 

Remarks on physical interpretation: xC& means physically that x is an event 
which is experienced by the observer £&. We imagine that each observer 1s 
equipped with a clock. If 7 p(x, y) is the time-difference of the two clock readings 
at the events x and y of £&, then the separation o e(x, y) of x, yE&£ is assumed to 
be given by o g(x, y) = — (7 g(x, y))*. The two events of a signal (x, y) are inter- 
preted to be the emission and reception of a light, radio, or other electromagnetic 
signal. If x E&, we may imagine x to be the event of reflection of a signal which 
is sent out by £ at y, and returns to £& at yp. 

The data described under (a)—(d) define a certain structure on & We impose 
restrictions on this structure by assuming that there exists a separation function 
o on all of 6 which endows & with the structure of a pseudo-Euclidean space and 
which satisfies the following two axioms: 
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(M,) o is an extension of the separation function og for each observer SEQ. 
In other words, 


(5.1) a(x, y) = o (x, 9) 
holds whenever x, yE&. 


(Me) The pair (x, y) 1s a signal uf and only tf the separation of x and y 1s zero, 
1.€. a(x, y) =0 af and only 4f y~x. 


UNIQUENESS THEOREM. There 1s at most one separation function o whtch satis- 
fies the axtoms (M,) and (M2). 


We first prove a number of preliminary theorems, assuming that some 
separation function o satisfying (M1) and (Me) on & is given. The corresponding 
translation space is denoted by VU, as in Section 4. 


THEOREM 1. Every observer & 1s a time-like siraight line in & More precisely: 
There is a vector 1 with the following properties 

(i) las a time-like unit vector, i.e. = —1. 

(ii) af qEE& ts given, then xC& tf and only 1f x=q+él, and EER. 

A vector | with the properties (i) and (ii) will be called a direction vector of the 
observer &. It is clear that if 2 is a direction vector, then —Il is also one and 
there can be no others. 

Proof. Let U’ be the one-dimensional translation space corresponding to ag. 
The event-difference in U’ of the two events x, yE&£& will be denoted by yx. 
This difference must be carefully distinguished from the event difference y—x 
in U, which corresponds to the separation function o. It follows from axiom 
(M,) and from (4.3) that 


(5.2) (y — x)? = (y + x)? = o(s, y) = og-(x, 9) 


for x, yE&. Since VU’ is assumed to be one-dimensional and og nonpositive, £ 
can be represented in the form 


g={ele=qt+H#,te€ ah, 


where g is a fixed event in & and l’ CU’ is such that //?7= —1. 
We now define a mapping f of ® into U by f(€) = (¢+&l’) —q. £& is then the 
set of events x that are of the form 


(5.3) =qt#@=qtf@), ECR. 


The same argument as the one that led from (4.5) to (4.10) shows that for 
all &, 7G R&R we must have 


(5.4) —fy = £(£)-f(m). 
We fix € and 7 and consider the vector s©U given by 
(5.5) s = nf(é) — (n). 
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It follows from (5.4) that 
s? = 9?(—&) — 2&(—£n) + &(—7”) = 0, 

i.e. that s is a signal vector. Consider the event z=q-+s. By (5.2) we have 
(5.6) s*? = (zg — q)? = o(g, 2) = 0. 
If z€& then s=z—gq must be of the form s=f(¢). By (5.4) it then follows that 
QO =s?= —f{? and hence that s=f(0) =0. 

Assume now that s0, in which case z ¢£. Axiom (Mz) and (5.6) imply that 
qE& and g¢£ must be related by a signal. The signal relation has the property 


that there must be another event pE&L, pq, which is also related to z. Using 
axiom (Me) again, we find 


(5.7) 0 = o(f, 2) = (2 — p)? = (stv)? = 2s-v + Vv’, 
where v=q—p. Since pE&, v must be of the form v=f(A). By (5.4) and (5.5), 
we obtain 

S-v = n(—£) — &—mA) = 0 


and hence, by (5.7), O=v?=—A?. Consequently, v=f£(0)=0=q-—), Le. p=q, 
which contradicts pq. 
We conclude that always s=0 and hence, by (5.5), that 


(5.8) ni(é) = ££) 
holds for all real € and 7. Putting n=1 and f(1) =1CW, we see that (5.8) gives 
f{(&) =&l. It follows from (5.3) that & is the set of events of the form «=q+l. 


The relation 1?=—1 is a consequence of (5.4). Hence 1 has the properties (1) 
and (ii). Q.E.D. 


THEOREM 2. Let & be an observer with direction vector l and let qE£&, xC. 
An event y=q+nlE& ts then related to x by a signal 4f and only «af n ts a root of the 
equation 


(5.9) n? + U-(% — g)n — (@ — g)? = 0. 
When x E&, there are exactly two events 
(5.10) ym=gqtal, ye= at gol 


in & that are related to x by a signal and we have 

(S.11) o(q,*%) = (@—-—Q@)?=—9m, (Ww—g-l= — (m+), 

(5.12) [t-(« — g)]? + 4(@@ — 9)? > 0. 
Proof. By axiom (M2), y=q-+nl is related to x by a signal if and only if 
a(x, 9) = (y — #)? = (q—- e+ Wl)? = — 1? —1-(@ — g)n + (@ — g)? = 0, 
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which proves the first part of the theorem. 

When x¢&, the property of the signal relation described in (d) requires 
that the roots of (5.9) must be real and distinct. (5.12) is a necessary and sufh- 
cient condition for this requirement. The roots of (5.9) always satisfy (5.11). 

Proof of the uniqueness theorem. Let gq and x be any two events in &. Since the 
family of all observers covers &, there is at least one observer such that qc &. 
If x€& also, then by axiom (M;) 


(5.13) o(q, x) = o9(q, #). 


If « E&, we consider the events 41, yeE £&, determined as in Theorem 2. With the 
notation of Theorem 2, we have 


2 2.2 2 . 
cgy=M%—-g) =n =-m, t= 1,2 
2 2.2 2 2 
a(y1, yo) = (y2 — 91) = (na — m1) Ee = — 92 + 2qige — 01. 
It follows that 


nine = $[o(y1, v2) — o(g, 1) — (9, ¥2)]. 
Noting that 1, v2, VE&, we infer from axiom (Mz) and (5.11), that 


(5.14) o(q, x) = 4[o ey, yo) ~~ oe, 41) _ o ely, yo) |. 


Equations (5.13) and (5.14) show that o(q, x) is uniquely determined when og 
is given. Q.E.D. 


DeFINition. A set & which is endowed with a structure defined by Q, {og| £EQ}, 
and ~ as described under (a)—(d) is called a Minkowskian domain «af the axtoms 


(M1) and (M,) are satisfied. 


The uniqueness theorem shows that a Minkowskian domain is also endowed, 
in a canonical way, with the structure of a pseudo-Euclidean space. 


THEOREM 3. The translation space U of a Minkowskian domain has tndex 1. 


Proof. Let & be an observer with direction vector1, and letu= {u| u=&,£C a} 
be the one-dimensional subspace of U generated by l. Consider a nonzero vector 
veEu-, which then satisfies 7-v=0. Choose an event gE & and put x=q-+v. It is 
clear that x ¢&. Since 1-v=1- (x —q) =0, (5.12) states that (« —g)?=v?>0, which 
shows that v is space-like. It follows that U=U@4%U" is a direct decomposition 
with the property that UCU_, UCU, ie., it is a decomposition of the type 
(2.3). Theorem 1 of Section 2 implies that ind U=dim U=1. 

Remark. As is shown by Theorem 1, the family Q of observers 1s a congruence 
of straight lines in & Since Q covers &, there must be at least one line through 
each event. For example, 2 could be the set of all straight lines parallel to a 
given time-like direction. Unless 2 contains “very many” observers, a knowledge 
of a(x, y) for all pairs (x, y) such that x, y belong to the same observer is not 
sufficient to determine oc. It is the interconnection of o with the signal relation, 
as provided by axiom (M2), which renders o unique. 
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6. Temporal order. As in the previous section we assume that data as de- 
scribed under (a), (b), and (c) are given. Instead of (d), we suppose that we have 
(d’) a binary relation — on & with the following property: Given any ob- 
server £& and any event «C6&, there is an event y,C£& such that y;—« and there 
is an event y2G£& such that x—y2. Moreover, x—y and y—*x can both be valid 
only if x=¥y. The relation — will be called the directed signal relation and the 
relation defined by 
(6.1) x~ y if and only if x— y or y— # 
the (undirected) signal relation associated with —. 

It is clear that ~ has the property described under (d) of the previous sec- 
tion. 

Remark on physical interpretation. The change from (d) to (d’) corresponds 
to introducing the possibility of distinguishing the emission x from the reception 
y of a signal x—¥». 

We require here the existence of a separation function ¢ on & which satisfies 
not only the axioms (M;) and (M2) but also 


(M3) If & ts an observer and tf y1, yo and 2, 22. are events in & such that 
(6.2) Yi Px Big Ba 
for some p, gE, then 
(6.3) 7 e(y1, 21) + og(¥2, 22) — og(y1, 22) — oe (y2, 21) S 9. 


DEFINITION. A set & which is endowed with a structure defined by Q, {a g| EQ}, 
and — as described under (a)—(c) and (d’) ts called a directed Minkowskian domain 
af the axtoms (My), (M2), and (Ms) are satisfied. 


From now on we shall exclude the trivial case when the domain & coincides 
with one of the observers. The dimension of the translation space U of & is 
then at least two. 


DEFINITION. We say that the event x€& ts earlier than the event yC&, and we 
write x< +, uf there 1s an event p such that x—p—y. 


THEOREM 1. Every observer & has a unique direction vector l with the following 
property: For any two events x, yC& the relation x < y holds tf and only tf 


(6.4) (y—x?<0, (y—-ax1 <0. 


The direction vector 1 determined by the condition (6.4) will be called the 
proper direction vector of &. 


LEMMA. Let & be an observer with directton vector l and let x1, xxC&. Assume 
that qEE& and 2;=q+é,l are the two events related to x; by a signal (1=1, 2). Then 


(6.5) (%2 — x1) +l = (f1 — Eo), E1f0(xe _ 41)? = 0, 
and (6.5). can reduce to equality only tf (x,—x1)?=0. 
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Proof. Theorem 2 of Section 5 applies when we replace there g, x, y1, V2, 1, 2 
by q, xi, g, 2:, 0, &, respectively. (5.11). then yields 
(6.6) S;l= — &,, 


where s;=4;—-¢. Hence (x2—%1) -1= (Se—81) -l= — (£2—&), which proves (6.5). 


& 


Consider the vector u=£8;— £82. It follows from (6.6) that u-2=0. There- 
fore, by Theorem 3 of Section 5 and Theorem 2 of Section 3, u must be space- 
like. Since s?=0, we obtain 


(6.7) u? = —2££oS1°Se 
On the other hand we have 


IV 
oS 


(x2 — 1)? = (Se — 81)? = — 281-Se, 


which shows that (6.7) is equivalent to (6.5)2. Equality can hold in (6.7) only 
if u= £8; —£S2=0, in which case x2—x1=S2—8, must be a signal vector. Q.E.D. 

Proof of Theorem 1. The proof will be carried out in four steps. 

I. Assume first that x, yC&. Let I’ be one of the two direction vectors of £& 
(see Theorem 1 of the previous section) and let y—x =al’. Since the translation 
space VU of & is such that ind U=1, dim U 22, there is a space-like unit vector 
orthogonal to l’, i.e. a vector u such that u-l’=0, w2=1. Put gq=x+1ia l’EC& 
and z=q-+4au, so that 

x=g——l = poy ¢-q=—u 
, ’ ¥y qT , ’ q , ’ 


The two roots of the equation 


a 2 
+ U-(e~ gn ~ (@- ot = 9 = (=) 
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are y= +43a. Hence, by Theorem 2 of Section 5, x and y are the events in £& 
that are related to gz by a signal. Therefore x and y, in some order, must be the 
two events in £& that correspond to z as described in (d’), and we must have 
either x—-2z—y, Le. x <y, or y—-2—4, i.e. y <x. Both x <y and y <x can hold only 
when x=y=z. 

II. We choose two events 21, 22€©£& such that (z:—2,)?= —1. By the result of 
I we may assume that 21, 22 are arranged such that 2; <2. We put l=22.—2;. Let 
x, yE&E£& and assume x <y. An easy calculation, starting from (6.3) with 1, 4:2 
replaced by x, y, shows that 


o2(x, 21) + ogy, 22) — og(4, 22) — ogy, 21) = — 2y—- *) 18 0. 


Under the restrictive hypothesis x, y©& the conclusion of the theorem now fol- 
lows. We note that if x, yE&, then 


z=Oifix<y 


6.8 —x= £1, where 
(6-8) » SE were cot y <x. 


(6.8) characterizes the proper direction vector of &. 

‘III. Assume x <y holds for two events x, yE&, i.e. x—-q—y for some gE. 
Let £&’ be an observer passing through gq and let l’ be the proper direction vector 
of £’. According to the requirements described in (d’), there are events 21, 22.€ &’ 
such that 


Z—-“4—->g and g—-y— 22, 


i.e. such that 21<q<22. By II, (6.8) applies with x, y replaced by 21, g or q, 22. 
Hence 


(6.9) z=qtil’, &8850, &20. 
The lemma and (6.9) show that 
(6.10) (y — x)-l’ S 0, (y— x)? S$ 0. 


Therefore the conclusion (6.4) holds for the particular observer £’. 

Let £& be another observer and let g’€&’ be chosen arbitrarily. It is clear 
that there are events x1, x.€ & and 2/, 2 E&’ such that 2f —x1—q’ -m— 27. If 
£'’#~L we must have *1~x2 and hence 


(6.11) 2-H =al, a> 0, 


where lI is the proper direction vector of £&. Also, (6.9) remains valid when 
q, 2:, &; are replaced by q’, 2/, &/. Thus, the lemma applies again and we find, 
using (6.11), that 


(6.12) (v2 ~ 4): =al-l S$ 0, il <0. 
If yx, it follows from (6.10), (6.12) and Theorem 2 of Section 3 that actually 
(y — x)? $0, (y — x)-l’ <0, b’< 0. 
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Theorem 4 of Section 3 shows that we must have (y—x) -1<0. If y=x, (y—x)-l 
=( is trivially true. Hence (6.4) holds for the proper direction vector 1 of an 
arbitrary observer. 

IV. Assume that (y—x)?S0. It is not hard to see that it is then possible to 
choose an observer £ and events q, 21, 2€& such that the hypotheses of the 
lemma are satisfied for x.=+, x1=x. If (y—x)?<0, (6.5)2 implies && <0, which 
states that £& and & have opposite sign. From part II we conclude that either 
Zi —-X—-q—-Y¥— Zn OF Z—-y—g—-x—-21. Hence, we must have either «<¥y or y <x. 
If (y—x)*=0, axiom (M2) shows that x and y are related by a signal and hence 
that «<¥y or y <x, trivially. Thus, « and y are comparable. This observation, to- 
gether with the result of III, completes the proof of Theorem 1. Q.E.D. 

Remark. The number —(y—x)-l is the “time-difference” of the events x 
and y relative to the observer £&. Theorem 1 states, therefore, that x is earlier 
than y if and only if it is “earlier” for every observer. 

An argument based on Theorem 1 and Theorem 4 of Section 3 will prove 


THEOREM 2. The relation < is a partial order on &, which has the property 
that x and y are comparable 1f and only tf a(x, y) SO. 


One of the two directed time-cones described in Theorem 5 of Section 3, 
say UL, is singled out by the property that y—x€ UL implies « <y. We may call 
UL the future tume-cone and U2 = — VL the past tame-cone. 


The research leading to this paper was done under Grant NSF-G16745 by the National 
Science Foundation to Carnegie Institute of Technology. 
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SPIN INTEGRALS IN DYNAMICS 
D. G. PARKYN, University of Cape Town 


The solution of standard problems in rigid dynamics depends upon the exist- 
ence of simple integrals. In the case of the rolling motion of a sphere it is com- 
mon to find “spin integrals” (cf. Unthank [1], Milne [2]). It will be shown 
that spin integrals can exist when the fixed surface s on which the sphere rolls 
has the form of a plane, a sphere, a right circular cone or a cylinder, the axes 
of the last two being vertical. Spin integrals are limited to two distinct types, 
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but except in the case of a plane, only one can occur for a given rolling surface. 
Finally the use which can be made of such integrals is demonstrated in a dis- 
cussion of the problem of a sphere rolling on the inner surface of a circular 
cylinder with vertical axis. 

The main aim of dynamics is to obtain integrals of the equations of motion. 
In the field of nonholonomic problems this is often a matter of some difficulty 
and very few general classes of integrals are known. The following analysis de- 
limits precisely the surfaces for which a certain class of integrals will exist in 
the case of the rolling motion of a sphere and therefore contributes to the theory 
of nonholonomic systems. While it is true that in any particular problem in 
which a spin integral exists it can be determined ab initio, the value of the prior 
knowledge of its existence should not be underestimated. 

Consider a homogeneous sphere of radius a, centre G, rolling and spinning 
on a fixed rough surface, the point of contact being A. Let the position vector of 
A with respect to a fixed point O be r, the unit vertical vector be k and the 
unit vector along the normal AG be n. Then, denoting differentiation with re- 
spect to the time by dots, the equations of motion may be written 


(1) m(r + an) = R — mgk, 
(2) CQ = — (an) XR, 


where m is the mass, C the diametral moment of inertia and Q the angular veloc- 
ity of the sphere, R being the total reaction at the point of contact A. 

Since the velocity of G is (r-+-an) and the velocity of A relative to G is given 
by Q@X(—an) it follows that the velocity of A as a point of the sphere is 


r+ an —aQXn. 


If pure rolling takes place, with no slipping at the point of contact between the 
sphere and the fixed surface, we obtain the rolling condition 


(3) r-+an—-oa2QXn=O0. 


We proceed to eliminate the reaction R and the position vector r from the 
above equations. Thus from equation (3) 


(4) r+on=0a2Xn+a8 X2, 
whence from equation (1) 

(5) R = mek + maf{QXn+Q Xn}. 
Substituting this result in equation (2) we obtain 


CQ = —mgan X k — man X {Q X0+2 Xn} 
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whence, on expanding the triple vector products, 

(6) (C+ ma2)Q = — mgan Xk + ma? (n-Q)n — (n-n)Q + (n-Q)n}, 
From equation (2), however, 

(7) n-Q = 0, 

and since n is a unit vector 

(8) n-n = 0; 

hence equation (6) reduces to 

(9) (C + ma?) Q = — mgan X k + ma?(n-Q)n. 


Equation (9) is not in general integrable. For certain surfaces, however, it 
admits scalar integrals of the form 


(10) (an -+ @k)-Q = Constant, 
where a, 8 are constants, not both zero. Integrals of this form will be termed 
spin-integrals. We proceed to investigate the nature of the rolling surfaces for 
which such spin integrals exist. 

Thus, differentiating equation (10) we obtain 
(11) an-2 + (en + Bk)-Q = 0. 
Substituting for Q from equation (9) and making use of relations (7) and (8), we 
see that equation (11) may be written 
(12) (C + ma*)on-Q + Bma?(n-Q)(k-n) = 0. 


But on multiplying the rolling condition (3) vectorially by n and the result 
scalarly by n we obtain the relation 


(13) an-Q=nnXr 
whence, on substitution, equation (12) becomes 
(14) (C + ma?)o(n-n X r) + Bma(n-Q)(k-n) = 0. 


If a spin integral is to exist, equation (14) must hold for arbitrary Q, since 
Q can be assigned at any point as an initial condition. Hence the existence of a 
spin integral implies that both 


(15) a(n-n Xr) =0 
and 


(16) B(k-n) = 0. 
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From equation (15) either 


(17) a=0 or nnXr=0. 
If e=0 then necessarily 80 and k-n=0 whence 
(18) k-n = c, a constant, 


a condition which is satisfied if the fixed surface s has the form of a plane of any 
inclination, or a right circular cone or cylinder with vertical axis. In any of these 
cases a spin integral of the form 


(19) ? k-Q=K 


exists, where K is a constant. Such an integral will be termed a K-integral. 
If v0 then from equations (17) 


(20) nnXr=0 


which implies that the three vectors n, n and r are coplanar. 
However from the rolling condition (3), on scalar multiplication by n, we 
find that 


(21) n-r = 0. 


Thus r is perpendicular to n and, by (8), n is perpendicular to n, hence by 
equation (20) r must be parallel to n, unless n is identically zero, that is 


(22) t= — dn. 
If 0 is taken to be a constant then 
(23) r= — 6n + Yo, 


where ro is a constant and the fixed surface s is a sphere of radius 0 and centre fo. 

If n is identically zero then the fixed surface s is restricted to be in the form 
of a plane of any inclination. 

Considering equation (16) we see that when n is identically zero, 6 is arbi- 
trary but that otherwise either 6 is zero or k- | is zero. However we must reject 
the second possibility since it would imply a restricted motion on the surface 
determined by equation (22). Hence, except in the case of a plane, 8 must vanish 
when @ is nonzero. Thus, for motion on a plane or a sphere, a spin integral 


(24) n-Q=WN 


exists, where WN is constant. Such an integral will be termed an N-integral and 
we have shown that except in the case of a plane an N-integral cannot exist 
simultaneously with a K-integral. 

The generalization of the form of the spin integral (10) to the case where a, 
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6 are scalar functions of the vector r can be investigated in a similar manner but 
leads to no further surfaces for which spin integrals exist. It does however lead 
to one further integral in the case of motion on a sphere in the form 


{ma?(r-k)n + O(C + ma?)k} -Q = constant. 
This may be easily verified and is an analogue of an angular momentum integral. 


On the solution of equations (18) and (22). It is conceivable that the con- 
ditions (18) and (22) which distinguish those surfaces for which K- and N- 
integrals exist have solutions additional to those listed. We shall show that 
while equation (18) does in fact lead to new surfaces, equation (22) has only 
spherical solutions. 

For equation (18) we consider separately the case in which n is perpendicular 
to k and the constant c is zero. Thus if the surface satisfying the condition has 
the equation 


F(x, yy Z) = 0, 


where the z-axis is parallel to k, then the normal is parallel to the gradient 
VF=(F,, Fy, Fz); and when c=0 the condition (18) implies that F,=0. Thus 
the surface is a cylinder with its axis vertical and cross-section F(x, y) =0. 

If n is not perpendicular to k, and 0<c¢S1, we adopt the Monge form 


z= f(x, 9) 
for the equation of the surface; then the condition (18) may be written 
(25) P+ = 1/e — 1, 


where p=f, and g=fy. The case where c is equal to unity leads to plane surfaces 
and will be disregarded. Thus, defining 


p= 1/c? _ 1, 
the equation (25) has the complete integral 
f(*, y) = ue sina + y cosa) + A, 


where a and A are arbitrary constants. The equation has no singular integrals 

and the general integral for the surface is the result of eliminating a between the 

equations 

Z— p(x sina + ycosa) — g(a) = 0 

(26) . 
— p(x cosa — ysina) — g’(a) = 0, 


where the function g(a) is arbitrary. In particular, if g(a) is identically zero, 
elimination of a leads to the equation 


(27) 2? = w(x? + y?) 


which is the equation of a right circular cone. 
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Again, if g(a) = —ha, where h is a constant and we define 
r? = x? + vy? 
6 = tan (y/x) 
then elimination of a leads to the surface 
(28) z= {V(ur? — h*) — hos (h/ur)} + 18, 


which is a helicoid. 
The totality of surfaces possessing K-integrals comprises planes, cylinders 
with vertical axes and those surfaces included in the general integral (26). 
With regard to equation (22), it is superficially possible for the multiplier } 
to be a function of r and ¢. Since s is a fixed surface, a condition on s should not 
involve the time #. It is sufficient, therefore, to consider the case in which 


b = b(n). 


We will adopt surface parameters u and v, denoting partial derivatives with 
respect to u and v by suffixes 1 and 2 respectively. In this notation equation (22) 
becomes 


ridu + redv = — b(nidu + nedv) 
or, since “4, v are independent 
r= — 6n 
(29) 1 1 
ro=- bno, 


where b is to be considered as a function of wu and »v. 
From equations (29), by partial differentiation, 


Tuo = — beni — Snipe 
Yor = — bine — bnai 
whence on subtraction 
(30) bin. = bon. 


Since rm, re cannot be parallel unless the parameter system is degenerate, it 
follows from equations (29) that the vectors mi, ne are not parallel. Hence, from 
equation (30), 


(31) by = bo = 


and this property holds, moreover, at all points of the surface. Thus 0 is neces- 
sarily a constant on the surface and direct integration of equation (22) leads to 
the equation of a sphere. This discussion amounts to proving that a surface for 
which every point is an umbilic is necessarily a sphere. 

Example. On the motion of a homogeneous sphere of radius a rolling on the 
inside of a circular cylinder of radius 0, its axis being vertical. 
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We take the origin O on the axis of the cylinder, with n as the inward drawn 
unit normal. Then, with the preceding notation, the position vector of the 
point of contact may be written in the form 


r= zk — dn 


whence the equations of motion become 


(32) m{zk — (6 — a)n} = R — mek 
(33) CQ = -—(an)XR 
and the rolling condition is 
(34) sk — (6 — a)n —-a2X n=O. 
On eliminating R between equations (32) and (33) we find that 
(35) CQ = — man X { gk + 2k — (6 — a)n} 
whence substitution from the rolling condition, (34), gives 
(36) CQ = — man X {gk + aQ X n+ aQ~ nf}. 
Since k n=O and n-n=0, scalar multiplication of equation (36) by k gives 
(37) (C + ma?)Q-k = 0 
whence 
(38) k-Q= K, 


where K is a constant, the expected K-integral. 
Multiplying equation (34) vectorially by k twice in succession, and making 
use of equation (38), we obtain 


—(b-—a)kXn+aKn =O 


and 

—(b — a)n — oKk Xn =O, 
or 
(39) n=ok Xn where w= — a 


Thus n rotates about the vertical with constant angular speed w. This result is 
fundamental in the description of the motion and is a direct consequence of the 
existence of the K-integral. 

Vectorial multiplication of equation (34) by n gives 


(40) mn Xk—(b—a)nXn—aQ+an=0, 
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where s=n -Q and by the preceding discussion cannot be constant. Hence, sub- 
stituting in equation (35) the value of Q given by equation (40), we find 


Clan X k+anXk— (6 — a)n Xn + ain + asn} 


= — man X {gk + 2k — (6 — an}, 


or since n=wkXn, n= —o"n, 
(41) C{(é — asw)n Xk + (ws + as)n} = — mar(g+2)nXk. 
Since n and nXk are perpendicular, (41) yields two scalar equations: 
wz + as = 0, C(z — asw) = — ma*(g + 2). 


From the first as =aso—wz, where so is a constant. Substituting into the second, 
we obtain 


(42) (C + ma?)é + Cw*z = Cwasy — mag. 


Thus the motion of the centre of the sphere is determined by equations (39) 
and (42) and its angular velocity is given by substitution in equation (40). 
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THE LATTICE OF EQUATIONAL CLASSES OF 
ALGEBRAS WITH ONE UNARY OPERATION 


EUGENE JACOBS ann ROBERT SCHWABAUER 
State University of South Dakota 


The notion of the lattice of equational classes of algebras of a given similar- 
ity type was considered by Professor Hugo Ribeiro in 1960 in seminars at the 
University of Nebraska. It is his insights which underlie our discussion here. 
We are also indebted to Professor Paul Rygg for his invaluable help and en- 
couragement. 

We define this notion and give a complete description of £, the lattice of 
equational classes of algebras with one unary operation. We believe this paper 
ties together some isolated results, such as the fact that the atoms of £ are 
(x1=y1) and (x=x!) (since the atoms are the equationally complete classes) 
[3]. Perhaps our results will be useful in examining the more complex lattice 
based on algebras with one binary operation. 


152 LATTICE OF EQUATIONAL CLASSES OF ALGEBRAS [February 


The lattice operations, (\, +, discussed below, apply to lattices of equational 
classes of algebras of any given similarity type. But, since our attention is re- 
stricted to £, all algebras referred to here are those with one unary operation. 
Such an algebra is a set A with a mapping of A into A. We let x! denote the 
element into which x is mapped. Also, x°=¥x, (x")!=x"t!, wheren=0,1,2,-°-. 
It is easily shown by induction that («?)?=x?t9, 

If all the elements of an algebra satisfy a particular equation or each of a 
particular set of equations, then the algebra is a member of an equational class. 
For fixed c and d, where c, d=0, 1, 2,°--, («°=x°t?) is the equational class of 
exactly those algebras A = (A1,) such that, for each element a of A, a°=a*t4, 

There is only one other form for equational classes of algebras, (x°=-y*t), 
and again, ifc,d=0,1,2,--- are fixed, then (x*°=-y*t?) is the class of all alge- 
bras, and only those, all of whose elements satisfy x*=y°t?. We say that 
(x¢= xe?) and (x°=-y*t) are determined by x°=x*t4 and x°= y*t4, respectively. 

The notion of equational class goes back at least to Birkhoff [2] and was 
discussed by Tarski [4]. 

With certain operations the set of all equational classes of algebras with one 
unary operation forms the lattice &. If K and ZL are equational classes then 
KQL, the ordinary set intersection of K and L (clearly an equational class), is 
one such operation. Ordinary set union, LU, does not in general yield an equa- 
tional class. For example, we shall see below that S= («=x?)U(«=<') is not an 
equational class. 

The other operation, denoted by K+JZ, is the smallest equational class that 
contains KUL. That is, if 17 is an equational class, then 


(1) K+2LC0 M whenever KULCM. 


Such an M always exists since (x=) contains every equational class. K+JZ is 
unique since it is the equational class determined by the set of all equations 
that hold for each algebra of KUL. 

Referring again to the above example, we note that («=x?)+(«=<x') 
=(x=x*) (by Theorem (dz)) contains Ag= ({4, 2, 3, 4, 5, 6},4), where 1!=2, 
2!=3,---+,6!=1, while S does not contain Ag. 

The following propositions are useful in considering the properties of &. 


(2) Substitution Principle: Let p, g=0, 1, 2,---. Then (4°=x*t4) C (xt? 
=yetetr), Also, (x¢= yet4) C(eete = yoteta) and (x¢= y°t4) C (xt =actete), 
(3) Lemma (proved by induction): (4° =x*t4) C (x¢=x°et¢), wheree=1,2,---. 


This follows from (2) and from the fact that (x?)¢=x?t¢, 

We do not consider equational classes of the forms (x4=x?) and («*=y*t?), 
where dX0, since (x*=x?) like (x=x) contains every algebra. And (x*=y*t?) 
= (x°= y*) a fact which follows from (2) and from («?)?=x?t4, 

Our main result is the following: 
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THEOREM. 
(a) (x= x“) (\K=K; (s=a")+K=(x4= 2). 
(bi) (ar = y") C\ (x? —_ y*) = (amin (r,s) — ymin (r18)) | 
(be) (xr —_ 4") +- (x — yy) = (max (7,8) — ymax (r,8))) | 
(C1) (x —_ yr) C\ (a _ gmth) = (amin (rm) — ymin (r,m)) | 
(C2) (x — yy) =o (a — gmth) = (gmax (rm) — gmax (rym)-+h) | 
(di) (am = gmbh) OC) (gt = ynti) = (min(mn) = gmin(mn)+(h,t)) | 
(de) (x — amt h) =o (a — gntt) = (gemax (mn) — gmax(mn)+[h,i]) | 
Here 7, s, m, n=0, 1, 2,--+35h, a=1, 2,--+; (h, 2) is the greatest common 


divisor and [h, z] the least common multiple of hf and 7. 

Proof. Part (a) is obvious, since K C(x=x) for any K. Part (bi) is obtained 
by trivial applications of (2). We now give a proof of (ci) and the difficult part 
of the proof of (dj). 

This proof of (ci) follows a suggestion of the referee. On the one hand from 
(2) we see that (omin (mr) = ymin (m,r)) (gm = yemth) and (amin (m,r) = ymin (m,1)) 
C(x" ="). Hence the right member of (ci) is contained in the left. 

On the other hand there exists an e=0, 1, 2,- +--+ such that mt+eh=r. Then 
by (2) and (3) (= y") = (at = yt) Cat amber) and (xm=amth) C (ym = ymten) 
So 


(xr — y") (\ (a — gmbh) Cc (am = ymteh — a y") = (amin (m,r) —_ gymain(m,r)) | 


As for (di), to show that 
(i) (ems Th) CD (0% = ett) CT (min (mn) = ymin (m.n)+(.0) we can without loss of 
generality assume that n2m and m+k=n, k=0, 1, 2,--+. We then examine 
(it) Go= x") (ek = x*t*) C(x =x) 
and note the following results of applications of (2) and (3): 
(iit) (= a8) Ce) = etn); 
(iv) (= 2x") CS (geht Gi) we ght, iteh) 
where e is chosen so that h+(h, 2) +eh=k; 
(v) (ack —_ kt 2) Cc (ach (h,i) +eh — ght (hk, Dteht ft) = (ach (h,t)-+eh — ek (h, )+tst) ; 


where f=1, 2,---+,h=a(h, 2) and R=a+i-+ea; and 
(vi) (w=x")C(w=x0r),  * 
where g=1,2,---. 


It is well known that there exist f and g such that gh—fi=R(h, 1). Hence 
(2 = a8) \ (ab = atti) CS (4 = gah = gRODHE S ght Otek = ght (hi) = (hd), 
This establishes (ii) and then (i) follows on replacing x by x” in (iii) and the 


following equations. 
This completes our discussion of intersection. 
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To prove (be) we can without loss of generality let max (7, s)=r. Then 
(= y)+ ers y) = =o) + [et =v) Aw = 9) 
= (2 = y’) 
by (bi) and the Absorption Axiom of lattices. Similar remarks establish (ce) 
in case max(m, r) =m. 


We consider the following lemmas before considering proofs of (ce) where 
max(m, r) =r and (de). Let c,d, g=0,1,2,---,e,f=1,2,---. 


LEMMA (i); If (x°= 4°) =(x4= y4), then c=d. 
LEMMA (ii): Df (x¢=x¢t?) = (xt=x*t/), then e=f. 
LEMMA (ili): If (4° =x°t?) =(a7=x9/), then c=g. 


We prove these lemmas by considering sequences of algebras. For example, 


for Lemma (ii) we consider {An} ={ (U1, 2,°°°, n\,1)}, where n=1, 2,-°> 
and 1!=2, 2!=3,---+, m!=1. We then note (x°=x*t*) contains A, but not 
Aes, Aezo, + *. lf ef, therefore, (x¢=x°t?) F(a°=xer), 

For Lemmas (i) and (iii) we consider the sequence {B,_1} 
={({1, 2,°°°¢, nt, 1}, where 1!=1 but for n=2, 3,--+, m!=n-—1. For 
Lemma (i) the procedure is as sketched for Lemma (ii). For Lemma (iii) we 
note that fore=1,2,---, (x*=<x*t?) contains B, but not B41, Boys, - + ° 


LEMMA (iv): Let Ki, Ke, Ks be equational classes. If (1) Ki, K22 K3 and (2) for 
any equational class K K3C K whenever Ki, KeoCK, then Ki+Ke=K3. 


Lemma (iv) is clear since Ki + K2CK3 if Ky K2CK; by (1) and K;C Ki+K. 
if we let K=Ki+Ky2. This Lemma provides the frame of the proofs for the re- 
maining case of (ce) and for (de). 

For (ce) we let Ki=(a"=y"), Ko=(x™= amt) Ky= (x =x"), For (de) we let 
Ky=(e™=2""*)) Ko= (xt = xt"), Ky = (max(m.n) — ymax(m.n)+thil) In both cases 
we show that Ki, KeCK3 by applications of (2) and (3). 

Both proofs are trivial unless K (of Lemma (iv)) is of the form (x*=x°t4), 
For if K =(x=x) the proofs fall out immediately. Moreover, there is no e such 
that K=(x°=y’). The latter point follows (in a proof by contradiction) from 
(c;) and from the fact of set theory that for sets X, Y 


(4) XCY ifandonlyif XN VY=X. 


Here X=K2, V=(x°=y’). 

For (ce) we note the following: 

(i) min(r, c) =r by the hypothesis of (2) of Lemma (iv), by (c1), by (4) where 
X=(x"=y"), Y= (x*=x°t4), and by Lemma (i). 

(ii) (a = xt") C (xe ae xet*) by (i) and (2), the Substitution Principle. 

Git) (e™ = xT)" (eo = xt?) = (a™=x~"tOM) Hy (d,) and the fact that 
D min(m, c) =m. 

(iv) (4™ = x7™tG.02) = (ym=ymth) by (iii) and (4). 
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(v) (h, d)=h by (iv) and Lemma (ii). 
(vi) (x= xt") C (xe = xet4), 
So by (ii) and (vi) K;CK. This part of (cz), then, is established by Lemma (iv). 
Our procedure for establishing (dz) is similar, though here Lemma (iii) is 
used as well as the fact that if # and 7 are divisors of d then [h, i] is a divisor of d. 
£& is distributive. This can be shown by using the following facts, where a, 6 
and c¢ are integers: 
(i) max(a, min(’, c)) =min(max(a, 6b), max(a, c)), 


(ii) [a, (0, c)|=([a, b|, [a, c]). 
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ON THE STRUCTURE OF PRE-j-RINGS 
ALEXANDER ABIAN* anp WILLIAM A. McWORTER, Ohio State University 
Let p be a prime. A p-ring is an associative ring B in which 
(1) xP =x and px =0, for every x in B. 


It is known [1] that an associative ring B is a p-ring if and only if B is iso- 
morphic to a subdirect sum of fields of order p. 
Obviously, in a p-ring B, the equality 


(2) ny? = xPy, 


for every x and y in B is valid. It is not true, however, that every associative and 
commutative ring whose characteristic is p and in which (2) is valid is a p-ring. 

Observing that in general, in a ring, associativity, commutativity, having char- 
acteristic p and validity of (2) are mutually independent conditions, we introduce 
the following 


DEFINITION 1. An associative and commutative ring R whose characteristic is 
p ts called a pre-p-ring if xy? =x? y, for every x and y in R. 


The purpose of this paper is to prove the following main theorem concerning 
the structure of a pre-p-ring. 


* Formerly, Smbat Abian. 
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THEOREM. Every pre-p-ring Ris a direct sum of a p-ring and a nil ring. 


More precisely, if R is a pre-p-ring, then 


(3) R=BON, 

where B is a p-ring and WV is the radical of R, given respectively by: 

(4) B= {x| a? = x} xin R 

and 

(5) N = {x| a = 0} xin Rand m = 1, 2,3,:::. 


The proof of the Theorem is based on the following lemmas: 


LemMA 1. Let R be a pre-p-ring. If h and k are integers such that h=p-+2 and 
k—h=t(p—1), t=1, 2, 3, +--+ then 


(6) xh = yh, for every x in R. 
Proof. Since R is a pre-p-ring, xy? =x?y for every x in R. Substituting x? for 
y in the above equality, we obtain: x?t?=x??t!, Multiplying both sides of the 


last equality by «¥°-) for each u=1, 2, 3, - - - , we obtain a sequence of equali- 
ties which imply 


yet2 — y2ptl —= y8p = ww. = gptett@—l) | 
from which (6) follows: 


LEMMA 2. Let R be a pre-p-ring and B and N as given by (4) and (5). Then 
every rin R has a unique representation 


(7) =b+2, bin Band nin N. 


Proof. For every 7 in R, let 
b= rte and n=r— rp tent, 
Since p>-+p—12p+2 and p*+p*—p—(p?+p-1) =(¢*+p—1)(p—-D), it 
follows from Lemma 1 that: 
b = yptp-l — yp*tp*—p — (yp'tp—l)p = pp, 
Thus, for every r in R, 0 is in B. 


Moreover, since p?2=p+2 and p!+p*— p?— p? = p7(p+2)(p—1), it is a con- 
sequence of Lemma 1 that: 


nP = (r — yprtp—l)p? = yp? — yp typ? — (). 
Thus, for every 7 in R, 2 is in N. 


Clearly, B and WN as given by (4) and (5) are subrings of R. Also, it is obvious 
that no element z of R, except 0, is such that 2?=z and z”™=0 for some 


1964] ON THE STRUCTURE OF PRE-p-RINGS 157 


m=1, 2, 3,-+-+. Therefore, in view of the commutativity of R, representation 
(7) is unique. 


LremMA 3. Let R be a pre-p-ring and B and N as given by (4) and (5). Then 
bn =0, for every b in B and every n in N. 


Proof. In view of (2) and (4) we have bn=b?’n=n?b=n?b?=n?b. Since 
n™=() for some positive integer m it again follows, by Lemma 1, that n?t?=0. 
On the other hand, p?=p-+2 and therefore n?"=0. Thus, bu =0, as desired. 


LemMa 4. Let R be a pre-p-ring and R as given by (4). Then B is an ideal of R. 


Proof. The fact that B is a subring of R, as pointed out above, is obvious. 
Now, let r be in R and b be in B. By Lemma 2, r=0’-+n’, b’ in B and n’ in N. By 
Lemma 3, 


rh = (b' + n’)b = 0b 


and, since B is a subring of R, b’b is in B, and consequently 7b is in B, for every 
yin R and every 6 in B. Thus, B is an ideal of R. 

Proof of the theorem. By Lemma 4, B is an ideal of R and by (4), Bis a p-ring. 
By (5), XW is the radical of R and hence JN is an ideal of R. Moreover, XN is a nil 
ring. The fact that R= BON then follows from Lemmas 2 and 3. Thus, the 
theorem is proved. 

For p=2, a p-ring is a Boolean ring. Moreover, in every Boolean ring Be 


(8) xy(x + y) = 0 


for every x and y in Bg. 

Again, it is not true that every associative and commutative ring whose 
characteristic is 2 and in which (8) is valid is a Boolean ring. 

Motivated by Definition 1, we introduce 


DEFINITION 2. An associative and commutative ring Ro whose characteristic 1s 2 
ts called a pre-Boolean ring if xy(x+y) =0, for every x and y in Ro. 


In view of the above Theorem, we have: 


COROLLARY. Every pre-Boolean ring 1s a direct sum of a Boolean ring and a 
nil ring. 


More precisely, if Re is a pre-Boolean ring, then 
Re = Bo @ N, 


where Bz is a Boolean ideal (the set of all idempotent elements of R.) of R: and 
N is the radical (the set of all nilpotent elements of Re) of Re. 


Reference 


1. N. H. McCoy and D. Montgomery, A representation of generalized Boolean rings, Duke 
Math. J., 3 (1937) 455-459. 


ON SEPARATION AND PROXIMITY SPACES 
WILLIAM J. PERVIN, Pennsylvania State University 


1. Introduction. It is generally stated that the first abstracting of the uni- 
form topology by axiomatizing the proximity relation A 7s close to B as a binary 
relation on subsets of a set X was done by Efremovich [6] in 1952 when he 
introduced proximity spaces. In this paper we will consider to what extent this 
axiomatization was inherent in the axiomatization of separation spaces by Wal- 
lace [15] in 1941. We will also consider the relationship between this proximity 
relation, the subordination relations of Aleksandrov [1] and Freudenthal [7], 
and the syntopogenic relations of Csdsz4r [5]. 


2. Separation spaces. At the same time, Krishna Murti [8], Szymanski [13], 
and Wallace [15], independently used the notion of separation of sets as the 
primitive notion of topology. We shall follow the axiomatization of Wallace 
since his axioms translate into the notions of proximity most directly. 

Wallace defined separation spaces by use of a binary relation A | B between 
subsets A and B of X. In order to be able to compare his axioms directly with 
those for proximities, we will actually give the axioms in terms of its negation 6 
which we will define by setting A 6 B iff A| B is false. Wallace’s axioms are, for 
all A, BCX: 


(P.1) BIA 

(P.2) ASB=>Bé6A 

(P.3) ANB4XOG=>AEB 

(P.4) A> A* and A*S5 BS ASB. 

(P.5) (A,U As) 8 B= A18 Bor A, 6B 

(P.6) xi y>u=y 

(C) xd{p:pdsAfsuadA 

(S) Ai B=>«6B for somex € A or Ab y for some y € B. 


Wallace’s theorem characterizing separation spaces states that a relation 6, 
satisfying the first seven axioms, gives rise to a closure operator ¢ defined by 
setting cA ={p:p6A} which satisfies the Kuratowski closure axioms (includ- 
ing the T;-axiom). Conversely, if ¢ is the closure operator for a 7i-space and we 
let A 6B iff (AM cB)U(cANB)# @, then all eight of the above axioms hold 
and cA={p:p 6A}. It is, then, the Hausdorff-Lennes separation condition 
that Wallace has axiomatized. We note that axiom (C) characterizes the closure 
operator in the space while axiom (S) specifies the type of separation to be that 
of Hausdorff and Lennes. 

There are, of course, other equivalent forms in which these axioms could be 
stated. If in axiom (P. 5) we use mutual implication, then axiom (P. 4) is un- 
necessary. If in axiom (P. 6) we use mutual implication, then axiom (P. 3) is 


158 


1964] ON SEPARATION AND PROXIMITY SPACES 159 


unnecessary. In view of axiom (P. 4), axiom (P. 1) could also be written @ 6 X. 
With these changes in mind, the usual axioms for a proximity relation (see [10] 
or [12]) are (P. 1) through (P. 6) plus the “separation” axiom: 


(P) AS6B=> A6dCand X —C5B for someC C X. 


It should be noted that if we try to define a proximity relation by means of 
the Hausdorff-Lennes separation condition as done above, by setting 4 6B 
iff (AMcB)\U(cAM\\B)# @, the axiom (P) may not hold (even in a metric 
space) even though the other six axioms will hold. For example, in the case of 
the real numbers with the usual topology, if A = {~:«<0} and B= {x:x>0}, 
then there is no set C with the desired properties. In this sense, proximity spaces 
are certainly distinct from the separation spaces of Wallace. The motivation for 
proximity spaces is, of course, the relation obtained in a metric space by setting 
A 6 B iff d(A, B)=0. 

For Tychonoff spaces (i.e., completely regular Ti-spaces) it is known [10] 
that one may obtain a proximity space by setting A 6 Biff c*Al\\c* B# @, where 
c* is the closure operator in some fixed compactification X* of the space X. 
Conversely, every proximity space gives rise to a Tychonoff space if we let 
cA={p:p5A}. Comparing Wallace’s axioms for separation with those for 
proximity, we see that it is the axiom (P) which implies the complete regularity 
of the topological space. 

Again one might attempt to obtain a proximity relation in a general topo- 
logical space by setting A 6 B iff cA(\\cB# © using the above motivation. All of 
the axioms (P. 1) through (P. 6) are again satisfied if X is a 7\-space but axiom 
(P) need not be satisfied. Indeed, it is easy to verify that axiom (P) is equivalent 
to the normality of the space X. 

It is interesting to note that there are other possible binary relations be- 
tween the subsets of a set which could serve as a measure of the “proximity” of 
the two sets. For example, we might set A 6 B iff X is connected between A and 
B, that is, iff there does not exist any set EZ which is both open and closed and 
such that A CE while EN B= © (see [11]). It is well known (see [9] p. 89) that 
this relation satisfies axioms (P. 1) through (P. 5). Axiom (P. 6) will also be 
satisfied if X is nulle part connexe (see [9] p. 94). Furthermore, in a Ti-space, 
axiom (C) is also satisfied. Of course this relation cannot be useful for general 
topological spaces since in a connected space X, A 6 B for all nonempty subsets 
A and B of X. The mast natural use of this relation would be in the case of zero- 
dimensional spaces. 


3. Syntopogenic spaces. Cs4sz4r [5] has recently defined the notion of a 
syntopogenic space which generalizes the notions of topological, proximity, and 
uniform spaces. Since we will be concerned only with topological and proximity 
spaces, we need consider only the simple syntopogenic structures, called topo- 
genic structures. The axioms for a topogenic structure are given in terms of a 
relation A <B between subsets A and B of a set X. Following the numbering 
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system used in [5], the axioms for a symmetric, 71, topogenic order are: 
(0.1) O©<OGandx<xX 

(Sym) 4<BeSxX-B<X-A 

(0.2) A<BRS>ACB 

(0.3) ACA*<BFCBSAK<B 

(Q) A < Band A* < B¥=> A A* < BO Btand AU A* < BU B* 
(Ti) xAyomux<c X—-y 

(7.9) A<BpeA<C<B for someC CX. 


In order to compare these axioms with those for proximity spaces, we may 
restate them in terms of the dual relation 6 defined by setting A 6 BiffA<X-—B 
is false. It is easy to verify that the duals of the above axioms are equivalent to 
axioms (P. 1) through (P. 6) and (P) for proximity spaces. Csdsz4r’s results in- 
clude the fact that there is a one-to-one correspondence between proximity 
spaces and these symmetric, 71, topogenic structures. Furthermore, there is a 
one-to-one correspondence between topological spaces and non-symmetric topo- 
genic structures (ones whose dual relations may not satisfy (P. 2)) which have 
the additional property of being perfect; that is, are such that x <B for all xC A 
implies that A <B. In terms of the dual relation 6, we have 


(S’) AéB=>«5 B for some xC€ A. 


We note that (S’) is not the same as (S) but again the axiom was anticipated 
by Wallace. The actual definition given by Csdszar is 4 <B iff ACGCB for 
some open set GC X. This is equivalent to the requirement that A is a subset of 
the interior of B. The dual relation A 6 B is equivalent to the condition AM cB 
~@. Unfortunately, this relation is inherently unsymmetric and so A 6 B will 
not in general imply B 6A, even if the topological space is a Tychonoff space 
in which, therefore, a proximity could be introduced. 


4, Subordination. A topogenic structure is very similar to the notion of 
subordination or strong inclusion used by Freudenthal [7] and Aleksandrov [1] 
in an attempt to find all bicompact extensions of a space. It is interesting to note 
that a concept similar to this was also introduced by Wallace [16] in 1942, who 
points out that Terasaka [14] used a similar notion in 1938. 

Following Aleksandrov and Ponomarev [3] where the concept of subordina- 
tion of closed sets F in open sets G is axiomatized, we may list the following sub- 
ordination axioms in terms of a relation < between subsets of a set X: 


(K. 1) B<O 
(K. 2) F<Gpe>x-G<X-—F 
(K.3) F<G>FCG 


(K.4) FCF*<GFCG=S[F<G 
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(K.5) F <Gand F*¥ <Go>FUF <GUG* 
(K.6) xEGSx<G 
(K. 7) F <G=>F < G* and cG* < G for some (open) G* C X. 


It is easy to verify that the duals of the above axioms are equivalent to 
axioms (P. 1) through (P. 5) for proximity spaces and the following axioms: 


(P.6') x6 F>xCF 
(P’) F,6 Fz F,6 F and c(X — F)5 F. for some (closed) F C X, 


when all are stated as relations between closed subsets of X. This relation can 
be extended to a relation 6* between arbitrary subsets of X by setting A 6* B iff 
cA 6 cB. 

It is well known that a topological space in which one can introduce a sub- 
ordination is Tychonoff and in any Tychonoff space one can introduce a sub- 
ordination by setting F<G iff F and X—G can be functionally separated 
(F, 6 Fy iff Fy, and F, cannot be functionally separated). A discussion of the 
relationship between subordinations and bicompact extensions of spaces ap- 
pears in [2] and additional results have been obtained more recently in [4]. 


The author was supported by the National Science Foundation under research grant NSF 
G-22690. 
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UNIFORM DISTRIBUTION modulo m OF MONOMIALS 
BURKE ZANE, Fresno State College 
Consider an infinite sequence of integers A = {a;}. For any integers 7 and 
m>1 define A(n, 7, m) to be the number of terms among 4a, de, +--+ , Ga that 
satisfy the congruence a;=j (mod m). Following Niven [1], we say that the 
sequence A is uniformly distributed modulo m in case 


ui e@ 


ot 1 
lim — A(n,j,m) = — 
n m 


for each j=1, 2, ---,m. In the event that A is uniformly distributed modulo m 
we will indicate this fact by the abbreviation A is u.d. (mod m). 

If f is an arbitrary polynomial with integral coefficients, then we may ask 
whether the infinite sequence of integers S(f) = { f(y} is u.d. (mod m) or not. 
Since f(«-+m) =f(x) (mod m), an equivalent question is whether the integers 
f(1), f(2), -- +, f(m) constitute a complete residue system modulo m or not. 
This paper completely answers any such inquiries for the case where the poly- 
nomial is, in fact, a monomial. 

Consider the monomial ax’. It is obvious that if R=1, the S(ax*) is 
u.d. (mod m) iff (a, m) =1. Equally obvious is the observation that if k>1, then 
S(ax*) is u.d. (mod 2) iff (a, 2) =1. The following theorem is not quite so obvious: 


THEOREM 1. Let p be an odd prime and let k>1 determine the integer K by the 
conditions that k=p*K and (p, K)=1. Then S(ax*) is u.d. (mod p) iff (a, p) 
=(K, p—1)=1. 


Proof. Suppose that S(ax*) is u.d. (mod p). Clearly (a, p) =1. According to 
Fermat’s Theorem, if 0<x<p, then 


ah == yp K = 4K (mod ). 
Also, according to another well-known result [2, p. 49], if (6, p)=1, then 
xk =b (mod p) has (K, —1) or no solutions depending on whether 
b&P-DIKp-1) = | (mod p) 
or not respectively. Since 


1 (e—-1)/(K,p—1) = 1 (mod p) 


we know that the congruence x¥=1 (mod p) has (K, p—1) incongruent solu- 

tions modulo p, and hence, that ax*=a (mod p) has (K, p—1) incongruent 

solutions modulo p. But we are assuming that S(ax*) is u.d. (mod p) so ax* 

=a (mod p) must have exactly one solution modulo p. Therefore (K, p—1) = 1. 
Now suppose that (a, p) =(K, p—1) =1. Then since 


b(p—-1)/(Kp-1) = 6P-1 = { (mod 9p) 
for each b=1, 2,---,-—1, we know that to each such 0 there corresponds a 
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unique x such that 0<x<p and x«*=b (mod p). It follows that S(ax*) is u.d. 
(mod p). 


Coro.tuary 1. There are infinitely many primés p such that S(ax*) is not 
u.d. (mod p). 


Proof. Let gq be any prime which divides k. Consider the arithmetic progres- 
sion 


1+ 4q, 1 + 29, 1+ 3q,-°°, i+ mg,---. 


According to Dirichlet’s Theorem, this progression contains an infinite number 
of primes. Let p be any such prime which satisfies p>k. Then p=1-+mq for 
some positive integer m and hence q is a divisor of p—1. It follows that (Rk, p—1) 
>1 and hence, by Theorem 1, that S(ax*) is not u.d. (mod p). Obviously there 
are infinitely many primes of the required type. 


Coro.uaRy 2. If k>1 ts odd, then there exist infinitely many primes p such that 
S(ax*) is u.d. (mod p). 


Proof. We are assuming that (2, k) =1 so by Dirichlet’s Theorem the arith- 
metic progression 


2+kh 2+2kh, 24+3k,---, 2Hmb,--- 


contains an infinite number of primes. Let =2-+mk be any such prime which 
satisfies p>a. If dis a divisor of >~1=1-+mk and if d is also a divisor of k, then 
d must be a divisor of 1. It follows that (&, p-1) =1 and hence, by Theorem 1, 
that S(ax*) is u.d. (mod p). Clearly there are infinitely many primes of the 
required type. 

Niven [1] showed that if a sequence A is u.d. (mod m) and if d is any divisor 
of m, then A is u.d. (mod d). He also gave an example to show that even if A hap- 
pens to be u.d. (mod a) and u.d. (mod b) where (a, 6) =1, A still need not be 
u.d. (mod abd). A different result holds for polynomials. 


Lemma. If f ts a polynomial with integral coefficients such that S(f) is 
u.d. (mod a) and u.d. (mod 6), where (a, b) =1, then S(f) is u.d. (mod ab). 


Proof. Suppose that f(x)=f(y) (mod ab), where 1Sx, ySab. Then f(x) 
=f(y) (mod a), and since S(f) is u.d. (mod a), it follows that x=y (mod a). 
Similarly, we can conclude that x=y (mod bd). Hence x=y (mod ab) since 
(a, b) =1. Therefore x=y. It follows that f(1), f(2), -- +, f(@b) are incongruent 
modulo ab and so S(f) is u.d. (mod ab) as required. 


THEOREM 2. The sequence S(ax*) is u.d. (mod m) iff m is square free and S(ax*) 
4s u.d. (mod ) for each prime divisor p of m. 


Proof. lf we suppose that m is square free and that S(ax*) is u.d. (mod p) for 
each prime divisor p of m, then repeated application of the preceding lemma 
leads us to the conclusion that S(ax*) is u.d. (mod m). 
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Now suppose that S(ax*) is u.d. (mod m) and let p be any prime divisor of m. 
We know that S(ax*) is u.d. (mod p) by Niven’s result. If we suppose that p? 
divides m, then S(ax*) is u.d. (mod p?) by the same result and it follows that the 
congruence ax*=p (mod p?) has a solution x. Since p? is a divisor of ax*—p, we 
know that # is a divisor of ax*. If p is a divisor of x then p? is a divisor of x* since 
k>1. But then p? is a divisor of » which is impossible. It must follow that p is a 
divisor of a. Hence (a, p) =p, and we see by Theorem 1 that » cannot be an odd 
prime. But we have also seen that S(ax*) is u.d. (mod 2) iff (a, 2) =1, so p cannot 
be the prime 2 either. The impossibility of this result forces us to conclude that 
b* cannot divide m. 


THEOREM 3. The sequence S(ax**) is u.d. (mod m) iff m=2 and (a, 2) =1. 


Proof. If we assume that m=2 and (a, 2) =1, then the result that S(ax*) is 
u.d. (mod 2) is immediate. 

Suppose that S(ax*) is u.d. (mod m). From Theorem 2 we know that m is 
square free. Suppose that p is an odd prime divisor of m. If we define K by the 
conditions that 2k=p*K and (K, p)=1, then 2 is a divisor of K. Hence 2 is a 
divisor of (K, p—1) so, by Theorem 1, we know that S(ax**) is not u.d. (mod p). 
On the other hand Theorem 2 tells us that S(ax?*) is u.d. (mod p). The impos- 
sibility of this result forces us to conclude that no odd prime # is a divisor of m. 
Since m>1, we conclude that m= 2. Clearly (a, 2) =1, and the proof is complete. 

While Theorems 2 and 3 completely dispose of any questions which might 
arise concerning the sequence S(ax*), the same questions remain open for arbi- 
trary polynomials. Only partial results have been attained so far. For example, 
it is easily shown that no second degree polynomial is uniformly distributed 
modulo m for any m>2. 
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QUERY 


Let f be a map on a ring R to another ring. What are reasonable sufficient 
conditions that the kernel of f be a subring of R? Address all replies to 
A. Wilansky, Department of Mathematics, Lehigh University, Bethlehem, Pa. 


SEQUENCES OF MASS DISTRIBUTIONS ON THE UNIT CIRCLE 
WHICH TEND TO A UNIFORM DISTRIBUTION 


P. T. BATEMAN, University of Illinois 


1. Introduction. In a recent paper [4] L. Mirsky made the following remarks 
(in a slightly different notation): 

“Let {dn} be a sequence of positive integers tending to infinity. Suppose 
that, for any n, D, is a set of d, complex numbers of unit modulus. If 


(1) 0<B-—aK<1, 


denote by N,,(a@, 8) the number of numbers in D, whose arguments satisfy the 
inequalities 27a <arg S278; and suppose that, whenever (1) is valid, we have 


0) san alot) _ 


unio n 


Finally, we write 


DE: 


geD 


(3) T, = max 
De Dr 


We may then conjecture that 


(4) lim 


The purpose of this paper is to prove the above conjecture of Mirsky. In 
fact we prove it in the following quantitative form. Let A, be the discrepancy 
(cf. [1], pp. 61-62) of the set of arguments of the points in D, modulo 2m, that 
is, let 


N n(a, B) 
(5) A, = sup |———-— @- a) |. 
a<BSa+1 An 
Then we shall prove in Section 2 that 
Tn 1 
(6) —— | S 2A,. 
An T 


If (2) holds for every pair a, 8 satisfying (1), it is easy to prove (see Section 3 

below) that lim,...4,=0. Thus Mirsky’s conjecture (4) will follow from (6). 
The main purpose of Mirsky’s paper was to consider the case where the set 

D,, consists of the ¢(”) primitive mth roots of unity. In that case he showed that 


1 
(7) Tl, = — o(n) + O(d(n)), 
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where d(m) is the number of divisors of 2. In Section 4 we show that (7) may be 
derived from (6) and also consider some similar special cases. 

Actually an inequality analogous to (6) holds for any mass distribution on 
the unit circle, not just for a discrete one, provided the quantities involved are 
defined appropriately. Thus (6) is contained in the following more general result. 


THEOREM 1. Suppose we have a mass distribution N on the unit circle. If 
0<6—a3l, denote by N(a, B) the amount of mass on that part of the unit circle 
satisfying the inequalities 27a <arg 2278. Write 


I = sup 
VoN 


1 
J eave, t) ; 
0 


where the notation indicates that the supremum is taken over all subdistributions V 
of N, that 1s, over all mass distributions V such that 

V(a, 8) = N(a, B) 
for every patr a, B satisfying 0<B—aSl1. Pui d=N(0, 1) and 


N(a, 
A= sup MOP ga) |. 
a<BSa+1 d 
Then 
T 1 
| a | < 2A. 
a T 


The first draft of this paper contained a direct proof of the result just stated. 
However, I. J. Schoenberg, who was kind enough to read this first draft, pointed 
out that the arguments used could be adapted to prove much more. Thus we 
shall derive Theorem 1 from the following still more general result, in which 
the unit circle is replaced by an arbitrary closed rectifiable curve and a com- 
parison is made between any two mass distributions on the curve. For con- 
venience, we normalize the mass distributions so that the total mass is unity. 


THEOREM 2. Suppose we have a closed rectifiable curve C given by the parametric 
equation 2=(t), OStS1. Suppose we consider two mass distributions N, and N, 
on C each of total mass one. If 0<B—aSl1 and 1 is 1 or 2, denote by Ni(a, B) the 
amount of mass from N; lying on that part of C given by the parameter values t 
satisfying a<tSp. Write 


iT; = sup 
VeN; 


J ‘64V, 1 | (i = 1,2), 


where the notation indicates that the supremum is taken over all subdistributions V 
of N; as in Theorem 1. Put 


A= sup | Nila, B) ~ N2(a, 8) | . 


a<B Sa+l 
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Let L=supy L(A), where L(A) ts the total variation on the unit interval af the func- 
tion y defined by 


or() = max{0, R(e?*4(4))}. 
Then |T:—T2| SLA. 


The terminology used in the first sentence of Theorem 2 is intended to mean 
that ¢ is a complex-valued function on the reals which is continuous, has period 
one, and is of bounded variation on (0, 1]. (Needless to say, this has nothing to 
do with the Euler function occurring in (7).) Note that Theorem 2 is a purely 
geometrical result in the sense that the four quantities occurring in its conclu- 
sion, namely 71, T2, Z, and A, are unchanged by reparametrization of the 
curve C. 

In case the curve C is starlike with respect to the origin and one of the two 
mass distributions on C is the uniform distribution with respect to the parameter 
t, then Theorem 2 takes the form of the following corollary. (We use the term 
star-like to mean that there is one and only one point of C on each ray from the 
origin.) Note that this corollary involves a specific parametrization of the 
curve C. 


COROLLARY. Suppose we have a closed rectifiable curve C which ts given by the 
parametric equation 2=(t) and which ts starlike with respect to the origin. Suppose 
we have a mass distribution N on C of total mass one and suppose 


} 


f soave,n 


I = sup 
VoN 


where the notation 1s used as 1n Theorem 1. Put 


i) “oto | 


A= sup |WN(a,8) — @-a)|. 


a<BSa+1l 


UY = sup 


a<B8Sa-+l1 


and 


Let L be defined as in Theorem 2. Then |T—U| SLA. 


Theorem 1 follows immediately from the above corollary, since in the case 
b(t) =e?**t we have L=2. In fact, whenever C is convex and symmetrical about 
the origin, it is easy to see that L is the length of the longest chord of C, 

As the proof in the next section will show, the result of Theorem 2 would re- 
main valid if we were to replace A by 


1 1 
At = — sup {¥i(0,8) — Na(0,8)} —— inf {Vs(0, 6) — Na(0, A)}. 


0<f51 B31 


A similar remark could be made concerning (6), Theorem 1, and the Corollary 
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to Theorem 2. Since A*¥ SA S 2A*, we lose at most a factor of two in our conclu- 
sion by stating it in terms of A. Note that A®*, like A, is independent of the start- 
ing point on the curve C. 


2. Proof of Theorem 2 and its corollary. 


Lemma (cf. [3]). Suppose mi and pe are real-valued functions on the interval 
[0, 1] such that pi(0) =p2(0) and pi(1) =p2(1). Suppose w is a complex-valued func- 
tion of bounded variation on [0, 1] such that [ow(t)dur(t) and fjw(t)dua(t) exist as 
Riemann-Stieltjes integrals and w(0) =w(1). Then 


J ‘w()dun(t) — J ‘w(t)dual!) | < DW, 


where 


1 1 | 
D=— sup {u(t) —m()} —— inf {ux — md} 
2 0StS1 2 oStS1 
and W is the total variation of w in the interval [0, 1]. 
Proof. Let 
1 1 
M =— sup {m(t) — w()} +— inf {m() — w2Qd)}. 
2 0S1tS1 2 0StS1 


Then by the formula for integration by parts 


J w(t)d{ui(t) — wa()} = — f fus(t) — pal} dwo() 


- J {us(0) — walt) — MY dw(t). 


Since —D Smi(t) —pe(t) —M SD, the result of the lemma follows. 
We now turn to the proof of Theorem 2. For real d let us put 


(8) TX) =f aalaN0, 0 (i = 1, 2), 


Note that if NV; is a discrete mass distribution, then we can interpret 7;(A) as 
follows. We take the sum of the vectors from the origin to the points in the mass 
distribution N; which lie in the half-plane 


(9) 2a(\ — +) < arg z < 2x(A + 4); 


then 7T;(A) is the length of the projection of this sum on the ray arg z= 27. 
We first show that 


(10) T; = sup T;(A) (4 = 1, 2). 
» 
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In fact, if VON; and 2mA\=arg fod()dV(0, 2), we have 


| f eoave, t) | = afer f (nav, 1} 
= J “exl)aVv (0, t) 


sf aanso, ) = 7.00. 


Thus T7;Ssup 7;(A). On the other hand, for each d a legitimate choice for V is 
the mass distribution obtained from N; by discarding all the mass lying outside 
the half-plane (9), that is, all the mass corresponding to values of the parameter 
t for which ¢)(¢) =0. Hence with this choice of V we have 


T:= 8 jor f ‘(av (0, i -{ “el)dN(0, ) = TQ), 


so that T7;2sup 7;(A). Thus (10) is proved. 
It is not difficult to show that 


| TA +n) -— TA)| SK a (i = 1, 2), 


where K is the circumference of the smallest circle with center at the origin 
which contains C. Accordingly T:(A) and 72(A) are continuous functions on the 
real numbers modulo one and so the supremum in (10) is actually attained. This 
fact is not essential, however, for what follows. 

We now apply the lemma with 


pr(t) = Ni(0, t), pa(t) = N2(0, t), w(t) = px(t). 


In view of (8) we obtain 


| Ti(A) — T2(A) | = | J or(t)dN (0, t) -{ or(t)dN 2(0, t) | 
0 0 


< L(a)A* S LA* SLA 
or 
T.() — LA S Tid) S$ To(d) + LA. 
Using (10) we find 
T,- LAST: 5 T2+LA, 


so that Theorem 2 is proved. 
To prove the Corollary to Theorem 2 note that, if C is starlike with respect 
to the origin and N- is the uniform distribution with respect to ¢, then the values 
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of ¢ for which ¢,(¢) >0 form an open interval modulo one and so by (10) 


1 B 
T2 = sup f o(i)dt = sup | f o(t)dt | S Ts. 
x 0 a 


a<B8 Sa+1 


Thus 


I, = sup 


a<8Sa+1 


J "(Dat | =U. 


Dropping the subscripts on Mi and 71, we have the assertion of the Corollary. 


3. Uniform distribution. The conjecture of Mirsky quoted in the introduc- 
tion is included in the following more comprehensive result on sequences of mass 
distributions on the unit circle which tend to a uniform distribution. 


THEOREM 3. Suppose that for each positive integer n we have a mass distribu- 
tion N, on the unit circle. Write 


1 
d, = J adN,,(0, t), Tn = sup 
0 VENn 


1 
i) etd V(0, t) ; 
0 


where we use the notation in the same way as in Theorem 1. Suppose (2) holds for 
every pair a, B satisfying (1). Then (4) holds. 


Proof. In view of Theorem 1 we need only prove that lim,..,A,=0, where 
A, is defined by (5). But this follows from (2) by a familiar compactness argu- 
ment which proceeds on the following lines (cf. the first footnote on p. 67 of 
[1]). For any given positive integer & there is a positive integer n, such that, if 
n=Nz, we have 


1 (< -) b—a 
— N,(—, —)- 

dy k ok k 
Since NV,,(a, B) is monotone in both a and B as long as O0<8—aS1, it is easy to 


infer from (11) that, if nm, OSa=1, and a<S<a-+1, then we have 


| N (a, 8) 
dn 


1 (a=0,1,---, 2; 


——ad 


(11) 
k b=aati,+-+,a+hk). 


— (8B — a) 


3 
<—- 
k 


Thus A, $3/k if n=n,. Since & is an arbitrary positive integer, lim,.. A, =0 and 
Theorem 2 is proved. 


4. Special examples. We now apply the inequality (6) to three particular 
sequences of sets D,. In each case T, is understood to be defined by (3) and A, 
by (5). 

For our first example, let D, be the set of the 2 nth roots of unity. Then 
A,=1/n and so (6) gives 
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|T,—n/x| S 2. 


Actually in this case we have the explicit formulas 


T 
T, = csc — if m is even, 
n 
1 T 
Ty, =— csc — if 2 is odd and nv > 1. 
2 2n 


Thus 7,=n/r+O(1/n), so that (6) does not give the best possible result in 
this trivial case. 

For our second example, let D, be the set of the ¢(#) primitive mth roots of 
unity, which is the case considered by Mirsky. (Here ¢ denotes the Euler func- 
tion, of course.) We first estimate A,. In this case, if a<@Sa-+1, then Na(a, B) 
is the number of positive integers m such that (m, n)=1 anda<m/nsB. Thus 
in this case 


a dL wd) 


an<msBin d| (m,n) 


>, Hd) > 1, 


djn mz 0(mod d), an<mspn 


Exo |G] 


Taking the supremum over all pairs a, 8 with 0<8—aS1, we obtain 


l 


Nx(a, 8) 


so that 


< d(n). 


(12) | Wn(a,8) — (6 — a)o(n)| = 


o(n) An S&S d(n). 
Thus (6) gives in this case 
(13) | Ta — o(n)/r|  2d(n), 


which is merely a version of (7) with an explicit value of the constant implied by 
the O-symbol. 

For our final example, let D, be the set of the ®() roots of unity of order not 
exceeding n, where 


B(n) = D7 $(k). 
k= 
To obtain an estimate of the discrepancy in this case we need only sum the 
result (12) obtained in the previous case. We then obtain for the present case 


n 


| Nn(a, 8) — (8 — a) ®(n) | < x d(k) = >, [n/k] S n(log n + 1), 


kel 
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which is a result given in [5]. Taking the supremum over all pairs a, 8 with 
0<@8—aSil, we obtain 


@(n)A, S n(log n + 1). 
Thus (6) gives 
(14) | Tn — &(n)/7 | S 2n(log n + 1). 
Since ®(n) = 32-2n?+O(n log n) (see [2], Section 18.5), we have in this case 
T, = 30-*n? + O(n log n). 


Actually, if we were to use the remark in the last paragraph of the introduc- 
tion, we could dispense with the factor 2 on the right-hand side of (13) and (14). 


The first draft of this paper was written at the Institute of Number Theory sponsored during 
the year 1961-1962 by the National Science Foundation at the University of Pennsylvania, Phila- 
delphia, Pennsylvania. Support was also received from the Office of Naval Research. 
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A THEOREM CONCERNING REARRANGEMENTS 
FREDERIC T. Metca.r, U.S. Naval Ordnance Laboratory, White Oak, Silver Spring, Maryland 
Suppose the sequences of real numbers, {ax}? and {b:}%, satisfy 
(1) OSaS8a8°:'Sa; O8S6:8h2 S--: Sh. 


Then a well-known result (see, e.g., [1] p. 261) states that 


n 


(2) » AOn41 S » Uber S » AnDx, 
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where o denotes any permutation of the integers 1, 2, - - - , m. (It should be men- 
tioned that, although stated here for nonnegative numbers, this result is valid 
for any two sequences of real numbers.) 

Let m, and M, denote, respectively, the smallest and largest terms appearing 
in the sum ar xbox. Then m, a,b. M, for all R=1, 2,---, 2. It is the 
purpose of this note to establish that m, attains its maximum value (over all 
permutations a) for the same permutation for which M, attains its minimum 
value; and that this permutation is the one which gives the sum on the left of 
(2). In other words, the sum ar Arbo, iS a Minimum when the distance be- 
tween the largest and smallest of the individual terms is at a minimum; and this 
minimum distance occurs when bo. = Da_z41 for R=1, 2,---,n. It is easy to see 
that m, attains its minimum value (namely, a1b,;) and M, its maximum value 
(namely, a,0,) for the permutation which gives the sum on the right of (2). 
These results are stated precisely in the following theorem. 


THEOREM. Let the sequences of nonnegative real numbers, {ax}% and {b, }?, 
be arranged in nondecreasing order, as in (1). Then 


max m, = max min ab. = min adgbaz41 
co co 1SkSn 1skSn 
and 
min M, = min max a;b., = max agdn—n413 
o o0 1Sksn 1SESn 
while 
min Ne = min min anDok = min 01,0; = a3b, 
co o 1Sksn 1Sksn 
and 


max M, = max max a,b,, = max a,b, = a,0n. 
o o i1SkSn 1SkSn 


Proof. The bounds a0; and a,b, are clear. Consider then the case of the lower 
bound for M,. The proof is by contradiction. 


Label the 2! permutations of the integers {1, 2, - nt} aso;(¢=1,2,---,n!). 
Suppose that ai is the permutation taking k into n—k-+1 for k=1, 2,---,n, 
i.e., 0, is the permutation which occurs in the theorem. For each permutation 
o; (4=1, 2,---,m!) there exists an index k; such that 

Ox bok; = Max agbo jn. 
1SksSn 


(The choice may be ambiguous, that is, there may be several possible choices for 
each k;, but, e.g., the smallest such index may be chosen in order to remove the 
ambiguity.) Then, in this notation, the theorem asserts that 
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(3) Ok On—ky +1 $ On Oo xk; 


for allz=1,2,---, m!. If ax,0n-4,41=0, then (3) is trivial. Thus, it may be as- 
sumed that a:,),-4,41>0, without loss (this implies, in particular, that az,>0, 
which will be used below). Suppose, contrary to what one wishes to prove, that 
(3) does not hold for all 2=1, 2,---, 2!. Then there is an integer j, with 
1<jsn!}, such that a:,b04; < @x,bn—z,41. Hence, 


On0ejk < An On—Ky41 
for all R=1, 2,- +--+, mn. However, a%,Sa, for all k2 ky; and thus, 

4 00,k < Oy ,0n—Ky+1 
or (since, as was shown above, ax, may be taken as positive) 

Da sk < On—ky+1 
whenever kk. Due to the ordering of the b’s it follows that 
(4) aojyk<n—-ky +1 
for R=ki, kit1,---,nx. But the n—:+1 distinct positive integers, 
o;R1, aj(ki + 1),--+, on, 
cannot all satisfy (4) since this inequality can hold for at most only »—ki posi- 
tive integers. Thus, as was desired, a contradiction has been established, and the 
stated result must be valid. It is of interest to notice that this last argument is 
very much akin to an argument one encounters in number theory, namely, the 
Dirichlet “box principle”: if 2-+1 objects are placed in ” boxes, then at least 
two of the objects must reside in the same box. 
In order to establish the upper bound for m,, the same procedure which was 


utilized above could be followed. However, a more direct attack is to use the 
formula (valid if 0 <a1bi) 


1 
(5) max min ab,, = ———-——— ° 
¢ 1i<ksn min max (1/a,zb,x) 
o I1Sk5n 


If some of the a’s or b’s are zero, then m,=0 for all o. Thus, it is safe to assume 
that 0<aib:. By applying the previous result to the two sequences, { 1/Qn—K-41 \n 
and {1/bn—z411}%, one sees that equation (5) yields the desired upper bound on mz, 
immediately. 


Reference 
1, G. H. Hardy, J. E. Littlewood, and G. Pélya, Inequalities, Cambridge, 1934. 
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THE SEQUENCE ka*+1 COMPOSITE FOR ALL n 
RosBert Bowen, Fairfield, California 


In [1] it was shown that if & belongs to certain arithmetic progressions, 
k-2"+1 is composite for all x. A direct generalization to ka"+-1 is trivial if a is 
odd and is very easy (see Case 1 below) if a—1 is not a power of 2. But if we in- 
sist that k be even, the question becomes interesting. 

A finite set of primes qi, - + - , dm is said to cover the sequence ka”+1, n20, 
if each term in the sequence is divisible by at least one of these primes. We will 
call the cover perfect if no term is divisible by two of these primes. 

When a—1 is not a power of 2, we can cover ka”-+1 (for certain even values 
of k) with a single prime g (Case 1). When a= 2*++1, we can cover with two odd 
primes qi and ge if and only if (a+1)/2=2*-!+1 has two prime factors (Case 2). 
Thus, as in [1], the question of whether the Fermat numbers F,,=2?"*! are 
prime or composite enters into our problem in an interesting way. These excep- 
tions, where (a-++1)/2 is 9 or is a Fermat number, are treated (for a>9) in Case 
3, where we use three prime divisors of a*—1 to cover. For a=9 we cover with 
the four odd prime divisors of 98—1 and for a=5, the five odd prime divisors 
of 516—1. Finally, for @a=3 there is no similar method for covering k:3"+1, but 
we obtain a perfect cover by using a different approach. 


Lemma 1. The only solution of 2*=q’—1 with y>1 1s x =3. 


Proof. lf y=2t then 27= (g'+1)(q‘—1). Each factor on the right is a power 
of two and their difference is two. Hence g'+1=4 and x=3. 

Suppose y odd. Then q—1 divides g/—1=2* so g—1=2". Substituting, 
2°= (2"+1)¥—1=297+ --- +(3)22*-+-y+2" which is a contradiction (mod 2?*) 
if y>1. 


LEMMA 2. The only solution of 27*-!+2*+1=54 15 x =1. 


Proof. We have (272-14 2#+1) (2?#-!— 27+1) =24-?+1. Now 2 is a primitive 
root (mod 5”), so 24*-?= —1 (mod 5”) implies that 4" —2=2-54-! (mod 4-5-4), 
Hence 2x—125*%! and 5(2x—1) 25¥=27+-1+2*+1. But this is false for x>2. 


THEOREM. For any a there exists an arithmetic progression Q={cx-+b, x21} 
such that ka” +1 is odd and composite for all REQ and all n=0. 


Proof. Case 1. a#2?+1. Let g be an odd prime divisor of a—1. Set b=q—1 
and c=2q. Then ka®+1=(cx+b)a"+1= (2qx+q—1)a"+1 is odd, is greater 
than gq, and is divisible by g. 

Case 2. a==2?+1, where s42"+1, s>5. Let s—1=pt, where p>1 is odd. 
Then 2'+1 divides 2?‘+1=2*-!+1=(a+1)/2. Hence 2'~!+1 is composite but 
is not a prime power by Lemma 1 since s—1>3. Thus (a+1)/2 has two distinct 
prime divisors g; and gq: Let 0’ be the least positive solution of b’=1 (mod 2q;) 
and b’/=:—1 (mod q). Set b=b’+qige and c= 2gig2. Then qi divides ka®*t!+1 
= (2qigex-+b)a*"t1-+-1 and qe divides kRa**+1. 
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The argument shows that we may also include a in Case 2 whenever (a-+1)/2 
=22"-+1 is a composite Fermat number. 

Case 3. a=2*+1, s=4 or s=2™+1, m>1. Let qi be a prime divisor of 
(a+1)/2. Then q; divides a?—1 and not a?+1. Since a—1=2*=1 or 2 (mod 5), 
5 divides (a?-+1)/2 =27*-1+2°+1. By Lemma 2, (a?+1)/2 has another prime 
divisor gz. Let b’ be the least positive solution of b’=1 (mod 2qig2) and b=4 
(mod 5). Set b=b’+5qig2 and c=10qige. Then gq; divides ka?*t1+-1, go divides 
ka*t+2-+-1, and 5 divides ka**-+1. 

There remain only a=2, 3, 5, or 9. 

For a=9, let b’ =1 (mod 2-5-41-17) and b’ = —1 (mod 193). Set c= (98-1) /25 
and b=(c/2)+0’. Then 5 divides k-9?+1+1, 41 divides k-947+?+1, 17 divides 
k-98t4-1- 1 and 193 divides k-98-+1. 

For a=5, let 0’=1 (mod 2-3-13-313-17) and b’=—1 (mod 11489). Set 
c= (516—1)/2° and b= (c/2)-+0’. 

For a=2 use the prime divisors of 284—1. See [1] or [2]. 

For a=3, it seems doubtful that there is a cover using only odd prime divi- 
sors of 32"—1. Notice that any such cover is perfect, i.e., each term of the se- 
quence k-a"-++1 is divisible by one and only one of the covering primes. Each 
cover described above is perfect. To get a perfect cover for a =3, use the follow- 
ing prime divisors of 3437—1:13, 7, 73, 6481, 97, 577, 757, 19, 37, 109, 433 and 
8209. If b is suitably chosen, these divide ka*ti+1 where (4, 7) =(3, 0), (6, 1), 
(12, 4), (24, 10), (48, 22), (48, 46), (9, 2), (18, 5), (18, 14), (27, 8), (27, 17), and 
(27, 26). As before, c equals twice the product of the covering primes. 


The author is indebted to the referee for many suggestions. 
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SODDY’S CIRCLES AND THE DE LONGCHAMPS 
POINT OF A TRIANGLE 


A. VANDEGHEN, Liége, Belgium 


The Euler line of a triangle ABC contains six notable points: the ortho- 
center H, the nine-point center N, the centroid G, the circumcenter O, the de 
Longchamps point Z, and the circumcenter of the triangle formed by the tan- 
gents to the circumcircle of ABC at A, B, C [2, pp. 104, 242, 299]. The present 
note introduces a new property of the de Longchamps point [1, p. 370] which, 
being the symmetric of H with respect to O, is the external center of similitude 
of the circumcircle with Steiner’s circle of center N and radius 3R/2. (This is 
the circle within which a circle of radius R/2 rolls in the description of the 3- 
cusped hypocycloid which is the envelope of Simson lines [3, p. 115].) 
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Fic. 1 


In the usual notation, circles centered at the vertices of any triangle ABC 
touch one another if their radii are s—a, s—b, s—c or s, s—c, s—b or s—c, s, 
s—aors—b, s—a,s. The first case [3, pp. 13-16] is illustrated in Figure 1. In 
each of the remaining cases, one circle encloses the other two. For each system 
of three circles we can find two circles that touch them all. Let us call these the 
Soddy circles of the triangle, and denote their centers and radii by 


-. ,, /., , 
S; S ’ Say a9 Sb, Ss ’ Sey cy 
e ° , 


with ¢<o’, and so on. We shall find that the four pairs of centers lie on the four 
lines IZ, 1,Z, IpZ, I-Z, where I, Ia, Iu, Ie are the incenter and excenters while Z 
is the de Longchamps point. 
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When 4R-+r<2s, the first pair of Soddy circles are arranged in the manner 
of Figure 1. Let Z be the midpoint of BC, and X, X’, M, K the projections on BC 
of S, 5S’, I, Z. It is easy to obtain the relations 


SC2 — SB? b6—c/2¢ 
AL = ————— = ———(— +1], 
2BC 2 a 
S’B2 — S’C? §6—cf2e' 
LX! = ————. = —-— = —1), 
2BC 2 a 
b—c 62 — ¢? 
ML = ) LK = ) 
2 2a 
whence 
b—c b—c XM o 
XM = G, MX’ = a’, =) 
a a MX’ oo 
XK of Gay) RX’ anne ee XK o+s 
—= 5S), — — S$), — OT 
a 7 a ° Kx’ J — 5s) 
XxX’ o +o 
MK S 


Thus J is the internal center of similitude of the Soddy circles, S and S’ are 
on the line JZ, Z divides SS’ in the ratio (¢+s): (o’—s), and 


SS” o +o 
IZ S 


It is easy to calculate that [Z?= (4R-+r)*—3s?, and thus to obtain an expres- 
sion for SS’. Incidentally, this proves that 


4R+tre=v3s. 


(According to a letter from O. Bottema to H. S. M. Coxeter, G. R. Veldkamp 
has observed that the external center of similitude is the Gergonne point, where 
AM meets the analogous cevians from B and C.) 

When 4R+7>2s, similar calculations show that J is the external center of 
similitude, Z divides SS’ externally in the ratio (o0+s): (o’+s), and 


SS @ —o@ 
IZ ss 


For the three remaining pairs of Soddy circles we must use the excenters 
instead of the incenter. We find, for instance, that J, is the external center of 
similitude of the Soddy circles with centers S, and S7 ; these centers are on the 
line /,Z, and Z divides S,S, internally in the ratio (s—a—a): (o’—s-+a). 
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Ie 


Ih 


SO 


Sb , i Sa 


¥ S'¢ 


Fic. 2 


Figure 2 shows the Euler line HO and the four “Soddy lines” SS’, S,S/, 
SpSe, SoSe, all passing through Z. To avoid complicating the figure, we have 
omitted the lines OJ, OI,, Olv, OI, although these are of some interest because 
they are the Euler lines of the four triangles formed by the points of contact of 
BC, CA, AB with the incircle and the three excircles. 
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YET ANOTHER PROOF OF THE FUNDAMENTAL THEOREM OF ALGEBRA 
R. P. Boas, Jr., Northwestern University 


The following proof of the fundamental theorem of algebra by contour 
integration is similar to Ankeny’s [1], but is simpler because it uses integration 
around the unit circle (which is usually the first application of contour integra- 
tion) instead of integration along the real axis; thus there is no need to discuss 
the asymptotic behavior of any integrals. 

Let P(z) be a nonconstant polynomial; we are to show that P(z)=0 for 
some z. We may suppose P(z) real for real z. (Indeed, otherwise let P(z) be the 
polynomial whose coefficients are the conjugates of those of P(z) and consider 
P(z)P(z).) Suppose then that P(z) is real for real 2 and is never 0; we deduce a 
contradiction. Since P(z) does not either vanish or change sign for real zg, we 


have 


(1) f " _ 9 7 0 
0 P(2 cos 8) 
But this integral is equal to the contour integral 
1 dz 1 2"—ldg 
(2) > 


t J yajn1 2P(2 + 27") a lela Q(z) 


where Q(z) =2"P(z+27") is a polynomial. For 20, Q(z) 0; in addition, if a, is 
the leading coefficient in P(z), we have Q(0) =a, 40. Since Q(z) is never zero, the 
integrand in (2) is analytic and hence the integral is zero by Cauchy’s theorem, 


contradicting (1). 
Reference 


1. N. C. Ankeny, One more proof of the fundamental theorem of algebra, this MonuTLy, 54 
(1947) 464. 
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EDITED BY GERTRUDE EarRticu, University of Maryland 


WHAT! ANOTHER NOTE JUST ON THE FUNDAMENTAL THEOREM OF ALGEBRA? 


R. M. REDHEFFER, University of California, Los Angeles 


1, Introduction. Throughout this discussion P(z) is a nonconstant poly- 
nomial with complex coefficients. According to the fundamental theorem of alge- 
bra, P(z)=0 has a complex root. Some proofs, using separation properties of 
the plane, have loopholes hard to close. In other proofs the only topology needed 
is the fact that the circle |z| Sr is compact. These are the ones discussed here. 
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REMARK 12. Remark 8 holds with e* replaced by 1/s, where s is real and positive. 


Reference 
1. R. M. Redheffer, The fundamental theorem of algebra, this MONTHLY, (1957) 582-585. 


A NOTE ON THE OPERATION OF MULTIPLICATION 
IN THE COMPLEX PLANE 


D. J. HANSEN, North Carolina State College 


In a first course in complex analysis, one frequently asks the following ques- 
tion while discussing the structure of the complex number system: Does there 
exist more than one way to define multiplication of ordered pairs of real numbers 
with the stipulation that 

(i) (x, y) =(u, v) if and only if «=u and y=y, 

(ii) (&, ¥) ®(u, v) =(x-+u, y+), 

(iii) the axioms for a field be fulfilled, 

(iv) the classical definition for the modulus of an ordered pair be preserved 
along with the statement that | (x, v) O(u, v)| =| (x, y)| «| (u, 2)|, and 

(v) (c, 0)O(, y) = (ex, cy)? 

The answer to the above question, as the theorem stated below indicates, is 
in the negative. 

It is of interest to note that the hypothesis in the following theorem has 
been weakened by replacing the notion of a field with that of a ring in which 
(c, 0) O@, ¥) = (x, ¥) O(c, 0). 


THEOREM. Let S denote the collection of all ordered pairs (x, y) of real numbers 
with equality defined as in (1) and suppose that the binary operations © and O, 
defined on S, satisfy the axioms for a ring with (x, y)@(u, v)=(x+u, y+). If 
I, Dl =Vet"), [@, OM, | =[@ y]-[@, oD], and (6, OC, ») 
= (cx, cy) = (x, y) O(c, 0) then (x, y) O(u, v) =(ux—vy, uy+xv). 


Proof. First, one observes that 

(0, y) © (0, ») = [(y, 0) © (0, 1)] © [(2, 0) © (0, 1)] = (y», 0) © [(0, 1) © (0,1)] 
= (yv, 0) © (m, n), 

where (m, n) = (0, 1)©(0, 1). Thus 

(x,y) © (u,v) = [(x, 0) ® (0, y)] © (u,v) = [(x, 0) © (uw, »)] ® [(0, y) © (u, »)] 
= (xu, 2v) ® {(0, y) © [(w, 0) ® ©, »)]} 
= (xu, xv + uy) ® [(0, y) © (0, »)] 
= (xu, xv + uy) ® (yum, yon) 
= (xu + yom, xv + uy + yon). 


From the definition and product property for the modulus of an ordered pair, 
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it is also readily verified that 
(1) m? -+- n? = 1, and 
(2) (x? + oy?) (0? -b 0?) = (xu + yom)? + (a0 + uy + yon)?. 
By expanding (2) and rearranging the terms, one is allowed to conclude that 
(3) (1 — m® — n*)y*o? = 2(m + L)eyun + In(uvy? + wyv?). 
Consequently, from (1) and (3), we obtain 

2(m + 1)xyuv + 2n(uvy? + xyv?) = 0 


for all real numbers x, y, u and wu. Hence, m=~1 and »=0. Therefore, 
(0, 1) (0, 1)=(—1, 0) and (x, ¥) OU, ») = (xu—yu, xu-+uy). 


ll 


ON APPROXIMATION OF SLOWLY CONVERGENT SERIES 
O. E. STANAITIS, St. Olaf College 


1, Introduction. The standard method of evaluating infinite series is to 
evaluate suitable partial sums S; and estimate the error R; involved in the cor- 
responding remainder. In case of slow convergence, however, for example, with 


(1) s- d= 


n=] n? 


the upper estimate of the remainder 


1 1 1 
R, = fb tae 
k Lip’ GED ‘i 


indicates that by the standard method it is necessary toadd a million termsin order 
to secure 6 decimal places. In this case the method is not feasible. In many cases 
the problem can be solved by transforming the series into a mare rapidly con- 
vergent series. Euler’s, Kummer’s, and Markoff’s transformations are ingenious 
methods in this field. Kummer’s and Markoff’'s transformations of (1) yield, 
respectively, (cf. [1]) the rapidly convergent series 


an | 1 
2 _=5, oo , = 1,2,3,--- 
2 2s +L Soppe ean Gey PO 

o = [@ — 1)1P 
8) La 32 on (2n)! 


In case (2), addition of 17 terms (for p=9), and in case (3), addition of 9 terms 
yield accuracy to 6 decimal places. 

The success of Kummer’s and Markoff’s transformations depends for the 
most part, however, on special artifices, and Euler’s transformation does not 
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always lead to a more rapidly convergent series. A case in point is Abel’s series 


00 1 
(4) S= 2) Gy plow DP 


where Euler’s transformation leads to a more slowly convergent series, Since 
applicable artifices for Kummer’s and Markoff’s transformations are not known, 
the above series cannot be evaluated by these transformations. 

Another way of evaluating slowly convergent series is the method of upper 
and lower estimates of the remainder. In case (1) we have 


1 1 
k+1 ———— < R, < h 2 ete <S< S45 

That is, for an approximation to 6 decimal places one needs to add only 1000 
terms, still too large a number for practical purposes. The power of this method 
has been considerably underestimated. Knopp observes [1, p. 260]: “But in 
special examples this method of upper and lower estimates of the remainder may 
lead to a satisfactory result. These cases are, however, so rare, that they do not 
come into account for practical purposes. Greater importance attaches to meth- 
ods for transformation of slowly convergent into rapidly convergent series, be- 
cause they admit of a far wider range of applications.” 

The purpose of this short note is to show, first, that the method of upper and 
lower estimates of the remainder can easily be refined; secondly, that the im- 
proved method admits of a wide range of applications, and, for practical pur- 
poses, is handier than the transformations. 


2. Method of upper and lower estimates of the remainder. Let us consider 
the series 


S= Dif(a) = vse + f@=S4+R, 
v=] x=k+1 
where f(x) is a positive, continuous, and monotone decreasing function for x= 1. 
The familiar Cauchy’s integral test inequality applied to the remainder of a con- 
vergent series yields the first rough upper and lower estimate 


,2 


(5) f(x)dx < Ry < f fla)dx + f(k + 1). 
k-b1 kl 
Under the additional assumption that f’’ (x) is a positive monotonically decreas- 
ing function for «21, by using trapezoids instead of rectangles, one can obtain 
a much sharper estimate for the remainder [2, p. 236] 
° fk + 2) f'(®) 
(6) 3f&A+1)+ } f(xd«e- a5 < Ri, < 3f(k + 1) + “il x)dx ——— - 


k+1 k+1 12 


It follows from (6) that by adding 31 terms of the series (1) and 3 additional 
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terms one obtains an approximation with an error less than 107°. 
Note that alternating series can be treated in the same manner by combining 
pairs of terms to produce a new series of positive terms. 


3. Generalization. If the derivatives of f(x) are continuous the method can 
be extended to arbitrary convergent series. The familiar Euler’s summation 
formula [1, p. 518] applied to the remainder yields 


Bi 
R= [ flde+ 4f(k +1) — —T(h +1) - 7G 4+1)- 
k-+1 
(1) ; 
— f2-O(k + 1) + Poo r(x)f 2+) (a) dx, 
-&, 7 bel 
where 
B : B I B / B B 5 
6" ‘307 ° 42" * 307 66 
691 7 
27307 6 


are Bernoulli’s numbers and 
2 sin 2rnx 


Pala) = (—) DD 


ani (2mn)2°+1 


From (7) we obtain the estimate for the remainder 


R, — ” f(a)dx — 3f(k + 1) $y @+)+o fk + 1)+- 


k+1 


(8) +o, = fe (b+ 1) 


J Ponirlayfer (adel 
k+1 


By suitable choice of k and v the error 


(9) =| fo Poossla fOr ada 
k+1 
can be made arbitrarily small. If we assume further that | ft (x) | is integrable, 
then from the familiar relation 
<0 1 <0 1 Bap (2ar)2? 


dey < az = (1 


nm. n?Pti n= 1? 2 (2p)! 
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we obtain the first rough estimate of 


Buy 
(10) ns f [Pesala | [fo | de <a i | fort (a) | dex 


The result of this section we state as a theorem. 


Turoreo. If S= >). f(x) is a convergent series, where f(x), defined for x=1, is 
2v-+1 tumes continuously differentiable, then the error r;, of the approximation 


% B B 
S=S+ fo fede t+ Ye +1) — Spey -—Syre+Yy - 
k+1 ° H 
11 
(11) B, 
- apt + 1) 
1s determined by (9). 
4, Examples. 1. For f(x) =1/x? and v=3 from (10) follows 
7 
(27)42(k + 1)8 


% < 


Hence, for k=4 we obtain an approximation of (1) 


(12) Seto +e statcto ate. pivid 
7 252 6 5§ 3055 42 57 
with an error less than 107’. 
For more refined scientific needs one can increase the accuracy considerably 
by putting k=9 and v=4 in (11), that is, adding 9 terms of series (1) and 6 
additional terms. In this case the approximation of (1) is 


Set oto eto 
. 2 107 6 10% 30 108 42 107 30 10° 


with an error less than 107-!. If the three terms B,910-'3+B,.10-"+B,,10-% 
were added to the displayed series the sum would have an error less than 10-'$, 
giving 77/6 = 1.6449340668482323 ---. Incidentally, the latter approximation 
shows that greater accuracy does not necessarily require more effort if a suitable 
k yields easily calculated terms. 

2. For f(x) =1/(«+1) [log (w+1) |? and v=3, (10) yields .<¢y + f(R+1). 
For k=8 we obtain the following approximation of (4) 

1 1 


1 
SxS ee - ’ _ my _ __. 
*F oelo 2 10(log 10)? -5f ) + = U9 ~ D sal 0) 


with an error less than 107’. 
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5. Remarks. If f(x) is positive and possesses continuous derivatives tending 
monotonely to 0 asx—> one can easily obtain a more accurate estimate for 7;. 
Note, first, that all derivatives f(x)@°t), v=0, 1, 2, + - -, are negative; secondly, 
Bernoulli's numbers have alternating signs. If 7, in (9) is less than 


Boy (20-1) 
on ue (k+I) 
(2v)! 


then (11), from the fourth term on, is a finite alternating series and the error 
is less than 


Bose (2v+1) 
A ym EI) 
(20 + 2)! 


If the series alternates it is easy to obtain more accurate estimates of the 
error if one first combines terms in pairs as in section 2. 

Comparison of (5), (6), and (11) shows that each consecutive approximation 
contains terms of the preceding one. It is apparent that for practical success of 
the approximation easy evaluation of /7.,/(x)dx is essential. 

Approximation (6) can be considered as a special case of (11) for v=1, but 
the estimate of the error in (6), [f’(2+2) —f’(R) |/12, is larger than in (10). In 
case (1) the approximation (6) requires addition of 31 terms of (1), whereas (10) 
achieves the same accuracy (10~°) by addition of 16 terms. Approximation (11) 
compares favorably in cases (2) and (3). Transformations (2) and (3) require 
addition of 17 and 9 terms respectively (accuracy 10~*), whereas in (12) addi- 
tion of 9 terms yields an approximation with an error less than 1077. We recall, 
first, that transformations are obtained by using special artifices; secondly, 
that transformation of a series requires additional effort; thirdly, that if artifices 
are unknown a series cannot be evaluated by a transformation (case 4); thus it 
follows that, for practical purposes, the method of upper and lower estimates 
of the remainder is superior. 
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A MODIFIED MACLAURIN INTEGRAL TEST 


Louis C. Barrett, South Dakota School of Mines and Technology and 
Naval Ordnance Test Station, China Lake, California 


In its most elementary form, Maclaurin’s integral test is used to examine 
series, such as an fj) for convergence or divergence, when the continuous 
function f(x) ultimately becomes and remains positive and monotone decreas- 
ing. Many extensions of this theorem have been given [1, 2]. 
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This note provides a modification of the test which may be applied to series 
of the type )o72,f(A;) when f(«) has the aforesaid properties and ), is the jth 
element of a strictly monotone increasing sequence. More precisely, our test 
reads: 


THEOREM. Suppose that 
(i) Ar<Ae<As<+ + + KAZ ee, 
(ii) lim j +20 AGV= 2, 
(iii) there exists M>0 such that \ju1-j 2M, (SM), (j= 1, 2,°°-), 
(iv) fEC (AiSx<~), 
(v) f is monotone decreasing and f(x) 20 (aSx< «), 
(vi) limps. fif(x)dx=A, (= &); 
then dir. fQi)<~, (=), 


Proof. Let J be a fixed positive integer such that \; 2a. Hypothesis (iv) en- 
sures the convergence or divergence of >), f(A;), according as Does f;) con- 
verges or diverges. From (i) and (v) 


fm) Sf) SfAN; A Se S Ajai, jad, 


hence, by integration, 
As+1 
fOmdOni—) Sf fe)de S/O)Om—Mi GBS. 
rj 


For every positive integer N>J we find, after repeatedly adding respective 
members of these inequalities, 


N+1 AN +1 N 
(1) YJ — Wa) Sf Fede S DIO) — Ad. 
j=J+1 AJ jot 


Now suppose that (iii) involves \j41—-A;2M (in which case the first two 
hypotheses become redundant), and that (vi) involves the finite number A. 
Then, from (1) and the positiveness of f(x), 


N+1 


1 AN+1 
2 $0) $100) + 5 J fede 


and therefore >07., fA) SfA) +4/M<o. 


If the alternative hypotheses in (iii) and (vi) apply, then from (1), 


a= J fo) < > f0,). 


Letting N, and perforce Ay41, become infinite there follows 


2 = D0). 
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This completes the proof of the theorem. 

The familiar Maclaurin integral integral test occurs as a special case of this 
theorem when \;=/7. 

It will next be shown that the theorem may be utilized even though (i) and 
(iii) fail to hold. 

Example 1. The sequence {d,;} whose odd and even numbered elements are 
defined, respectively, by 


. -("" 1 + k? — (cos rk) /(1 + k?); k=0,1,2,--- 
"LN = 1 + Bs k= 1,2,3,--- 


satisfies (ii) but is not monotone. Furthermore, the differences \ox41—Aox, tend 
to zero. On the other hand, the two subsequences {Ax41} and {Ax} both meet 
the condition Aj41—A;2= M of (iii). Consequently, Soo f(Noeei), Doster fsx), 
and hence >_*., f(A;), are convergent series provided f(«) satisfies (iv), (v), and 
the convergent instance of (vi). Moreover, it is now evident that, under these 
same conditions on f(x), the series > 3%, f(A;) is convergent whenever {nr;} is 
the union of a finite number of sequences each having elements that satisfy the 
first requirement in (iii). 

Example 2. Our modified test affords a particularly convenient means of 
establishing the convergence of certain series which arise in connection with 
boundary value problems. 

Suppose, for instance, that a formal solution of the boundary value problem 
describing the temperature distribution in an infinite cylinder has been ob- 
tained by separation of variables. To establish the validity of the result it 
becomes necessary to decide whether or not series such as 


ore) 2 
(2) > je 


j=l 


converge, where a> 0, 7 is a positive integer, and ); is the jth characteristic num- 
ber of the problem (cf. [3]]). 

In a problem such as this it will usually be impossible to express A; exactly 
in terms of j; it is known, however, that Aj41—A, will in general approach some 
positive constant as j increases (cf. [4]). This constant is r/c in our present 
example, where c is the radius of the cylinder. It was with these considerations 
in mind that we formulated hypothesis (iii) of our theorem. 

The function 


f(a) = arene" 
is continuous and positive when x>0, and is monotone decreasing when 
x>-+/(n/2a). Using repeated integration by parts, it may be verified that 


R 

e 2 
lim xre er dx 
R-svo Vn [2a 
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is finite; thus (2) converges. 
Under hypotheses (i), (ii), and (iii), (with \j41—-A;S M), similar extensions 
of the results in [1] and [2] may be formulated. 
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A NECESSARY AND SUFFICIENT CONDITION FOR RIEMANN INTEGRATION 
James A, LaVira, New York University 


A well-known theorem developed in the theory of Lebesgue integration is 
one which relates the existence of the Riemann integral to certain continuity 
conditions. The theorem (cf. [2]) is: Let f(x) be a bounded function on a finite 
interval I. Then f(x) is Riemann integrable if and only if it is continuous a.e. It 
is our intention to show that there is an apparently weaker theorem of this type, 
namely: 


THEOREM. Let f(x) be a bounded function on a finite interval I. Then f(x) is 
Riemann integrable if and only if it has a left limit a.e. 


We say this theorem is apparently weaker because it is exactly equivalent. 
That is, we will show that a function f(x) has a left limit a.e. if and only if it is 
continuous a.e. This problem came to my attention indirectly from Dr. L. 
Levine. 

We begin by proving a lemma about sets of points on the real line, which in- 
volves the concept of left limit point (1.1.p.). We say xo is an l.l.p. of the set X 
if and only if for all 6>0, XM (a —6, x) KZ. 


LemMA. Let T be a bounded, uncountable set of real numbers. Then there exists 
an Ll.p. of T. 


Proof. Let X be the set of all real « such that there is at most a countable 
number of points of T to the right of «. Such points exist, for an upper bound of 


Tis such a point. X has a lower bound, for any lower bound of T is also a lower 
bound of X. Thus 


(1) Xo = inf x 
tex 


exists as a finite number. It is easy to see that xo X. For, letx,GX and x, \\ Xo. 
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Then, 
(2) {tj T,t> xo} = U {ete T,e> a} 
1 


but each member on the right is at most countable so that the left member is at 
most countable. Thus %».€X. 

Now this implies that there is an uncountable number of points of T which 
are less than Xo. 

We claim that xo is the required J./.p. For, if it were not, there would exist 
a 6>0 such that 


(3) TC) (% — 6, Ho) = SD. 


But then yo=x.—6€X, contradicting the definition of xo. Thus xo is an 1.1.p. 
Remark. One should note that the argument hinges on the cardinality of the 
sets considered. In other words, if we replace uncountable by countable and 
countable by finite, the argument fails since we wouldn’t necessarily have x»CX. 
We now introduce some definitions and notation. 
Notation. On the real line we define a sphere about xo. 


(4) S(xo; 6) = {| « © (ay ~ 8, xo + 8}. 

Now if f(x) is a real valued function, we define 

(5) lim inf f() = sup inf {f(«) | a E S(x0; 8)}, 
L=XO 6>0 

and 

(6) lim sup f(x) = inf sup {f(x) | « © S(ao; 6)}. 
xt=2X0 6>0 


Now we define J(x) given f(x) defined on the whole real line. 


| 


A look at J(x) shows that this function, in some sense, classifies the “jump” of 
f(x) at any point of the set S. Thus, the next thing we will do is classify the 
discontinuities of f(«) on interval J by breaking J into other sets according to 
the “jump” at a point. Of course, this holds for any set SCJ, also. 

We define sets Jy, 


(7) J(«) = min| 1 


lim inf f(y) — lim sup f(y) 
y=% y=r 


(8) I, = fx] ee 1) 2—t. 


We now need and prove several observations contained in the following 
lemmas. 
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Lemma I. Let J be the set of potnts where J(x)>0. If J 1s uncouniable, then 
there exists an ” such that J, 1s uncountable. 


Lemna II. If f(x) ts a function and if xo is an Ll.p. of some Jn, then the left 
limit of f(x) at x=xo does not exist. 


Proof. Obvious, with the remark that arbitrarily close to any point of J,, 
and so by hypothesis to xo, there are two values of f(x) nearly 1/n apart. 
Now we have developed the machinery necessary to prove our main lemma. 


Lemma. Let f(x) be a function defined on —~x <x<-+o and let f(x) have a 
left limit at every point of some closed set S. Thén f(x) has at most a countable num- 
ber of discontinuities in S. 


Proof. With no loss in generality, we may assume that S is bounded, for it is 
the countable union of bounded closed sets ST [n, n+1]. 

Now we proceed by contradiction. Assume there are an uncountable number 
of discontinuities in S. It follows from the previous lemmas that at some point 
of S the function has no left limit, for the set of discontinuities is precisely the 
set of points where J(x) >0. 

We can now prove our main theorem. 


THEOREM I. Let f(x) be a function defined on the real line. Then f(x) has a left 
limit a.e. uf and only tf f(x) ts continuous a.e. 


Proof. lf f(x) is continuous a.e., it obviously has a left limit a.e. 

Now assume that f(x) has a left limit a.e. Let D be the set of points where 
f(x) has no left limit, and Z, be a decreasing sequence of open sets, i.e., Hn Ens, 
with measure m(E,) <€, where e, 0 and such that EL, 5D. 

Now for each £,, the complement Z,/ is a closed set on which f(x) has a left 
limit everywhere. By the previous lemma f(x) has at most a countable number 
of discontinuities in Z,’. Thus UP £’ contains at most a countable number of 
discontinuities of f(«). But, 


(9) L=(Um)=n BD, 
1 1 


and L=f\; E, has measure zero. The set F of discontinuities in U; E,! is 
countable and so has measure zero. Therefore, the measure of the total set of 
discontinuities of f(x) is also zero, and our theorem is proved. 

The step from here to the theorem asserted at the beginning of this paper 
is now obvious. 

Final remark. If in the main lemma we let S be the whole real line we obtain 
a further result. If f(x) has a left limit at every point on — © <x<-+o then 
f(x) has only a countable number of discontinuities. This is a more powerful 
result of the type one finds for example in [1], where similar results are obtained 
only for functions of bounded variation or functions possessing both a left and a 
right limit at every point. 
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GOALS FOR SCHOOL MATHEMATICS 
Summary of the Report of the Cambridge Conference on School Mathematics 


A conference in Cambridge, Massachusetts, sponsored by the National Sci- 
ence Foundation and administered by Educational Services Inc., was held June 
18 to July 12, 1963, to discuss the future of mathematics curricula. The main 
purpose was to reconsider the structure of mathematics education, and to sketch 
a rough outline of a possible new framework for the primary and secondary 
school. Some twenty-five mathematicians and users of mathematics, from uni- 
versity or industry, attended the conference. The fields represented included 
algebra, geometry, topology, analysis, statistics, applied mathematics, physics, 
and chemistry. 

It was agreed from the outset that, in setting goals for mathematics curricula, 
the conference would have to defer consideration of the serious and closely 
related problem of teacher training until its first task was completed. The con- 
ference also took account of the possibility that there may be intrinsic limita- 
tions on the ability of young children to handle mathematical ideas; it felt, how- 
ever, that the boundaries of these limitations, if they exist, are not well defined, 
and there is as yet little evidence concerning the degree to which they can be 
changed by the teaching process. Recognizing then that its work was necessarily 
of a tentative nature, the conference turned to its main objective, the curriculum 
from K through 12. 

The conference found itself essentially in complete agreement on the mathe- 
matical aims of the elementary school. 

Through the introduction of the number line, the child would be started 
immediately on the whole real number system, including negatives. To be sure, 
at first he would have formal names only for integers and the simplest rational 
numbers, but all of his work would keep him aware of the existence of other 
numbers, and the fact that they too have sums, products, etc. By this wedding 
of arithmetic and geometry at the pre-mathematical level, the intuition of the 
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child would be developed and exploited, and the significance of the arithmetical 
operations enriched. Moreover, the child provided with these complementary 
viewpoints, would have a very good chance to understand the essential nature 
of mathematics and its relationship to the “real” world. 

The order properties of the real number system would be studied from the 
beginning, and would be used in inequalities, approximation, and order of mag- 
nitude estimates. 

The use of Cartesian coordinates (“crossed” number lines) would begin al- 
most as soon as the number line itself. Moreover, we agree with Freudenthal 
and other pioneers, that an early development of the child’s spatial intuition 
is essential. Study of the standard shapes in two and three dimensions would 
continue concurrently, and would include discussion of their symmetries. 

The notions of function and set are to be used throughout; of course, set 
theory and formal logic should not be emphasized as such, but the child should 
be able to build his early mathematical experience into his habitual language. 
Informal algebra should be taken up along with the arithmetic operations. 

The Conference agreed that reasonable proficiency in arithmetic computa- 
tion and algebraic manipulation is essential to the student of mathematics. But 
this is not an argument in favor of a curriculum devoted primarily to computa- 
tion with contrived numbers through the whole of grammar school. Long pages 
of addition and multiplication problems add nothing to a student’s understand- 
ing of the processes involved; nor do they teach him when to add or multiply. 
At best, they improve the computational speed of a student who understands 
how to do the algorithms (an objective that by itself had little appeal to the 
members of the Conference); at worst, they dissipate or destroy the interest 
that a good student has in the subject. Entirely adequate practice in computa- 
tion can be built into problems that, on their own merits, genuinely attract the 
student’s interest. 

Because of both its intuitive appeal and its basic importance, there should 
be an introduction to the elementary ideas of probability and statistical judg- 
ment, accompanied by concrete experimentation with random processes. 

The concern for motivation, applications, and the interplay between mathe- 
matics and the physical world, is a constant theme of the conference report. 
This is constrained by the limited experience with science in the elementary 
school. Geometry itself, however, offers a rich area within which the students 
can explore the relation between physical objects and their idealized mathe- 
matical abstractions. As the student’s experience deepens, it will be possible to 
introduce more sophisticated models. 

Having studied arithmetic and geometry, mostly informally, in the ele- 
mentary school, the student will be prepared for a sound treatment of geometry 
and the algebra of polynomials, beginning in the seventh grade. The mathe- 
matics curriculum for the secondary school can therefore go much farther than 
it commonly does at present. The program of a student who elected mathe- 
matics each year will, at the end of the twelfth year, have contained a closely- 
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knit presentation of calculus, linear algebra, and probability, involving a brief 
introduction to other mathematical topics. 

The conference did not reach any substantial agreement as to the order of 
presentation or the specific content for this program. Indeed the multitude of 
sound proposals suggest that there is certain to be no unique optimal solution. 
Two arrangements of the material proposed for the secondary level were de- 
veloped in some detail. 

The conference also arrived at other recommendations which dealt more with 
methods of presentation than with specific mathematical content, It was felt, 
for example, that it was desirable to adopt the “spiral” approach, in which every 
new topic is introduced under low pressure and is then reconsidered repeatedly, 
each time with more sophistication, and each time showing more of its inter- 
connections with the rest of the subject. The result should be a sort of guided tour 
of mathematics. This approach has many important advantages. In the first 
place, the basic unity of the subject is automatically stressed. Moreover, in the 
upper grades, this approach implies that the student will be exposed concur- 
rently to a mixture of intuitive “pre-mathematics” and rigorous mathematics. 
Provided that the distinction is made clear to the student, this will give a 
much more honest picture of what mathematics is, an organism continuously 
growing through the interaction of intuition and logical analysis, rather than a 
static structure walled about by sterile rigor, 

A second aspect of the same precept led to the suggestion that topics receive 
multiple motivation, During the pre-mathematical stage of some topics, it may 
be wise to give several different informal presentations, each leading up to the 
desired goal (e.g. the rules for multiplication of negatives), rather than to leave 
students with the feeling that there is only one correct road. Ideally, this should 
help to convey to the student the important fact that mathematics is some- 
thing one does, not something that one absorbs passively. One would hope to 
strengthen the impression that a mathematical idea appeared first as the solution 
to some problem by some person, The problems thus become a matter of im- 
portance equal to or even greater than that of the textual material itself. It was 
therefore felt that the design of imaginative problem sequences involving com- 
binations of routine techniques and “discovery” procedures was a matter of 
the greatest importance in curricular development. 

There is much that must be done before the ideas in this proposal can be 
implemented. Some of the suggestions in the report are already being tried in 
some of the current educational experiments, either piecemeal or as part of some 
more extensive program. There must be many further experiments, however, to 
determine just what is possible, and at what age levels, Texts and supplementary 
materials will have to be written. Unquestionably, the most difficult problem 
lies in the training of teachers, upon whom the success or failure of curricular 
reform ultimately rests. Nor is this an isolated problem, for the pressure to 
advance our mathematical goals is being felt at all levels of the profession, and 
one facet of the problem cannot be solved in isolation from the others. If the 
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proposals formulated by the Conference are to become a reality within the 
foreseeable future, it is necessary that the entire mathematical community de- 
vote considerable attention to the training of teachers at all levels. 


The steering committee for this study consisted of E. G. Begle, J. S. Bruner, A. M. Gleason, 
M. Kac, W. T. Martin (Chairman), E. E. Moise, Mina Rees, P. Suppes, S. White, and S. S. Wilks. 
The Conference was organized and administered by Educational Services Inc., Watertown, Massa- 
chusetts, under a grant from the National Science Foundation. 

The following participated in the conference: M. Auslander, E. G. Begle, R. C. Buck, G. F. 
Carrier, J. Cole, R. B. Davis, R. P. Dilworth, B. Friedman, H. L. Frisch, A. M. Gleason, P. J. 
Hilton, J. L. Hodges, S. Koenig, G. C. Lin, E. L. Lomon, E. E. Moise, F. Mosteller, H. O. Pollak 
M. Rees, M. M. Schiffer, G. Springer, P. Suppes, A. H. Taub, S. S. Wilks, J. R. Zacharias. 

This summary of the full report was prepared by a subcommittee consisting of R. C. Buck, 
P. J. Hilton and H, O. Pollak. 

The full report became available asa 100-page booklet late in November at a price of $1.00 
postpaid for single copies from Houghton Mifflin Company, 2 Park Street, Boston 7, Massachu- 
setts. Orders should be addressed to Houghton Mifflin Company. 


MANPOWER PROBLEMS IN TEACHING 


The Conference on Manpower Problems in the Training of Mathematicians 
(April, 1963), sponsored by the Conference Board of the Mathematical Sciences 
and supported by the National Science Foundation, included a panel on educa- 
tion of teachers, The recommendations of the panel and excerpts from the re- 
marks addressed to the Conference by Frank B. Allen, president of NCTM, 
follow. 


Recommendations of Panel 6 (A. S. Galbraith, Julius Hlavaty, H. Vernon 
Price). To maintain and increase the trend of students towards graduate study, 
instruction for undergraduate and high school students must be strengthened 
and improved. 

The problem of the improvement of instruction at the undergraduate level 
is of special urgency because there are in general no agreed criteria for the selec- 
tion, training, certification and supervision of in-service training of teachers at 
that level. 

We recommend that large and well-staffed departments which nevertheless 
make use of graduate students and teaching fellows should accept the responsi- 
bility for the training and supervision of these assistant teachers. Some of the 
techniques that might be utilized are: 

1. Departmental seminars on teaching problems. 

2. In-service and summer institutes in content and methods of presentation. 

3. Large group teaching by outstanding teachers with several trainees as- 
signed to follow the lectures. The trainees should then be given teaching respon- 
sibilities with small sub-sets of the large—not merely problem-solving, paper- 
grading and question-answering responsibilities. 

4. Departmental encouragement of the use of enrichment materials to inspire 
and maintain individual study and investigation by capable students. 
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5. Continuing study of the over-all curriculum of the department—in con- 
sultation and cooperation with such bodies as CUPM and with other institu- 
tions. 

6. Professors, instructors and fellows should seek to present to their students 
classical as well as evolving applications of mathematics. 

We recommend that smaller institutions and high schools should actively 
be working on the improvement of instruction by utilizing some of the following 
techniques: 

1. Establishing a close relation with a nearby large institution. Periodic 
seminars of smaller departments with representatives of the large institution 
should be held. 

2. Extension of the visiting lectureship program to provide lectures to staffs 
and students by outstanding teachers from nearby institutions and from in- 
dustry and government. 

3. Carrying on the activities suggested in the first section of this report. 

The accelerating growth of college enrollment indicates the need for a great 
expansion of teaching staffs. This increase is indicated not only by the growing 
number of majors in mathematics, but also by the needs of large numbers of 
students who are not going on into graduate work but who are going on to 
careers in mathematics at various technical levels and in various applied fields. 

On a short range scale this might be met in part by establishing relations 
with nonacademically employed mathematicians and scientists and using them 
in a part-time teaching commitment. This might indicate a partial subsidy by 
the industries concerned or some income tax allowance to them. 


Remarks by Frank B. Allen. Since this conference is focused on the need for 
manpower at the graduate level in mathematics, any consideration of an alleged 
shortage of qualified mathematics teachers at the secondary level may seem to 
be peripheral to our major area of concern. This may be true in an immediate 
sense. In the long range view, I think that it is not true. I venture to suggest 
that, in the long run, our supply of able graduate students is largely determined 
by the quality of mathematics instruction provided in college preparatory 
courses. I am sure that many of you will agree that the enthusiastic well-pre- 
pared teacher of high school mathematics is a powerful influence in persuading 
mathematically gifted students to continue their studies. We must have an 
adequate supply of such teachers if we are to keep our academic pipelines full of 
worthy candidates for high degrees. 

According to the U. S. Registry maintained jointly by the National Council 
of Teachers of Mathematics and the National Science Teachers Association, 
there are about 80,000 persons who teach mathematics 50% or more of their 
time in grades 7-12. It is estimated that about 8% of these teachers must be 
replaced each year due to retirements, career changes, and other attritions. 
Thus, about 6400 teachers are needed for replacement alone. Inference based on 
facts provided by the U. S. Department of Health, Education, and Welfare 
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indicate that enrollments in grades 9-12 will increase at an annual rate of about 
4% a year between now and 1980. At present, this means that we need about 
3200 teachers to provide for increased enrollments. Thus for the next twenty 
years, requirements for new high school mathematics teachers must be set at 
about 10,000 per year. Indeed, this figure will rise gradually throughout that 
period. 

Having looked at the demand for new mathematics teachers in grades 9-12, 
let us now inquire about the supply. The principal supply of new teachers is 
obtained from newly certified college graduates. According to a recent report on 
teacher supply and demand published by the National Education Association 
there were about 7000 newly certified high school mathematics teachers pro- 
duced in 1962. Thus we already have a shortage of about 3000 teachers in high 
school mathematics even if we assumed that all newly certified personnel actu- 
ally entered the teaching profession. This is not the case. According to the same 
study, only about three-quarters of these newly certified persons entered the 
teaching profession and there is no way of knowing how many of them were as- 
signed outside the field of mathematics. Moreover, we know that many of these 
certified teachers would not be qualified according to the higher standards of 
qualifications which are currently being applied by high schools that are trying 
to improve their programs in mathematics. More specifically, we know that 
many certified teachers would not be qualified according to the criteria con- 
tained in the recommendations of the Panel on Teacher Training of the Com- 
mittee on the Undergraduate Program of the Mathematical Association of 
America. For example, the panel recommends that prospective teachers of ele- 
mentary algebra and geometry should have a very strong minor in mathematics 
and that prospective teachers of high school mathematics beyond the elements 
of algebra and geometry, should complete a very strong major in mathematics, 
and a minor in some field in which a substantial amount of mathematics is used. 
These two levels of competence are referred to in the Panel’s report as levels two 
and three. In their recommendations for level four for teachers of the elements of 
calculus, linear algebra, probability and so forth, the Panel’s criteria call for a 
master’s degree in mathematics with at least two-thirds of the courses being in 
mathematics. Anyone who has interviewed newly certified teachers is well aware 
of the fact that many of them do not qualify on the basis of the criteria estab- 
lished by the Panel on Teacher Training. 

There is mounting evidence to indicate that the high schools are just begin- 
ning to do a better job. Thousands of high school seniors are taking courses in 
calculus. In 1961, 9% of MIT freshmen entered with advanced credit for the 
first semester of their calculus courses, and 11% more got credit for a full year. 
Twenty per cent of Cal Tech freshmen were able to skip the first half of the 
calculus course, which is a far more advanced course than it was six years ago. 
All this is a result of advanced placement courses in high school. It is well known, 
moreover, that the introduction of such courses benefits not only the elite groups 
but tends to raise the level of instruction for all students. Together with the 
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rapid introduction of the improved programs referred to above, this will enable 
the high schools to do a better job for students of all ability levels. It will also 
enable the colleges to discard their remedial courses and to get on with the busi- 
ness of teaching more advanced mathematics. 


ABSTRACT OF REPORT ON MATHEMATICS IN THE CATHOLIC HIGH SCHOOL 
BROTHER EDWARD DANIEL, C.F.X., St. Xavier High School, Louisville 


The report on “Mathematics in the Catholic High School” was prepared by 
an Advisory Committee on Mathematics appointed by the Secondary School 
Department of the National Catholic Educational Association. The fourteen- 
member committee, which included representation from all regions of the United 
States, was appointed in the fall of 1961 and submitted its report in June 1963. 

The introductory section of the report surveys recent developments in sec- 
ondary school mathematics in the United States. The committee found that 
mathematics programs in Catholic high schools reflect the uncertainty, the 
tension between the conflicting claims of “modern” and “traditional” mathe- 
matics that characterizes generally the state of mathematics in the schools of 
the nation. Catholic school administrators and teachers expressed a particular 
need for leadership and guidance in revising existing mathematics curricula. 
The major portion of the report consists of recommendations for this purpose. 

The committee goes on record “as strongly supporting the movement for a 
thorough modernization of the secondary school mathematics program.” This 
revision should provide for: the earliest possible introduction of mathematically 
significant facts and concepts; enrichment through contact with a variety of 
mathematical ideas; emphasis on the axiomatic approach to mathematics in 
each area studied; training in precision of statement and mathematical rigor 
appropriate to the maturity of the student; increasingly higher standards of 
achievement. The report suggests that helpful assistance in achieving these 
objectives can be found in the Report of the Commission on Mathematics of the 
College Entrance Examination Board. 

The report declares that a critical shortage of well-trained mathematics 
teachers exists in Catholic high schools and urges that “all levels of the Catholic 
educational system... assign the highest priority to the preparation and recruit- 
ment of well-trained mathematics teachers ... and make realistic provisions for 
upgrading the mathematical background of teachers now in service.” The 
Recommendations of the Mathematical Association of America for the Training of 
Teachers of Mathematics should be considered a basic minimum of preparation. 

The report concludes with some recommended procedures for schools to 
follow in introducing new programs. These include the development of an over- 
all plan, careful advanced preparation of teachers, and extensive use of con- 
sultants during the preparation and introduction of the new materials. 
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MATHEMATICS FOR ELEMENTARY TEACHERS 
RALPH CROUCH AND GEORGE BALpwin, New Mexico State University Project 


A course content project in mathematics for elementary teachers, with sup- 
port from the National Science Foundation, began June 1, 1962. The summer 
months of 1962 were spent in writing a preliminary version of the first two-thirds 
of the text. The fall of 1962 was spent in finishing the first version, and the 
revision started in the spring of 1963 and continued through September 1963. 
It is a text for future elementary teachers designed to be used in a two three- 
semester hour sequence. 

The first text was tried out during the school year 1962-63 in the following 
institutions: New Mexico State University; Michigan State University Oak- 
land; Michigan State University; University of Southwestern Louisiana; Penn- 
sylvania State University. A meeting of the teachers of the materials was held 
under the auspices of CUPM in February 1963. Comments of the teachers were 
included in the revised edition. Two thousand copies of the first half of the 
revised edition were published in September, 1963. To this date, November 1, 
800 copies have been sold at cost ($2.50 per copy). The second half of the text 
will be published and ready for use by February 1, 1964. It will be for sale at 
cost ($2.00 per copy). 


NATIONAL SCIENCE SEMINARS 


A series of seminars for high school students and teachers called National 
Science Seminars were sponsored by the New Mexico Academy of Science in 
conjunction with the National Science Fair in Albuquerque, New Mexico, in 
May, 1963. Only the most competent students and teachers were selected for 
the seminars by local school systems. Their participation in the seminars was 
made possible through the cooperation of the Junior and Senior Academies of 
Science. A number of the seminars were on mathematics. Some of the mathe- 
maticians participating in the seminars, with their seminar topics, were: Paul B. 
Bailey, Applied Mathematics Division, Sandia Corporation: mathematical 
analysis. E. F. Beckeribach, Department of Mathematics, UCLA: matrix alge- 
bra and algebraic and geometric inequalities. Julius R. Blum, Department of 
Mathematics, University of New Mexico: mathematical models and elementary 
probability theory. Edmund D. Cashwell, Theoretical Division, Los Alamos 
Scientific Laboratory of the University of California: application of Monte Carlo 
techniques to problems in physics and unique factorization in mathematics. 
H. S. M. Coxeter, Department of Mathematics, University of Toronto: geo- 
metrical transformations and map-coloring. John H. Giese, Chief of the Com- 
puting Laboratory, U.S. Army Ballistic Research Laboratories, Aberdeen Prov- 
ing Ground: numerical solution of partial differential equations. H. J. Green- 
berg, Assistant Director, Mathematical Sciences Department, IBM Research, 
Yorktown Heights, New York: pattern recognition. Preston C. Hammer, De- 


204 ELEMENTARY PROBLEMS AND SOLUTIONS [February 


partment of Mathematics, University of California, San Diego: role and nature 
of mathematics, convex figures, and topology. Franz E. Hohn, Department of 
Mathematics, University of Illinois: modern application of Boolean algebra, 
and career opportunities in mathematics. Donald R. Morrison, Supervisor, 
Computer and Numerical Analysis Division, Sandia Corporation: iterative 
processes. Joseph A. Shatz, Staff Member, Computer Numerical Analysis Divi- 
sion, Sandia Corporation: computability. Joachim F. Weyl, Chief Scientist of 
the Office of Naval Research, Washington: modern applications of mathe- 
matics. G. Milton Wing, Applied Mathematics Division, Sandia Corporation: 
difference equations and some of their applications. Leo Zippin, Professor of 
Mathematics, Queens College: topology. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EDITED BY Howarp Evess, University of Maine 
COLLABORATING EpiTor: C. W. Donce, University of Maine 


Send all communications concerning Elementary Problems and Solutions to Howard Eves, 
Mathematics Department, University of Maine, Orono, Maine. This department welcomes 
problems believed to be new, and demanding no tools beyond those ordinarily furnished in the 
first two years of college mathematics. To facilitate their consideration, solutions should be 
submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 1661. Proposed by K. S. Wiliams, University of Toronto 


A student thought that the formula for differentiating a product was 
d{ u(zx)v(x)} /da = d{ u(x)} /dx-d{v(x)} /dx. 


He used this formula with u(x) = (2 —x)~? and v(x) =x? and obtained the correct 
result! Find a general class of functions u(x) and v(x) satisfying the above 
formula. 


E 1662. Proposed by C. A. Nicol, University of South Carolina 


Prove that if p is the smallest prime divisor of a perfect number n, then n 
has at least p distinct prime divisors. 


E 1663. Proposed by H. D. Ruderman, Hunter College High School 


What is the maximum number of regions into which z spheres can partition 
space? 


E 1664. Proposed by Barry Wolk, Cornell University 


It is easily shown that n-+2 hyperplanes in general position in Euclidean n- 
space determine n-+2 (closed) simplices. Show that each simplex is contained 
in the union of the others. 
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E 1665. Proposed by Azriel Rosenfeld, Yeshiwa University 

Construct a commutative ring in which the square of every element is zero 
but not every product is zero. Prove that such a ring must have at least eight 
elements. 

E 1666. Proposed by Arthur Engel, Stuttgart, Germany 


Let PiP2;---+-P, be any planar polygon and let G;, 7=1,--+,m, be the 
centroid of triangle P:PisiPise, where Pryi:=P;. Is the polygon determined if 
the G; are given? 

E 1667. Proposed by G. J. Minty, Unwersity of Michigan 


Suppose that the surface of a sphere is divided into triangular “countries,” 
where triangular means that each country touches exactly three others. A vertex 
of the graph formed by the boundary lines of the countries is called even or odd 
according as an even or an odd number of boundary lines run into it. Is there 
such a triangulation having exactly two odd vertices in which these vertices are 
adjacent? 

E 1668. Proposed by D. G Wilson, IBM Corporation, Bethesda, Maryland 


Farmer Jones has a cart with square wheels. However, it suits his needs since 
with it he is able to travel the washboard road without any bumping. Assuming 
no slipping of the wheels, describe the washboard road. 

E 1669. Proposed by Ralph Greenberg, University of Pennsylvania 

Let o;(7) =} dxs(n)} and o(n) =(n) = Euler’s ¢-function. Show that for 
any k, ox(”) >1 for all sufficiently large x. 

E 1670. Proposed by Tai-icht Kitamura, Ibaraki University, Japan 

If D is the differential operator xd/dx, prove that e2 P(x) =P(ex), where P(x) 
is any polynomial in x. 

SOLUTIONS 
The Slopes of the Sides of an Equilateral Triangle 
E 1581 [1963, 437]. Proposed by Erwin Just, Bronx Community College 


If m1, me, ms are finite nonzero slopes of the sides of an equilateral triangle, 
prove that: 


(a) Mims -|- MIN 3 + M3n, = — 3, 
3 3 

(b) Dim: 2, 1/m; = 9. 
t=1 t=1 


I. Solutions by M. T. L. Bizley, London, England. (A) If m represents any 
one of m1, m2, m3, then the angles between the positive direction of the x-axis 
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and the three sides are tan7! m, 120°-+tan—! m, and 240°-+tan-! m. Hence if we 
write, for brevity, p=mimyms, we have 
p = ml{(m — V3)/(1 + mvV/3)|[(m + V3)/(1 — mr/3)] = mm? — 3)/(1 — 3m’). 
Therefore m1, m2, m3 are the roots of the cubic 
m® -+- 3pm* — 3m — p = 0. 
Hence immediately 
Mime + Moms; + mm = — 3, 
which is part (a) of the problem, and 
Dm 3 1/m; = (—36)(—3/p) = 9, 


which is part (b) of the problem. 
(B) Since the tangents of the angles between successive pairs of sides are 
all equal (in a given cyclic order), 


(m2 — ms3)/(1 + moms) = (m3 — ma) /(L + mgm) = (1 — ma)/(1 + muita) =, 


say, where \X=+/3 or ~+/3. Therefore m.—m3=X(1+meoms), with two similar 
equations. Adding these equations yields (a) at once. Multiplying the equations 
respectively by mi, me, m3 and adding yields 


QO = m+ me + m3 — SmimomMs; 
from which (b) follows at once, using (a). 


II. Solution by D. C. Kay, Michigan State University. Let m; G@=0,1,---, 


n—1) be the finite nonzero slopes of the sides P;Pi4; @=0, 1, -- + ,a—1, reduc- 
ing modulo 7) of any regular m-gon taken in counterclockwise order. Using the 
formula for the angle from P;Pisi1 to P:1P:, we have, fori=1,2,---, 2, 


tan( P,P Pips) = (mea — m)/(1 + mm). 
But 4.PiP:Pii=a, say, for each 7, and we obtain the two sets of equations 
(1) M;-1m; = (mi-1 — m,) cota — 1, 4=1,2,--+-,n, 
(2) (mgm) = (mi, — m1) cota — 1, t=1,2,---,n. 
Adding the equations in (1) and in (2) we obtain 


(3) > Mj—-{N; = — Ny, 


w=1 


(4) 3 (m;1m;)"' = — n, 


t=al 
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where, in the special case n= 3, we can use (3) to express (4) in the form 


2 2 
(4’) > m: >, Mm, = 9, 
t=0 4=0 


Also solved by J. C. Abad, R. J. Addison, A. N. Aheart, Marc Aronson, K. F. Bailie, Merrill 
Barnebey, E. R. Barnes, Suzanne Bedford, A. Behr, E. D. Bender, T. E. Black, Jr., D. A. Blaeuer, 
W. R. Boland, D. A. Breault, M. H. Brodsky, R. E. Brown, F, P. Callahan, Jr., Leonard Carlitz, 
R. L. Carmichael, D. I. A. Cohen, Martin Cohen, R. J. Cormier, Frank Dapkus, H. J. de St. 
Germain, Gus DiAntonio, J. F. Dillon, J. R. Fall, Roy Feinman, Stephen Fisk, C. M. Frye, José 
Gallego-Diaz, Anton Glaser, Michael Goldberg, Ralph Greenberg, S. H. Greene, Cornelius 
Groenewoud, J, D. Haggard, F. C. Hall, W. J. Halm, Jerry Harpster and Terry Hinrich (jointly), 
Ned Harrell, Mark Hayamizy, S. Heller, W. R. Hutcherson, Howard Jacobowitz, R. A. Jacobson, 
J. E. Jean, Jr., Diane M. Johnson, Roman Kaluzniacki, Geoffrey Kandall, J. H. Kaplan, Joel 
Kugelmass, George Kurata, G. J. Kurowski, Harry Langman, Stark Lash, Lawrence Lessner, 
L. P. Lewis, D. L. Linfield and Esther A. Linfield (jointly), Nicholas Macri, Coline M, Makepeace, 
C. F. Marion, D. C. B. Marsh, Stephen Montague, M. G. Murdeshwar, J. P. Muskat, Jack Nebb, 
P. R. Nolan, F. D. Parker, Fritz Parmenter, Robert Patenaude, C. B. A. Peck, R. R. Perez, D. J. 
Peterson, Stanton Philipp, J. P. Phillips, Rodger Poore, B. E. Rhoades, Henry Ricardo, L. A. 
Ringenberg, P. A. Rognlie, J. S. Scandale, Jr., Perry Scheinok, E. M. Scheuer, Lawrence Schulman, 
R. Sibson, Jr., D. L. Silverman, C. S. Smith, Eric Sturley, R. L. Syverson, Tom Tarzian, Elaine 
Tatham, P. D. Thomas, Rory Thompson, W. Toalson, Simon Vatriquant, Gary Venter, William 
Wernick, H. R. Wier, Ron Wilder, Hazel S. Wilson, K. L. Yocom, and the proposer. 


Several solvers pointed out that from (a) one immediately obtains 
(c) 1/moms ++ 1/m3m1 ++ 1/myme = 3, 


since 1/1, 1/me, 1/ms are also slopes of the sides of an equilateral triangle. The product of relations 
(a) and (c) then yields relation (b). Carlitz showed that relations (a) and (c) constitute necessary 
and sufficient conditions for a triangle with sides of slopes 7, m2, ms to be equilateral. Some solvers 
employed the trigonometric identity 


tan 6 -+ tan (6 + 2/3) + tan(@ + 27/3) = — 3 tan 6 tan(6 + 2/3) tan(@ + 27/3). 


Integration Over the Unit Sphere 
E 1582 [1963, 437]. Proposed by Harley Flanders, Purdue University 


Prove that 
J J x8da = 15 J J x yrgtda, 


where the integrations are taken over the unit sphere centered at the origin 
with respect to the area element do. 


Solution by L. A. Ringenberg, Eastern Illinois University. Using spherical 
coordinates and Wallis’s formula, 


w/2 w/{2 
f J x8do = 8 J J sin® ¢ cos® @ sin @dbdd = 47/7, 
0 0 
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and 


w/2 w/2 
15 J J xy?22da = 120 J J sin® ¢ cos? ¢ cos? 6 sin? 6d@d@ = 47/7. 
0 0 


Also solved by B. W. Banks, Merrill Barnebey, George Bergman, J. P. Brazy, M. H. Brodsky; 
R. L. Carmichael, S. H. Greene, Cornelius Groenewoud, Emil Grosswald, Kit Hanes, Geoffrey 
Kandall, M, S. Klamkin, Harry Langman, T. J. Lee, Coline M. Makepeace, D. C. B, Marsh, 
C. B. A. Peck, Perry Scheinok, F. C. Smith, Rory Thompson, J. A. Tierney, Simon Vatriquant, and 
the proposer. 


Bergman established the more general result: If do denotes the surface element of the unit 
sphere in d-dimensional space, and fi, --- , kg are nonnegative integers with R=ki t+ -+- -ka, 


then 
2k ky! ee ka! (2k)! 2k 2k 
wee dg = ee 1... 43 "de. 
J J 71 kl (2hi)! - - « (Qha)! 7 Ya G0 


The given problem is the case where d=3, ki=ko =k; =1. 
Klamkin pointed out that, by use of the Dirichlet integral, the general integral //x*y'z¢de can 
be evaluated, and in particular, if a+b+c=a+6+y, 


, —“ nena enemas) 


f f pay 8errdg albte! (2c) !(28) !(2-y)! 


The given problem is the case where a=3, b=c=0, a=B=y=1. 


Application of a Formula of Ramanujan 


E 1583 [1963, 437]. Proposed by C. D. Zimmerman, Southern Missionary 
College 


Is Domo m*/x!=e—! for all positive integral m? 

I. Solution by Stanton Philipp, Long Beach, Calif. Yes. By Taylor’s theorem 
m-—-1 m 
> m?/x! = em — [e"/(m — 1) nf eel dt, 
z=0 0 


Hence it will suffice to establish that 
(1) J e~'4m—ldt S (m — 1)!(1 — 1/e) 
0 


for all positive integral m. This will be done by induction. 

(a) Relation (1) holds, with equality, if m= 1. 

(b) Suppose relation (1) holds for m=k. Integrating the left member by 
parts ‘and multiplying both members of the last mentioned inequality by m 
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shows that 
k 
kke-k +f e—tkdt S kA — 1/e). 
0 
But 
k+1 
J e—tkdi S| max e7tth = e—*RF, 
k kStsk+1 
Therefore 


k-+1 k-+1 k k 
J etdi = J e~'tkdi + i) e—tdt S kke“* + f e'tkdt S k'(1 — 1/e). 
0 k 0 0 


The proof is now complete. 


II. Solution by J. H. Foster, University of Notre Dame. A formula of Ra- 
manujan (G. Szegié, Jour. London Math. Soc., 3 (1928) 225-32) states that 


n—l 


e"/2 = >) nk/k! + (n*/n!)On, 1/3 < 6, < 1/2. 
k=0 
We have 
m—1 
>> mt/x! — em} = e™/2 — oe) — (m™/m!)Om 
z=0 


= em{1/2 — 1/e — (m™/2m!)e-™| = e™f(m), say. 


Since (m™/m!)e-™ is a decreasing sequence (m=1, 2,---), f(m) is increasing, 
and since f(m) 20 for m=3, we get 


m—1 
> m?/x! = en! 
xz=0 


for m=3, 4, ---. This gives us the desired result, since the inequality is obvi- 
ously true for m=1 and m=2. 


Also solved by K. R. Bailie, Martin Cohen, Joseph Gayda, Emil Grosswald, J. E. Hafstrom, 
and A. E. Livingston. 


Rectangular Rugs in a Square Room 


E 1584 [1963, 438]. Proposed by D. J. Newman, Yeshiva University 


What are all the sizes of rugs which will fit on a given square floor? In other 
words, what is the condition on a and b which insures that a rectangle with sides 
a and 8 can be contained wholly within the unit square? 
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Solution by D. L. Silverman, Beverly Hills, Calif. The rug will obviously fit if 
max(a, b) $1. If, however, max(a, b)>1 and the rug fits, it will still fit if moved 
to a position symmetric with a diagonal of the square, that is, when a+b /2. 
These alternative conditions can be summed up in the single inequality 


min|max(a, b),(@ + 6)/»/2| < 1, 
or, using the identities 


ma 


x 
(4) =(@+ty + |x —y|)/2, 
min 


(1+ V2)(@+8)+ |a—b| — |A- v2Y(@+d)+|e-d|| $4. 


Also solved by J. C. Abad, Merrill Barnebey, M. J. Behr, Walter Bluger, Judy Caspino and 
Charles Conlin (jointly), D. I. A. Cohen, R. J. Cormier, Frank Dapkus, D. L, Deever, J. F. Dillon, 
Roy Feinman, Stephen Fisk, Michael Goldberg, Ralph Greenberg, S. H. Greene, R. A. Jacobson, 
J. E. Jean, Jr., Joel Kugelmass, Robert Maas, C. F. Marion, D. C. B. Marsh, C. B. A. Peck, 
Stanton Philipp, R. D. Spitz, Eric Sturley, Rory Thompson, K. L. Yocom, and the proposer. 

Some solvers considered the problem where cutting the rug and then piecing it together is 
allowed. 


Nonattacking Knights on a Chessboard 
E 1585 [1963, 438]. Proposed by Irving Newman, Monroe, North Carolina 


What is the maximum number of knights which can be placed on a chess- 
board in such a way that no knight attacks any other? 


I. Solution by Robert Patenaude, Humboldt State College, Calif. Considering a 
smaller board of 2X4 squares, it is seen that a knight on any square attacks 
exactly one other square. Hence no more than 4 knights can be placed on this 
board, and it follows that no more than 32 can be placed on an 8 X8 board. This 
number is shown to be possible by covering the squares of one color with 32 
knights. 


II. Solution by Ralph Greenberg, University of Pennsylvania. Since a knight 
moves from a black square to a white square, or vice versa, we may obviously 
fill all the black squares. Hence the maximum number is not less than 32. Since 
a knight can tour the chessboard touching every square exactly once, at most 32 
knights can exist peacefully on the board, for along such a path only alternate 
squares may be occupied. 


III. Solution by the proposer. The maximum number is 32. This can be ob- 
tained by placing the knights on either the 32 black or the 32 white squares. 
Suppose the black squares are chosen. Then each white square is threatened by 
at least two knights. Therefore, the transfer of a knight from a black to a white 
square would cause a removal of at least one other knight and would reduce the 
total number of knights. 
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Also solved by J. C. Abad, H. L. Abbott and M. G. Murdeshwar (jointly), P. H. Arregotti, 
Charles Bacon, E. D. Bender, Walter Bluger, D. A. Breault, W. E. Buker, John Carreia, Judy 
Caspino and Charles Conlin (jointly), Larry Castelli, Allan Chuck, D. I. A. Cohen, Martin Cohen, 
R. J. Cormier, Frank Dapkus, D. L. Deever, J. F. Dillon, J. R. Fall, J. A. Faucher, T. M. Feder, 
Sanford Fleezer, E. T. Frankel, Michael Goldberg, Bill Heidrick, K. D. Herr, J. A. H. Hunter, 
Erwin Just, Roman Kaluzniacki, M. S. Klamkin, Harry Langman, Douglas Lind, Robert Maas, 
C. F. Marion, D. C. B. Marsh, Stephan Montague, D. A. Moran, P. N. Nagara, G. O. Perez, 
Stanton Philipp, W. R. Scott, D. L. Silverman, Eric Sturley, Rory Thompson, P. O. Wood, Jr., 
and the proposer. 

Many of these solutions showed that 32 nonattacking knights can be placed on a chessboard, 
but failed to show that this is the maximum possible number. The problem, with a solution but no 
proof, can be found in W. W. R. Ball, Mathematical Recreations and Essays (1926), p. 171, and in 
Henry Dudeney, Amusements in Mathematics, p. 96. It can be shown that for an “Xn chessboard, 
n>2, the maximum number of nonattacking knights is [2n?-+1—(—1)"]/4; for a 22 board the 
number is 4, For other generalizations see Francis Scheid, Some packing problems, this MONTHLY, 
Mar. 1960, pp. 231-5. The answer to the corresponding problem for queens is 8, for rooks is 8, 
and for bishops is 14, Perez showed that if the problem is varied by stating that no knight is to 
attack any knight of the other color, then 36 knights, 18 of each color, can exist peacefully on the 
board. 


Six Circles Equal to the Circumcircle of a Triangle 


E 1586 [1963, 438]. Proposed by J. F. Darling, Woodstown, New Jersey 


In a triangle with circumradius R reflect the circumcenter in the sides. From 
these points and the vertices describe circles of radius R. Letter the outer inter- 
sections of consecutive pairs of these six circles 4, B, C, D, E, F, and the corre- 
sponding inner intersections A’, B’, C’, D’, E’, F’. Prove that triangles 4CE 
and DFB, and likewise triangles A’C’E’ and D’F’B’, are equilateral, have equal 
and parallel corresponding sides, and are in perspective from the nine-point 
center of the given triangle. 


Solution by the proposer. Choose the circumcircle as the circle | z| =1 of the 
complex plane and let h, t, ts denote the turns representing the vertices, taken 
in counterclockwise order, of the given triangle. Then the reflection of O in the 
side fife is 4+, etc. Each unknown vertex is then the third vertex of an equi- 
lateral triangle of which we know the other two vertices. Using the criterion that 
a+wb+w’c=0, where w= e?"/3, for an equilateral triangle with counterclockwise 
vertices having affixes a, b, c, we find for the counterclockwise vertices of the 
two large triangles 


ti — who, le — ols, ls — why, 
and 
ty ~ wts, bo — wh, ts — wte. 
Now 


ty — whe + wlte — wl) + w2(t3 — wt) = 0 
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and 
ty — wks + w(t — wt) + w?(t3 — w te) = 0, 


and the two triangles are equilateral. For the midpoints of the joins of corre- 
sponding opposite vertices we have 


(ty — Wwls + t3 — w?te) /2 = (ty + to + tz) /2, 
(te — wh3 +h- w?ts3) /2 = (ty + te ++ ts)/2, 
(é3 — why + te — wt) /2 = (ty + te + ts) /2, 


which proves that the triangles have equal and parallel corresponding sides, and 
are in perspective from the nine-point center of the given triangle. One may give 
a similar treatment for the two smaller triangles. 


A Restricted Semigroup 
E 1587 [1963, 438]. Proposed by T. C. Brown, Washington University 


Let S be the semigroup of words in two generators a, b subject to the rela- 
tion w’=w for all win S. Show that 


(aba*b)? = (ab?2ab)? = (ab2a%b)? = (ab)?. 
I. Solution by Lawrence Lessner, San Diego State College. We have 
(aba2b)? = [(ab)a(ab)|? = (ab) a(ab)2a(ab) 
= ab(ab)?a(ab)2a(ab)?(ab) = ab(ab)2ab = (ab)?. 
Also 
(ab2ab)? = [(ab)b(ab)|? = (ab)b(ab)2b(ab) 
= ab(ab)2b(ab)2b(ab)2ab = ab(ab)2ab = (ab)?. 
Finally 
(ab2ab)? = [ab(ba)ab|? = ab(ba)(ab)2ba(ad) 
= ab(ab)*ba(ab)*ba(ab)2ab 
= aba?(ab)*ba(ab)*ba(ab)2ab 
= aba?(ab)*ba(ab)*ba(ab)2b2ab 
= aba|a(ab)?b|[a(ab)2b|[a(ab)2b| bad 
= abala(ab)*b|bab = aba?(ab)2b2ab 
= ab(ab)*ab = (ab)?. 
II. Solution by the proposer. The subsemigroup abSab is a group, with iden- 


tity (ab)? (see Green and Rees, On semigroups in which x*=x, Proc. Cambr. 
Phil. Soc., 48 (1952) 35-40). 
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Also solved by K. R. Bailie, K. Balachandran, L. P. Bush, R. A. Cislo, Robert Cohen, S. 
Heller, R. R. Korfhage, and S. J. Ryan. 
Some of these solutions involved unjustified assumptions. 


Curves with Circular Orthoptics 


E 1588 [1963, 438]. Proposed by M. S. Klamkin, The State University of 
New York at Buffalo 


An ellipse has the property that the sum of the moments of inertia of its area 
about two orthogonal tangents is constant. Does this property characterize the 
ellipse? 


Solution by the proposer. It follows from the parallel-axis transfer theorem 
that in order for this property to hold for a given curve, its orthoptic curve 
(locus of intersection of orthogonal tangents) must be a circle whose center 
coincides with the centroid of the area enclosed by the given curve. Another 
curve having this property (see R. C. Yates, 4 Handbook on Curves and Their 
Properties, J. W. Edwards, Ann Arbor, 1947) is the deltoid 


x = a(2 cost + cos 2%), 
y = a(2 sin t — sin 22), 


which is a 3-cusped hypocycloid whose orthoptic is the inscribed circle. 


Also solved by Michael Goldberg, who gave an envelope construction for all such curves, 


A Criterion for a Triangle to be Isosceles 


E 1589 [1963, 438]. Proposed by W. J. Blundon, Memorial University of 
Newfoundland 


Find necessary and sufficient conditions for a triangle of inradius 7, circum- 
radius R, and semiperimeter s to be isosceles. 


Solution by D. C. B. Marsh, Colorado School of Mines. If we denote the sides 
of a triangle by a, 0, c, we have the easily verified relations 


at+t+b+c= 2s, ab + be + ca = r?+ 52+ 4R, abc = 4rRs. 
Thus, a, b, ¢ are the roots of the cubic equation 
x3 — 2sx? + (7? + 52 + 4rR)x — 4rRs = 0. 


The triangle will be isosceles if and only if two roots of this cubic are real and 
equal; this will be the case if and only if the cubic’s discriminant is zero. The 
discriminant is 


4r°[4R(R — 2r)® — (s? + 7? — 10rR — 2R?)?], 


whence a necessary and sufficient condition on r, R, s that the triangle be 
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isosceles is that 
AR(R — 2r)? = (s? + 7? — 107R — 2R?)?. 


Also solved by Walter Bluger, J. P. Brazy, Leonard Carlitz, D. I. A. Cohen, Roy Feinman, 
José Gallego-Diaz, Michael Goldberg, Hazel S. Wilson, and the proposer. 


A Series Involving the Legendre Polynomials 
E 1590 [1963, 438]. Proposed by James Nearing and J. L. Pietenpol, Columbia 
University 
Sum, for all x and ¥, the series 
d. Prlx)y/nl, 
n=0 
where P,,(x) is the mth order Legendre polynomial. 


I. Solution by A. E. Livingston, University of Alberta. The formula 
eT o(yV (1 — #*)) = 2) Pala)yr/nl, 
n=) 


in which Jo(z) is the Bessel function of the first kind of order zero, appears on 
p. 165 of E. D. Rainville, Special Functions, Macmillan, New York (1960), with 
the following comment: “The relation (above) was being used at the beginning 
of this century. We have not been able to determine when or by whom it was 
first discovered.” 
The quoted formula is obtained by substituting 
[n/2] 
Dd, nl(a? — 1)kan-2 /[22*(1)2(n — 2k)! 


k=0 


for P,(x), inverting the order of summation in the resulting iterated series, and 
making the change of summing index n=v-+2k. 


II. Solution by the proposers. Denote the sum by f(y). Then, by using the 
identity 


(2n + 1)xP,(%) = nPn_i(%) + (9 + 1) Pri), 
one can find a differential equation satisfied by f(y). It is 
yf” + (1 — 2xy)f’ + (y — x)f = 0. 


At x= +1 and «= —1, f(y) =e and f(y) =e7" respectively, which suggests the 
substitution 


f(y) = e%g(y). 
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Then g(y) satisfies the equation 
g’ + (1/y)g’ + (1 — #*)g = 0, 


which is a Bessel equation, and the result is 
>, Pra(x)y"/nl = eJo(yV/ (1 — #°)). 
n=0 


Also solved by J. L. Brown, Jr., Donald Childs, A. E. Danese, J. A. Faucher, Stephen Fisk, 
Ralph Greenberg, Emil Grosswald, S. Heller, V. E. Hoggatt, Jr, M. S. Klamkin, M. G. 
Murdeshwar, W. J. Pervin, Stanton Philipp, Perry Scheinok, and F. C. Smith. 

Several solvers referred to Eq. (40), p. 182 of Higher Transcendental Functions, Vol. II (Bate- 
man Manuscript Project). 
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PROBLEMS FOR SOLUTION 


5171. Proposed by P. T. Bateman and L. A. Rubel, Unwersity of Illinois 


Suppose that f is a real-valued function belonging to Z;1(— ©, +). Put 
H(i) = >0'#f (kt), where >,’ indicates that the summation is over all nonzero 
integers k. 

(1) Prove that >>’ | f (Rt) | <o for almost all positive t. 
(2) Prove that 


ess lim inf H(t) S J f(x)dx S ess lim sup A(Z). 
t-0+ —vo t-0-+ 
(3) Construct an f for which 
ess lim inf H(t) ¥ ess lim sup H(#). 


t>0-- t-0-+ 
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5172. Proposed by Kwangil Koh, University of North Carolina 


An associative ring R, not necessarily commutative, is said to be an integral 
domain if it has no zero divisor. It is known that any commutative integral 
domain can be imbedded in a field [1], and there is an integral domain which 
cannot be imbedded in a skew field [2]. Prove that an integral domain can be 
imbedded in a primitive ring (a ring with faithful irreducible right module [3]). 


References 


1. Birkhoff and MacLane, A Survey of Modern Algebra, New York, 1947. 


2. A. Malcev, On the immersion of an algebraic ring into a field, Math. Ann., 113 (1936), 
689-691. 


3. Nathan Jacobson, Structure of rings, Amer. Math. Soc., Colloquium Publication, 37, 
1956. 


5173. Proposed by James E. Potter and Robert Fitzgerald, Massachusetts In- 
stitute of Technology 


Given that v(¢) is an n-dimensional vector valued function, that P(#) is a 
one parameter family of Xn positive definite matrices, that uw is a positive 
measure on the real line, and that v(t) and P-'(¢) are in Z}(u), show that 


J rore@vmuan = f s*(u(ae ( J Pula) J nao, 


where * denotes conjugate transpose. 


5174. Proposed by Ranko Bojanic, University of Notre Dame 


In A. Zygmund's Trigonomeiric Series, v. 1, Ch. V, a positive and continuous 
function /(x) defined for «2x is called a slowly varying function if for every 
6>0 there exists x32) such that 


(1) x®](”) increases and x~*](x) decreases if x = 4;. 


Prove that a positive and continuous function /](x) is slowly varying in the 
above sense if and only if 


(2) —o < Di l(x) S Dti(x) < + w (x 2 %) 
*D,l(«2) = o(l(«)) and xDtl(x) = o(l(x)) (1—> 0), 


Here D,l(x) and Dti(x) are the lower and the upper right hand derivatives of 
I(x) respectively. 


5175. Proposed by Ranko Bojanic, University of Notre Dame 


Let f be continuous for all «20 and 


n(x) = sup ( J “"j(odi), 
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Then (x)—0(x— ©) if and only if there exists a Riemann integrable function 
g such that f(x) <g(x) for all « and fo g(é)dt exists. 


5176. Proposed by Orrin Frink, Pennsylvania State University 


Let there be given a square array of elements of a division ring (e.g. quater- 
nions). Prove that if the rows of the array are left linearly dependent, then the 
columns are right linearly dependent. 


5177. Proposed by P. R. Vein, Leatherhead, Surrey, England 
Find q(x) such that the integral 
1 
“= -{ q(x) log { «2 — 2x cosh b(r? — sinh? 6)1/2 + 72} dx 
—1 
is independent of ry in the interval sinh ) Sr Scosh 0. 


5178. Proposed by Robert Breusch, Amherst College 


Find A; «=0, 1, 2,---) if for every nonnegative integer n, 


EC) Oe) Leo) th 


5179. Proposed by David Carlson, Oregon State University 


It is well known that, for any square matrix A with complex elements, there 
is a unique decomposition A=B+C, where B=(A+A*)/2 is Hermitian (and 
has all roots along the real axis) and C= (4 —A*)/2 is skew-Hermitian (and has 
all roots along the imaginary axis). Given any two distinct lines through the 
origin in the complex plane, prove an analogous result for a unique decompo- 
sition of A into two “Hermitian-like” matrices, each with its roots along one of 
the two given lines. 


5180. Proposed by A. E. Livingston, University of Alberta 


Find lim,.1-0(1—x) )”.5 anx” if each set { dun; QkN44; °° 0 n4yn—1} isa 
permutation of the set | Go, Qi,°* ys ans} for k=1, 2, 3,--+-, where Nisa 
fixed positive integer. 

SOLUTIONS 
Length of a Graph 
5023 [1962, 317; 1963, 766]. Proposed by D. J. Newman, Yeshiva University 


Let P(z) be a nonconstant polynomial and for each positive number # define 
L(t) to be the length of the curve | P(z)| =t. Prove that L(t) is an increasing 
function. 


Solution by I. N. Baker, Imperial College, London, England. That the conjec- 
ture is false is shown by the polynomials P(z) =z"—1. 
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In the case ¢=1 the curve | P| = 1 consists of x loops given by the polar 
equation 7" =2 cos 8, r>0. Each loop joins the origin to a point on the circum- 
ference r=21/">1, so that 


(1) L(j) > 2n. 
For t>1 the equation | P| = may be written 
(2) vr — (2 cos n6)r” + (1 — #) = 0, 
where r” is the positive root of (2) viz. 
r” = cos nO + (cos? nO + 22 — 1)1/2, 
whence 
(3) t-1srsi+1, 
since x+(x?+/?—1)1/? is an increasing function of x. Thus the curve has an 


equation r=r(6), where ¢ is a single-valued function of @ satisfying (2) and (3). 
Differentiating (2) yields 
dr —r sin n@ 


4 ae 
(4) do = +r™ — cos née 


If t>2, (3) and (4) give | dr /d0| < (¢+1)/"G¢—2)-1. If s is the length of arc 
measured along | P| =¢ we have 


ds\? dr\? (t + 1)?!" 
—)}) =[{— 2<= ———_ t+ 1)2/", 
(5) (=) res Gane “Tt 
Thus 


L(t) = ime do S A(t + 1)¥"{1 + (¢ — 2)-*}, t > 2. 


For any fixed ¢>2 this number is uniformly bounded and it is easy to choose n 
so that L(1)>Z(f); e.g., if t=3 we have for all x, L(3) S2r-4"/"-2 <167, while 
if n>26> 82 we have from (1), L(1) >2n>167>L(3). 


Also solved by L. A. Karlovitz and J. A. Voytuk and by Rainer Schulz and V. E. Hoggatt. 


“Angles of Inclination” in Correlation Theory 
5076 [1963, 215]. Proposed by Hans Zassenhaus, University of Notre Dame 


In the correlation theory of multiple events one can define a set of correlation 
coefficients in the form of cosines of the angles of inclination between two linear 
subspaces Si, S. of Euclidean n-space. Let g; be the dimension of $;, gi Sq. and 
let the row vectors of the g;Xn matrix A; form a basis of S;. Give a definition of 


1964] ADVANCED PROBLEMS AND SOLUTIONS 219 
the angles of inclination and show that the characteristic roots of the matrix 


_ T _ 
f(Ay, As) = AyA2 (AoA) A2di(AiA1) 
are the squares of the cosines of the angles of inclination. 


Solution by the proposer. The transition to another basis of S; corresponds to 
premultiplication of A; by a nonsingular matrix P; of degree q;: 4;—>P;A;. A 
simple computation shows that 


F(P1A,, P2A2) = PF (A, Ae) Pr} 


so that the characteristic roots remain unchanged. Moreover, F(.A,, A2) remains 
unchanged under the transition A;—A,R if R is an orthogonal matrix of degree 
n corresponding to another choice of Cartesian coordinates of the E,. For A;Aj, 
being a symmetric positive matrix, there exists a suitable nonsingular matrix 
P; of degree g; such that P;A;A} P} =B,B; = I,; where B;=P;A; corresponds to 
an orthonormal basis of S;. For S=(B,B/)(BiBz)", being symmetric nonnega- 
tive, there is an orthogonal matrix Q, of degree g: such that 


—Il 2 T TT 
OiX01 = (ci8xn) = (Ci Be )(CiBe) (c1 Fo2:::2 Cay = 0, 
where C,;=(Q,B, corresponds to another orthonormal basis of S;. Hence 12a, 
c;=cos ¢:, 0S¢iS¢eS +--+ Sq, S37; the row vectors of C,Bs are mutually 


orthogonal, hence there is an orthogonal matrix Q2 of degree gz such that C:B]Q; 
= C,Ci = (cos $,5:,), where C:.=Q2Be corresponds to another orthonormal basis 
of So. This shows that the set of the angles di, 2, - - + , d,, may be defined asa 
normalized set of angles of inclination between S; and S:. The invariance of this 
set follows from the factorization 


det (Iq, — f(Ci, C2)) = II (¢ — (cos $;)?) = det (Iq, — f(A1, A2)). 


t=] 


Partition of a Domain 
5077 [1963, 216]. Proposed by Hewitt Kenyon, George Washington University 


If fis a function and S is a set included in the domain of f, denote by S’ the 
map f(S) of S by f. If f has no fixed points, show that the domain of f can be 
partitioned into three pairwise disjoint sets A, B, C, none of which intersects 
its map: ANB=BOC=CN\4A=ANA'=BOB'=COVC'= ©. 


Solution by I. N. Baker, Imperial College, London, England. Assume that 
for sets Sand X we have SCX and f: S—X, where f has no fixed points. Subject 
to the condition f(x)4x extend f in any manner to a mapping f: X—X, which 
agrees with the original in the latter’s range (and hence on S). Then for every 
positive integer the nth iterate f,: X—>X exists. Introduce the equivalence 
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relation R for points of X: xRy if and only if there exist positive integers m and 
n such that fin(x) =fa(y). 

Suppose that an equivalence class K contains a periodic point x, i.e. a point 
such that f,(«i1) =*1 for some integer p>0O; then x1, x2=f(%1), «°°, X,=f(x%x-1), 

-, Xp» form a cycle of p periodic points («1=/f(x,)) and these are the only 
periodic points in K. 

We now define the sets A, B, C: 

In each equivalence class K choose an element x, taking a periodic x; if K 
contains one; assign all f,(x1) to A, B or C as follows: x1 is in A and 


(i) if x, is not periodic, fn(x1) is in A if m is even, in B if n is odd; 


(ii) if x, belongs to a cycle x1, %2, +++, Xp with p even, then do as in (i), i.e. 
X1, X3, °° + y XpiCA; x2, Xa, + + +, XpCB; 

(iii) if x; belongs to a cycle x1, %2,° °°, Xp, with p odd, then take x1, x3,---, 
Xp2CA ; N2, X4, °° ° y XpicB, XpEC. 


For any other y€X there is a least positive m such that f(y) =fn(%1) for 
some nm>0. If fx(x1) EA or C, take yEA if m even, yEB if m odd; if f, (x1) EB, 
take yEB if m even, yCA if m odd. 

These definitions partition X onto three disjoint sets A, B, C such that 
A'=f(A)CB, B’=f(B)CAUC, C’=f(C)CA. Thus ANA’=BOMB’=CONC’ 
= @. Replacing A, B, C by ANS, BOS, CCO\S we get a similar partition of S. 

We note that C can be chosen empty if there are no periods of odd length, 
e.g. if there are no periodic points at all. Thus if X = #1, f=x-+41, then we can 
take A=U®%,, [2n, 2n+1), B=X—-A, C=@. 

Also solved by W. H. Bonney, Robert Bowen, D. Z. Djokovié, D. P. Giesy, R. D. Johnson, 


W. M. Lambert, Jr., Sibe MardeSié, George Senge, D. L. Silverman, W. C. Waterhouse, Carroll 
Webber, Jr., Oswald Wyler, Alexander Zabrodzky, and the proposer. 


Prime Ideal with Infinite Depth 
5079 [1963, 216]. Proposed by Fred Suvorov, Princeton University 
In Commutative Algebra, v. I, p. 241, Zariski and Samuel assert that a prime 
ideal in a noetherian ring need not have finite depth: the depth of a prime ideal 
is the upper bound (if it exists) of the lengths of strictly ascending chains of 


prime ideals starting with the given one. Find an example of a prime ideal in a 
noetherian ring with infinite depth. 


Note by Veselin Perié, Sarajevo, Yugoslavia. Such an example is given by Krull, W. in Dimen- 
stonstheorie in Stellenringen, J. Reine Angew. Math., 179 (1938), p. 222. The same reference is 
noted in Northcott, D. G., Ideal Theory, p. 106. 

Squares in the Fibonacci Series 

5080 [1963, 216]. Proposed by A. P. Rollett, Crediton, England 

In the Fibonacci series (Fu=1, Fo=1, Paai= Fra+ Fn) the first, second and 
twelfth terms are squares. Are there any others? 
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Solution by Oswald Wyler, University of New Mexico. There are no other 
squares. Because of its length, the proof is subdivided into seven steps. 

(1) Relations between the F,. We put w=4(/5-+1), so that w=w+1. It fol- 
lows by induction that w*= F,w+F,_1 for all positive integers n (with F)=0). 
Using this and the laws of exponents, we obtain 

Prin = Pik n + PyP n—-1 + Pruikp, 
(1.1) Fin = RF »(Fr—1)*' + (Fr)? Pe(Pa, Fas), 


Pint = (Pr—1)* + (Pn)? Qi(Pn, Par), 


for any positive integers m, n, k, where P;, and Q; are homogeneous polynomials 
with integral coefficients. We have in particular 


(1.2) Pon = F,(2Fn-1 ++ F..), Pon—1 = (Fn—-1)? + (F,,)?. 
Putting o=4(1—V/5) and multiplying w" by w= F,0+ F,_1, we have 
(1.3) (Fr—-1)? + PaFn-1 — (Fr)? = (-1)*, 


for any positive integer n. 

(2) On prime divisors. It follows from (1.3) that F, and F,_1 are relatively 
prime. By this and (1.1), any prime factor p of F, which is not a factor of k 
occurs in the factorizations of F, and of Fy, with the same exponent. 

If b| F,,, then b| Fn4n if and only if b| F., by (1.1), and it follows that b| F,, 
for an integer m if and only if ” is a multiple of the least integer m such that 
b| Fm. In particular, 2| F, if and only if 3|, and 3| F, if and only if 4| 7. 

(3) A Lemna. Let p be prime and let m be the least integer such that b| Fn. If 
m is even, then p413 or 17 (mod 20); and if p=3 or 7 (mod 20), then Fn 1=—1 
(mod p). 

Proof: Let m=2m’', Fm. =a (mod p~), Finvst=b (mod p). By (1.2) a+2b=0 
(mod p), and Fri=a?+b? (mod p). Thus Fy1=507(mod p). By (1.3), 
(F'm—1)?=1 (mod p), so that FPn1=5b?= +1 (mod p). If p=13 or p=17 (mod 
20), then 1 and —1 are quadratic residues mod p, and 5 is a quadratic non- 
residue, so this case cannot occur. If p=3 or p=7 (mod 20), then 5 and ~—1 are 
quadratic nonresidues so that we must have Fnt=—1 (mod Pp). 

We remark without proof that the cases p=11 or 19 (mod 20) are also ex- 
cluded if m is a multiple of 4. 

(4) F, for powers of 2. Using (1.2), one obtains the following values mod 20 
for F, and Fy_1 if n=2™: 


m 2 3 4 5 6 


Fat 2 13 10 9 2 
F, 3 1 7 9 3 


For m=6, the table repeats itself with period 4. (For convenience we will some- 
times put F(x) for F,.) Now F(2”)=F(2™") Gm, where F(2"-1) and Gm 
= 2F(2™-!—1)+ F(2™-}) are relatively prime. If » is a prime factor of Gn, then 
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n=2™ is the least integer 2 such that b| F,. Thus p413 and #417 (mod 20) 
by (3). On the other hand, our table shows that G,,=7 (mod 20) for all m>2, 
and G,=3. Thus not all prime factors of G, can be = +1 (mod 5); and Gm, for 
m>2, has at least one prime factor p such that p=3 or p=7 (mod 20). Then 
F(2™—1)=—1 (mod p) by (3), and —1 is not a quadratic residue mod p. 

(5) First case: n odd. If n23 is odd, then we can write m in the form 
n=k2™+1, with k odd and m=2. By (4), there is a prime factor p of F(2™) such 
that F(2™+1)=—1 (mod p) and that —1 is not a quadratic residue mod p. By 
(1.1), we have FF, = F(R2™+1) =(—1)*=—1 (mod pp), and it follows that F, 
cannot be a square. 

(6) Second case: n¥ 2*3'. Let us call a prime number p a good prime factor of 
F, if p23 and p occurs in the factorization of F, with an odd exponent. It fol- 
lows from (2) that p is a good prime factor of Fo, and of Fs, if p is a good prime 
factor of Fy. If n= m2*3!, with m>1 prime to 6, then F,, is not a square by (5), 
and not a multiple of 2 or of 3 by (2). Thus F, has a good prime factor. It 
follows from this and the preceding remark that F, also has a good prime factor. 
Thus F, is not a square. 

(7) Third case: n=2*3'. Since Fg=21 and Fy = 34 have good prime factors, 
F, has a good prime factor if k23 or 122, by (6). This leaves six cases open, 
viz. Fy=1, Fo=1, F3=2, Fu=3, Fe =8, Pro=144. Of these, only Fi, PF, and Fie 
are squares. 


The problem is mentioned in Ogilvy, Tomorrow’s Math., 1962, p. 100. 


A Partial Difference Equation 
5081 [1963, 216]. Proposed by D. S. Adorno, California Institute of Technology 
a. Determine the solution to the partial difference equation with indicated 
boundary conditions: for allz=0, 1,---,2+2;”=0,1,2,---;0<a<t1, 
Aimer = Ain — OTA, 12, A-1tyn= 0, Aon = 1, Anton = 0. 
b. Determine lim,..A ijn. 


Solution by L. Carlitz, Duke University. Put fn(x) => 2 Aen xi. Then 


n+2 


Fnai(%) = > (Ain — aA, 1 nat = fala) — at laf,(x), 


1=0 


so that frii(x) = (1—a"t!x)fn(x). Take fo(x) =1+A1o0x. (Ao is apparently ar- 
bitrary). It follows that 


fala) = (1 + Arjox) I (1 — ax). 
r=1 
Now it is well known that 


ll (1 — atx) = > (—1)rarrt)/2 Be 


yonl r=0 
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It follows that 


where 


Arn = (—ayorewe] | + (= yar " | Ato. 
r r—1 


In particular, if we take A1,>= —1 this reduces to 


Arn — (—1)tar oD? |” + ‘| 
r 


Moreover 
im 4, < (—1)tar (rt)? (—1) ar -DIZA, 
no d—a):--(ad—-—a) (l-—a)--:-(d-— at) 
and in particular when A1=—1 
lim Ayn =— 


nm (d—a)---(— a) 


Angle Preserving Map 


5084 [1963, 335]. Proposed by Robert Spira, University of California, 
Berkeley 

Find a one-to-one continuous function on the unit disk into the plane which 
is angle preserving, yet not analytic. (If no such function exists, then we have a 
simple geometric characterization of analytic functions. If such a function does 
exist, then from it we will obtain a clue as to a further geometric restriction nec- 
essary to characterize the idea of analytic function.) 


Comment by George Bergman, Harvard University. In requiring that a func- 
tion be angle preserving, we presume that it sends smooth curves—those curves 
between which we can measure angles—into smooth curves. To find a good 
analytic characterization of such functions seems to be a more fundamental 
problem, which probably has to be solved before the one given. 

An example of a function which sends the set of smooth curves on the unit 
disk onto itself, but is not differentiable is (p, 0)—>(+/p, 9). 

For differentiable functions, it is easy to show that angle preserving implies 
analytic. 


A Fallacious Deduction 
5085 [1963, 335]. Proposed by E. R. Gentile, Universidad del Sur, Argentina 


Let G be any abelian group and G?=GQG the direct sum of two copies of 
G. G? admits in a natural way structures of left and right modules over the ring 
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Zz of 2X2 matrices over the integers Z. We recall that for every abelian group 
H the mapping ¢: G’@z,H’-G@zH defined by $((g1®g2) @z,(M@he)) 
= (91 +22) @z(h+he) is a canonical isomorphism. 

This permits an incorrect proof of the statement: Jf G? 1s isomorphic to H”, 
then G is 1tsomorphic to H, viz. 


G26 022246 0,,72H 0,,72H @2ZZH4H. 
Where is the error? 


Solution by W. C. Waterhouse, Harvard University. It has been implicitly 
assumed that the group isomorphism between G? and H? is also an isomorphism 
of their Ze-module structures. 


Also solved by George Bergman, W. H. Bonney, Veselin Peric, J. J. Zeltmacher, Jr., and the 
proposer. 


RECENT PUBLICATIONS AND PRESENTATIONS 


EpITED BY R. A, RosENBAUM, Wesleyan University 
COLLABORATING Eprtors: K. O. May, Carleton College and E. P. VANcE, Oberlin College 


The Calculus of Variations. By N. I. Akhiezer. Translated by Aline H. Frink. 
Blaisdell, New York, 1962. 247 pp. $7.50. 


Calculus of Variations. By L. E. Elsgolc. Addison-Wesley, Reading, Mass., 
1962. 178 pp. $4.50. 


These two volumes are translations of texts first published in Russia in the 
1950’s. That by Akhiezer is informal in style, but careful and clear in its treat- 
ment. It is well suited for use by any reader with a reasonable mathematical 
background. In Chapter 1, the Euler equations are derived for the simplest 
problem for curves in n+1 dimensions. The existence and differentiability of 
families of extremals are treated, and canonical variables are introduced. The 
last section of the chapter treats the parametric problem in the plane. Chapter 2 
takes up the theory of fields and sufficient conditions for a minimum, followed 
by a brief consideration of the necessary conditions of Weierstrass, Legendre, 
and Jacobi. Chapter 3 derives the first necessary conditions for an extremum in 
the following cases: problems with variable end points in the plane, problems 
with discontinuous integrand, double integrals, simple integrals involving de- 
rivatives of the mth order, isoperimetric problems, and simple cases of the 
problem of Lagrange. Chapter. 4 gives proofs of the existence of an absolute 
minimum for both nonparametric and parametric problems in the plane. The 
method of Ritz for finding a minimizing sequence is included. An appendix of 78 
pages contains exercises, worked examples, and sections on the variational prin- 
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ciples of mechanics, the Dirichlet principle, double integrals (including Haar’s 
lemma), the Bernstein theorem on analyticity of extremals, and the Sturm- 
Liouville theory for second order differential equations. 

The book by Elsgolc professes to be designed primarily for engineers. Chap- 
ters 1 to 4 treat most of the topics included in Chapters 1 to 3 of Akhiezer, but 
in somewhat more cursory fashion. The treatment of fields in space of more than 
two dimensions is restricted to a short paragraph in fine print in Chapter 3, 
in which no mention is made of the need to restrict the field to be a Mayer field 
if it is to be used in proving a sufficiency theorem. Chapter 5 gives a brief con- 
sideration of direct methods, but includes no existence proofs. There are many 
exercises and many worked examples. The reviewer believes that the book could 
be made much more enlightening for its users without increasing its size. The 
style is informal and discursive, but tends to leave some of the proofs rather 
hazy. Many of the results are stated without proofs. 

L. M. Graves, Illinois Institute of Technology 


The Theory of Lebesgue Measure and Integration. By S. Hartman and J. Miku- 
sinski. Vol. 15, International Series of Monographs on Pure and Applied 
Mathematics. Translated from the Polish edition by Leo F. Boron. Perga- 
mon Press, 1961. 176 pp. $6.50. 


This short book presents a clear and self-contained exposition of what may 
be called the “classical” Lebesgue theory. By this is meant that the development 
is confined entirely to the real line (except for a brief indication of the extension 
of the theory to higher-dimensional Euclidean spaces), and no reference is made 
to more general types of measure spaces. 

The first seven chapters cover what may be called the basic theory: measure 
of sets (beginning with the theorem on the structure of open subsets of the real 
line and then employing open coverings), preservation of measurability under 
countable unions and intersections, measurable and integrable functions, term- 
wise integration of sequences of integrable functions, almost-everywhere differ- 
entiability of functions of bounded variation, absolutely continuous functions 
and their representation as integrals of their derivatives. Chapter 8 consists of 
a brief and clear treatment of the Z?-spaces (including their completeness) 
while Chapter 9 contains the elements of the L?-theory (orthogonal expansions, 
best mean-square approximation, Riesz-Fischer theorem, and Parseval relation) 
and Chapter 10 extends these chapters to complex-valued functions. The next 
two chapters define measure and the integral in #” and include the theorems 
of Fubini and Tonelli. The final chapter presents a brief and interesting treat- 
ment of Riemann-Stieltjes integration, concluding with the important theorem 
that when f(x) is continuous and g(x) is absolutely continuous, the Stieltjes 
integral ffdg is equal to the Lebesgue integral ffg’dx. 

The coverage of the first ten chapters is quite similar to that of Chapters 10, 
11, 12 of Titchmarsh’s “Theory of Functions,” and the styles of exposition are 
somewhat similar. The book under review impressed the reviewer as being a 
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little more relaxed in its pace, and hence more suitable as a text or for indi- 
vidual study. On the other hand, the complete absence of problems is a serious 
defect, and the instructor or student who wishes to use this book would be well- 
advised to secure problems from other sources. A new edition with an abundant 
supply of problems would be a welcome addition to the textbook literature on 
measure and integration. 

The translation reads smoothly, except for a few places where the original 
word order or idiomatic structure appears to have been followed. 

BERNARD EPSTEIN, University of New Mexico 


Industrial Dynamics. By Jay W. Forrester, MIT Press and Wiley, New York, 
1961. 464 pp. $18.00. 


One of the current views about industrial organizations is that they are 
information-feedback systems. In its most general form, such a system includes 
all the men, machines, and materials that comprise a working organization as 
well as the intangible factors of information flow, policy formation, decision 
making, decision enforcing, etc. 

In Industrial Dynamics, Jay Forrester describes a computer language 
(DYNAMO) suitable for simulating such organizations in considerable detail. 
Numerous applications to organizations are presented in the book. A simulation 
of a firm can be formally described as a finite set of simultaneous difference equa- 
tions. These are usually of such mathematical complexity, however, that a solu- 
tion in “closed form,” even if it could be found, would be so complicated as to 
be worthless. Hence a useful form of computer output, which plots the levels of 
various variables through time, is adopted in the book as the best form in which 
to present “answers.” 

As might be expected, the difference equations so obtained have a natural 
period of vibration, and Forrester asserts that so does the real-life system being 
simulated. The latter conclusion rests, however, upon the verification of actual 
similarities between the model and the real system. Such validation of the model 
seems to the reviewer to be the weakest step in the theory, since the only veri- 
fication checks seem to depend upon casual questioning of the management of 
the firm. The answers to such questions emphasize the “normal” operating areas 
of the company, yet in a simulation run it is very easy to drive the company 
into an abnormal mode of operation for which the answers may no longer be 
valid. The other drawback of the theory is that it cannot (as yet) handle inter- 
actions between two or more firms and hence is not able to study oligopoly the- 
ory. 

Nevertheless the book under review will interest readers who like their 
mathematics in the “raw” or pre-formal stage. Electronic computers are pres- 
ently being used by many people for simulation purposes and much intuitive 
knowledge is being gained about the virtues and drawbacks of the method. The 
time for formal mathematical study of simulation techniques will soon be at 
hand if, indeed, it is not already here. 

G. L. THompson, Carnegie Institute of Technology 
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Symbols, Signals and Noise: The Nature and Process of Communication. By 
J. R. Pierce. Harper & Row, New York, 1961. xi+305 pp. $6.50. 


This book, another in the Harper Modern Science Series, is intended for the 
general reader who knows no mathematics but is willing to work. Beginning 
with explanations of such notions as variable, logarithm, and nonconstructive 
proof, the author sets forth Shannon’s theory of information, noise, signals, and 
coding, and discusses various attempts to apply information theory in physics, 
psychology, and art. 

The exposition, on the whole, is careful, well developed, and remarkably 
clear. The author distinguishes the various motivations for Shannon’s theory 
and gives a good indication of the types of mathematical argument used in it. 
In these respects Pierce’s book is outstanding among the existing popularizations 
of information theory. 

On the other hand, the book could all too easily mislead the general reader in 
regard to studies of communication outside of electrical engineering. Many 
inquiries and theories are ignored or dismissed on the ground that they are still 
immature and—by innuendo—not worthwhile or not interesting. There is a 
chapter on “Language and Meaning,” e.g., but nowhere any reference to the 
work of Carnap, Bar-Hillel, and Kemeny, or Osgood, or Marschak. There is no 
bibliography, not even any suggestions for further reading. 

There are quite a few typographical errors and “slips of the pen.” On page 
226 the date for Turing should be 1950. 

Davip Harrau, University of California, Riverside 


Elements of Probability and Statistics. By Frank L. Wolf. McGraw-Hill, New 
York, 1962. 322 pp. $7.50. 


This book provides greater exactness in its presentation than most ele- 
mentary texts. The reviewer did not find any statement which would have to be 
contradicted in more advanced courses in probability and statistics—something 
one cannot say about many elementary books. The only formal prerequisite is 
high school algebra, but as usual considerable maturity in mathematical think- 
ing is required. 

The book is divided into fourteen chapters: 1. Empirical frequency distribu- 
tion; 2. Sets and set operations; 3. Notational and computational devices; 4. 
Averages; 5. Measures of dispersion; 6. Probability; 7. Discrete probability dis- 
tributions; 8. Applications of discrete distributions; 9. Continuous probability 
distributions; 10. Normal distributions; 11. Chi-square distributions; 12. F dis- 
tributions; 13. Student’s distributions; 14. Bivariate distributions. There fol- 
lows an appendix of eight tables, including as a special feature the cumulative bi- 
nomial. 

An innovation worthy of notice is the use of the plural of “distribution”; 
this is clearly justified. In the definition of the sample variance, the author’s use 
of the sample size as the divisor is advantageous on account of the analogy with 
the population variance. Another special feature of the book is the statement 
of Chebyshev’s theorem for samples. This seems to be a fine idea. 
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The aim of the author is to provide material for the general education of 
mathematics majors and a basic course for social and physical sciences. The 
reviewer has reservations about whether this goal is in fact achieved. The sta- 
tistical ideas discussed do not go beyond the extent of most elementary “cook 
books” in statistics. There is no mention of modern statistical decision theory. 
The Neyman-Pearson fundamental lemma is not discussed except for an exam- 
ple of Neyman structure test in a problem. Type I and II errors are defined, 
but they are not linked to the notion of hypothesis tested and alternative 
hypothesis. On the contrary, the author states, “In the general case, it is not 
always clear which of the two hypotheses should be called the null hypothesis.” 
Then he defines Type I and II error as usual. Game theory is introduced through 
problems only. Non-parametric tests are not discussed with the exception of the 
chi-square test of goodness of fit. 

ESTHER SEIDEN, Michigan State University 


A Brief Introduction to Theta Functions. By Richard Bellman. Holt, Rinehart 
and Winston (Athena Series), New York, 1961. x +78 pp. $2.50. 


Dedicated “To devotees of analytic number theory,” this book is written 
by one of today’s most versatile research mathematicians. There are seventy 
sections, some only a few lines long. A partial listing may give some idea of the 
far-flung contents: § 2: The Four Types of Theta Functions. §§ 4, 9: The 
Transformation Formula for 63(z, ¢). § 10: Numerical Application. § 11: Modu- 
lar Functions and Ejisenstein Series. § 13: The Heat Equation. § 17: The 
[Laplace]-Transformed Transformation Formula. § 24: The Riemann Zeta Func- 
tion. §26: The Riemann Hypothesis. § 27: The Poisson Summation Formula and 
the Zeta Function. § 29: Gaussian Sums. § 30: Polya’s Derivation. § 32: A 
Fundamental Infinite Product [for 64]. § 42: Mock Theta Functions. § 47: 
Landen’s Formula. § 50: Functional Equations. § 52: Entire Solutions. § 61: 
Multidimensional Theta Functions. § 69: The Modular Transformation. 

These sections are grouped, to quote from the Introduction, about “... 
three principal results in the theory of elliptic functions... as a stage upon 
which to parade some of the general factota of analysis, and as an excuse to dis- 
cuss some intimately related results of great mathematical elegance. Our aim is 
to indicate the applicability and versatility of analytic techniques that should 
be part of the hope chest of every young mathematician.” The first forty-one 
pages present various proofs, and applications, of the transformation formula 
for 03(z, t). The next sixteen pages develop the infinite product expansion of 
64(z, t) and related material. The final portion centers around the theta functions 
as entire solutions of certain simple functional equations. Interrelations abound; 
the final portion, for example, contains yet another proof of the fruitful trans- 
formation formula for 63 (with one of the very few, minor misprints occurring in 
its restatement on p. 61). 

It is difficult to take the title of the book at face value. A prior acquaintance 
with, say, the chapters on Elliptic Functions and on the Theta Functions in 
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Whittaker and Watson’s A Course of Modern Analysis would seem to constitute 
the necessary and sufficient background for the general reader to derive in- 
spiration, rather than desperation, from Bellman’s enthusiastic collection of 
gems. His over-generous use of “elegant” and similar adjectives cannot take 
the place of such essential background and substantial motivation. Much more 
helpful are the many Comments and References at the end of most sections. 
To a reader who is well prepared, or willing to follow up the main references 
actively, Bellman’s short monograph could be an exciting tour guide to a subject 
he refers to, in his Foreword, as “the fairyland of mathematics.” 
FRITZ STEINHARDT, The City College of New York 


Introduction to Electromagnetic Fields and Waves. By D. Corson and P. Lorrain. 
Freeman, San Francisco, 1962. 552 pp. $12.00. 


This text at the advanced undergraduate level might well have been sub- 
titled Maxwell for the Senior. The authors’ attitude towards their subject is 
expressed clearly by the following quotation from their preface: “ ... The dis- 
cussion has been kept as systematic and as thorough as possible, and hazy 
‘physical’ arguments have been avoided. We have also stressed the internal 
logic of the subject, and we have clearly stated all assumptions. ... ” The reader 
would infer correctly from this statement that the authors intend to treat 
electromagnetic theory as a branch of applied mathematics, in the tradition of 
Maxwell’s treatise. Teachers and students who prefer this approach, and these 
will be many, will welcome this book as a solution to a difficult pedagogical 
problem. 

The principal topics discussed follow the classical tradition: electro- and 
magnetostatics, low frequency induction, electromagnetic waves in free space, 
wave guide theory, and radiation from antennas and from moving charges. The 
full apparatus of Maxwell’s equations has been used in nearly half of the book. 
Vector methods are used throughout. It is evident that the authors have selected 
their material and mode of presentation with great care, so that students with 
only modest attainments in physics and mathematics need seldom falter. The 
book would seem to be particularly well adapted to a course in applied physics 
for engineering students, and for review study by engineers and applied physi- 
cists. 

The reviewer would like to express a mild dissent, however, from the authors’ 
dogged insistence on the phenomenological character of electromagnetic theory. 
It cannot be concealed forever, even from engineering students, that the em- 
phatic statement of the generality of the Maxwell field equations which is made 
on page 305 is subject to qualification. Remarkable as the macroscopic theory 
is, it has definite limitations. More particularly, the authors are as well aware as 
anyone else that the theory of radiation from moving charges is of questionable 
validity, to say nothing of its failure to explain the photon structure of light. It 
is regrettable that these limitations on the theory were not made more explicit. 

E. L. H1tu, University of Minnesota 
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Handbook of Automation, Computation and Control. Vol. 3.—Systems and Com- 
ponents. Edited by E. M. Grabbe, S. Ramo, and D. E. Woolridge. Wiley, 
New York, 1961. xxi+1172 pp. $19.75. 


This handbook is a compendium of the state of the art in industrial process 
control and closely related areas, and contains little of interest to mathematicians 
as such. The twenty-eight separately authored sections are naturally rather un- 
even, but, in general, they seem to be intended as a survey of their subject 
matter for a reader who is working in a not too closely related field of engineer- 
ing, and should be quite useful for this purpose. They range from surveys of 
commercially available components and systems to a rather nice intuitive treat- 
ment of semiconductor theory. References, given at the end of each chapter, 
range in number from 3 to 171, again indicative of the unevenness of the collec- 


tion. 
J. D. RuTLEDGE, Thomas J. Watson Research Center, IBM 


Elements of Linear Spaces. By A. R. Amir-Moéz and A. L. Fass. Pergamon 
Press, New York, Oxford, London, Paris, 1962. ix-+149 pp. $5.50. 


The approach of this text is strongly geometrical. (For example, linear de- 
pendence is first defined in terms of collinearity and coplanarity.) The first 
sixty pages present the elementary theory of vectors, linear transformations, 
matrices, determinants, characteristic equations, and quadratic forms, all in 
the context of real Euclidean space of dimension S33. 

In the next fifty-five pages or so, the earlier ideas are generalized to complex 
n-space, quadric surfaces are studied in detail, and a number of classical appli- 
cations to geometry are developed. Then about thirty pages are devoted to the 
abstract theory of linear algebras, and to “some of the more accessible recent re- 
sults on singular values....” Finally, a four page appendix reviews solid 
geometry. 

The authors, in their preface, affirm their belief that “students and instruc- 
tors are intelligent and would like to supply details of proof or technique in 
many places.” But they also say that they are aiming at an “elementary under- 
graduate course to bridge the gap between freshman mathematics and modern 
abstract algebra.” It seems to me that the extent to which they have gone in 
implementing the first statement has vitiated the second. Furthermore, their 
scanting has produced take-it-or-leave-it definitions (“The product AB of two 
transformations A and B is defined by the relation (AB)V=B(AV)---”); 
patchy proofs (the uniqueness of the adjoint of a transformation and even the 
associativity of matrix multiplication are tacitly assumed and used without ex- 
plicit mention); and unreasonable demands on the student (the hard core of the 
theory of determinants is airily left as a problem for the student). 

I found only a very few typographical errors (all trivial), and practically 
no mathematical sins of commission. 

I. H. Rose, Hunter College 
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Theory of Markov Processes. By E, B, Dynkin. Translated from the Russian 
by D. E. Brown. Prentice-Hall, Englewood Cliffs, N. J., 1961. x-+210 pp. 
$8.95. 


By definition a Markov process is a stochastic process without afteref- 
fects, or a non-hereditary stochastic process. Originally the impetus for study- 
ing such processes came from a number of physical problems, which were essen- 
tially diffusion processes. More applications have arisen recently, and discus- 
sions of them can be found in “Elements of the Theory of Markov Processes 
and their Applications” by Bharucha-Reid. At the same time the subject has 
been investigated by mathematicians in a rigorous and abstract fashion. Many 
of the intimate connections between Markov processes and the theory of differ- 
ential equations, semigroups and spectral decomposition of operators have been 
investigated. 

The book under review deals exclusively with the abstract theory of Markov 
processes, by an author who has himself made many important contributions to 
the subject in recent years. It represents the first of two volumes on the subject. 
The approach of the author is not intended to appeal to the novice. A thorough 
understanding of measure theory and some knowledge of Markov processes are 
presupposed; they can be found in the books on Probability Theory by Feller or 
Gnedenko. The book lays a complete and rigorous foundation. No applications 
are mentioned. The second volume, promised for the future, will deal with the 
connection between Markov processes and the theory of semigroups of linear 
operators. 

Harry Hocustanpt, Polytechnic Institute of Brooklyn 


A FORTRAN Primer. By Elliott I. Organick. Addison-Wesley, Reading, Mass., 
1963. 186 pp. $3.95. 


This is a pedagogically well written introductory text about a number of 
(but not all) versions of FORTRAN. The first part is about (a) a quick look 
at digital computers, (b) use of computers, (c) approach to computer use with 
FORTRAN, and (d). some highlights of the FORTRAN language. The second 
part contains (a) arithmetic expressions and substitution statements, (b) condi- 
tional control, (c) unconditional transfer and other control statements, (d) in- 
put-output, (e) the comment, dimension and equivalence declarations, (f) de- 
fining and calling internal and external functions, and (g) preparation of punch 
card program deck. Many worked examples and problems with solutions ap- 
pear at the end of the book. Part three contains the complete solutions of seven 
problems. The differences in the solutions for the various machines are clearly 
brought out. The fourth part contains a good discussion of the newly issued 
FORTRAN IV, pointing out the advantages over FORTRAN II. This part 
also contains a few minor misprints, and in the version of FORTRAN IV actu- 
ally released there are some changes not contained in the text. 

I. FARKAS, University of Toronto 
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A Guide to ALGOL Programming. By Daniel D. McCracken. Wiley, New York, 
1962. 106 pp. $3.95. 


This is an excellent text both for beginners and experienced programmers 
who would like to familiarize themselves with the ALGOL language. The first 
chapter is an introduction to computers, algorithms and ALGOL. The second 
chapter deals with numbers, variables and expressions, the third with program 
organization, if-statements and Boolean variables, the fourth chapter with the 
for-statement, the fifth with indexed variables, the sixth with switches and 
blocks, the seventh with procedures, and the eighth with input and output. 
Every chapter contains a great number of worked examples and problems to 
be solved, for half of which there are complete answers at the end of the book. 
After careful studying of the text and solving the given problems, a student 
will have a good knowledge of ALGOL. Without doubt this is the best text 
that has appeared on ALGOL. 


I. FarKAs, University of Toronto 


Geometric Transformations. By I. M. Yaglom. Random House (New Mathe- 
matical Library 8), New York, 1962. vii+133 pp. $1.95. 


This book does brilliantly all of the following: 

1. It introduces groups of Euclidean transformations into the study of Plane 
Geometry. 

2. It is at the level of a bright high school student who has had a term or a 
‘year of Plane Geometry. Thus, it does not overwhelm the reader with extrane- 
ous notions and it is always simple rather than rigorous when there is a nontrivial 
choice. (Maybe this level is suitable for the college student too.) 

3. It is a natural continuation of Plane Geometry. All of its exercises can be 
understood by a high school student, but the solutions are best understood by 
using transformations. After reading the book it will be hard, for example, to 
see a midpoint of a segment without executing a half turn. 

4. It does much “pure” transformation theory (and all geometrically—a 
matrix is never mentioned). Any isometry is proved to be one of the type intro- 
duced in the text, and various composition rules are stated and proved. 

The format of the book encourages active participation by the reader at all 
times. The first half contains the short, basic text and many problems, all inter- 
esting and mostly hard. The second half contains solutions in full as well as 
further comments. 

The only error observed was the interchange of the diagrams on page 26. The 
only objection imaginable by this reviewer is the choice of chapter headings, 
since symmetry should connote more than an improper motion. But this should 
not stop any high school teacher from showing this book immediately to all of 
his bright students. ) 


MELVIN HAausneR, New York University 
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Optimization Techniques with Applications to Aerospace Systems. Vol. 5 of Mathe- 
matics in Science and Engineering, A Series of Monographs and Textbooks. 
Edited by G. Leitmann. Academic Press, New York, 1962. xiii+-453 pp. 
$16.00. 


According to the foreword, the purpose of this volume is to assist those con- 
fronted by problems of systems optimization and optimal control in the choice 
of optimization technique. This is done by assembling ten chapters by ten 
authors dealing with various methods for solving such problems. Four additional 
chapters deal with applications. The following list of chapter titles indicates 
the contents: 1. Theory of maxima and minima, 2. Direct methods, 3. Extrem- 
ization of linear integrals by Green’s theorem, 4. The calculus of variations in 
applied aerodynamics and flight mechanics, 5. Variational problems with 
bounded control variables, 6. Methods of gradients, 7. Pontryagin maximum 
principle, 8. On the determination of optimal trajectories via dynamic program- 
ming, 9. Computational considerations for some deterministic and adaptive 
control processes, 10. General imbedding theory, 11. Impulsive transfer between 
elliptical orbits, 12. The optimum spacing of corrective thrusts in interplanetary 
navigation, 13. Propulsive efficiency of rockets, and 14. Some topics in nuclear 
rocket optimization. 

As the title implies, the book is directed at engineers and applied mathe- 
maticians rather than at the pure mathematician. In view of the current revival 
of interest in the calculus of variations and its numerous applications to modern 
systems engineering, this volume should prove to be a useful addition to the liter- 
ature on the subject. 

E. K. BLum, Wesleyan University 


NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news items 
to Raoul Hatlpern, Associate Secretary, Mathematical Association of America, SUNY at 
Buffalo (Uniwersity of Buffalo), Buffalo, New York 14214. Items must be submitted at least 
two months before publication can take place. 


PERSONAL ITEMS 


Professor M. Gweneth Humphreys, Randolph-Macon Woman’s College, represented 
the Association at the meetings of the American Council on Education held at the May- 
flower Hotel in Washington, D. C. on October 2 through October 4, 1963. 

Professor H. E. Woodward, Jr., Texas Technological College, represented the Asso- 
ciation at the inauguration of Dr. Roy C. McClung as President of Wayland Baptist 
College on October 8, 1963. 

University of Akron: Associate Professor J. M. Egar, Ball State Teachers College, 
has been appointed Associate Professor; Dr. Rodney Angotti, University of Pittsburgh, 
has been appointed Assistant Professor; Assistant Professor W. H. Beyer has been 
promoted to Associate Professor; Mr. Leonard Sweet has been promoted to Assistant 
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Professor; Professor Margaret E. Mauch retired June 1963 but will remain for the 
1963-64 academic year. 

University of Alaska: Professor Philip Van Veldhuizen, Sacramento State College, 
has been appointed Professor; Dr. R. E. Carr has been appointed Acting Head of the 
Department of Mathematics. 

Arizona State University: Visiting Associate Professor E. E. Grace, University of 
Georgia, has been appointed Professor; Dr. Alvin Swimmer, St. Mary’s College, and 
Mr. J. D. Bedient, University of Colorado, have been appointed Assistant Professors; 
Associate Professor Abraham Sinkov, University of Maryland, has been appointed 
Visiting Professor; Assistant Professor L. T. Smith has been promoted to Associate 
Professor. 

California State Polytechnic College: Messrs. J. R. Gilbert, Lockheed Aircraft, 
Vandenberg Air Force Base, California, and C. T. Haskell, University of Arizona, have 
been appointed Assistant Professors; Associate Professor C. J. Hanks has been promoted 
to Professor; Assistant Professors M. L. Clinnick, K. G. Fuller and G. R. Mach have 
been promoted to Associate Professors. 

University of California, Davis: Drs. G. D. Chakerian, California Institute of Tech- 
nology, and E. J. Tully, University of California, Los Angeles, have been appointed 
Lecturers. 

University of Colorado: Professor W. J. LeVeque, University of Michigan, has been 
appointed Visiting Professor; Dr. Richard Roth, University of California, Berkeley, 
and Dr. W. B. Jones, National Bureau of Standards, Boulder, Colorado, have been ap- 
pointed Acting Assistant Professors; Assistant Professor John Hodges has been pro- 
moted to Associate Professor. 

Colorado State University: Associate Professor F. M. Stein has been promoted to 
Professor; Assistant Professor E. R. Deal has been promoted to Associate Professor. 

Drexel Institute of Technology: Assistant Professor Judith Richman, SUNY at Buffalo, 
has been appointed Assistant Professor; Assistant Professor J. H. Staib has been pro- 
moted to Associate Professor; Mr. R. E. Russell has been promoted to Assistant Profes- 
sor; Professor F. H. M. Williams retired June 15, 1963 with the title of Professor Emeri- 
tus. 

Fort Hays Kansas State College: Associate Professor Wilmont Toalson has been pro- 
moted to Professor; Miss Ellen Veed has been promoted to Assistant Professor. 

Long Beach State College: Messrs. H. D. Eylar, University of Washington, and E. M. 
Stone, University of Wisconsin, have been appointed Assistant Professors. 

Northwestern State College of Louisiana: Mr. W. C. Pine, Marshall Space Flight 
Center, Huntsville, Alabama, has been appointed Assistant Professor; Associate Profes- 
sor S. W. Shelton has been promoted to Professor; Mr. B. R. Waldron has been promoted 
to Assistant Professor. 

Pennsylvania State University: Dr. Paromita Chowla, University of Colorado, has 
been appointed Assistant Professor; Mr. Frank Kocher has been promoted to Assistant 
Professor. 

San Antonio College: Mr. E. H. Sullivan has been appointed Chairman of the De- 
partment of Mathematics; Dr. P. R. Culwell has been appointed Dean of the College. 

San Diego State College: Dr. Albert Romano, National Academy of Sciences, Wash- 
ington, D. C., has been appointed Assistant Professor; Associate Professor L. J. Warren 
has been promoted to Professor; Assistant Professors C. R. Burton, E. I. Deaton, and 
R. L. Van de Wetering have been promoted to Associate Professors. 

Seton Hall University: Professor L. M. Rauch, University of San Diego, has been 
appointed Professor; Professor M. G. Ossesia, Slippery Rock State College, has been 
appointed Associate Professor. 

University of the South: Assistant Professors S. E. Puckette and S. A. McLeod have 
been promoted to Associate Professors. 
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Southern Illinois University, Carbondale: Mr. Robert Silber, Marshall Space Flight 
Center, Huntsville, Alabama, has been appointed Lecturer; Assistant Professor M. R. 
Kenner has been promoted to Associate Professor. 

Southern Illinois University, Edwardsville: Professor A. O. Lindstrum, Knox College, 
has been appointed Professor; Dr. Orville Goering, IBM, Poughkeepsie, New York, 
has been appointed Assistant Professor; Assistant Professor C. C. Oursler has been 
promoted to Associate Professor. 

Tuskegee Institute: Mr. C. W. Dyche, Menlo College, has been appointed Assistant 
Professor; Assistant Professor A. J. Scavella has been appointed Acting Head of the 
Department of Mathematics. 

Vanderbilt Universtiy: Dr. D. J. Rodabaugh, Illinois Institute of Technology, has 
been appointed Assistant Professor; Professor J. A. Hyden retired June 30, 1963 with 
the title of Professor Emeritus. 

Western Washington State College: Drs. W. B. Laffer, Ohio State University, and 
J. R. Reay, University of Washington, have been appointed Assistant Professors: As- 
sistant Professor J. E. McFarland has been promoted to Associate Professor. 

University of Wisconsin, Milwaukee: Assistant Professor R. H. Moore, University of 
Wisconsin, Madison, has been appointed Assistant Professor; Dr. G. G. Walter has been 
promoted to Assistant Professor. 

Worcester Polytechnic Institute: Mr. B. C. McQuarrie has been promoted to Assistant 
Professor; Professor Edward Brown retired June 1963. 

Mr. Edward Anders, Northeast Louisiana State College, has been promoted to As- 
sistant Professor. 

Rev. Matthew Audibert, OFM, St. Francis College, has been promoted to Associate 
Professor and appointed Chairman of the Division of Natural Sciences and Mathe- 
matics. 

Professor R. W. Bagley, University of Alabama, has been appointed Associate Pro- 
fessor at the University of Miami. 

Assistant Professor H. G. Bergmann, City College of New York, has been promoted 
to Associate Professor. 

Dr. C. H. Boll, Aerospace Corporation, Los Angeles, California, has been appointed 
Associate Professor at Southern Methodist University. 

Professor G. M. Ewing, University of Oklahoma, has been promoted to Research 
Professor of Mathematics. 

Assistant Professor A. N. Feldzamen, University of Wisconsin, is on leave during the 
academic year 1963-64 to serve as the Executive Director of the Committee on Educa- 
tional Media of the MAA. 

Professor D. T. Finkbeiner, Kenyon College, has been appointed Visiting Professor 
at the University of Western Australia during 1964. 

Assistant Professor William Forman, Brooklyn College, has been promoted to As- 
sociate Professor. 

Professor J. S. Georges, Mundelein College, has been appointed Associate Professor 
at DePaul University. 

Mr. R. M. Gordon, Arthur D. Little, Inc., Cambridge, Massachusetts, has accepted 
a position as Director of Data Processing at The Northrop Corporation; he has been 
appointed Site Director in the Nortronics Division. 

Miss Camilla Hayden resigned from the faculty at the University of Toledo, effective 
June, 1963. 

Assistant Professor Robert Kalechofsky, New York State University, Long Island 
Center, has been appointed Assistant Professor at Union College. 

Associate Professor J. S. Klein, Wilson College, has been appointed Associate Profes- 
sor at Monmouth College. 
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Associate Professor E. P. Merkes, Marquette University, has been appointed Associ- 
ate Professor at the University of Cincinnati. 

Dr. J. W. Moeller, Bell Telephone Laboratories, Whippany, New Jersey, has been 
appointed Assistant Professor at Case Institute of Technology. 

Mrs. Dalia K. Motzkin, Philco Corporation, Willow Grove, Pennsylvania, has ac- 
cepted a position as a Senior Engineer in advanced development at the Great Valley 
Laboratories of the Burroughs Corporation, Paoli, Pennsylvania. 

Assistant Professor T. A. Newton, Washington State University, has been promoted 
to Associate Professor. 

Associate Professor C. J. Oberist, U. S. Merchant Marine Academy, has been pro- 
moted to Professor. 

Associate Professor S. C. Saxena, Atlanta University, has been appointed Associate 
Professor at Northern Illinois University. 

Dr. J. L. Sieber, Pennsylvania State University, has been appointed Associate Pro- 
fessor at Shippensburg State College. . 

Assistant Professor W. E. Smith, on leave from the University of Colorado, has been 
appointed Visiting Assistant Professor of Biostatistics, School of Public Health, Uni- 
versity of California, Los Angeles. 

Assistant Professor Raymond Smullyan, Yeshiva University, has been promoted to 
Associate Professor. 

Professor J. R. K. Stauffer, University of Rhode Island, retired January 31, 1963. 

Dr. S. A. Stone, on leave from Bradford Durfee College of Technology, has been 
appointed Educational Planner for the Southeastern Massachusetts Technical Institute. 

Mr. Alexander Weiner, Hofstra University, has been promoted to Assistant Profes- 
sor. 
Mrs. Nell G. Whipkey, Youngstown University, has been promoted to Assistant 
Professor. 

Assistant Professor E. M. J. Wright, Washington University, has been appointed 
Lecturer at San Fernando Valley State College. 

Dr. P. R. Young, Massachusetts Institute of Technology, has been appointed As- 
sistant Professor at Reed College. 


Assistant Professor R. C. Davis, University of Akron, died on June 7, 1963. He was a 
member of the Association for 15 years. 

Visiting Professor C. A. Garabedian, University of Rhode Island, died on June 12, 
1963. He was a member of the Association for 47 years. 

Dr. H. V. Gosling, Kingston, Ontario, Canada, died on October 6, 1963. He was a 
member of the Association for 10 years. 

Professor Takashi Terami, College of St. Thomas, died on July 3, 1963. He was a 
member of the Association for 17 years. 

Professor J. I. Tracy, Yale University, died on October 7, 1963. He was a charter 
member of the Association. 


THE UNIVERSITY OF WISCONSIN-MILWAUKEE 


The University of Wisconsin-Milwaukee has just been authorized to begin a Ph.D. 
program in Mathematics, starting in September 1964. Although thesis work may be done 
in a number of subjects, the program will emphasize classical analysis and applied 
mathematics. A number of major appointments are now being made along these lines. 
Inquiries should be addressed to Professor Morris Marden. 
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SUMMER 1964 RESEARCH PARTICIPATION 


College teachers of mathematics who wish to spend the summer (10 weeks) of 1964 
doing research in mathematics or in computer science are encouraged to apply for NSF 
Research Participation Awards at the University of Oklahoma. Stipends vary from 
$750 to $1600, plus travel. 

Participants will devote full time to research of their own choice using the excellent 
facilities at the University of Oklahoma. Each participant will enroll in at least one ad- 
vanced course or seminar in mathematics or computer science (June 8—-August 2) and 
will also be expected to contribute two lectures to a research seminar. Special informal 
seminars can be arranged for small groups with common interests. Preference will be 
given to applicants who have a project sufficiently well in mind to outline it in their ap- 
plication. 

Academic Year Extensions of $2000 each will also be made available by NSF to sup- 
port the work of several participants at their home institution during the following year 
—$1500 will be for direct support of the participant’s research and $500 for strengthening 
the mathematical program of the participant’s home institution by improving the library 
in his field of research, or other mathematical activity. These extensions can be made to 
holders of either the predoctoral or postdoctoral awards. 

If you are interested, write to Professor Richard V. Andree, Mathematics Service 
Committee, University of Oklahoma, Norman, Oklahoma. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Oficial Reports and Communications 
OCTOBER MEETING OF THE INDIANA SECTION 


The fall meeting of the Indiana Section of the Mathematical Association of America 
was held on Saturday, October 12, 1963, at North Central High School, Indianapolis. 
One hundred and eleven persons attended, of whom 49 were members of the Association. 
Chairman Harley Flanders of Purdue University presided at both morning and after- 
noon sessions. The meeting consisted of a symposium on the subject Mathematics Educa- 
tion Abroad and an invited hour address. Symposium discussion centered around three 
lectures as follows: 


1. On some aspects of Soviet mathematics education, by Professor Izaak Wirszup, University 
of Chicago. 

2. The mathematical tripos and mathematical education in Great Britain, by Professor Daniel 
Pedoe, Purdue University. 

3. Mathematical training in Indian universities, by Professor Pesi R. Masani, Indiana Univer- 
sity. 


The invited hour address by Professor Timothy O’Meara of the University of Notre 
Dame was entitled The Celebrated Theorem of Hasse- Minkowski in Number Theory. 

The meeting opened with a short welcoming address by Mr. Milo Eiche, Principal 
of North Central High School, whose mathematics staff, under the chairmanship of Mr. 
Allan Weinheimer, was responsible for local arrangements for the meeting. 

At a short business meeting the Section voted to continue the practice of holding 
two meetings a year but to discontinue holding its fall meeting in conjunction with the 


Indiana Academy of Science. 
P, T. Mielke, Secretary 
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CALENDAR OF FUTURE MEETINGS 
Forty-fifth Summer Meeting, University of Massachusetts, Amherst, August 24- 


26, 1964. 


Forty-eighth Annual Meeting, Denver-Hilton Hotel, Denver, Colorado, January 28- 


30, 1965. 


The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY Mountain, Washington and Jeffer- 
son College, Washington, Pa., May 2, 1964. 

Ittinots, Bradley University, Peoria, May 8-9, 
1964. 

INDIANA, Butler University, Indianapolis, May 
2, 1964. 

Iowa, Luther College, Decorah, April 17-18, 
1964. 

Kansas, Kansas State University, Manhattan, 
April 18, 1964. 

KENTUCKY, University of Kentucky, Lexing- 
ton, Spring 1964. 

LOUISIANA- MISSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw York, Pace College, New 
York, April 11, 1964. 

MicHiGAN, Michigan State University, East 
Lansing, March 28, 1964. 

MINNESOTA, College of St. Thomas, St. Paul, 
May 9, 1964. 

Missouri, University of Missouri, Columbia, 
April 18, 1964. 

NEBRASKA, University of Nebraska, Lincoln, 
May 2, 1964. 

NEw JERSEY, Rutgers, The State University, 
New Brunswick, November 7, 1964. 


NORTHEASTERN, Worcester Polytechnic Insti- 
tute, Worcester, Mass., November 28, 1964. 

NORTHERN CALIFORNIA 

OunI0, University of Akron, May 9, 1964. 

OKLAHOMA, East Central State College, Ada, 
Oklahoma, April 10-11, 1964. 

Paciric NORTHWEST, Washington State Uni- 
versity, Pullman, Washington, June 19, 
1964. 

PHILADELPHIA, Drexel Institute of Technology, 
Philadelphia, November 21, 1964. 

Rocky Mountain, Colorado College, Colorado 
Springs, May 1-2, 1964. 

SOUTHEASTERN, The Citadel, Charleston, South 
Carolina, March 20-21, 1964. 

SOUTHERN CALIFORNIA, San Fernando Valley 
State College, Northridge, March 14, 1964. 

SOUTHWESTERN, New Mexico State University, 
University Park, March 1964. 

TEXAS, Texas Technological College, Lubbock, 
April 10-11, 1964. 

Upper NEw Yor«k State, New York State 
Education Department, Albany, May 16, 
1964. 

WISCONSIN, Wisconsin State College, White- 
water, May 2, 1964. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN MATHEMATICAL SOCIETY, 
Nevada, April 18, 1964. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, University of Maine, Orono, June 
22-26, 1964. 

ASSOCIATION FOR COMPUTING MACHINERY, 
Philadelphia, August 25-28, 1964. 

CALIFORNIA MATHEMATICS CouNcIL, Northern 
Section, Sacramento State College, April 
4, 1964. 

CENTRAL ASSOCIATION OF SCIENCE AND MATHE- 
MATICS TEACHERS, Detroit, November 
26-28, 1964. 


Reno, 


INSTITUTE OF MATHEMATICAL STATISTICS, 
Berne, Switzerland, September 14-16, 
1964. 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
matics, Miami Beach, Florida, April 
22-25, 1964. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Queen Elizabeth Hotel, Montreal, May 
27-29, 1964. 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS, The Hotel Shoreham, Washington, 
D. C., May 11-14, 1964. 


New Titles —Spring 1964 


INTERPOLATION AND APPROXIMATION 
by Philip J. Davis, Brown University 
This text can be used in courses in interpolation and approximation theory 


or in courses in real variable, complex variable, functional analysis, and nu- 
merical analysis. 


January 409 pages. $12.50 


TOPICS IN ALGEBRA 
by I. N. Herstein, University of Chicago 


Suitable for a student’s first introduction to algebra, the book covers basic 
algebraic systems from an abstract point of view, presents many applications 
of results to concrete examples. 


February 384 pages. $8.25 


Blaisdell Publishing Company 
A Division of Ginn and Company 

5901 Madison Avenue 

New York, New York 10022 


THE CARUS 
MATHEMATICAL MONOGRAPHS 


The Carus Monographs are a series of expository books intended to make 
topics in pure and applied mathematics accessible to teachers and students 
of mathematics and also to nonspecialists and scientific workers in other fields. 


Among the recently published Monographs are: 


No. 11. Irrational Numbers, by Ivan Niven. 


No. 12. Statistical Independence in Probability, Analysis and Number 
Theory, by Mark Kac. 


No. 13. A Primer of Real Functions, by Ralph P. Boas, Jr. 
No. 14. Combinatorial Mathematics, by Herbert J. Ryser. 


One copy of each monograph may be purchased by members of the As- 
sociation for $2.00 each. Orders should be sent to Harry M. Gehman, Execu- 
tive Director, Mathematical Association of America, SUNY at Buffalo (Uni- 
versity of Buffalo), Buffalo, New York 14214. 


In the case of Monographs 11-14, additional copies and copies for non- 
members may be purchased at $4.00 from John Wiley and Sons, 605 Third 
Avenue, New York, New York 10016. 


New Titles in Mathematics from Prentice-Hall 


MATHEMATICAL DISCOURSES: 

The Heart of Mathematical Science 

by Carroll V. Newsom, Vice-Chairman of the Board, Prentice-Hall, Inc. 

Written for the nonmathematician, this book presents the historical development of 
mathematical discourses, their properties, meaning, and use. Explains “what mathematics 
is about.” Lets the reader indulge in studies experienced by practicing mathematicians. 


Reveals the connection between mathematics and culture. January 1964, 128 pp. Text 
price $3.75 


ELEMENTS OF POINT SET TOPOLOGY 
by John D. Baum, Oberlin College 


Introduces topology at an undergraduate level, providing an adequate background for 
modern analysis. Also presents background for more advanced ideas in point set topology 
and for algebraic topology. Covers introductory set theory, abstract spaces, continuous 
functions and homeomorphisms, compact spaces, connected spaces, and metric spaces. 
January 1964, approx. 160 pp., Text price $5.96 


PHILOSOPHY OF MATHEMATICS: Selected Readings 


by Paul Benacerraf, Princeton University, and Hilary Putnam, M 1.7. 


Brings together for the first time an extensive collection of essays by both philosophers 
and mathematicians on the nature of mathematics and many of the fundamental philo- 
sophical questions surrounding mathematics. New light is shed on basic issues by leaders 
in both fields. Includes essays by Carnap, Quine, Godel, Von Neumann, and Wittgenstein. 
Contains the first English translations of several important works. March 1964, approz. 
528 pp. Text price $8.96 


For approval copies, write: Box 903 


PRENTICE-HALL, Inc., Englewood Cliffs, New Jersey 


OVERSEAS 


Robert College, in Istanbul, Turkey, presents a challenge in edu- 
cation where East meets West. An opportunity to contribute sig- 
nificantly to the development of a young republic is available to 
specialists in engineering, business administration and economics, 
the sciences, the humanities, and English as a foreign language. 


Graduate degrees required. 


Address inquiries to Miss Shirley Osmun, Personnel Officer, 
Robert College, Bebek Post Box 8, Istanbul, Turkey; with copy to 
the Near East College Association, 548 Fifth Avenue, New York 
36, New York. 


NEW FOR 
1964 


rHOM 
ADDISON 
WESLEY 


Reading 


Massachusetts 


MATHEMATICAL ESSENTIALS 
FREDERICK H. YOUNG, Oregon State University 


The primary aim of this modern and concise text is to bridge the gap 
between traditional secondary mathematics and a university course 
in analytic geometry and calculus. The emphasis is on number systems 
and their properties, and there is less stress on the strictly mechanical 
aspects of algebra and trigonometry. Of particular interest are the 
chapters dealing with matrices and determinants and the logic and 
techniques of proving theorems. In Press 


CALCULUS AND ANALYTIC GEOMETRY 
Third Edition 


GEORGE B. THOMAS, JR. 
Massachusetts Institute of Technology 


This well known and widely used text covering calculus and analytic 

geometry contains sufficient material for three semesters’ work. It is 

available either in a complete edition or in two separate parts. 
Complete, 1010 pp, 416 illus, $11.50 


Part 1: Functions of One Variable and 
Analytic Geometry, 688 pp, 307 illus, $ 7.95 


Part 2: Vectors and Functions of 
Several Variables, 368 pp, 109 illus, $ 5.75 


LIMITS 
GEORGE B. THOMAS, JR. 


Massachusetts Institute of Technology 


This short book is intended as a prelude to calculus, a supplement 
to a course on elementary functions, or a supplement to a calculus 
course. Its primary purpose is to define what is meant by a limit, to 
establish a relevant body of theorems about limits, and to illustrate 
with a variety of examples. 51 pp, 10 illus, $ 1.00 


ELEMENTARY LINEAR ALGEBRA 
JAMES R. MUNKRES 
Massachusefits Institute of Technology 


Designed as a supplement to a course in calculus or differential equa- 
tions, the purpose of this short text is to study the general system of 
linear equations in some defail. Using some ideas of modern linear 
algebra—vector spaces, sub-spaces, and linear independence of vec- 
fors—theorems are obtained about the consistency of a system of 
linear equations, and about the dimension of its set of solutions. In 
addition, determinants and linear independence of functions are also 
discussed. In Press 


ELEMENTS OF DIFFERENTIAL EQUATIONS 
WILFRED KAPLAN, University of Michigan 


Designed for a one-semester first course in differential equations for 
students of science and engineering, as well as for mathematics 
majors, this text covers the essential elementary topics. Although the 
emphasis throughout is on the gaining of insight and understanding, 
problem solving is not neglected and many exercises are included. In 
general physical examples are utilized, both as illustrations of the 
mathematical methods and as aids to understanding these methods. 

In Press 


WRITE FOR APPROVAL COPIES 


Outstanding Math Texts from A-C-C 


MODERN BASIC MATHEMATICS 


Hobart C. Carter, Technically easy but mathematically advanced concepts 
Mary Washington College are introduced through this new basic text for a full year 
of the University of Virginia of freshman mathematics. Review topics are interspersed 
at Fredericksburg throughout the text, and abundant exercises are provided. 
Ready this month. 416 pp., illus., $6.50 (tent.) 


THE REAL NUMBER SYSTEM 


John M. H. Olmsted, A comprehensive treatment of the real number system from 
the axiomatic or descriptive approach of complete ordered 
fields, based largely on high school algebra. Numerous ex- 
ercises and illustrative examples. 232 pp., illus., $3.95 


Southern Illinois University 


ADVANCED CALCULUS 


Also by Addressed to the student who has had a course in elemen- 

John M. H. Olmsted tary calculus, this text presents a precise and rigorous 
treatment of the essential tools of mathematical analysis. 

706 pp., illus., $9.50 


Division of Meredith Publishing Company 


APPLETON-CENTURY-CROFTS 440 park Ave. South, New York, N.Y. 10016 


Harper & Row announces 


Herman Betz, Paul B. Burcham, & George Ewing’s 
DIFFERENTIAL EQUATIONS WITH APPLICATIONS, second edition 


In the Hutchinson Series 


Presenting traditional topics and techniques as well as material of more recent origin, 
this book is noted for its successful integration of theory and applications. A number 
of chapters, including those on classical operators and the Laplace transform, have now 
been rewritten. There is an expanded treatment of rocket propulsion and an introduc. 
tion to difference equations and to differential equations with lag. Emphasis on the 
conceptual aspects of the subject has been increased and that on formal manipulative 
aspects somewhat diminished. Revised problem lists; brief numerical tables. 

315 pp. $7.50 


Peter Freyd’s 
ABELIAN CATEGORIES: An Introduction to the Theory of Functfors 


In Harper’s new Modern Mathematics Series under the consulting editorship of Professor 
I. N. Herstein and Professor Gian-Carlo Rota 


This is the first text to present clearly and concisely the basic ideas of categories and 
functors. The author lays a foundation for the theory of functors by choosing as the 
goal of his text the Mitchell-Freyd full embedding theorem—a previously unpublished 
theorem which reduces much of the theory of abelian categories to the theory of 
modules. The exercises deal with such related subjects as applications to model theory, 
sheaves, and relative homological algebra, and a full development of adjoint functors, 
including the previously unpublished characterization of those functors. 170 pp. $7.00 


Harper & Row, Publishers ¢ 49 East 33d St. e New York, N. Y. 10016 


NEW FOR 
«(864 


FROM 


ADDISON 
WESLEY 


: Reading 


Massach usetts 


LINEAR ALGEBRA 
PAUL C. SHIELDS, Wayne State University 


This treatment of linear algebra, designed for a course immediately 
following introductory calculus, approaches the subject through the 
study of linear transformations. The purpose is not only to enable 
the student to acquire the tools of ‘‘modern” linear algebra and a fa- 
miliarity with abstract ideas but also to use linear algebra to unify 
and clarify much of the subject matter the student will encounter in 
subsequent analysis courses. Matrices are treated extensively as the 
fundamental computational tool in linear algebra. 

288 pp, 31 illus, $7.50 


COLLEGE ALGEBRA: A Modern Approach 
BURNETT R. TOSKEY, Seattle University 


Designed to facilitate the transition from high school mathematics to 
calculus, this book provides material for a one-semester course. |m- 
portant features of the guthor's approach are the early introduction 
and consistent use of the notation and concepts of symbolic logic and 
set theory, the axiomatic development of the number system, and the 
detailed discussion of functions and relations. 

200 pp, 77 illus, $5.75 


ELEMENTS OF MODERN MATHEMATICS 
KENNETH O. MAY, Carleton College 


This introductory college text covers elementary algebra and analytic 
geometry and provides an introduction to calculus, probability and 
statistics, and abstract algebra. Its emphasis is consistently '‘modern,” 
the ideas and notation of logic and sets being introduced early and 


used throughouf. 
607 pp, 250 illus, $10.75 


MODERN MULTIDIMENSIONAL CALCULUS 
M. E. MUNROE, University of New Hampshire 


Designed for a second-year or intermediate calculus course, this text 
is primarily concerned with topics in multidimensional analysis. Con- 
cepts and methods, rather than rigorous proofs, are emphasized. How- 
ever, where proofs are required but omitted, this is clearly pointed 
out, Considerable attention is also devoted to matrix methods in the 
study of linear transformations, and the differential, a particularly use- 
ful tool in a muyltidimensional setting, is developed in its most po- 
tent, modern form and then used as extensively as possible. 

392 pp, 182 illus, $9.75 


WRITE FOR APPROVAL COPIES 


COMING IN MARCH 


ANALYTIC GEOMETRY AND CALCULUS 


By GORDON C. FULLER, Professor of Mathematics and ROBERT PARKER, 
Associate Professor of Mathematics, both at the Texas Technological College. 


Designed for the beginning college level course on analytic geom- 
etry and differential and integral calculus, this text emphasizes theory. 
Its presentation and development is both lucid and smooth and its 
flexibility will prove extremely helpful to the instructor. The text is 
directed especially to the student and one of its strongest features is 
the number and quality of the problems and illustrative material. 
Besides the problems of a manipulative nature requiring simple ap- 
plications of formulas or principles, there are numerous problems 
with theoretical implications or other intriguing features which will 
attract the more ambitious students, deepen their insight and add to 
their knowledge of the fundamental ideas. Answers are available. 


PRECALCULUS MATHEMATICS 
By HERMAN MEYER, University of Miami (Florida) 


The approach is completely modern and covers a year’s undergrad- 
uate course. ‘The subjects are presented axiomatically, with heuristic 
preparation, and are developed out of the real number system taken 
as a start and associated with points on a line and in a plane to yield 
trigonometry and geometry. ‘Two-dimensional vectors are explored 
and lead to complex numbers. ‘The non-negative integers are cut out 
from the real numbers by way of the Peano postulates. Properties are 
developed also by mathematical induction. Modern notation is freely 
used: the solution of an equation is a set of numbers, the circle and 
line are sets of points or of vectors or of pairs of real numbers. An ap- 
pendix presents the patterns of formal logic needed in proof. Copious 
exercises ask the student for complete proofs as well as for manipula- 
tive work. 


Major Mathematics Texts .. . 


DIFFERENTIAL EQUATIONS: 


A MODERN APPROACH 
Harry Hochstadt, Professor of Mathemat- 
ics, Polytechnic Institute of Brooklyn 


This new text presents the modern view- 
point on differential equations within a 
framework requiring only a calculus pre- 
requisite. It emphasizes mathematics, 
rather than its applications, but provides 
the basic background required for an un- 
derstanding of applications. Professor 
Hochstadt uses vector notation consistent- 
ly, and devotes an entire chapter to bound- 
ary value problems. 


Jan., 1964 300 pp. $6.50 tent. 


ELEMENTS OF COMPLEX 
VARIABLES 


Louis L. Pennisi, with the collaboration of 
Louis I. Gordon and Sim Lasher, all of the 
University of Illinois, Chicago 


A first-course book on the theory of the 
functions of a complex variable (at senior 
or graduate level) giving rigorous proofs 
and practical applications. Satisfies the de- 
mands of both mathematics majors, and 
enginering and physics students. Especially 
notable are the strong treatment of elemen- 
tary functions and residues, and a careful 
yet rigorous examination of the theory of 
flow in hydrodynamics. 


1963 480 pp. $7.50 
PRINCIPLES OF ABSTRACT 
ALGEBRA 

Richard W. Ball, Auburn University 


Dr. Ball’s book leads up to proofs and 
methods of proofs in a gradual and pain- 
less manner by covering topics in order of 


bs 


samme HOLT, RINEHART 
and WINSTON, inc. — 


383 Madison Avenue, New York, N.Y. 10017. 


increasing complication instead of the strict 
logical order of texts for more mature stu- 
dents. Treated in detail are the common 
and non-specialized parts of the theory of 
equations and the theory of numbers; 
Polynomials as forms and their arithmetic; 
number fields as the answer to problems 
involving the equality of numerals, and the 
theory of limits. 


An introduction to the 


HISTORY OF MATHEMATICS, 
Revised Edition 


Howard Eves, University of Maine 


As in the highly successful first edition, the 
student is not merely taught that the 
Greeks solved quadratic equations geomet- 
rically. He is presented with problems to be 
solved by the Greek method. He achieves 
not only a mastery of the method, but an 
appreciation of Greek mathematical ac- 
complishment. Designed for an undergrad- 
uate course in the history of mathematics, 
this new edition has been expanded and 
updated, with chapters arranged flexibly 
to accommodate students’ varying mathe- 
matical backgrounds. 

March, 1964 460 pp. 


PLANE TRIGONOMETRY 
Revised 


Frank A. Rickey and J. P. Cole, 
Louisiana State University 


$7.50 


Retains all the virtues of the authors’ high- 
ly successful first edition, while providing 
extended coverage of the modern analytic 
treatment. Major emphasis is on the rela- 
tional aspects of trigonometry, but atten- 
tion is also given to the subject of triangle 
solution and its applications. 


March, 1964 260 pp. $4.50 


In Canada: 
833 Oxford Street, 
Toronto 18, Ontario 


Wiley and Interscience Books in Mathematics 
All of Them Are Available on Approval 


CONTRIBUTIONS TO DIFFERENTIAL EQUATIONS—Volumes I & Il 


The Managing Board of Editors: J. P. LASALLE, RIAS, Managing Editor; LEON COHEN, University 
of Maryland; S. LEFSCHETZ, RIAS; and MONROE MARTIN, University of Maryland. The first 
two bound volumes of this serial publication are now available. Issued under the auspices of RIAS and 
the University of Maryland, these volumes include high-level, complete, and well-written papers in 
ordinary and partial differential equations and related fields. 

An Interscience Publication. Volume I: Available in journal form, four issues: $15.00, and Hard- 
bound: $16.50. Volume II: Available in journal form, four issues: $15.00, and Hard-bound: $16.50. 


THE ELEMENTS OF STOCHASTIC 
PROCESSES WITH APPLICATION 
TO THE NATURAL SCIENCES 


By NORMAN T. J. BAILEY, University of Ox- 
ford. Deals with the practical mathematical treat- 
ment of phenomena that involve a flow of events 
in time, especially those that exhibit highly vari- 
able characteristics: birth, death, transformation, 
evolution, and others. The author adopts the heu- 
ristic approach of applied mathematics and de- 
velops both theoretical principles and applied 
techniques simultaneously. 1964. Approx. 250 
pages. Prob. $7.00. 


LIMIT THEOREMS FOR 
CONVOLUTIONS 


By HARALD BERGSTROM. Presents classical 
limit theorems in the theory of probability and 
generalizations of these theorems. The limit the- 
orems are presented so that they give connections 
between the convergence itt a certain norm, the 
so-called Gaussian norm, of a convolution prod- 
uct and a corresponding sum. This volume is an 
outgrowth of lectures given at the Catholic Uni- 
versity of America, 1960-1961, sponsored jointly 
by the university and the National Foundation of 
Science. 1963. 347 pages. $15.00. 


PARTIAL DIFFERENTIAL EQUATIONS 


By LIPMAN BERS, FRITZ JOHN anzd MARTIN 
SCHECHTER, all of New York University. With 
Special Lectures by LARS GARDING, Univer- 
sity of Lund, Sweden; and the late A. N. MIL- 
GRAM, University of Minnesota. This is Volume 
III in LECTURES IN APPLIED MATHEMAT- 
ICS, Proceedings of the Summer Seminar, Boulder, 
Colorado, 1957. The book serves those mathema- 
ticians not familiar with the field yet want to 
acquire an understanding of some of the problems 
and methods in this discipline. An Interscience 
Book. 1964. In Press. 


JOHN WILEY 


EQUALITIES AND APPROXIMATIONS 
WITH FORTRAN PROGRAMMING 


By ROBERT D. LARSSON, Mohawk Valley 
Community College. This book develops both the 
fundamentals of FORTRAN programming and 
the mathematics needed in the solution of prob- 
lems. No prior knowledge of programmers or 
computers is needed; the only prerequisites are 
algebra and trigonometry. 1963. 158 pages. $5.50. 


PROBABILITY AND STATISTICS 


Edited by ULF GRENANDER, Brown University. 
Presented here are 19 papers dedicated to, and 
honoring, Professor Harald Cramér, Dean of the 
University of Stockholm upon the occasion of his 
65th birthday. “. . . prepared by a list of authors 
that comes close to ‘who is really who' in the 
Wistso, CPerations Research, 1959. 434 pages. 
12.50. 


STUDIES IN SUBJECTIVE 
PROBABILITY 


Sdited by HENRY E. KYBURG, Wayne State 
University; and HOWARD E. SMOKLER, The 
MITRE Corporation. This book brings together 
many of the early and important papers on the 
theory of subjective probabilitiy, provides an in- 
troduction to the subject, defines it, and clarifies 
its many terms. It contains papers that formulate 
a basic point of view about the theory of proba- 
bility that have found applications to mathematical 
Statistics under the Rubric, Bayesian statistics. 
1964. 203 pages. $4.75. 


BOOLEAN ALGEBRA 

Including Boolean Matrix Algebra 
By H. G. FLEGG, R.A.F. Technical College, Hen- 
ow, England. Presents a coordinated view of 


binary arithmetic, boolean algebra, and boolean 
matrices. 1964. Approx. $8.00. In Press. 


& SONS, Inc. 


605 Third Avenue, New York, N.Y., 10016 


NEW AND RECENT TEXTS AND REFERENCES 


ELEMENTARY DIFFERENTIAL EQUATIONS, Third Edition 
By Earl D. Rainville, The University of Michigan 
The new edition of a widely adopted text that has already sold over 100,000 copies. Four new 


chapters on the Laplace transform have been added, plus new material on: an asymptotic series, 
canonical variables, the error function, and special integral equations. 1964, 544 pages, $7.50 


A SHORT COURSE IN DIFFERENTIAL EQUATIONS 
Third Edition 
By Earl D. Rainville, 1964, 320 pages, $5.95 


METHODS IN ANALYSIS 


By Jack Indritz, University of Minnesota 

A thoroughly modern, sound, and practical book that fills the gap between advanced calculus 
and graduate analysis courses. Also treats the mathematics needed by science students in their 
theoretical studies at the corresponding level in the physical sciences, Allendoerfer Advanced 
Series. 1963, 491 pages, $12.95 


ELEMENTARY CONCEPTS OF MATHEMATICS, Second Edition 


By Burton W. Jones, University of Colorado 

For beginning students who do not intend to major in mathematics or science. Clarifies the 
basic mathematical concepts and relates them to problems in everyday life. Reflects develop- 
ments in logic, sets, the number system, topology, applications, and several geometries. Allen- 
doerfer Undergraduate Series. 1963, 368 pages, $6.00 


RETRACING ELEMENTARY MATHEMATICS 


By Leon Henkin, University of California, Berkeley, W. Norman Smith and Verne J. 
Varineau, both of the University of Wyoming, and Michael J. Walsh, General Dynamics/ 
Astronautics, San Diego 

A careful examination of the logic behind modern elementary mathematics. “Early in the 
book the authors devote considerable attention to the idea of proof. The reader who works his 
way through the book will gain comprehension about the nature of proof and, equally im- 
portant, about when he has a proof .. . for a two-semester course on foundations, this book is 
excellent.”—-C. Cuthbert Webber in Science, Allendoerfer Mathematics Series. 1962, 436 pages, 
$6.50 


ANALYTIC GEOMETRY AND THE CALCULUS 


By A. W. Goodman, University of Kentucky 


For the standard freshman-sophomore course for students majoring in mathematics, science, 
or engineering. Employing a modern and thoroughly teachable approach throughout, the author 
introduces vectors early and uses them wherever possible. 1963, 774 pages, $9.95 


ELEMENTARY MATRIX ALGEBRA, Second Edition 


By Franz E. Hohn, University of Illinois 

Retains the scope and spirit of the well-received first edition. Beginning with the concrete and 
familiar, it proceeds gradually to the abstract as it covers a careful selection of elementary matrix 
algebra topics commonly used in the physical and social sciences. Allendoerfer Advanced Series. 
1964, approx. 350 pages, prob. $8.00 


THE GROUPS OF ORDER 2° (n<6) 
By Marshall Hall, Jr., California Institute of Technology, and James K. Senior, University 
of Chicago 
Presents for the first time the complete list of the 267 groups of order 64. A long introduction 
discusses the use of the tables. Ready in June, approx. 210 pages, prob. $15.00 


THE MACMILLAN COMPANY 60 Fifth Avenue, New York, N. Y. 10011 


MeGraw-Hill Texts in Mathematies 


NONLINEAR MATHEMATICS 


By THOMAS L. SAATY, Office of Naval Research; 
and JOSEPH BRAM, Center for Naval Analyses. 
International Series in Pure and Applied Mathe- 
matics. 381 pages, $12.50. 


An important step toward a unifying theory of 
nonlinear mathematics. To the student or instruc- 
tor, it offers an organization of prolific subject 
matter, access to a large number of related topics, 
and selected references to readily available liter- 


ature on the subject. 


INTRODUCTION TO CALCULUS 
WITH ANALYTICAL GEOMETRY 


By RICHARD V. ANDREE, The University of Okla- 
homa, 376 pages, Textbook Edition, $6.95. 


Presents the basic concepts of analytic geometry 
and calculus for the nonengineering student. 
Emphasis is on fundamental ideas rather than 
on drill in manipulative techniques and skills. 


Generalization is stressed. 


BASIC MATHEMATICS FOR THE 
PHYSICAL SCIENCES 


By HAYM KRUGLAK, Western Michigan Univer- 
sity; and JOHN T. MOORE, University of Florida. 
354 pages. $5.50 (cloth), $3.95 (soft cover). 


A supplementary ‘mathematics refresher" book 
for the average liberal arts student taking a 
course in the sciences. A review and extensive 
practice with elementary arithmetic, geometry, 


algebra, trigonometry, and calculus are included. 


ALGEBRAIC NUMBER THEORY 


By EDWIN WEISS, Massachusetts Institute of 
Technology. International Series in Pure and Ap- 
plied Mathematics. 275 pages, $9.95. 


Presents in a clear and self-contained manner 
the basic classical results of algebraic number 
theory. Useful as a senior-graduate text and ref- 
erence work for mathematics students. The reader 
should have completed the equivalent of a van 
der Waerden course in algebra. 


PRINCIPLES OF MATHEMATICAL 
ANALYSIS, Second Edition 


By WALTER RUDIN, University of Wisconsin. In- 
ternational Series in Pure and Applied Mathe- 
matics. 256 pages, $7.95. 


A thorough revision of an outstanding text for 
the advanced undergraduate or graduate course 
in mathematical analysis. The major change in 
the new edition is a more extended treatment 
of functions of several variables. The book starts 
with a construction of the real number system 
and proceeds to a study of continuity, limit 
operations, differentiation, and integration in 
several settings. 


FOUNDATIONS OF GEOMETRY 


By CLARENCE R. WYLIE, University of Utah. 
Available in March. 


Provides a sound elementary introduction to the 
foundation of conventional Euclidean Geometry, 
the Euclidean Geometry of 4-dimensions, and 
Plane Hyperbolic Geometry. Extensive material 
is included on the axiomatic method, the charac- 
teristics of axiomatic systems, the relation of 
inductive and deductive reasoning, and the rela- 
tion of mathematics to the physical sciences. 


Reserve your on-approval copies now 


McGRAW-HILL BOOK COMPANY 
330 West 42nd Street / New York, N. Y., 10036 


THE AMERICAN 
MATHEMATICAL MONTHLY 
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RECENT DEVELOPMENTS IN MATHEMATICS 
JEAN DIEUDONNE, Institut des Hautes Etudes Scientifiques, Paris 


About a year ago, I rather lightheartedly accepted the invitation to give this 
talk, [at a conference to dedicate Van Vleck Hall at the University of Wiscon- 
sin] but, as the time drew near, I began to realize the pitfalls ahead of me, and 
my recklessness. When so many different topics are touched upon, for every 
statement of mine there will necessarily be in the audience someone who knows 
the subject much better than I do, and who therefore will with good reason take 
exception to my superficial remarks. But I am afraid I will be the target of far 
more stringent criticism for the selection I have had to make: it is quite clear 
that some choice was imperative in such a short review, and I had therefore to 
decide on what was important and what was not; no objective criterion being 
available, I must admit that I have merely followed my own tastes. I tried, 
however, not to imitate certain of our colleagues, who are so entranced by the 
beauty of their tiny nook in some highly specialized field, that for them it is the 
only and unique important thing in the whole world; and to counterbalance the 
danger of subjectivity, I have taken into account the opinions I have heard ex- 
pressed by some of the best mathematicians of our time. I confess that this is not 
a very democratic procedure, but I am afraid I don’t believe very much in 
democracy, at least in scientific matters. To make things clearer, I have selected, 
as prominent landmarks of present-day mathematics, the solutions of some out- 
standing problems bequeathed to us by previous generations of mathematicians. 
I readily admit that there may be some point in claiming, as some will do, that 
more ingenuity can be spent in unraveling, say, the structure of some fancy 
nonassociative algebra, than in solving Hilbert’s fifth problem or disproving 
Burnside’s conjecture; but I am not very receptive to such arguments, and on 
these matters I will rather follow C. L. Siegel or A. Weil. 

Mathematics progresses essentially in two different ways. The mathemati- 
cians whom I might call the tacticians pounce head on at a problem, using only 
old and well-tested tools, and they merely rely on their cleverness to give some 
new twist to traditional arguments, and thus reach the solution which had 
eluded previous attempts. The strategists, on the other hand, will never be satis- 
fied until the concepts involved in a problem have been so thoroughly analyzed, 
and their connections put in such a clear light, that the final solution almost 
appears as a triviality; but of course this may demand lengthy and tedious 
developments of seemingly unrelated very general theories, which some people 
will deem out of proportion with the initial question. 

I believe, however, that both approaches are essential to the well-being of 
mathematics. Excessive reliance on individual prowess, without a corresponding 
renewal of methods and outlook, may well end in sterility, through intensive 
concentration on tiny aspects of a theory, unduly magnified; and on the other 
hand, an exclusive lover of generality will too often lose sight of the proper 
motivations, and indulge in endless churning out of more and more empty theo- 
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ries. In the better men the two tendencies fortunately blend into a harmoniously 
balanced and fruitful combination, of which Hilbert is perhaps the perfect 
example. Let it therefore be quite clear that in following (somewhat loosely) the 
preceding classification, I do not intend in the least to assign higher value to one 
type of results over the other. 

As a final preliminary matter, I had to decide what I would mean by “recent” 
developments. I think that in order to get a proper background we should go 
back approximately to the end of World War II. Future historians may well 
ponder over the curious fact that the end of both World Wars was accompanied 
by a remarkable outburst of scientific creativity, and look for sociological or 
psychological explanations of that phenomenon, but I think no one will doubt 
its reality; and one of my purposes is to point out that, although much of the 
mathematics done after 1945 was a natural continuation of previous work, a 
sizable part has consisted in radically new departures which, in my opinion, 
herald another era in mathematics. 

Let us first turn to recent results which could have been obtained 30 or 50 
years ago. Among the most notable are Roth’s definitive version of the Thue- 
Siegel approximation theorem in the theory of numbers, and the splendid work 
of J. Thompson on finite groups, especially his proof (in collaboration with 
Feit) of the long standing conjecture of Burnside that all finite simple noncom- 
mutative groups are of even order. I understand that much of the proof of that 
theorem could have been found by Frobenius or Schur in the early 1900’s. It 
is also probable (from the preliminary announcements) that the example by 
which Novikov has disproved another famous Burnside conjecture on finitely 
generated groups does not require any more modern machinery. Finally, in that 
same category I could put much of the startling revival which has taken place 
in algebraic topology and brought back some of its original geometric flavor; 
but it is hardly separable from other developments of a quite different origin 
in that field and I prefer to postpone this to a later section of my talk. 

After these exciting examples of the impact of fresh imagination on old prob- 
lems, there comes a somewhat different and much larger category, which I would 
venture to describe as the well-earned fruits of a tremendous labor, done during 
the period immediately preceding the one we are considering, and which aimed 
at reshaping mathematics according to modern standards and forging efficient 
tools for the new generations. I would not, however, be suspected of implying 
that no great effort was needed to wield those tools with success, and the exam- 
ples which I am about to give would immediately dismiss such a silly notion; 
but it seems clear to me that these beautiful results could not possibly have 
been obtained, nor even sometimes formulated, without the fundamental con- 
cepts of modern algebra, topology, and topological vector spaces, as they were 
laid down between 1920 and 1940. 

The typical example which immediately comes to mind is the solution in 
1951 by Gleason and Montgomery-Zippin of Hilbert’s fifth problem, where 
Haar measure and F. Riesz’s characterization of finite dimensional vector spaces 
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come as the “deus ex machina” to clinch the argument. Another application of 
Haar measure, perhaps less well-known but to my mind even more remarkable, 
is the recent work of Tamagawa on “adelic groups”: developing earlier ideas of 
A. Weil, Iwasawa and Tate, it gives an extraordinarily simple and striking 
formulation, in the terminology of locally compact groups and measure theory, 
to the main theorems of the classical theory of algebraic numbers, including 
Siegel’s monumental work on quadratic forms; and as usual this new formula- 
tion immediately opens the way to unsuspected generalizations. I would not 
leave this topic without mentioning the closely related and no less remarkable 
results obtained in 1961 by A. Borel and Harish-Chandra on discrete subgroups 
of semi-simple Lie groups, which at last clarify and unify the various “finiteness” 
theorems of the “arithmetic theory of forms,” going back to Hermite and Jor- 
dan, by formulating them in their proper setting. 

The phenomenal growth of the theory of partial differential equations, dur- 
ing the last 10 years, can also be taken as an excellent example of the impact 
of the general theory of topological vector spaces on classical analysis. Here the 
catalyst undoubtedly was the theory of distributions, although much of the 
technique is of earlier origin. Schwartz’s theory itself had had many forerunners, 
and indeed it may best be compared to what we call the “invention of Calculus”: 
it is quite clear that long before Newton and Leibniz, practically all prominent 
mathematicians of Europe around 1650 could solve most of the problems where 
elementary calculus is now used; but instead of having a ready made tool uni- 
versally applicable, they had to resort to ad hoc considerations in each instance. 
Similarly, most of the problems which belong to the theory of distributions had 
been considered and essentially solved before Schwartz, but no one had suc- 
ceeded in building up a formalism which would dispense of special arguments 
in each particular case. This was made possible by the theory of topological 
vector spaces, and although many other approaches to distribution theory have 
since been proposed, none offers, in my opinion, the flexibility and power of the 
original description of Schwartz. The applications of these new ideas, and in 
particular the extended range offered to the convolution product and the 
Fourier transformation, were not long in making themselves felt; I need only 
mention here the work of Garding, Hiérmander, Malgrange, Ehrenpreis, Loja- 
siewicz, Calderon and many others, which has taught us so much on the general 
properties of linear partial differential equations, especially on existence and 
uniqueness problems, now essentially solved for systems of arbitrarily high order 
with constant coefficients; I don’t think anybody would seriously claim that 
these results could have reached the same scope and generality, had it not been 
for the new basic ideas in functional analysis. 

The same may be said of the theory of group representations in infinite 
dimensional spaces, which has been so brilliantly developed in the 1950’s, after 
the pioneering work of von Neumann and the Gelfand school had built up the 
necessary algebraico-topological machinery. Time prevents me from giving any 
detail here, but I think that what may rightly be regarded as the climax of these 
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efforts, the long (and still unfinished) series of papers by Harish-Chandra on 
representations of Lie groups can hardly be matched by any contemporary 
mathematical work in depth and originality, linking in a grandiose synthesis 
(in which distribution theory is an essential tool) Lie algebras, harmonic analy- 
sis and partial differential equations. 

The next item in my second category is the algebraic geometry of what I 
may call the Weil-Zariski period, roughly 1945-1955; the main problem here 
was to build up from scratch the algebraic geometry over arbitrary fields (in 
particular fields of characteristic 40), not out of a mere desire for greater 
generality, but because this had become imperative for a better understanding 
of diophantine analysis. The challenging difficulty was to find a substitute for the 
deep geometric insight of earlier generations, in particular the brilliant Italian 
school, which would work in this vastly expanded context, and at the same time 
rest on less shaky foundations. Earlier attempts, notably by van der Waerden, 
did not quite reach that goal, the chief trouble lying in the theory of intersec- 
tions, which was finally mastered by A. Weil in his difficult “Foundations”; 
whereas in a different direction, Zariski was patiently exploring new algebraic 
and topological concepts which, as we now see it, lay down the groundwork for 
still better things to come. Here again I cannot give any detail on the immediate 
consequences of their work (in their own papers and those of their followers 
Rosenlicht, Matsusaka, Lang, Nagata, Chow, Igusa, Néron, etc.). The most 
conspicuous success, of course, was the famous proof by A. Weil in 1948 of the 
so-called “Riemann hypothesis for curves over a finite field.” Another great 
conquest of the new algebraic geometry was the development of the theory of 
algebraic groups, practically nonexistent before 1945, which reached complete 
maturity in less than 15 years. It was due essentially to the work of 3 men: 
A. Weil, who single-handed created the general theory of abelian varieties over 
fields of arbitrary characteristic, and A. Borel and C. Chevalley, who did the 
same for linear algebraic groups, bringing their theory to the same high level 
of perfection which had been achieved by E. Cartan and H. Weyl 30 years 
earlier for semi-simple Lie groups over the real or complex field. I can give here, 
unfortunately, only a fleeting mention of a closely related work, the remarkable 
Tohoku paper of Chevalley in 1955, which for the first time, and in the most 
unsuspected way, established a bridge between Lie theory and the theory of 
finite simple groups, thus opening a rapidly expanding new field where already 
many beautiful results have been obtained, and many more undoubtedly still lie 
ahead of us. 

At this point, to remain faithful to my program, I should speak of the de- 
velopments of “analytic geometry” and differential geometry between 1945 and 
1953, since they also were a natural continuation of the earlier fundamental 
work of Oka and H. Cartan on the one hand, E. Cartan, Whitney, Chern, 
Pontrjagin, etc. on the other. But this would be highly artificial, as there is here 
no such sharp difference in outlook as between the two periods of algebraic 
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geometry, and they will much better be tackled as a whole in the third section 
of this talk, to which I now proceed. 

It is certainly too early to pass final judgments in this matter, but I would 
readily venture to predict that the main fact about our time which will be 
emphasized by future historians of mathematics is the extraordinary upheaval 
which has taken place in and around what was earlier called algebraic topology. 
To evaluate the magnitude of this transformation, just recall that of the two 
most lively entries in each present-day issue of Mathematical Reviews, homo- 
logical algebra and differential topology, one was totally nonexistent 20 years 
ago, and the other was practically limited to De Rham and Hodge’s theorems. 
Hardly a year now passes without bringing the solution of some famous old 
problem which seemed tantalizingly out of reach: the Hauptvermutung has 
been disproved (Mazur-Milnor); the Poincaré conjecture is now a theorem ex- 
cept in dimensions 3 and 4 (Smale-Stallings); we know that spheres may have 
several distinct differential structures and we are even able to compute their 
number in many cases (Milnor-Smale), whereas on the other hand there exist 
topological manifolds with no differential structure at all (Kervaire); the exact 
number of linearly independent vector fields on a sphere is now entirely deter- 
mined (J. Adams); so are the parallelizable spheres and those which may admit 
a complex structure; more and more refined criteria are now available for prob- 
lems of embeddings, of unknotting of manifolds, of extensions of homeomor- 
phisms, etc., etc. It should be stressed, of course, that these results rest primarily 
on fundamental concepts developed before 1945, such as fiber spaces, homotopy 
groups, characteristic classes, Whitney’s work on differentiable manifolds and 
the Morse theory of the calculus of variations in the large. As already said, 
much of the recent progress lies in a better and deeper use of these tools, of 
which Thom’s famous work on cobordism, Bott and Smale’s remarkable appli- 
cations of the Morse theory, and the quite recent work of Milnor on micro- 
bundles are shining examples. This is the new geometrical trend in differential 
topology which I mentioned earlier; it was preceded by the deep results in 3- 
dimensional topology by men like Moise, Bing, and Papakyriakopoulos, and it 
has been followed by a similar renewal in combinatorial topology, with the work 
of J. H. C. Whitehead (a pioneer in this field), Mazur, Stallings, Morton Brown 
and Zeeman among others. A little earlier, around 1950, the algebraic aspects of 
topology had also been considerably enriched by the introduction of a whole 
panoply of new tools, such as Steenrod’s reduced powers, Bockstein operators, 
Postnikov systems, Eilenberg-MacLane spaces, loop spaces, and Whitehead 
products, to name only a few. 

All this, however, is only one half of the story, and in spite of its remarkable 
successes, it is not to me the most impressive half. The new methods and con- 
cepts which I have just mentioned are topological in nature, and were intro- 
duced to solve topological problems. What was totally unexpected in 1940 is 
that the methods of algebraic topology could be bodily transplanted to a host 
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of mathematical situations in algebra and analysis. I refer of course to homo- 
logical algebra, which is now in the process of invading the whole of mathe- 
matics, just as group theory and linear algebra did 50 years ago. 

Homological algebra, as you know, started in fact as a kind of glorified linear 
algebra, by introducing concepts such as the Ext and Tor functors, which in a 
way measure the manner in which modules over general rings misbehave when 
compared to the nice vector spaces of classical linear algebra; and the similarity 
with homology groups, which tell us how much a complex deviates from being 
acyclic, is now commonplace. But it took some time to realize that similarity 
and express it in mathematical terms, and it was only after the discovery, in the 
early 1940’s, of the cohomology exact sequence (by several topologists working 
independently), the introduction of resolutions by H. Hopf, the definition of the 
Ext functor by Eilenberg-MacLane in 1942, of the Tor functor by H. Cartan 
in 1948, that finally H. Cartan and Eilenberg welded these scattered results into 
a general theory, and had the courage to write the first book on it in 1955. It 
is a measure of the success and vitality of this theory that the book already 
should be completely rewritten to take care of a lot of new tools introduced 
since then in homological algebra, notably the very recent Grothendieck groups 
and rings; above all, of course, it should now deal with the general concept of 
abelian category, of which the category of modules is only a particular case. 

It seems likely, however, that the impact of these new ideas on other parts 
of mathematics would have been less spectacular, if the introduction of sheaves 
by J. Leray, at the very same moment, had not enormously increased their 
scope, by giving for the first time a workable mathematical formalism for the 
intuitive concept of “variation” of structures. Leray himself had in mind chiefly 
applications to the topology of manifolds, and in particular fibre bundles, doing 
away with the cumbersome triangulations of former methods; and it may be 
recalled here that he also created for the same purpose the concept of spectral 
sequence, one of the most powerful tools of homological algebra. That he was on 
the right track was immediately evident from the results he and H. Cartan were 
able to derive in homology theory, followed in a short time by Serre’s break- 
through in the theory of homotopy groups, A. Borel’s thesis on the cohomology 
of Lie groups and a little later J. Adams’ deep work on the relations between 
homology and homotopy. But within a few years the tremendous flexibility and 
versatility of these new tools had revolutionized other fields as well. First came 
“analytic geometry,” where H. Cartan and Serre, working in close collaboration, 
and followed in quick succession by Kodaira-Spencer, Hirzebruch, Grauert, and 
Remmert, found in the concept of coherent sheaf a wonderfully well adapted 
means of expressing the Cartan-Oka results in a simple and powerful formulation. 
This led rapidly to the solution of some key problems of that fast expanding 
branch of mathematics, such as E. Levi’s conjecture concerning the characteri- 
zation of domains of holomorphy and the imbedding problem for analytic 
manifolds, to name only two questions which had remained unsolved for a long 
time. These results were already having exciting consequences in classical al- 
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gebraic geometry, such as the cohomological characterization of algebraic 
varieties by Kodaira and the now famous generalization of the Riemann-Roch 
theorem by Hirzebruch. Then, in his celebrated FAC paper of 1955, Serre dis- 
covered that the same methods which worked so well in the analytic case could 
be adapted to a seemingly much more algebraic and “abstract” situation, namely 
algebraic geometry over an arbitrary field, by using the Zariski topology to carry 
over the whole geometric machinery of “ringed spaces” to algebraic varieties as 
defined by A. Weil. This, as you know, has been pushed farther ahead with 
enormous energy by A. Grothendieck, ushering in the present era of algebraic 
geometry, with such a wealth of new concepts, methods and problems that 
several generations of mathematicians may well find the job of their lives in 
exploring all the fascinating possibilities of this vast and still largely uncharted 
territory. After only a few years, this new approach has already yielded such 
substantial dividends as Serre’s proof of the Severi conjecture. Grothendieck’s 
generalization of the Riemann-Roch-Hirzebruch formula, the resolution of sin- 
gularities (in the case of characteristic 0) by Hironaka, the solution by Mumford 
of the problem of “moduli” for algebraic curves over an arbitrary field, and very 
recently some decisive progress towards the Weil conjectures by Grothendieck 
and M. Artin. It should be stressed that much of this was made possible by 
another breakthrough, where Serre again was the outstanding pioneer, the ap- 
plication of homological algebra (and in particular the introduction of the 
concept of flatness) to the theory of local rings, crowning 20 years of achieve- 
ments in that field by Krull, Chevalley, Zariski, Samuel, Nagata, I. Cohen and 
M. Auslander-Buchsbaum, and making available its powerful results to the 
Grothendieck theory. 

There are still other important applications of homological algebra, for in- 
stance Tate’s formulation of class-field theory in cohomological terms, immedi- 
ately following the pioneering work of Hochschild, Nakayama and A. Weil in 
that direction, and which is now blossoming forth in the very promising theory 
of Galois cohomology in the hands of Tate himself, Lang, Serre, A. Borel, M. 
Kneser, and M. Lazard to name only a few. In a totally different direction, the 
great novelties last year in the theory of linear partial differential equations 
were Malgrange’s success in giving a very neat and useful formulation of some 
key results in terms of Ext functors, and applications of the Grothendieck groups 
to elliptic equations by Atiyah-Singer. All the experience of the last 10 years 
suggests that we may expect important consequences of their ideas, and that 
we may look forward with confidence to other conquests of homological algebra 
in areas of mathematics still untouched by it. 

I would like to conclude with some general remarks. The first one, and the 
one I would like to emphasize most, is that, despite the tremendous surge and 
somewhat bewildering diversity of unpredictable developments during the last 
20 years, mathematics is now more unified than it ever was. Of course, striking 
examples of the deep kinship of various parts of mathematics have not been un- 
known to classical times, from the use of Dirichlet’s series in number theory to 
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Riemann’s introduction of topology in function theory. But we now have 
reached a point where it is practically impossible to apply to a large part of con- 
temporary mathematical literature any one of the old labels of “algebra,” 
“analysis” or “geometry.” Algebraic geometry and “analytic geometry” already 
behave like identical twins, any advance in one being almost invariably matched 
by the corresponding theorem in the other within a short time; on the other 
hand, the merger of commutative algebra and algebraic geometry is all but com- 
plete, and the theory of algebraic numbers is confidently expected to fall in 
line within a few years. Some of the most remarkable theorems derive from the 
successful confrontation of two seemingly unrelated theories: it was by trans- 
lating the “Riemann hypothesis” for curves over a finite field in purely geometric 
terms that A. Weil realized that what was needed was the “abstract” counter- 
part of Lefschetz’s fixed point formula in topology, finally succeeded in forging 
in that way his famous proof, and was further led to the formulation of his con- 
jectures, the proof of which is expected to give us at last general methods of 
attack in diophantine analysis. Still more revealing is the history of the “Rie- 
mann-Roch-Hirzebruch-Grothendieck” theorem. Around 1950, Kodaira under- 
stood that the Riemann-Roch theorem for classical algebraic varieties of dimen- 
sion 2 and 3 could be formulated as an equality between topological invariants of 
the variety instead of an inequality as with Zariski and the Italian geometers; but 
he still lacked the machinery to extend these results to higher dimensional cases. 
A little later, he realized that the topological invariants he needed were linked 
to the properties of vector bundles over complex manifolds (Chern classes, 
Pontrjagin classes); as soon as Serre and Cartan started using coherent sheaves 
in that theory, Kodaira saw that this gave him one of his essential tools and 
in a few months he had (in partial collaboration with Spencer, and independ- 
ently of Serre and Cartan) obtained far reaching results in that theory, using 
in particular theorems from the theory of elliptic partial differential equations. 
In 1952, Hirzebruch became interested in the problem; by ingenious algebraic 
devices, he linked the Chern classes of vector bundles on algebraic varieties to 
earlier invariants introduced in algebraic geometry by Eger and Todd, and a 
little later Serre was able to guess what the formulation of the general Riemann- 
Roch theorem should be. But a proof was still lacking, and it was obtained only 
in 1954 by Hirzebruch via the use of yet another set of ideas, this time Thom’s 
cobordism theory, which had just appeared and gave just the information on 
Pontrjagin classes needed to fill in the gap. Such a bewildering maze of argu- 
ments was not very satisfactory, and Hirzebruch himself was aware that simpler 
and better proofs could probably be obtained. This was done in 1957 by Groth- 
endieck, who kept the essential algebraic and homological ideas of his predeces- 
sors, but could dispense with all the machinery coming from harmonic forms or 
differential topology; this enabled him, not only to extend the formula to ab- 
stract algebraic geometry, but also to show that it was a special case of a still 
more general and simpler one. To do that, however, he had in particular to 
introduce new tools in homological algebra, what are now called the Grothen- 
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dieck groups and rings, whose latent potentialities immediately attracted at- 
tention. The first step in that direction has been made by Hirzebruch and 
Atiyah, in an extraordinary combination where this time the new ingredient is, 
of all things, Bott’s periodicity theorem for the homotopy groups of simple Lie 
groups. This has enabled them to give an extension of the Riemann-Roch theo- 
rem to differentiable manifolds; it has also provided Adams with the necessary 
tools for his solution of the problem of vector fields on spheres. Still more sur- 
prising is the way in which Atiyah has used these concepts in the theory of 
representations of finite groups, and H. Bass is now exploring with success the 
application of similar methods to projective modules and linear groups over 
Dedekind rings. This is where we stand today, and we certainly are still very far 
from the end of the story; but I hope this is enough to show you how complex 
and fruitful the interaction now is of mathematical ideas coming from every 
conceivable quarter. 

It is sometimes feared (even by young graduates) that these powerful tend- 
encies towards complete unification of the various branches of mathematics 
may in the end be self-defeating, through sheer mental impossibility to get a 
firm and competent grasp of so many different ideas and theories at the same 
time. Fortunately it seems that, as it has been the case in similar “Sturm und 
Drang” periods in the history of our science, the bewildering diversity of the 
new concepts naturally produces by reaction a search for a simplification of the 
unwieldy mess. This time it seems that our salvation will come from the new 
concepts of categories and functors, introduced in the early 1940’s by Eilenberg 
and MacLane; they have already demonstrated their versatility and usefulness 
in the work of men like Eckmann, Hilton, Kan and Grothendieck, and many 
younger mathematicians are now engaged in this work of concentration and 
simplification, which on a new level repeats the story of algebra and topology 
of 40 years ago. Of course, as always, the price to be paid is in more “abstrac- 
tion”; but it is now a well-established phenomenon that what is highly abstract 
for a generation of mathematicians is just commonplace for the next one, and 
the cries of anguish one still hears from time to time usually come from older 
men visibly afraid of being unable to catch up with the younger set. One tends, 
however, to be a little more impatient towards this manifestation of human 
frailty than, say, 30 years ago and the traditional jokes about “hard” and “soft” 
mathematics have now become a little stale. It is of course very easy, from the 
heap of axiomatic trash dumped every year by would-be mathematicians on the 
unhappy public, to select some particularly nonsensical paper and exhibit it as 
the typical product of modern mathematics; I leave it to you to judge whether 
such an attitude is compatible with even a minimum of intellectual honesty and 
whether those who indulge in it should not have the decency to remain silent 
until they have made the effort of getting more accurate information. 

As a final remark, I would like to stress how little recent history has been 
willing to conform to the pious platitudes of the prophets of doom, who regu- 
larly warn us of the dire consequences mathematics is bound to incur by cut- 
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ting itself off from the applications to other sciences. I do not intend to say that 
close contact with other fields, such as theoretical physics, is not beneficial to all 
parties concerned; but it is perfectly clear that of all the striking progress I have 
been talking about, not a single one, with the possible exception of distribution 
theory, had anything to do with physical applications; and even in the theory of 
partial differential equations, the emphasis is now much more on “internal” and 
structural problems than on questions having a direct physical significance. 
Even if mathematics were to be forcibly separated from all other channels of 
human endeavour, there would remain food for centuries of thought in the big 
problems we still have to solve within our own science. 

Indeed our wealth is now so great that even acursory inventory of it could not 
possibly be made within the span of a single talk, and I woefully realize how 
much valuable work I had to leave reluctantly aside in such fields as complex 
multiplication (A. Weil, Shimura, Taniyama), nonlinear partial differential 
equations, infinite Lie groups (Chern, Kuranishi, Sternberg), Riemann surfaces 
(Teichmiiller, Ahlfors, L. Bers), potential theory (Deny, Beurling, Hunt, Cho- 
quet), harmonic analysis (Kahane, Katznelson, Rudin, Helson, Malliavin and 
many others), to say nothing of mathematical logic or probability theory, where 
my ignorance prevents me from entering at all. I hope at least to have given you 
some faint idea of the tremendous progress accomplished during the last 20 
years; no other comparable period of our history has been so rich in new ideas 
and results, and we have every reason to be confident that the future will ever 
more fulfill Hilbert’s motto: “We must know and we shall know.” 


BANACH ALGEBRAS AND THEIR APPLICATIONS 
B. R. GELBAUM, University of Minnesota 


0. This article discusses Banach algebras that are related to the special 
examples I-III below. The aim is to indicate on the one hand the extent of the 
classes typified by these examples and on the other hand the generality of tech- 
niques and results that lead to well-known classical theorems. 

The bibliography consists of books and expository papers on the subject. De- 
tailed references of a more technical nature will be found in these sources. 


1. The examples in question are: 

I. C({0, 1]) = {f(«):f(«) continuous, complex-valued on [0, 1]}; 

II. Z,(R) = { f(x): f(x) complex-valued and  Lebesgue-integrable on 
R=(— 0, o) \ : 

III. s(C”) ={T: T a linear transformation (endomorphism) of the vector 
space C”, of all m-tuples of complex numbers, into itself}. 


As sets of functions with ranges in C-modules (C resp. C”), I-III have natu- 
rally associated notions of addition and multiplication by complex scalars. 
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Ring multiplication in I is defined by pointwise multiplication, in III by endo- 
morphism products. Although II is a function space, its (ring) multiplication is 
not that of the pointwise product of functions (the pointwise product of two 
functions in Z,(R) need not be in Z;(R)!). Having its origins in the classical 
group algebras of finite groups, Li(R) has convolution as its (ring) multiplication: 
if f, gE Z1(R), then their product h=f«g is given by the formula 


iz) = ffo)e(—y + Day. 


Hence I-III have reasonable algebraic structures. Their topologies are drawn 
from metrics based on invariant norms: 

I. dist (f, g) =supzeto.n |f(x) —g(x)| =|[f—gll.: 

IL. dist (f, g)=/2.|f(«) —g(x)|dx=||f—al].; 

III. dist (T, S) =SUP|[z||s1 | (7 —S)x = |T7—S||; 
where in III, for x= (a1, +++ , Xm) GC”, ||x|[/?= D0, |x] 2. 

The metric defined in II is degenerate ((|f —gll1=0 does not imply f=g), but 
if functions that are equal almost everywhere are identified, the metric loses its 
degeneracy. 

In I-III, the metric spaces are complete (Cauchy sequences converge). 

In each of I-III, there is a natural involution (an automorphism of period 
two): _ 

I*, f*(x) =f(x); 

II*. f*(x) =f(—x); 

III*. 7*; 
where in III*, T* is the adjoint linear transformation arising from 7, (matri- 
cally T* is the conjugate transpose) and is uniquely defined by the requirement 


(Tx, y) = (x, T*y) 


for all x, yEC™ (For u=(u1, ° + +, Um), V= (V1, °° +, Um) CO”, (u, v) = omy Ud; 
Note: |||] =/(u, u).) 

The algebra, topology and involution are related in the following way: If 
| - - + |] stands for any of the functions | -++fes || ++ dial] ~~ |] of I, IL, 1, 
if a, b are a pair of elements from any one of I, II, III, if \ is a complex number, 
and if * stands for any of the three involutions, then 


la + al] Slo] + [1d] 


[ral] = | a] lal 
[al] = [lallllo) 
|o*l| = lal], 


where ab stands for the product of a and 0 as defined on the relevant space. Con- 
sequently a+b and ab are continuous functions of the pair a, b, Xa is a con- 
tinuous function of the pair A, a, and involution is continuous. 
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The distillate of all the above may be described as follows: A complete 
normed algebra A over C. (We shall discuss involutions later.) Such an algebra 
A is called a Banach algebra. As algebras, I and I! are commutative; III is not 
commutative unless m= 1. 

Of course, I-III are prototypes of generalizations that are themselves special 
cases of Banach algebras. If X is a locally compact Hausdorff space, G a locally 
compact group, 3C a Hilbert space, then one may define: 

I’. Ca(X) = { f(x): f(x) continuous complex-valued and vanishing at «© on X \ 

Il’. L(G) = f(x): f(*) complex-valued and Haar-integrable on G}; 

III’. &(8) = {T: T a bounded linear transformation (endomorphism) of 3 
into itself}. 

For I’, “vanishing at ©” means for f(x) that for each e>0, {x: |f(x)| Ze} 
is compact; for II’ “Haar-integrable” means that f(x) is measurable with respect 
to the o-ring K generated by the compact sets of G and that with respect to the 
(essentially unique) group-invariant (translation-invariant) Haar-measure de- 
fined on the sets of K, f(x) is absolutely integrable; for III’, “bounded” means 
for T that 


sup ||7(@|| = |[ZI| < ©. 
Convolution in L(G) is defined by the formula: 


feg(x) = f Jost #) dy. 


All other concepts are carried over in direct analogy from I-III to I-III’. 
III’ always has an identity; I’ has an identity (f(x) =1) iff X is compact; II’ has 
an identity iff G is discrete (then f(e)=1, f(x) =0, xe, where e is the group 
identity, is the identity for convolution). 


2. If a Banach algebra A is commutative, and if M is a modular maximal ideal 
(i.e. A4/M has an identity) then A/M qua Banach algebra is isometrically iso- 
morphic to C because (Gelfand-Mazur) it is a normed division algebra over C. 
Hence each a€A is mapped into the complex number a/M denoted by 4(M). 
As M varies over the set 91% of all modular maximal ideals of A, @(M) assumes 
a set of complex values and 4(M) is thus regarded as a function on OM. M is 
then given the weakest (weak*) topology relative to which all such functions 
@(M) are continuous. The association a—é4(M) between elements a of A and 
functions é(M) is an algebraic C-homomorphism. SW in its weak* topology is a 
Shel compact Hausdorff space and each 4(M) is in C.(9). Finally |||]. 
S|laj}. 

The association a—d(M) is one-one under special circumstances and when 
these prevail, 4 iscalled semisimple. Even then, the collection A= \a(M ) | acA i 
may be a proper subset of C,,(S1t). The situation is clarified by the discussion of 
involutions. 
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If there is an involution * defined in A and subject to 


1. a**=a 

2. (aa)*=aa*, acc 
3. (ab)* = b*a* 

4. (a+b)*=a*+)* 
5. |[a||?=||aa*| 


then, when A is commutative, the association a—é@(M) is a one-one isometric 
epimorphism: ||a|| =||4||... In this case @*(M) =@(M). (More generally, if, for 
each aC A, there is a b€©A such that 6(M) =4(M), then A is dense in C,,(91).) 
It is a simple matter to verify that 1—4 are satisfied in I, I’, II, II’, HI, IV’, 
and 5 in I, I’, II, III’. 


3. When G is an abelian locally compact group and A = £,(G) (II’) then for 
each MEM and fEM the formula f,.(M)/f(M), where (fe(y) =f(xy)) defines a 
function ay(x) independent of f (so long as f€ M) and ay satisfies: 

(i) au(xy) =am(x)-au(y); 

(ii) |au(x)| =1; 

(iii) aa(x) is continuous in the pair x, M. 

In other words, each M gives rise to a character ay mapping G continuously 
and homomorphically into T= {2: | 2| = 1 iz viewed as a group relative to multi- 
plication. The association M—azy is one-one and each character a of G is so en- 
gendered. This means there is a one-one natural map between St and G, the 
character group of G. Finally if we identify 9% and G in this case, then (writing 
am (x) = (a, x)) we find 


fla) = J 10 x) dx. 


G, endowed with the locally compact topology inherited from SM, is actually 
a topological group. If a, BEG, the product a@ and the inverse a are defined by 


(a8, x) = (a, «)(B, x) 

(a1, x) = (a, ”) = (a, «7 
for x€G. The product af is continuous in the pair a, B and the inverse a“! is 
continuous in a. 


The following table shows the situation for the elementary and basic groups 
of the subject (Z=the set of integers): 


Typical Character Typical ; 
Group (G) element Group (G) element Mapping G>T 
R x R t gy erite 
Z, n T g= e2nt8 NZ = erring 
T gx errid Z n g—>gh == e2rind 


In all the cases above G=G, and this relationship is valid for an arbitrary 
locally compact abelian group G (see A below). 
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Clearly the classical theories of Fourier series and Fourier integrals for func- 
tions of finitely many real (or complex) variables are thus subsumed by the 
general theory of Z:(G). 

If we set 


L(G) = fra) f(x) complex-valued and Haar-measurable, i} | f(x) [Pda < af 
G 


(an example of Hilbert space), even the “Z.-theory” may be covered. 
For example, the classical Plancherel theorem now reads: 


If fELi(G)OL(G) then fEL2(G) and 
= “dx = e)|'da = 7 
Isls = f |p fax = f | fe) Fae = Il 


This isometry carrying the dense subset L1(G)(\L2(G) of L2(G) onto a subset 
of L2(G) can be extended to all L(G). Its image is then all Z2(G). In this sense 
the Z.-Fourier-transform exists and is invertible. 

A special case of the Plancherel theorem for G=T, G=Z reads: 


> | Pr 2 = i) " f(x) [2d (a/ 27) (Parseval’s relation), 


N=—0O 0 


for the Fourier coefficients { fr} of fy In= Sent (x)e—im*d (x /2r). 


Other consequences of this development are: 


A. THE PoNTRJAGIN DUALITY THEOREM: G=G; G is discrete iff G is com- 
pact; G ts neither discrete nor compact iff G 1s neither discrete nor compact. 


B. THe Inversion Formua: There is a directed set {u} of functions in 
L(G) such that for any fELi(G) 


Is - f Keracay(a, #)de 


— 0 
] 


on the directed set {u}. This means that f—>f is a one-one correspondence. 


C. THE GENERALIZED BOCHNER THEOREM: If p(x) ts a positive definite func- 
tion on G 


(f J p(x — y)f(«)f(y)dady = 0 for every continuous f with compact support) 
av@ 


then there is a measure p defined on the o-ring generated by the compact sets of G 
such that 


pla) = f(a 2)du(a) 
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D. THE RrEMANN-LEBESGUE THEOREM: The Fourier transform f of a func- 
tion f in Li(G) (G locally compact abelaan) vanishes at infinity. This follows from 
the general fact that if a belongs to a commutative Banach algebra then @ belongs to 
C. (MN). 


E. WIENER’S TAUBERIAN THEOREM: If fEL,(G) (G locally compact abelian) 
and if f never vanishes, then any ideal containing f is dense in Ii(G). This is a 
consequence of the statement that every closed proper ideal of L1(G) is contained in 
some modular maximal tdeal. 


4. The classical problem of reducing an Xn Hermitian matrix M=(m,)), 
where m;;=m%;;, or an nm Xn normal matrix N=(n.;), where NN*#£ N*N, to di- 
agonal form leads to the following solution: There are 7 complex numbers raf 
(not necessarily distinct and in the Hermitian case real) and ” orthonormal basis 
vectors {e;} for C* such that 


Te; = Axi; 
where JT is the operator corresponding either to M or to UN. 
If we order the complex plane C by: x1-+2,=21<22.=Xetiye iff x1S%x, 


y14<42, we may for each complex number z define a projection operator E, by 
the prescription: If v€C* is written in terms of the basis {e;} 


,.= Ayes (az = (2, é:)) 


i=l 
then 
Ew = >» Az. 


Nix<z 
This readily implies that E,= E*= E} for all z. Furthermore, 
Tv = > aile; = Qin i€%. 
t=1 t=1 
If T is Hermitian and the Xd; are real, we may assume their numbering is such 
that \iSAeS - +--+ SX, and the formula above becomes 
Ty = > Ai(Fy, — Ey,-)?; 


which we write in the suggestive notation 


Tv = [ram or r= { rah. 
R R 


A similar discussion for the case of where JT is normal yields 


T= J 2d, 
Cc 


254 BANACH ALGEBRAS AND THEIR APPLICATIONS [March 


and this formula includes the preceding one as a special case. 
We note that for any polynomial P 


P(T) = > azP (rz) es 
or 
P(T) = [ Pode. 
Cc 


This formalism can be extended to functions more general than polynomials and 
provides the basis for a functional calculus of (finite-dimensional) operators. 

It is essential to note that the ring of polynomials in TJ is thereby made iso- 
morphic to a ring of complex-valued functions on the set tral, the spectrum of 
T. It is appropriate then to regard the diagonalization problem for T as the prob- 
lem of finding a function-ring isomorphic to the ring of polynomials for T. This 
formulation is extremely useful in dealing with operators in Hilbert space where 
the “matrix-basis” approach is unyielding. The theory of Banach algebras pro- 
vides a handy device for constructing the desired isomorphism. 

If T isa bounded Hermitian or normal operator on a Hilbert space (T'€&(3) 
and T=T* or TT*=T*T) then the smallest closed algebra @ containing all 
polynomials in I (the identity), T, and T* is a commutative Banach algebra 
with an involution * satisfying the requirements 1-5 above. Thus @ is isometri- 
cally isomorphic to C,(91%). The association C,,(9%)—@ sends each fEC,,(M) 
into an operator 7;€ @: f->T;. Via the use of the Daniell approach to (Lebesgue) 
integrals, this isometric isomorphism can be extended to @®,(9) (the class of 
bounded Baire functions, i.e. the class of bounded functions in @(91), the small- 
est monotone class containing C.,(9)): @(9%)—-@s,D@, where @ is a super 
algebra of @ in &(3C). Now we order the complex plane C as we did above. For 
each z, let K,={M | T(M)<z} and let E, be the operator corresponding to 
Xx,= the characteristic function of K.(xx,G @o(9)). Since @,(9T) > @, is an 
algebraic and isometric association, obviously E,= E*= Ej, i.e., E, is a projec- 
tion operator for each z. It is also clear that 


fm) = [ sdx,,(00, 


T = | at, 
c 


This is the celebrated spectral theorem for normal operators. We see that it 
permits definition of f(T) at least for bounded measurable functions: 


i) = f feat. 
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and thus yields a functional calculus of operators. The set of complex numbers 
{ T(M )} is homeomorphic to SW and is the spectrum of T. 

In another direction, if x U, is a continuous unitary representation (each 
U, is a unitary operator, i.e., (U,w, U22) = (w, 2) for any pair w, z of elements in 
5C), of a locally compact abelian group G into &(3C), then the representation may 
be extended to Z£,(G) by the formula 


f- Ly = J sev. 


where (Tyh1, he) = fe@f(x)(U2h, he)dx. Since there is a one-one algebraic isomor- 
phism between functions f in L,(G) and their Gelfand-Fourier transforms f in 
C..(G) = C,,(9), the above may be viewed as a correspondence 


fofotT; 


which may, via Daniell integral techniques, be extended to a correspondence for 
bounded Baire functions on G. Again characteristic functions of sets and projec- 
tions correspond and at last we arrive at Stone’s theorem 


U, = fo a)dEa, 
G 


where E, is a spectral family of projections. 

There is a theorem of von Neumann that reads as follows: 

If {An} as a sequence of bounded normal operators that commute in pairs, there 
ts a single family of projections {E,} and a family of continuous complex-valued 
functions {an(t)} such that 


1 
An -{ a,(i)dE, n=1,2,--- 
0 


Setting A = [otdE., we see that An=a,(A), 1.¢., that there is a single operator A such 
that each A, 1s a function of A. 


Banach algebras permit a neat proof of von Neumann’s theorem. If @ is the 
closed algebra generated by J, A,,Ap, 2, m=1,2,--+-, then @ isa commutative 
Banach algebra isomorphic to C,,(9t). Since @ is separable (a countable dense 
set consists of the polynomials in J, 4n, A;, with rational coefficients) and @ has 
an identity, SW is a compact metric space and hence the continuous image of the 
Cantor set D: ¢: DM. For each tE€ [0, 1], let x:(M) be the characteristic func- 
tion of the set 6([0, #] 7D) and let EZ; be the corresponding projection in @, C&(3). 
For each t€@D, and BEA, let b(¢) = B(d(t)) and extend 6(#) to [0, 1] by linearity 
over the intervals deleted in constructing D. Then, as direct computation shows, 


B= f ‘BOGE. 
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and in particular 
1 
An — i) an(t)dEt, 
0 


where a,,(é) is the linear extension of A,(¢(4)). (This proof will appear in a forth- 
coming publication of the author.) 

Finally, we mention an isolated but very high peak in the theory. It is the 
following theorem of Gelfand and Naimark: If A is an arbitrary Banach algebra, 
commutative or not, with an involution for which 1-5 and 


6. For all a, (—aa*) is not an identity modulo any modular maximal ideal. 
(Equivalently if A has an identity, e, then for all a, (e+aa*)~ exists.) 


obtain, e.g., III or III’, then A is isomorphic to a closed subalgebra of &(3) for 
some JC. 

If one regards the representation of a commutative Banach algebra A as a 
subalgebra of C..(9) to be a useful reduction from the abstract to the concrete, 
one may similarly regard the Gelfand-Naimark theorem as providing a “con- 
crete” version of an abstract noncommutative Banach algebra. The isolation 
of the Gelfand-Naimark result typifies the poverty in noncommutative theory 
as contrasted with the wealth in commutative theory. 

The general methodology of abstract mathematics is exemplified here. One 
begins by considering concrete examples of topological algebras. ‘Then a reason- 
able and minimal set of properties of these algebras is chosen as the axiomatic 
basis for a class of “Banach” algebras. Finally, one seeks through investigation 
of the abstract form, to find the complete class of concrete forms that the abstract 
form represents. The discussion above gives some indication of the extent to 
which this program has been carried out. 


The foregoing paper gives the substance of an invited address at the meeting of the Minnesota 
Section of the Association in November, 1962. 
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A PARTIAL DIFFERENTIAL EQUATION AND 
PARALLEL PLANE CURVES 


A. W. GOODMAN, University of Kentucky 


1. Introduction. A certain problem on the characterization of analytic func- 
tions leads quite naturally to the differential equation 


: (2) +(S)-+ 


For the present we devote our attention to the study of the solutions of (1) and 
postpone to the following paper the application to analytic functions. 

It is easy to find solutions of (1) using Charpit’s method [3] and in fact sev- 
eral text books use equation (1) as an illustrative example (see [1] p. 31; and 
[2] p. 18). Although this method gives the “complete” solution of (1), it seems 
to me that it falls far short of describing al] of the solutions of (1). In section 2 
we find all solutions ¢ for which the second order partial derivatives exist and 
are continuous in a given (open and connected) region ®. In section 3 we discuss 
the possibility of relaxing the condition on the partial derivatives of ¢. Finally 
we remark that the solution of (1) suggests an interesting problem on parallel 
plane curves, and section 4 is devoted to some remarks on this problem. 


2. The solution of the differential equation. We will see that if A(x, y) is a 
solution of (1) then the surface 


(2) s= o(%, y) 


is a certain ruled surface (called a distance surface) generated by a set of lines 
each of which makes an angle 7/4 with the xy-plane. Further if all of these 
lines actually meet the plane then the intersection is a smooth curve @ such that 
the projection of each ruling on the xy-plane is normal to @. If the region ® is 
not too complicated, the surface (2) can be described by saying that d(x, y) is 
the directed distance of (x, y) from the curve ©, positive on one side of © and 
negative on the other side. 

In the general case, unfortunately, the region ® and the surface over ® may 
be so complicated that neither of the above tentative descriptions of the surface 
is quite accurate. Before giving a precise definition of a distance surface, and 
an accurate statement of our results, it will be helpful to look at several exam- 
ples. 

Henceforth we let © be the set on which ¢(x, y) =0, and we call this set the 
base set for the surface. If © is the straight line ax+by+c=0, with a*+b?=1, 
then the plane z=ax+by-+tc is a distance surface with this base set. If © is the 
circle (x —h)?+(y—k)?=r? and @ is any region that does not contain the center 
(h, k) then either of the cones z= +({-V/ (x—h)?+-(y—k)?} —r) is a distance sur- 
face with the circle for its base set. It is easy to see that for these surfaces the 
corresponding (x, y) is a solution of (1). 
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Consider next the surface z=y defined over the region shown in Fig. 1. 
Clearly ¢(x, y)=y is a solution of (1) in ®, but the base set (shown heavily 
shaded on the x-axis) has five components. Further, it is not true that each of the 
lines z=, X=%Xo, on the surface meets the x-axis. Of course in this special case 
we can enlarge both the region ® and the surface, and then this defect will dis- 
appear. 

As a final example, let R= R,\UA@ UT, where ®; is the semiring region de- 
fined by inequalities 


(3) 1< x? -+ y? < 2, x <0, 


Fic. 2 
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®:z is the rectangle defined by the inequalities 
(4) —2<y<2, O<2<4, 


and J is the interval «=0, 1<y<2. The region is shown schematically in Figure 
2. Let the surface be defined over ® by 


oJ | x + y?} — 1, (x, y) in Ri, 


(5) z= o(%, y) = 4, (x, y) in @ UT. 


Clearly this d(x, y) solves (1) in ®. The base set © consists of the semicircle 
x? + y?=1, «<0, and the line y=1, OSx<4. The surface can be generated by 
drawing through each point of @ a suitable line segment that makes an angle of 
w/4 with the xy-plane. But observe that ¢(x, y) is not always the directed dis- 
tance between (x, y) and @. For example, if e>0 the point P*(e, —1) has dis- 
tance ¢ from @, but ¢(P*) = —2. These examples force upon us the following 
complicated definition. 


DEFINITION 1. A surface z=(x, y) ts called a distance surface over a plane 
region & uf at each point of R rt 1s a local distance surface. A surface ts a local dis- 
tance surface at a point P tf there 1s a circular neighborhood Xt of P,a smooth curve 
C that divides N into two subregions, and a constant c, such that d=(x, y)—c 1s 
the directed distance of (x, y) from ©, for each point of N. 


Clearly each of the examples cited so far is a distance surface. We can now 
state: 


THEOREM 1. Let doz, ry, aNd hy, be continuous in a region GB. Then d(x, ¥) 
1s a solution of (1) tf and only if z=(x, y) ts a distance surface. 


Proof. Assume that ¢(x%, y) is a solution of (1). Let Co be the curve deter- 
mined by solving the system of differential equations 


ax 

a = dy (x, y) 
(6) 

2 = — an(e, 9) 

dt PAR, Y 


with the initial conditions x(0)=xo, v(0)=‘0, where (xo, yo) @. Under the 
hypothesis that zz, dzy, and ¢y, are continuous in ®, this set has a unique solu- 
tion in ® [3, p. 93]. Furthermore, from the theory of differential equations, Co 
is a simple smooth curve which may be closed (for example the circle) or it may 
be open, either extending infinitely in either direction or terminating at bound- 
ary points of ® (see Figure 1). But on @po the function (x, y) is the constant 
(x0, Vo), for on Co 
do 


(7 = be = + by = baby + 4-2) = 0 
) a = be + by = = baby + by(—42) = 0. 
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We have already seen that the level sets of 6 may have more than one com- 
ponent. The above considerations show that each component is a simple smooth 
curve. The orthogonal trajectories of these level curves are obtained as solutions 
of the system of differential equations 


ax 

h = ¢2(%, y) 
(8) ly 

Uh = oy(%, y). 


For any such curve, we have from (1) and (8) 


d*x ax dy 1 
de = oz di + Pry di = Prahz + PayPy = 2 (2bsbze + 2bybyz) 
dex 1090 2. 2 1 od 

(9) ry =F 5, eto =F 5) = 0. 


Similarly d*y/di2?=0. The vanishing of these second derivatives shows that the 
orthogonal trajectories are straight lines. 

Since | Vo! =1, must vary with the distance along each of these straight 
lines, and hence z=¢(x, y) is a distance surface. J am indebted to the referee 
for suggesting this proof which is simpler than the one originally submitted. 

We now consider the converse, namely, if z=(x, y) is a distance surface 
over a region ® then ¢ is a solution of (1). This proposition is geometrically 
obvious (as was first pointed out to me by my colleague Wasley Krogdahl), but 
a rigorous proof based solely on geometric considerations seems to be difficult, 
sO we give an analytic proof. Let t be a suitably selected parameter for the curve 
© (see Definition 1) such that x=f(t), y=g(é) are twice differentiable and 
D*=f' (t)?+¢'()?40. Then a curve parallel to © at the signed distance gq from 
@ will have a parameterization 


iC a¢ 
(10) c= 1-9, y= +a, 
where g>0 for the parallel curves on one side of © and g<0 for those on the 
other side. In order to construct the distance surface for ® we merely replace q 
by z in (10). In other words, z=@(x, y) is defined implicitly, in a sufficiently 
small neighborhood St, by the pair of equations 


g’(Z) _ FO 
D ’ y= g(t) + 2 D 


(11) w= fi)—s2 


If © is a straight line or a circle the elimination of ¢t in (11) leads to the surfaces 
already discussed. For any other curve, the detailed computation is more diffi- 
cult. But we can compute z, and z, from (11) using the standard implicit func- 
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tion theorems. We write (11) in the form F(z, ¢, x, y)=0, G(s, t, x, y) =0. Then 
(see [4] p. 27) 


| F, F3 | Fe Fs 

Oz G2 G Oz Go G F, F 

(12) —= ot, —= “—-—, where = | a 
Ox A oy A Gi Ge 


In our case direct computation from (12) yields 


/ / 


af fot / gil / 2§ yt 7 gil / 
Fr = —, (f'8 — gf") —f, Gr = >, 8 — gf’) — 8 


and the simpler results, Fy = g’/D, Gi= —f’/D, F3=1,G3=0, fs =0, G,=1. A little 
labor now gives 


z 


(13) A= D2 


(f’g”” — gif") — D. 


From (12) we have 


“ ie | halt Ta g ae (f’g"” — gf”) 
Ox Ge G3 D3 

and 

(15) a~=| ms =fy= —p th per — ef", 
Oy Go Gu D3 


Finally a brief computation with (14) and (15) gives (g.)?+(z,)?=1 wherever 
A+0. If A=0, equation (13) gives z= D*/(f’g”’ —g’f’’), the radius of curvature 
of ©. Consequently we can always find a neighborhood of @ in which A0. This 
completes the proof of Theorem 1. 

It is worth remarking that if @ is a distance surface it also satisfies 


(16) PrxPyy bey = 0, 


the differential equation for a developable surface ([2] p. 10). For equation (1) 
obviously yields ¢i¢s2 tb by2=0 and didsy+Gybyy=0, and because of (1) this 
pair leads immediately to (16). 

If the solution @ is also required to be harmonic then the surface is a plane. 
For, combining (16) with @z2td@yy=0, we obtain —¢?,—d3,=0. Hence dy =dry 
=(0=¢,, and hence ¢, and @¢, are constants. 


3. Existence of the second derivatives. We have made the assumption that 
dbrz, bry, and dy, are continuous in ® in order that the systems (6) and (8) have 
solutions. It would have been sufficient to assume that ¢, and @, satisfy a 
Lipschitz condition. There are solutions of (1), however, for which @zz and yy 
are not continuous. In fact ¢, and ¢, need not satisfy a Lipschitz condition. We 
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obtain such a function by putting together two planes and a cone. Let & be the 
region obtained by deleting the third quadrant x $0, yS0 from the plane. Set 


x in the subregion A: x > 0, y < 0, 
@ = {/{a? + y*} in the subregion B: « > 0, y > 0, 
y in the subregion C: x < 0, y > 0, 


and define ¢ on the positive x-axis and y-axis, by the common limit values. 
Clearly ¢ is a solution of (1) in each of the subregions A, B and C. It is easy to 
check that ¢, and ¢, have the same values on the common boundaries A(\B 
and BO\C. Hence ¢ is a solution in ®. But ¢z2 does not exist on the positive 
y-axis because the limit from the right gives ¢x=1/y and the limit from the 
left gives dzr=0. Similarly ¢,, fails to exist on the positive x-axis, being 1/x from 
above and 0 from below. 

If dz satisfies a Lipschitz condition with respect to x in ® then ¢z2 is bounded 
in the subregion B. But in B dz2=4?/(x?+y?)%/?, which is not bounded on the 
line y=x, as y—0. Hence we have a solution of (1) whose first derivatives do not 
satisfy a Lipschitz condition in @&. 

Of course for this example the “bad” point occurs on the boundary of ®. We 
conjecture that if ¢ is a solution of (1) in a region ® then ¢, and @y satisfy a 
Lipschitz condition on every closed subset of &. 


4, Parallel plane curves. Let C be a smooth curve in the plane region ® and 
let @(g) denote that portion of the parallel curve at signed distance g from © 
that also lies in ®. We say that the family C(q) covers ® in a simple manner if 
each curve of the family is a simple curve and no two curves of the family inter- 
sect. Clearly if the family @(qg) does cover ® in a simple manner, then the sur- 
face obtained by setting z equal to g in equation (10) gives a solution of (1). The 
problem is to determine nice conditions on ® and @ that will assure this. 

Let & be the evolute of ©. Then each curve @(q) is an involute of § and can 
be drawn mechanically by the well-known device of unwinding a thread from 
the evolute, with different lengths of thread for the different curves. While such 
an argument can not be regarded asa proof it suggests the conjecture that if the 
evolute of @ lies outside a simply-connected region ®, then the family C(q) 
covers ® in a simple manner. In its place we will prove the following weaker 
result. 


THEOREM 2. Let m be the minimum value of the radius of curvature along @, 
and suppose that the length of © is less than mr/2. Then the region covered by the 
family C(q) with | ¢| <m is covered in a simple manner by that family. 


Proof. Suppose that the two curves C(qi) and C(q), with m>q@>q:>0 meet 
at a point Po. The case of a curve intersecting itself is handled by setting g.=q. 
We introduce intrinsic equations for the curve @ in the following way: let PoP: 
be the normal from the curve @ that determines Po as a point on C(qg:), so that 


1964] DIFFERENTIAL EQUATION AND PARALLEL PLANE CURVES 263 


| PoP:| =g. As indicated in the Figure 3 we draw a circle C, with center at 
the origin and radius m. Then by a rigid motion we place the base curve so that 
P, lies at (m, 0) and Po lies at (m—q, 0). The circle with Py as center and radius 
gz lies inside C;,, except for the common point at (m, 0). If © lies outside or on 
the boundary of C,,, then for each qi <q, it is obvious that @(q1) will not contain 
Po. In case gi=Qs, then the curve C(q) runs through Po only when the corre- 
sponding point P on @ is at P,;. Hence it suffices to show that © never crosses 
Corn 


Fic. 3 


We let s be the arc length on ©, measured from P, with the positive direction 
upward. The curve is clearly tangent to the two circles at P;. Under these con- 
ditions it is easy to show that, with s as a parameter, the intrinsic equations for 
@ are 


(17) x=m— J "sin 6(t)dt, 


f cos 6(t)dt, 
0 


(18) y 
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where p(s) is the radius of curvature and 


t do 
(19) (0) = J ron 


By hypothesis | s| <m7r/2, and we first suppose that s20. Then 0So0 SitSm7/2, 
and p(c) 2m, and hence from (19), 6(#) St/m. Under these conditions 0 <6(é) 
<t/mS7/2. Since 6 is increasing we have from (17) and (19) 


8 s t S S 
ram-f sin 3()d = m— f sin— dt = m—| m— moos | = m cos 
0 0 


Mm Mm Mm 


Similarly cos 6(¢) is decreasing, so from (18) 


$ 8 t 5 
ya | cos (at = f cos — dt = msin—- 
0 0 


Mm Mm 


Then x?+y?2m?, and the point P lies outside or on the boundary of Cn. A 
similar argument can be used for —17m/2 Ss 30, or we may just reflect C about 
the x-axis. 

Naturally the restriction on the length of € is too severe, but some restric- 
tion is necessary. For, referring to the figure, we see that the curve @ might con- 
tinue outward, then loop around a second circle of radius larger than m, and 
then return and cross C,,. It would be interesting to find the sharp upper bound 
for the length of @ in Theorem 2. 


After this paper was accepted for publication, my colleague Prof. Harold Robertson called my 
attention to an article by Z. A. Melzak, Plane Motion with Curvature Limitations, Journal of the 
Soc. for Ind. and Applied Math., vol. 9, 1961, pp. 422-432. Here Melzak, in his Lemma 2, proves 
a result which, if correct, would allow us to replace mi/2 by mz in our Theorem 2. Although I am 
convinced that Melzak’s lemma is correct, I am not certain about the proof. It seems to me that 
at the top of page 425, he squares an inequality in which one side is negative if r/2<s/py<7, and 
that at this point his proof breaks down, unless | s/ po| <1/2. 
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The unusually large audience at the visiting geometer’s lecture was even- 
tually seen to be the result of the new secretary’s manner of transcribing the 
title, which appeared on the notice board as “Convicts, Sex, and Inner Qualities.” 


ON A CHARACTERIZATION OF ANALYTIC FUNCTIONS 
A. W. GOODMAN, University of Kentucky 


1. Introduction. In a recent paper [1] Dzyadyk proved the following theo- 
rem which gives a geometric characterization for analytic functions. 


THEOREM 1. Let & be a given region in the plane and let u(x, y), v(x, y) be 
continuous real valued functions with Us, Uy, Vz and Vy continuous in B. Set 


(1) w= f(x + iy) = u(x, y) + iv(a, 9). 


Then in order that either f or f be analytic in @ it ts necessary and sufficient that, tf 
§ 1s an arbitrary subregion of &, then all three of the surfaces 


(2) z=u(%,y), z= 04,9), 2= Vl w(x, y) + 0%X(x, 9} 
have the same area over 8. 
Our objective here is to examine the three surfaces defined in (2) and to show 
that the set may be replaced by a more general set. 
(3) z= u(x, y), = v(x", y), 2 = ou, 2) 


with the same conclusion. In fact we find a general form of the function ¢(w, v) 
in (3) for which Theorem 1 with (2) replaced by (3) remains valid. To this end 
we recall the outline of the proof given by Dzyadyk. 

Since the surface area is given by 


(4) s=f fevitt a+ si} dxdy, 


the condition of the theorem requires that the three integrands for the three 
different surfaces be the same at each point of ®. For the surfaces z=u(x, ¥) 
and z=v(x, y), this requires that D,= Ds, where 


Dy = uy + ty 
5 
) D, = v1, + ,. 


It is easy to see from the Cauchy-Riemann equations that if f or f is analytic then 
Di = Dao. 
For the surface z= +/(u?-+v?) we have 


De=z 2 u (the + u,) + » (v4 +- 2,) + 2uv(Usts + Uydy) 
(6) 3 = Sz + fy = nr 


whenever u?-+v?40. It is easy to see that if f or f is analytic then (6) reduces to 
D,. Hence the necessity of the condition is proved. 
Conversely, if the three surfaces have equal areas, then Dj) = D,=D3, and a 
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careful argument [1] leads either to the Cauchy-Riemann equations, or to the 
set Us = — Vy, Uy = Vz. 


2. The extension of the theorem. We first remark that the equality of the 
area of the two surfaces z= u(x, y) and z=v(x, y) is not sufficient. For if u=x?+~’ 
and v=x?—~y?, then D,= Dz, but x?+y?+72(x?—y?) is neither analytic nor the 
conjugate of an analytic function. In fact we might take u any function and 
use for v the same function. Then D,=D, would be satisfied trivially while 
u(x, y)-+tu(x, y) is not analytic unless it is a constant. Hence, as indicated in 
equations (3), we seek to add a third function. 

Formal computation for the surface z=¢(u(x, y), v(x, v)) yields 


(7) Ds = bat by = bate + u,) + bo(te + 0,) + 2bubo(tade + tyry). 


Necessity. Suppose now that either f= u-+4v or f is analytic. We wish to con- 
clude that the three surfaces always have equal area, for each subregion 8 of &. 
Thus we wish to show that D;= D.= D3. But if f or f is analytic, then 


(8) Ux, + Uydy = O, 


2 2 2 2 
(9) Ux + Uy = Vz + Vy 


and hence (7) reduces to 


(10) Ds = (bu + bs) (uz + my). 


Consequently if D;= D3 we find that ¢(u, v) must satisfy the partial differential 
equation 


(11) bu +b = 1. 


Now all solutions of this equation, for which duu, du, and dy» are continuous, are 
known, and these are discussed fully in [2 |. One solution must be d= JY { u2+y?} 
as used by Dzyadyk. A second and simpler solution is 6=au-+bv where a?-+D? 
=1. In order to give a surface different from z=u and z=v, we require that 
ab0. 

Sufficiency. Suppose conversely that u and v are such that all three of the 
surfaces (3) lying over any subregion S of ® have the same area, and further 
suppose that ¢2-+¢7=1. Then D,=D.=D3, and equation (9) is satisfied. Using 
D3; as given by (7) we can write D,;= D3 in the form 


Uz + tly = Gu ltte + ty) + byte + thy) + dubs (ade + Uyry) 


= (bu + bs) (the + ty) + 2bubo (thats + ty0y). 
Since (11) is satisfied this gives 
(12) Puby(Uete Tt Uyty) = 0. 
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Let us suppose for the moment that the factor ¢.¢, can be dropped. Then (12) 
gives (8). It can be proved that if u and v satisfy (8) and (9) in ® then either 
f or f is analytic in ®. The proof is a little involved, and requires careful con- 
sideration of a number of cases, but this can be found in Dzyadyk’s work [1] 
and so we omit it here. 

The factors ¢, and ¢, are treated as follows: Let ®* be the region in the uv- 
plane over which the function ¢(u, v) is defined. Since ¢2-+¢? = 1, the surface of 
z=(u, v) is a distance surface. For simplicity we assume that each level 
curve @ of ¢ has only a finite number of points with normals that are horizontal 
or vertical. Along the horizontal normals ¢,=0, and along the vertical normals 
¢. = 0, and these are the only points for which ¢.¢,=0. The mapping u= u(x, y), 
v=v(x, y) takes ® into some subset of ®*. Suppose that there is some open set 
G of ® which goes into one of the horizontal normals of ©. Then in G, v is a 
constant, and v,=v,=0. Consequently, from (9), u,=u,=0, and then (8) holds. 
A similar argument yields (8) for any open set of ® that maps into a vertical 
normal of ©. Any other point P of ® which yields ¢.¢,=0 is a limit point of 
points P, at which ¢.¢,~0. But then at each P, we have u,v,+u,v,=0. Con- 
sequently, by a continuity argument, this equation is also satisfied at P». Hence 
(8) is satisfied throughout ®. We have proved the following theorem: 


THEOREM 2. Let ® be a given region in the plane and let u(x, y), v(x, y) be 
continuous real valued functions with uz, Uy, Ve and vy continuous in BR. Let R* con- 
tain the mage of ® under u=u(x, y), v=v(x, y). Finally let p6=(u, v) have second 
order partial derivatives and satisfy the differential equation (11) in G*, and sup- 
pose that each level curve for the surface z=(u, v) has only a finite number of hori- 
zontal or vertical normals. Then in order that either f or f given by (1) be analytic 
in Git ts necessary and sufficient that, if Sis an arbitrary subregion of &, then all 
three of the surfaces (3) have the same area over 8. 
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ON THE COMMUTATIVITY OF RINGS 
RAYMOND AYOUB anp CHRISTINE AYOUB, Pennsylvania State University 


1. Introduction. As a consequence of his theory of algebras, Jacobson [1] 
proved that an algebraic algebra, without nilpotent elements over a finite field, 
is commutative. As a corollary, he deduced that if in a ring R there exists an 
integer ~>1 such that for every a in R, a*=a, then the ring is commutative. 
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This result implies, in particular, the celebrated theorem of Wedderburn that 
any finite division ring is a field. There have been in recent years several gen- 
eralizations and variations of Jacobson’s result but proofs of all these commuta- 
tive theorems use “transcendental” methods in the sense that they use Zorn’s 
lemma implicitly or explicitly. Details of these theorems and their proofs may 
be found in Jacobson’s Colloquium book on the theory of rings. Jacobson, more- 
over, remarks that it would be interesting to prove these theorems without 
recourse to transfinite methods. 

It is the object of the present note to prove the theorem in its simplest form 
for a certain class of exponents z. In addition, in an attempt to construct a gen- 
eral method, several specific cases of the theorem are proved. 

Let » be an odd prime and suppose that in the binary expansion of p+1, 
precisely two ones occur. Set n= p+1. Thus x is of the form p-+-1, where p isa 
prime of the form 2*-+-2"—1. Examples of such primes are 5, 11, 17, 19, etc. 
in which case n= 6, 12, 18, 20, etc. The class includes in particular the Fermat 
primes by choosing m=1 and k=2". An interesting arithmetic question is 
whether the expression 2*+2"—1 represents infinitely many primes. Specifi- 
cally, we prove: 


THEOREM A. Let n be of the above form. If R 1s an arbitrary ring in which 
a" =a for every ain R, then Ris commutative. 


THEOREM B, If n=2, 3, 4, 5, 7, and a*=a for every ain R, then Rts commuta- 
tave. 


2. Some preliminary theorems. Proofs of these two theorems are rather 
different. We prove in this section some theorems which will be used in the en- 
suing proofs. Most of these are known and appear in one place or another 
but we gather them here for easy reference. 


THEOREM 2.1. In a ring R without nilpotent elements, an idempotent element 
lies in the center. 


Proof. Suppose that a*=a and let x be an arbitrary element of R, then 
(axa — ax)? = axa?xa — axa®x — axaxa + axax 
= axaxa — axax — axaxa + axax 


= 0. 


Since the ring was assumed to have no nilpotents, it follows that ax=axa, and 
then by symmetry that xa=axa, and so a commutes with every element of R 
and hence lies in the center. 


THEOREM 2.2. Let Z be the center of the ring R. If for every a in R, a?+a hes 
in the center Z, then Ris commutative. 


Proof. Let x and y be arbitrary elements of the ring. Then (x+y)?+ (#+y) 
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is in Z. Expanding and noting that both x?+ and y?+y¥ lie in the center, we 
see that xy-+-yx lies in Z. Hence 


a(ay + yx) = (ay + yax)ox 


or x*y = yx?, This implies that x? lies in the center and therefore x itself lies in the 
center. 


THEOREM 2.3. If a is an element of a ring R and n an integer such that a"=a, 
then for all integers m0, a™"-D+1 =a, Furthermore, if k and 1 are positive integers 
and k=1 (mod x—1), then a*=a’. 


Proof. Using induction on m, we get: 


We may assume that k2/. If l=1, R=1 (mod »—1) or R=m(n—1) +1 with 
m 20 so that a*=a=a'. So assume that R2/>1. Then kR-1=]—1 (mod n—1) 
and k—1—q(n—1)+(—1) with g20. Hence we have: 


qe = q*t-! qa == qeu&—-)t+(-1) — qi-lqatn—-1)+1 = ala = g. 


THEOREM 2.4. If every element of the ring R satisfies x"=x, then for any ele- 
ment a in R and any integer k, (k"—k)a=0. Thus R has finite characteristic. 


Proof. ka= (ka)" = ka" = ka. Hence (k"—k)a=0. 


THEOREM 2.5. If every element of the ring R satisfies x" =x, then the character- 
istic of Ris square free and is a divisor of the g.c.d. of k"—k, where k runs over all 
integers k. 


Proof. The second statement is clear from the previous theorem. Now let c 
be the characteristic of R and assume that R is not square free; then there is a 
prime p such that p? divides c. Taking R=p, we see that c| p"—p. Hence 
p?| b(p”"!—1) but this is clearly impossible. Thus c is square free. 


THEOREM 2.6. Let n=e,2"+ +--+ +6,, with e; equal 0 or 1 be the binary ex- 
pansion of the integer n. If exactly s of the e; are equal to 1, then there are precisely 
2° odd binomzal coefficients (f). 


Proof. The proof may be found in [2]; the theorem appears to be due to 
Kummer. 


3. Proof of Theorem A. We assume that n=p+1, where p is a prime and 
that the binary expansion of n has exactly two ones; moreover we assume that 
p is odd. We further suppose that for every element a in the ring R, we have 
a"=a. Since 7 is even, 


a=a= (—1)"a" = (—a)* = — a. 


Therefore 24=0 so that the ring has characteristic 2. Our object will be to 
prove that a?=a. We have 
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at+a? = (a+ a?) 


nN nN nN 
o + ( Jorn os +( Jarre ( ater ee bat 
1 ‘a n—? 


Let (,”,) and ()(r0) be odd and all other binomial coefficients (;)(k #0, 1) 
even—there are exactly 4 odd coefficients by the above theorem. Since a”=a, 
and a2"=a?, we conclude that a**+"=a?", i.e. a” =a" =a. Since r<(n/2), 2r<n, 
we have therefore found an integer k<n, such that a'=a. By Theorem 2.3, it 
follows that a”=a‘ if m=q (mod n—1). We now try to solve the congruence 


(2r —1)x + 1=2 (modn — 1), ie. 
(2r — 1)x =1 (mod p). 


ll 


Since 2r—1<p, (27—1, p) =1, and the congruence is solvable. 

Since a*=a, applying Theorem 2.3 we have: a@—Y*t1=q%, On the other 
hand, since a?” =a by applying Theorem 2.3 we have a@—)*t!=q, Hence a?=a, 
and the commutativity of R follows from Theorem 2.1 once we have verified 
that R contains no nonzero nilpotent elements. 

Suppose that x is nilpotent and that x'=0; then for t’ 27, x" =0. Choose m 
so that m(n—1)+1>24. Then x=x™@-)+1=0. Hence any nilpotent x in KR is 
zero. 


4, Some reduction theorems. 


THEOREM 4.1. Let R be a ring in which every element satisfies x" =x. Then there 
exist rings Ri,+ ++, Rm such that R=Rit--++Rna (+ denotes direct sum), 
where each R; has prime characterisitvc. 


Proof. By Theorem 2.5, R has square free characteristic c. Hence we can 


write C=q1°** dm, Where the q; are distinct primes. Then by a well-known 
theorem (cf. [3 | Theorem 29) R is a direct sum of rings Ri, - - - , R,» of character- 
istics g1, °° ° » Gm respectively. 


THEOREM 4.2. Let R be a ring in which every element satisfies x” =x and assume 
that R has prime characteristic q. Then q—1 divides n—1. 


Proof. Let t be a primitive root, mod g. Since by Theorem 2.5, q| k” —k for 
every integer k, we have {= (mod q) and hence é*-!=1 (mod q) since (#, q) = 1. 
Therefore, g—1|n—1. 


THEOREM 4.3. Let R be a ring of prime characteristic q and assume that every 
element of R satisfies x"=x and that n is minimal. Then n—1 1s not divisible by g. 


Proof. If q\n—1, let n»n—1=mq. Then if a is any element of R, (a*~1)¢ 
=q"-!=(ga)%, Therefore, (a*-!—a”)?=a"-!—a""1=0. But R contains no non- 
zero nilpotent elements; hence a*-!=a™ and we have: a™t!=a"=a. Further- 
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more, m+1<n since if m+1=n, m=n-—1 and gq=1. Now m was assumed 
minimal and so we have a contradiction if g|n—1. 
We will also need the following: 


TuEorEM 4.4 (cf. [3] Theorem 43.) If R has prime characteristic p, and every 
element of R satisfies x? =x, then R 1s commutative. 


5. Proof of Theorem B. By the theorems of the previous paragraph we need 
only consider rings R in which x*=x and with prime characteristic q with 
g—1|n—1, qin—1 and qn. 

(i) m=2. The theorem follows from Theorem 2.1. 

(ii) n=3. Then n—1=2 and q—1=1 or 2. Thus g=2 or 3, but 2|n—1=2, 
and 3=n. 

(iii) n=4. Then »—1=3 and gq—1=1 or 3. Thus g=2. Since (a-+a’)? 
=@?+at=a?+a, every element of the form a+a? is idempotent. Hence if a is 
in R, a+a? lies in the center by Theorem 2.1. Therefore, by Theorem 2.2, R is 
commutative. 

(iv) n=5. Then n—1=4 and g—1=1, 2 or 4. But q=2 divides n—1=4, 
and g=5=n. Thus we may assume that g=3. 

Let a be any element of R. Then we have: 


ata = (a+ a?) = a + 246+ a7 + a8 + 20° + a, 
from which it follows that 2a?-++-a’+a*+2a=0. Multiplying by a, we get: 
242+ a*+a+ 2a = 0. 
Now we add the last two equations and obtain 
4a? + 2a4 = 0. 


Hence a?=a‘4 and a?=a'=a. Thus R& has characteristic 3 and every element of R 
satisfies x8 =x. By Theorem 4.4, R is commutative. 

(v) n=6. This case follows from Theorem A. 

(vi) n=7. Then n—1=6. Thus g—1=1, 2, 3 or 6. But g=2 or 3 divides 
n—-1=6, and g=7=n. 

In conclusion we remark that the special methods employed in this paper 
may be used to prove the theorem for other values of but some new technique 
is needed to take care of all cases—for example, we could not prove the theorem 
for n=8 by use of any of the devices developed here. 
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THE NUMBER OF PLANTED PLANE TREES WITH 
A GIVEN PARTITION 


W. T. TUTTE, University of Waterloo, Ont., Canada 


1. Introduction. A tree is a connected finite graph containing no polygon. 
In this paper we consider only trees with at least two vertices. Such a tree is 
said to be planted when one monovalent vertex is specified as the root. If in 
addition one or more other monovalent vertices are specified as secondary 
roots we say the tree is doubly planted. (The valency of a vertex is the number of 
edges incident with it.) 

Let T be any planted or doubly planted tree. A proper vertex of T is any ver- 
tex which is not a root or a secondary roct. Let the number of proper vertices 
of T of valency m be v(m). Then the partition of T is the vector 


(1) V= (v(1), v(2), v(3), ss ). 


Formally V has infinitely many components, but only a finite number of them 
may be nonzero. 

A plane tree is a tree which is embedded in the Euclidean plane. Two 
planted or doubly planted plane trees are equivalent if and only if each can be 
transformed into the other by an orientation-preserving homeomorphism of the 
plane onto itself which maps root onto root and proper vertices onto proper 
vertices. For doubly planted plane trees this implies that secondary roots are 
mapped onto secondary roots. In what follows we do not distinguish between 
equivalent planted or doubly planted plane trees. We determine the number of 
planted plane trees having a given partition. 

A planted or doubly planted tree is k-coloured when to each of its proper 
vertices there is assigned a unique member of a given set of k colours, subject 
to the condition that no two adjacent vertices of the tree may have the same 
colour. 

Let T be any k-coloured planted or doubly planted plane tree. Let the k 


colours be enumerated as Ci, Co, - + - , C,. Then for each colour C; we can define 
a vector 
(2) Vi = (0:(1), 2:(2), 0:(3), ++ +) 


whose mth component v;(m) is the number of proper vertices of T of valency m 
and colour C;. We call V; the ith colour-partition of T. In this paper we consider 
the problem of finding the number of k-coloured planted plane trees with given 
colour-partitions, obtaining a complete solution only in the case k=2. 


2. Plane trees. We use the term “doubly planted plane tree” only in a re- 
stricted sense now to be explained. Let R be the root of a planted plane tree T, 
and let S be the vertex to which R is joined. If T is to be doubly planted we 
require that each secondary roct shall be distinct from S and shall be joined 
to S by an edge. The edges joining S to secondary roots must form a consecu- 
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tive block in the cyclic order of incident edges at S, and this block must occur 
immediately after the edge SR with respect to the positive sense of rotation 
about S. 

Let f(x) be a function having derivatives of all orders with respect to x, but 
otherwise arbitrary. With the vector V of (1) we associate the product 


oan fit a6} 


We note the law 
(V+ W) = x(V)r(W). 


Let g(V) denote the number of planted plane trees whose partition is V. 
Similarly let g(s, V) be the number of doubly planted plane trees with s second- 
ary roots and partition V. We write 


(4) Q= 2 a(V)x(¥), 
(5) Q(s) = a q(s, V)r(V). 


We shall use these expressions only as formal series, and no question of con- 
vergence or divergence need arise. 

Consider any planted or doubly planted plane tree T with root R. Let S be 
the vertex joined to R. It may happen that S is joined only to R and to second- 
ary roots. If so, the valency of S is s+1, where s is the number of secondary 
roots. 

In the remaining case let S.S’ be the edge immediately succeeding the block 
of edges joining S to secondary roots, or immediately succeeding SR if s=0, in 
the positive cyclic order of edges at S. We subdivide SS’ into two edges SR’ and 
R’S’. We can now regard J as the union of two plane trees having only the vertex 
R’ incommon. One of these trees, 7, say, has S’ asa vertex. We think of itasa 
planted plane tree with root R’. The second tree, 72 say, has S as a vertex. We 
regard it as a doubly planted plane tree with root R and s+1 secondary roots, 
the last of which is R’. The partition of T is the sum of the partitions of 7; and 
T>. 

On the other hand it is clear that any planted plane tree 7; can be combined 
with any doubly planted plane tree 7; having s+1 secondary roots, the root of 
T, being identified with the last secondary root of 72, to give a unique planted 
or doubly planted plane tree T. 

These results can be expressed as follows: 


1/d\* 
a0) = 006 + 1) += (=) s0, 
si\dx 
0 = 2011) +402). 
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The first of these equations holds for all positive integers s. Multiplying the first 
equation by Q*, summing over s, and adding the second equation, we obtain 


(ora) rn) 00 8 d r 
0+ D0) = Lee +z =(<) (a). 


To justify this as an equation between formal series we observe that each 
product of powers of f(x) and its derivatives can occur only a finite number of 
times on each side of the equation. We thus arrive at the functional equation 


Q = f(x + Q). 
Expanding Q by Lagrange’s formula we obtain 


o- Falla) rer] 


(6) et 
e- LaG) ro 
For any vector V=(v(1), v(2), v(3), - + + ) we write 
MV) = Lom), u(V) = Do molm). 


Let 7(V) be the coefficient of [[7_, { (d/dx)™-¥f (x) } > in Q. Then by (3) 
we have 


g(V) = r(V) TT {Gm — 1) fe. 
m=] 
By (6) r(V) =0 unless there is an integer m such that 


n—-1= > (m — 1)v(m) = n(V) — AV), 


oe 


n= >. 0(m) = X(V). 


m=1 
Such an integer exists if and only if 
(7) u(V) = 2X(V) — 1. 


This result merely reflects the elementary property of a tree that the number 
of vertices, counting roots, exceeds the number of edges by 1. For if V is a par- 
tition of a planted tree, the number of vertices is A(V)-+1, and the number of 
edges is $(u(V) +1). 

Suppose V satisfies (7). Then by (6) r(V) is the coefficient of 


TG) 1} sale) moh 
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that is 
1 (A(V) — 1)! \(V)! 


en ee 


We deduce that 


(A(V) — 1)! 
8 V) = 4+ 


if V satisfies (7), and g(V) =0 otherwise. 


3. Coloured trees. Let JT be any k-coloured planted or doubly planted plane 
tree. If the colour of the vertex joined to the root is C; we say that T has basic 
colour C;. 

We retain the arbitrary function f, but instead of x we use k independent 
variables x1, x2, - + -, xx. Instead of (3) we write 


Let gi(Vi, Vo,---+, Vi) denote the number of k-coloured planted plane 
trees of basic colour C; and with colour-partitions Vi, Ve, - - +, Vx. Similarly let 
gi(s; Vi, Ve, - ++, Ve) be the number of doubly planted k-coloured plane trees 
with s secondary roots, with basic colour C;, and with the same colour-partitions. 
We write 


(10) Q: _ 2 qi(Vi, me ty Vi) IT a(V;), 
(11) Q:(s) = y ae qi(s; Vi, mn Ny Vi) II a(Vj), 
(12) J= 20: 


t=1 


We now make use of the decomposition of a planted or doubly planted plane 
tree 7 into two simpler ones, 7; and 7», as explained in Section 2. We now take 
the trees to be k-coloured, JT having basic colour C;. Then 72 has basic colour 
C; and T; can have any basic colour other than C;. We are led to the following 
equations: 


1 0 \é 
Q.(s) = J — Q)QXs + 1) + (=) 100, 
S53 Ox; 
0; = J — Q,)0,(1) +f). 


The first of these is valid for any positive integer s. 
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From these equations, by the same process of summation as is used in Sec- 
tion 2, we obtain the functional equations 


(13) QO; = f(a +J — Qi), 15718. 


We solve these equations in the simplest non-trivial case k= 2. Undoubtedly 
they could be solved for higher values of k by using the extension of Lagrange’s 
formula to k variables, [1]. 

In the case k=2 we have 


(14) Or =f(%1 + Q2), Oz = f(%2 + Q:). 
Hence 


Os = flex + flare +O») 
- > = (EY re + fla + o) | 


(15) = > : ~(=)" re + f(*2)) 


SF Lays Pda, 
7 Xu “(sn) y p} (=~ \s (A); 


Q1= > > — (= ° =)’ ten (— =)" pin) 


nai p=l nip! 


We write 


MVi) = x viim), pwVi) = 3 mom). 


m=1 m=1 


Let r(Vi, V2) be the coefficient of 
we) FA) m—1 vi(m) O m—1 ve (m) 
f(A)" peak” {(—)" seo 
m=1 \\OX1 OX2 
in Q,. Then by (9) we have 
q(Vi, V2) = 1(Vi, Vo) TT {(m — 1) rote, 
m=1 
By (15) r(Vi, Vz) =0 unless there are integers and p such that 


p= > (m — 1)v1(m) = w(Vi) — (V3), 


m=] 


n= Dum) = V2), 
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n-1= > (m — 1)v2(m) = w(V2) — A(V2), 


m=1 


eo 


pb = >) v(m) = d(V2). 


m==1 
Such integers exist if and only if 
(16) u(Vi) = AVi) + (V2) = w(V2) + 1, 


a pair of equations which expresses some elementary properties of a 2-coloured 
planted tree with basic colour C4. 
Suppose V; and Vz satisfy (16). Then, by (15), r(Vi, Ve) is the coefficient of 


BCL) my (Les) 


In 

I xa) a \pW)-1 

svar nai ae) prog) () pron), 
Hence 
MWA) Vy)! (A(Vi) — 1)! 
r(Vi, Ve) = Tl {mm — 1am x Il ccnp x Tiw-pye~ 
x! Oy 
IT (o2(m)!) (Wi)! ACV) 
We deduce that 

(17) alV;, Vs) = (A(Vi) — 1)! (V2)! 


LI (itm) TT (o2@m)!) 
if Vi and Vz satisfy (16), and gqi(Vi, V2) =O otherwise. 
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A GENERALIZATION OF THE INTEGRAL OF THE 
CIRCULAR COVERAGE FUNCTION 


WILLIAM C. GUENTHER, University of Wyoming 


1. Introduction. Let X =(x1,---, xn) be the center of a sphere S; of radius 
R in an n-dimensional coordinate system. Assume that X has an n-dimensional 
standard normal distribution so that its probability density function is 


1 m9 \ 
f(41, °° ° ,%,) = ——— ex — x,/2¢ . 
(iy) = emp y= Da 
Let X’=(x/,---,x,) be a randomly selected point inside of or on a sphere S» 
of radius D centered at the origin. That is, X’ is uniformly distributed within or 
on S2 and has for its p.d.f. 


1 
Bry ++ tn) = d af? S D’, 


where V is the volume within S:. We seek the probability that the sphere Si will 
contain X’ and will show that it is expressible in terms of integrals of the non- 
central chi-square distribution. 

The result lends itself to several interpretations. First, summarizing the 
previous paragraph, it may be regarded as the probability that a sphere S; of 
radius R, whose center has an -dimensional standard normal distribution, will 
contain a point which is distributed uniformly inside of or on a sphere S» of 
radius D centered at the origin. Secondly, it is the probability that a sphere S; 
of radius R contains a randomly selected point in a sphere S: of radius D after 
S; reaches its destination if the center of S; is thrown at the center of S: and the 
point at which the center of S; comes to rest is spherically normally distributed. 
Finally, it may be interpreted as the expected fraction of a sphere S: of radius 
D lying within a sphere S; of radius R when S; reaches its destination if the 
center of S; is thrown at the center of Sz: and the point at which the center of Si 
comes to rest is spherically normally distributed. 


2. Evaluation of the probability. Given that the randomly selected point has 
assumed a position X’, the probability that it is contained in Sj is 


(1) O(al,- ++, %/) -{ wae ic ++) ay) day + + + btn. 


>, (%:— 24)? S R? 


t=1 


The probability that S; covers X’ regardless of the position it chooses is 


(2) Pal D) -{ cee fo ocet, +++ 2 < ans -° + dx, . 


Sn; 2 < D? 


t=] 
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The multiple integral Q(«/, - --, x,) can be considerably simplified. If we 
let y;=x;—x/, then (1) becomes 


@) Oey --s0)= foo f soem {- Dove anythan ay, 


(27)*!? rar 
DY viSR 
t==1 
But (3) is Pr[ 30, 9? SR?]=Pr[W?SR?], where W? has a noncentral chi- 
square distribution with n degrees of freedom and noncentrality parameter 
r= > 2, x!?, It is well known that the p.d.f. of W? is: 


1 W (n—2)/2 W2 +- v2 
h(W?;n, r*) = > —) exp ,— , LT tn—2) ;2(W7), 


od 


where J;,(x) is the modified Bessel function of the first kind of order k. Thus (3) 
can be written 


R? 
(4) O(al,- ++, 4%) = h(W?; n, r?)dW? = H(R?; 2, 1°). 
0 
We can now rewrite (2) as 
1 
(5) Po(R, D) = Jove f WR mrt) = det + da, 
> xi? D? 
t= 
where 
ar !2 Pn 


CH) 
T 
2 
To simplify (5) change to spherical coordinates. Thus 


x1 =rcos, 


r sin 6, cos 02, 


2 
es 
I 


X71 = r sin 0, - + + sin 0,2 COS On-1, 


Xn, =yrsin6,°--sin 6,2 sin O,-1, 


w 
| 


= 77—1(sin 0,)"—2(sin 02)"—8 - + » sin 0,2, 
so that 


D pri? r/2 | 7 | 
P,(R, D) = 2° J J tee J H(R?; n, 7?) d0,--° + d0,—1dr. 
0 0 0 V 
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Integrating out the 6,’s yields 


Dn 


(6) P,(R, D) = | “HR? m, r?) dr. 


Next integrate (6) by parts with 


nr? 
dy = D dr, “u = H(R*; n, r?). 


We need 


dH n — 2 i_ 1 “rr { mer wraw 
— = —|{— exp 4 — n— r 
dr 2 0 2\r P 2 oat 


R? 4 /W\ (-2)/2 W2+Pr 
— rH(R?;n, 77) + J ~(-) exp - \ T @t—2) 2(Wr) WdW? 
0 


Y 2 
ia 1 /W\ @-»!/2 
dy (>) 


W+ryT 1-2 Wr, 
(7) --exp \- , \| oy I (n—2y;20Wr) + —T-nlW9) | dw? 


— rH(R?; n, 1?) 


R? 1 /W (n—2) /2 W2 + gy 
— i) — (-) exp \- , \ Tnj2( Wr) W dW? — vrH(R?;n, 17). 
0 


2\7r 


In the first term of (7) let 


Wetry 1 We 
dy = exp ‘an dw ’ “= > (m2) 12 Tnj2(Wr). 


dH Re? 


dy = — p(n—2) 12 Injo( Rr) exp - 


R? + ot 
9 ° 


From the first integration by parts we get 


n/[2 D R2 + v2 
P,(R, D) = H(R?;n, D*) + D i) y(nt2)/2 exn - , \ rasa(Ri)ar 
mJ 9 


Use parts integration once more with 


R?2 +- y2 Rr/2 
dy = rexp \ “3 ar, “= —, yl? T, 72( Rr) 


and this leads to 
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R? + D? 


R n/2 
P,,(R, D) = H(R®;n, D®) — (=) exp \~ ; 


\ Tyia(RD) 
(8) aye 
+ (5) H(D*; n, R2). 


Germond [3 | obtained this result for the case = 2 and has prepared a table. 
When n=3 (8) reduces to 


R3 
P(R, D) = $(D + R) — (D — BR) + [6(D + R) — ¢(R — D)] 


+ D?\/2n | (D — RD+ R?* — 1) exp {Oa 
— (D? + RD + R? — 1) exp {ot} 


a result found in [4] where an abbreviated table is presented. Here 


x 1 2 
(x) -{ a/2m exp st dx. 


3. A useful recursion formula. If we integrate (4) by parts letting 


1 W2 + v2 W (n—2) /2 
dy = z exp \- , aw, “= (—) T in—2) 12° Wr) 
r 


then 


" — 2 W(n-6)/2 


1) pwn I (x2) ;2( Wr) 


W (n—2) /2 y 
(A) Stn) + Tenattralh ame 


Y 


n— 2 
Inp(Wr) = Ion—ayp2(Wr) — ss I (n—2) 12(W7) 


1 /W\ &-4 12 
du = (=) LT n—4 2, Wr)dW?. 
r 


Hence (4) becomes for “> 2 


R 


(n—2) /2 R2 + r 
(9) H(R?;n, 7?) = H(R?;n — 2,77) —(— exp - 
r 


\ T n—2) 2( Rr). 
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Although the recursive relationship is not well known, it has been observed by 
Quenouille [12]. 
Applying (9) to (8) yields 


R n 
(10) P,(R, D) = H(R?;" + 2, D?) + (=) H(D?; n, R?). 


4, Numerical evaluation. To use (9) to evaluate (10) we need A(R?; n, D?) 
for n=1 and n=2. If n=1, then 


H(R?; 1, D?) = o(D + R) — o(D — R) 


which can be computed from numerous tables. For example in [9] the integral 


f exp {12/2} dt 
2 V2" 


is given to fifteen decimal places for 


* = 0(.0001)1(.001)7.800 (various) 8.285, 


Two extensive tables are available for the case n= 2. The Bell Aircraft Corpora- 
tion [2] has tabulated H(R?; 2, D) to five decimal places for R=0.01(0.01)4.59, 
D=0.00(0.01)3.00. Marcum [7] has tabulated 1—H(R?; 2, D*) to six decimal 
places for R=0.10(0.10)20.0 over values of D by intervals of .05 as are necessary 
to cover the range H(R?; 2, D*?)=0 to H(R?; 2, D?)=1. The most extensive 
table of the noncentral chi-square is apparently the one prepared by Haynam 
and Leone [5]. Their table gives H(R?; n,D*) to five decimal places for all 
combinations of values 


D? = 0(0.1)1.0(0.2)3.0(0.5)5.0(1.0)34.0 
n = 1(1)30(2)50(5)100 
R? = 0,01(0.01)0.1(0.1)1.0(0.2)3.0(.5)10.0(1.0)30.0(2)50.0(5)165. 


Unfortunately this latter table is not readily available. 

Several good approximations for the noncentral chi-square distribution are 
available in the literature [1], [6], [10], [11]. Using the Pearson result on (10) 
we have 


R\2 


where 
_ R? + [D*/(n + 2 + 3D*)| _ D? + [R4/(n + 3R?)] 
+ (n+ 2+3D)/(n +24 2D%_ * (n+ 3R2)/(n + 2R2)” 
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and wi and w; are distributed as central chi-square with fractional degrees of free- 
dom 


[nw + 2 + 2D?]3 [n + 2R?]3 
yf = ——____—._ and »f = ——_—____ 
[un + 2 + 3D?|? [x + 3R?]? 
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ON n+2 POINTS IN 7-DIMENSIONAL SPACE 
O. Borrema, Delft, Netherlands 


N. Altshiller Court has recently [1] proved the following theorem: Given 
five points in space, tf for each of them we construct the harmonic plane with respect 
to the tetrahedron determined by the remaining four, the five planes thus obtained 
are such that any four of them form a telrahedron perspective to the tetrahedron 
determined by ther four corresponding points. The center and plane of perspectivity 
are in each case the remaining point and the remaining plane. The constants of the 
five perspectivities considered are equal, their common numerical value being 5. 

At the end of the paper it is said that the proposition may, presumably, hold 
for n+2 points in an 2-dimensional space. In what follows we give a proof of 
this conjecture. 

If in n-dimensional space S, a point P has the m=n-+1 homogeneous projec- 
tive coordinates, a; (4=1- +--+ m) with respect to the coordinate simplex T then 
it is well known that the harmonic (m—1)-space of P with respect to T has the 
equation 


m 
> az an; = QO. 
1 


Now consider +2 points of S, in general position; take m of them 
A, As, +++, Am as the vertices of a coordinate simplex and the remaining one, 
Ao, as the unit point. Thus for 4; @=1,---,m) we have x;=1, x;=0 (#12) 
and for Ao: x;=1 for all j. For a fixed value of k we introduce the transformation 
of coordinates 


(1) Ve = Xk, Vi = Xi — XE, (1 # R). 


Then for A; (40, 7k) all the new coordinates y are equal to the old coordinates 
x; for Ay we have y,=1, y:=0 (¢¥k) and for Az: yx =1, yi= —1 @¥kR). Therefore 
the m points A; (4k) are the vertices of the coordinate simplex for the y- 
coordinates, from which it follows that the harmonic space V; of A; with respect 
to this simplex has the equation 
— y+ Dv = 0, 
tk 
which means that the equation of this space in the x-coordinates reads 


m 


(2) Dd, ti = (m+ 1) ay. 


s=1 


284 
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We now take successively R=1, 2, +--+, m, that is, we construct the har- 
monic space V; of each point A; (k+0) with respect to the simplex determined 
by the remaining points A. There are m such spaces; the vertex B, of the simplex 


formed by them is the point of intersection of Vi, Vo, -- +, Vea, Views, > °°, Vine 
From (2) it follows that we have for the coordinates of B;: 
(3) x, = 1 (4 7 k), x, = 2, 


It is now immediately seen that the line ],=A Az, which has the equations 
(4) t= 1 # &), vw, = 1+), 


where A is a parameter (A=0 for A;, \= © for Ao) passes through By, the cor- 
responding parameter value being \=1. Moreover, the harmonic space Vo of Ao 
with respect to the simplex 4; - - - A,, has the equation >.” x;=0 and the inter- 
section C;, of , and Vo is therefore given by \=~—1/m. Hence, the biratio 
(AoC,A;B;) has the constant value m+1=n-+2. Therefore: 

Given n+2 points in n-dimensional space, tf for each of them we construct the 
harmonic (n—1)-space, with respect to the simplex determined by the remaining 
points, the n-+2 spaces thus obtained are such that any n-+-1 of them form a sumplex 
perspective to the simplex determined by their corresponding points. The center and 
space of perspectivity are in each case the remaining point and the remaining space. 
The common value of the perspectivity constants 1s n+2. 


Reference 
1. N. Altshiller Court, Five points in three space, this MONTHLY, 69 (1962) 614-617. 


ON A THEOREM OF MANN 
WiLLt1AM A. McWorter, Ohio State University 


In [1] Mann, using surprisingly elementary methods, proved the famed a+8 
theorem for which he received the Cole Prize for Number Theory. In [2] he 
applied his methods to abelian groups. His paper contains, curiously, only one 
result on nonabelian groups; namely, 


THEOREM. Lei G be a group (written multiplicatively) and let A and B be two 
subsets of G such that 
(*) not every element of G has the form ab, with ain A and b in B. Then 


(1) (G) 2 (A) + (B), 
where (X) ts the cardinal of the set X. 


The purpose of this note is to generalize this theorem to arbitrary quasi- 
groups. 

A quasigroup Q(-) is a nonempty set Q on which a binary operation 1s 
defined such that the equations a-x=b and y-a=b are uniquely solvable for x 
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and y, for all a and 0b in Q. In case Q is finite, we can form the multiplication 
table M of O by placing the product x-y in the xth row and yth column of 
M (x and y in Q). The fact that the equations a-x=b and y-a=b are uniquely 
solvable for all a and b in Q implies that MV is a latin square. 

We may now proceed to prove the theorem for quasigroups. 

If O is an infinite quasigroup, (1) is obvious. Hence we assume that Q is a 
finite quasigroup containing two subsets A and B satisfying (*). We may re- 
arrange the rows of M so that the first (A) rows of M have entries consisting of 
all right multiples of elements of A, and then rearrange the columns of M so that 
the first (B) columns consist of all left multiples of elements of B. Thus, M will 
have the form 


where C is an (A) by (B) submatrix of M. Hence the entries of C consist pre- 
cisely of the elements of the form a-b, with a in A and 0 in B. Now, let N(x) be 
the number of times that the element x in Q appears in C. Since x appears (A) 
times in C and X together, x appears (A) — N(x) times in X. But x appears 
(Q) —(B) times in X and Y together. Hence x appears (Q) —(B) —[(A) — M(x) | 
times in Y. Certainly the number of times that x appears in Y is not negative, so 
we must have 


(Q) — (A) — (B) + Ne) 2 9, for all x in Q. 


Now, since A and B satisfy (*), N(«) =0 for some x in Q. Hence (1) now fol- 
lows. 


References 


1. H. B. Mann, On the fundamental theorem on sums of sets of positive integers, Ann. of 
Math., Ser. 2, 43 (1942) 523-527. 
2. , On products of sets of group elements, Canad. J. Math., 4 (1952) 64-66. 


ANOTHER PROOF OF LAGRANGE’S FOUR SQUARE THEOREM 
Joun D. Dixon, California Institute of Technology 


The famous theorem that every positive integer can be written as the sum 
of four squares has had many different proofs (for example, see [1] pp. 275-303). 
One of the simplest and most beautiful of these proofs (and the one which ap- 
pears in most recent elementary textbooks on number theory) is the one given 
in [2; Theorem 169]. The principal common element of all these proofs is that 
they use the identity of Euler on the products of sums of four squares, and that 
the arguments used are combinatorial. The present proof differs in both these 
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respects, and uses an argument (Lemma 2) which is a form of diophantine ap- 
proximation. 


THEOREM. Every integer n>0 can be written 


2 2 2 2 
N= XX  X3 + Xe 
as the sum of four square integers. 
Note. It is clearly sufficient to prove the theorem in the case that no square 
integer >1 divides x. Therefore, in the following we assume that z is squaretree 


(and also greater than 1). 
The proof of the theorem rests on two lemmas. 


Lemna 1. For all squarefree integers n>1, there exist integers x, y such that 
(1) x? + y? + 1 =0 (mod x). 
Note. This assertion may be false if is not squarefree; for example, if n=4. 


Proof. We use induction on the number of prime divisors of n. If 1 is a prime 
b, then the [p/2|+1 numbers x?, 0S$x</2 are all incongruent (mod #) since, 
if O<x<z<p/2 then p}(x—z)(x+z) =x?—2?. Similarly the [p/2]+1 numbers 
—1—y? are all incongruent (mod p) for OSySp/2. Since these two sets to- 
gether contain 2[p/2]+2>p numbers, two numbers must be congruent and 
some x?= —1—~y? (mod p) as required. 

If w is not prime, then n= mz with 1 <1, m.<n. Therefore by the inductive 
hypothesis 


t:+y+1=0 (mod 7;) (i = 1, 2). 


Since is squarefree, m; and me are relatively prime and so for some integers 
M1, M2. we have 1m+nm,=1. Taking 


X= NyMyX. + NymM2%1, yY = NyM1y2 + NYM2Y1, 


we get x?-+-y?+1=0 (mod mz), which proves the lemma. 
If x, y are chosen as in (1) then we note that for any integers s, t 


(2) (xs + yt)? + (at — ys)? + 5? + 2 = (s? + #) (a? + y? + 1) = 0 (mod x). 
From this we shall prove 
Lemma 2. There exist integers y; such that yitye+y3+y4=n or 2n. 


Proof. The average density of integer lattice points (s, ¢) in the plane is 1 
per unit area. Therefore, there exists in the (s, ¢)-plane some circle @, of radius 
4/n/3 and area rn/3>n, which contains more than x lattice points. 

Now consider the set $ of all integral lattice points (a, b) such that 


(3) a=ux4s-+ yt, b = xt — ys (mod n) 
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for some (s, ¢)€@@, where account is taken of the number of (s, £) which give 
rise to a given (a, b). Since there are more than n points in ©, the average density 
of the points of $ in the (a, b)-plane is >”-1/n?=1/n. Therefore, there exists in 
the (a, b)-plane a circle @’ of radius ./n/3 and area rn/3>n which contains 
more than 1/n-n=1 point. 

Thus for some two points (s, #), (s’, ’)€@, there are two corresponding 
points (a, b), (a’, b’‘)E e’. Write 


W=s_—s’, yo =t—-, ¥g3=a-—a, yn =b-—0' 


and note that ys=xyi+yye, ¥4=xve—yy1 (mod 7) from (3). Since the circles © 
and @’ are each of diameter 2+/n/3, we have 


2 2 n\? 4. 
0< 9+ 995 (2 “)=sn 


2 2 
OS ys + v4 


IA 
oo | 
AS 


Hence 


2 2 2 2 
0 < yi t+ yo t+ v3 + ys S 8/3n < 3n 


and 0=y?+y+y3+y% (mod n) from (2). The lemma follows. 
Proof of the theorem. The proof of the theorem for the case 2 follows immedi- 
ately from Lemma 2 unless 


2 2 2 2 
yi + Yo Vs + ys = Qn. 


In this case the y; must be congruent (mod 2) in pairs. Suppose y1=ye, 
¥3=4 (mod 2). Then 


v1 V2 \? (5) (24) (=>) 2n 
( 2 ) + 2 + 2 + 2 2 


where the terms on the left are all integers. 


I 
| 
T 

S 
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1. L. 

2. E. 
ON THE CASUS IRREDUCIBILIS 

Henry B. Mann, Ohio State University 


The theorem on the casus irreducibilis is usually formulated (see [1] and 
[2]) in terms of irreducible cubic equations over a real number field. In this 
formulation it does not tell us anything about the solutions of cubic equations 
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over the field of all real numbers since there are no irreducible cubics over this 
field. More generally, the usual formulation does not make any statement about 
formulae for the solution of cubic equations valid over any field. The following 
formulation fills this gap. 


THEOREM. Let F be any field whose characteristic is different from 2 or 3. Let 
(1) f(%) = #8 + ayn? + aox + as, a;C FP, 


be irreducible in F. Let D be the discriminant of f and a one of its roots. If F’ is a 
field obtained from F by successive adjunction of irreducible radicals and if a€ F’ 
then F'(«/D) contains a primitive cube root of unity. 


The proof is completely analogous to that given in [1] or [2], the main 
point being that the Galois group of f over F(./D) is the alternating group on 
three letters. The details may be left to the reader. 

If Fis any field we may always adjoin indeterminates a1, de, ad; and consider 
(1) as a (necessarily irreducible) polynomial over F(a1, a2, a3). The theorem then 
asserts: If there is an expression for the root a of f(x) in terms of a succession 
of irreducible radicals 61, - - - , 8; over F(ai, a2, a3) then the cube roots of unity 
can be expressed in terms of 61, ---, 6, and WD. 

The restriction that the characteristic be different from 3 is obviously neces- 
sary, otherwise there are no primitive cube roots of unity. For characteristic 2 
we have “DEF. Let F be the field of rational functions modulo 2; then F(/x) 
= F(/D, ~/x) does not contain the cube roots of unity. 

If in the theorem, however, we replace »/D by 


2 2 2 
0 = aya + aca + agar, 


where ai, a2, a3 are the roots of (1), then the theorem and its proof will be valid 
also for the case of characteristic 2. If in (1) we havea:=0, as may always be 
assumed, then 0= $(./D-+3as)if the characteristic of F is distinct from 2, and 


6 + 0:0 + a, +43 = 


if F has characteristic 2. 
The solution of (1) can easily be given in terms of 9. The Lagrange resolvent 
if d;=0 becomes 


(p, a1) = W/{ (9p? — 9)as + 3(p — *)6}, 
where p is a primitive cube root of unity. For characteristic 2 this reduces to 
(p, a1) = ~/{6 + pas}. 


The solutions of (1) can be expressed by (p, ai) and (p?, a1) in the usual manner 
where (p, a1)(p?, a1) = —3p (=> if the characteristic is 2). 
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ON ASSIGNING AN ARBITRARY LIMIT TO A LINEARLY INDEPENDENT 
SEQUENCE OF VECTORS 


DETLEF LAUGWITz, Technische Hochschule, Darmstadt, Germany 


It is well known that in a finite dimensional vector space a sequence (x,) con- 
verges to a limit xo in a certain norm if and only if it has the same limit xo ac- 
cording to every other norm. It seems to be unknown that in an infinite dimen- 
sional space a sequence may be made convergent to an arbitrary limit by choice 
of a suitable norm, if only the sequence has a not very restricting property. 
See, for example, problem No. 132 of Nieuwe opgaven, Nieuw Archief voor 
Wiskunde, 1962, p. 3, which is posed as follows by N. G. de Bruijn and G. W. 
Veltkamp: Show by a counter-example that the following theorem is not true: 
Let || ||, and || ||2 be different norms in a linear space M. If a sequence x1, x2, + °° 
converges in both norms then the limits are equal. 

Before giving the general result, let us consider an instructive example. Let 
P be the space of ail real polynomials, x(¢)=a@o+a i+ --+- +a,/", and define 


llallw = | do a;| + 2 | a;|/(j + 1). 


The relations ||x+y|w<llx|[v-+llyllv, |la-xl]=|e]-[|x|[v, and ||x|[v20 are 
easily verified. It remains to show that ||x|| 7 =0 only if the polynomial « vanishes 
identically; ||x|| 7 =0 implies 


(A) | dX a| =0 
and 
(B) do | asl /G + 1) =0. 


Equation (B) yields a;=0 for 74N, hence ay=0 by (A). Thus Eales is a norm. 
I shall prove that the sequence x,=é" converges to #%, if the norm of P is 
defined by ||x|| x. In fact, 


1 
n+1 


|" — oly = 
which tends to 0 for no. 

Now let LZ be a real or complex vector space. A set ECL is called linearly 
independent, if every finite subset of £ is linearly independent. A subset £ is 
called infinite dimensional, if it is not contained in a finite dimensional subspace. 
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The following theorem will generalize our example. Moreover, the norm yielding 
the result is not pathological: it may be chosen as an inner product norm. 


THEOREM. Let (xn) (n=0, 1, 2,- +--+) be a linearly independent sequence of a 
(necessarily infinite dimensional) vector space L. Then there exists an inner product 
norm of L such that (xn) (n=1, 2, 3, +++) converges to xo in this norm. 

Proof. The vectors Yn=%n—%Xo9 (n=1, 2, 3,---) form a linearly independent 


sequence. Let M be the linear hull of the set H= { Vn } , such that yE© M admits of 
a unique representation y= > )"_; @n¥n, with a@,=0 for almost all x. Define in M 


loll = (5 Losleynt) 


By a routine procedure, this may be extended to an inner product norm for 
the whole of LZ. The proposition follows from the relations 


|e. — aol] = [lpnl] = 1/n. 


COROLLARY 1. Let E be an infinite dimensional subset of L. Then, for an arbi- 
trary xoEL, there exist a sequence x,CE, n=1, 2, 3,---+, and an inner product 
norm of L such that x, converges to x9 according to this norm. 


Proof. Since FE is infinite dimensional, a linearly independent sequence 
Yn=Xn—Xo, XCEL, n=1, 2,---, will exist. Apply the former reasoning. 


Example. In the space of all real functions x(t), — 0 <t<-+ 0, the sequence 
x,(t) =i" may be made convergent to an arbitrary (not necessarily continuous) 
function by the choice of a suitable inner product norm. 

Since the limit of a finite dimensional sequence (if it exists) is uniquely 
determined, the results give rise to a number of characterizations of infinite 
dimensionality; one of them is: 


COROLLARY 2. A subset of a vector space L is infinite dimensional if and only 
af ut contains a sequence which converges to different limits according to two suitably 
chosen norms of L. 


A NOTE ON THE GENERALIZED WILSON’S THEOREM 


L. Caruitz, Duke University 


1. Let P,, denote the product of the integers <m and prime to p, where p 
is a fixed prime. The writer has proved [1] that if p"|m,r21, and p>3 then 
P, satisfies the congruence 


(1) Pm = ((p — 1)!)”/? (mod pr’). 
It is evident from Pap= | [7_, [[22! (2b—2&) that 
n (hp—i1 

(2) Pup = (= "TT ("PP ), 
rmi\p—l 
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A CONVERGENCE CRITERION FOR POSITIVE SERIES 


Jack P, Tut, University of Adelaide, Australia, and Ohio State University; 
Davip REARIcK, University of Colorado 


Consider a sequence of positive terms a, tending to zero, and for any positive 
x let N(x) denote the number of terms a, 2x. One of the authors proposed the 
problem (E1552, this MONTHLY, vol. 69, no. 10, 1962, p. 1008) of showing that 
if >)”, a, converges, then xN(x)—>0 as x0. This latter condition is not suffi- 
cient to ensure the convergence of >)”. @,. For example, taking a, to be the 
reciprocal of the mth prime, we have N(x) =7(1/x), and x«N(x) =a(1/x)/1/x—0 
as x—>0 whereas the series diverges. The following theorem gives a necessary 
and sufficient condition for the convergence of > ., a, in terms of the function 
N(x). 


THEOREM. >_”., dn converges if and only if Jo N(x)dx converges, and in the 
event of convergence we have 


(1) > an = wees. 


The integral is improper at the lower limit only, for if b is any number larger 
than the largest of the an, then N(x) =0 for x =D. For any e>0, let Ace= Dapze One 
As e-0, A, converges to a finite limit A if and only if >)", a, converges to A. 
We can form the Stieltjes integral of x with respect to — N(x) on [e, b], and in 
fact, 


b 
A. = f xd(—N(x)). 
Integration by parts yields 
b 
A.= J N(x)dx + eN(e). 


If >o°.,a, converges to A, then A.A and eN(e)—0 as e—0 (the latter by 
problem E 1552), and consequently {?N(«)dx—>A. On the other hand, if }5*., an 
diverges, then A.>-+ 0 as e—0, and 


[ xea = A.—&N(e.) = 5 (a, — ©) 


Onze 

= > (dn — €) 
Q,= 2€ 

= > (Gn —_ 34n) = 4Agne a> + eo, 
Gn = 2€ 


This theorem is occasionally of use as a convergence test. For example, we 
may use it to show the divergence of >)... r(k)/k log k, where r(&) is the number 
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of representations of k as a sum of two squares, k=m?-+n?. Consider the equiv- 
alent double series 

to 00 1 
@) Z 2) (m? + n?) log (m? + n?) 

m+n? 0 
The general term of the series (2) is greater than x if the lattice point (m, 7) lies 
inside a circle of radius (x log 1/x)—/? about the origin, and hence N(x) is not 
less than the number of such lattice points, which is m(x log 1/x)~! 
+O((x log 1/x)~/*). Therefore ff N(x)dx diverges, and consequently so do the 
series (2) and the original series. 

The identity (1) provides an integral representation for functions expressed 
as series. For instance, if s is real and greater than 1 we may put a,=1/n'. 
Then N(x) = [x-/*], and we obtain for the Riemann zeta function, 

ee) 1 
6) = fo [ete]ae= = - ff }as, 
0 0 


s—1 


where brackets denote fractional part. Upon setting «=y~*, this becomes the 


known formula 
s = {ty} 
re)=— nsf yet dy, 


which makes sense for complex s+#1 with positive real part and hence serves 
as an analytic continuation of ¢(s) to the right half plane. 


A BIBLIOGRAPHICAL NOTE 
NATHAN ALTSHILLER Court, University of Oklahoma 


In his recent note (this Montuty, March, 1963, Vol. 70, pp. 294-298) 
G. D. Chakerian quoted “a well-known result of H. A. Schwarz” (1843-1921) 
that of all triangles inscribed in an acute-angled triangle the pedal triangle 
(of the orthocenter) is the unique one having minimal perimeter. 

The renowned analyst provided an ingenious and most elegant geometrical 
proof of that proposition. But the property itself is of a much older vintage. 
In the Acta Eruditorum, 1775, p. 297, J. F. de Fuschis a Fagnano, stated the 
proposition and proved it using differential calculus. 

Schwarz’s proof of Fagnano’s theorem, together with four other such proofs, 
and a goodly number of bibliographical references regarding that theorem, may 
be found in Scripta Mathematica, Vol. 17, 1951, pp. 147-150 and Vol. 18, 1952, 
pp. 95-96. 


CORRECTION 


In the paper by N. A. Khan entitled “The Characteristic of a Ring,” this 
Monrtaty, 70 (1963) 736, the inequality 0<f<e on p. 736, 1.16, should read 
Osf<e. 


CLASSROOM NOTES 
EDITED BY GERTRUDE EHRLICH, University of Maryland 


This department welcomes brief expository articles on problems and topics closely related 
to classroom experience in courses that are normally available to undergraduate students, from 
the freshman year through early graduate work. Items of interest to teachers, such as pedagogt- 
cal tactics, course improvement, new proofs and counterexamples, and fresh viewpoints in 
general, are invited. All material should be sent to Gertrude Ehrlich, Mathematics Department, 
University of Maryland, College Park, Md. 


A NOTE ON EXPONENTS (MOD 27’) 


L. Cariitz, Duke University 


1. It is familiar that if r23, then the number 5 belongs to the exponent 
2’-2 (mod 27). It is perhaps not quite so familiar how to specify the exponent 
to which a given odd number belongs. The following theorem answers this ques- 
tion for numbers of the form 4n-+1. 


THEOREM 1. Let a=1 (mod 4) and let 2° be the highest power of 2 dividing 
a—1, so that s2=2. Then tf r=3, a belongs to the exponent 2'-* (mod 2°). 


The proof is simple. Put a=1+2%mp (2]{mo). Then we have 


(1) a? = 14 2m; (24 mj) 
for j7=0, 1, 2, ---. Indeed, assuming the truth of (1) for the value 7, we have 
gt = (1 + et)? = 1 Det, (1 + 2+ ,), 


so that 
mis = m(1 + 28+7-%n;) = 1 (mod 2). 
For numbers of the form 4n+3 we have 


THEOREM 2. Let a=3 (mod 4) and let 2° be the highest power of 2 dividing 
a+1,sothais=2. Thenifr>s, a belongs to the exponent 2’—§ (mod 2°). If r=s, a be- 
longs to the exponent 2. 


We may assume 7>s. Then by Theorem 1, a? belongs to the exponent 
27-*-! (mod 2"). Thus (—a)?” °“=1 (mod 27). If we assume that 


3 


(—a)?_ ‘= 1 (mod 27°), 
we have a contradiction when 7>s-+1; when r=s-+1 we get 
—a=t1 (mod 2°), 


which contradicts the hypothesis concerning s. 
It follows from Theorem 1 that the numbers 8%+5 all belong to the ex- 
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ponent 2’-? (mod 2”); by Theorem 2 the same is true of the numbers 8”+3. On 
the other hand, the numbers 16”+9 belong to the exponent 27? while the num- 
bers 16x+7 belong to the exponent 2° for r>3. 


2. It is of some interest to discuss the modulus (1-+7)" in the Gaussian field. 
For basic properties of the Gaussian integers see, for example [1, Ch. 5]. In 
particular we recall that the integer @ is odd provided it is not divisible by 1+7; 
this is equivalent to the statement 


a =1 (mod 1 +24). 
Corresponding to Theorem 1 we have 


THEOREM 3. Let a be an odd Gaussian integer and let (1+7)* be the highest 
power of 1+7 that diudes a—1. Let 3SsSr. Then a belongs to the exponent 
Qle-s+/21 (mod (1+4)"), where [(r—s+1)/2]| denotes the greatest integer 
<(r—s-+1)/2. 


Proof. Put a=1+(1+7)*Bo, (1+7 { Bo). Then we have 


(2) a = 14+ (1+ ia, (1 +i} 8) 
for j=0, 1, 2, -- +. Indeed if we assume that (2) holds for the value j, we get 
at = 14+ 21 + 4B; + (1+ D487 


1+ (1+ are, —i + (1+ 8B}, 


so that, since s23, 
Biz = BL—it (1+ HB} = 1 (mod 1 + 4). 


The theorem follows at once from (2). 

As an example we take a=3+21. Then s=3, so that 34-27 belongs to the 
exponent 2* (mod (1-+2)?*+8), 

To treat the cases not covered by Theorem 3 we recall that if a is an arbi- 
trary odd Gaussian integer then w=+1 or +7 (mod (1+7)*). We may state 


THEOREM 4. Let (1+7)* be the highest power of 1+7 that divides a-+-1 and as- 
sume s>3. Then if r>s, a belongs to the exponent 


(3) 2 Ur—e+1) /21 


(mod (1+7)"). If r=s, a belongs to the exponent 2. 


THEOREM 5. Let (1-+7)* be the highest power of 1+-1 that divides a—e, where 
e= +4; assume s=3. Then if r>s+2, a belongs to the exponent (3) (mod (1-+7)*). 
If sSrSs+2, a belongs to the exponent 4. 


The proof of Theorem 4 is similar to the proof of Theorem 2 and, in much 
the same way, Theorem 5 is derived from Theorem 4. 
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As an example it follows from Theorem 4 that 5+27 belongs to the exponent 
2* (mod (1-+7)?*+’); it follows from Theorem 5 that 2+7 belongs to the ex- 
ponent 2* (mod (1-+7)?*+8) provided k22. 


Supported in part by National Science Foundation Grant G-16485. 


Reference 


1. L. W. Reid, The elements of the theory of algebraic numbers, Macmillan, New York, 
1910. 


INDEFINITE INTEGRATION BY RESIDUES 
R. P. Boas, Jr., Northwestern University 


It is sometimes incorrectly asserted that only definite integrals with very 
special limits can be evaluated by contour integration. Neville [1] has pointed 
out that integrals of the form 


(1) ff Rae 


can be evaluated by contour integration when R is a rational function of the 
usual form and a and 0 are arbitrary. In a similar way one can evaluate any 
integral of the form 


B 
(2) f R(sin 4, cos 6)d@, OSa<6S2z, 


a 


where R is a rational function without poles on [a, 6|. Incidentally, any proper 
integral of the form (1) can be transformed into the form (2) and so evaluated, 
irrespective of whether /*R(x)dx converges or not. 

We begin with the case a=0, B=7, where the method perhaps shows to best 
advantage; we suppose that R is real (otherwise consider its real and imaginary 
parts separately). We then have to evaluate an integral of the form 


(3) J pe%a0, 


where the rational function f(z) is real-valued for |z| =1 and has no poles for 
[z| =1, OSO0Sz. 
Assume first that f(z) has no poles at all on | z| =1. Then we replace (3) by 


Q°r 


(4) Ry} fle%)gle*) dé, 


where g(z) is analytic for | z| <1, g is dominated by an integrable function in 
|z| <1, @(g)=1 on |2| =1 for 0<0@<z, and ®(g) =0 on the rest of |z| =1; here 
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we use the fact that f(e*) is real. We can then write the integral in (4) as 
(5) -if  s@g@ras, 
jz[=1 


and this is 27 times the sum of the residues of f(z) g(z)/z in | z| <1. 
A suitable g(z) is 


(6) 1 — (ir) log {41 — 2)/(1 + 2}. 


In fact, w=72(1—2)/(1+2) maps | z| <1 on the half plane 3(w) 20 with the arc 
0<@7 corresponding to the positive real axis; hence the principal branch of 
log w is real for 0<6<7 and has imaginary part m for t<@<2z7; that is, (6) has 
real part 1 for 0<6<za and real part 0 for 7 <6 <2r7. 

More generally, if f(z) is analytic for z=e*, 0OS@<z, the integral (3) is 
finite, even though the integral in (4) may diverge because of poles of f(z) on 
the complementary arc of the unit circumference. Formally, it is only the 
imaginary part of this integral that diverges, and this is irrelevant. We may 
argue more precisely that (5) converges when the integration is over | z| =p<i, 
and its value is still 27 times the sum of the residues of f(z)g(z)/z when p is 
near 1; the real part of this integral converges to (3) as p—>1. 

Hence we have the following theorem. 


THEOREM. If f(z) ts a rational function, real on | z| =1, with no poles on the 
arc | z| =1, 0<0S7, then [if(e)d0 ts equal to 2x times the real part of the sum of 
the residues of 


zY(z){1 — (én) log [i(1 — 2)/(1 + 2)]} 
inside | z| =1, where the logarithm has its principal value. 


The general case 


B 
(7) [Hea 


requires a function g such that ®(g) =1 on | z| =1 for a<6<, R(g)=0 on the 
rest of |z| =1. We can take 


g(z) = 1 — (ir) log {i(4 — ge—**)/(1 — ze iB) t 
and hence (7) is equal to 27 times the real part of the sum of the residues of 


z—1f(z)g(z) inside | z| =. 
Example. We evaluate 


7 dg 
(8) f ———? 
0 a+ bsiné 


where a and 6 are real and |6| <a. 
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Here 
j(e®) = ——___, @) = __"__., 
2ia + b(e® — e-*) bz? + 2aiz — b 
and z—'f(z)g(z) has a single pole, at the zero 7, of bz?-+2aiz—b that is inside 
|z| =1. We have 
ibry = a — (a? — 07)? tore = a + (a? — 57) 12, 


and the residue is 


2% 1 1-17; 
41 ——logi \ 
b(r: — re) in 1+rn 
b-at(@— ot 


1 
= (a? — b?)-1? i! — — logi 
in ib + a — (a? — 9*)1/? 


Now the quantity of which we are taking the logarithm has modulus 1, so that 
the logarithm is simply 7 times the principal angle of this quantity. This is 


i tan~! { —(a? — b2) 12/5} 
where the inverse tangent is taken in (0, 7). Hence the residue is 
(a? — b?)-1/2{1 — w tan-! [—(a? — 62)/2/0]} 
= a (a? — b2)-1/2 tan! { (a2 — b2)1/2/5} , 
and finally the integral (8) is equal to 
2(a? — b%)-1/2 tan-} { (a2 — b2)1/2/9} 
with the inverse tangent in (0, 7) (not the principal value when 0 <0). 


Reference 
1. E. H. Neville, Indefinite integration by means of residues, Math. Student, 13 (1945) 16-25. 


A DIVISIBILITY THEOREM 
L. M. Court, George Washington University 


Here is a curious little result in elementary number theory (it might be 
called a divisibility theorem), which may merit some attention: 


THEOREM 1. Let w be a number of the form u”*+v"", where u and v are integers, 
pb is an odd prime, and k 1s a positive integer; uf w ts divisible by p, then tt 1s auto- 
matically divisible by p*t!, Either u or v or both can be negative as well as positive. 


Proof. Since 
(1) pi = (p— 1p + pret e141 
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VECTOR IDENTITIES IN G; 
W. F. EBERLEIN, University of Rochester 


The spin model ©; of Euclidean 3-space (see [1]) is the vector space of self- 
adjoint linear transformations of trace 0 in a two dimensional unitary space Hz 
plus the operations A-B=3(AB+BA) and AXB=(AB-—BA)/21. (We identify 
a scalar ¢ with cI, where I is the identity transformation in H.) Although the 
real significance of the spin model lies on the quantum mechanical level, it is 
instructive and, perhaps, amusing to exhibit the basic identities of vector alge- 
bra as reflections of the associativity of the (Clifford) algebra B(H:) of linear 
transformations in Hp. 

The Jacobi identity is a standard property of the Lie product in any associa- 
tive algebra: 


(AX B)XC+(BXQOXA+(CXA)XB 
(1) = — 3[(AB — BA)C — C(AB — BA) + (BC — CB)A — A(BC — CB) 
+ (CA — AC)B — B(CA — AC)| = 0. 
Now employ the quaternion identity (see [2]) 
AB = }(AB+ BA) + i(AB — BA)/2i = A-B+ i(A X B) 
to write the product ABC in two ways: 
A(BC) = A[B-C+iuBXO)] =(B-C)A+iA((BXC)-—AX(BXCO) 
(AB)C = [A-B+i(A X B)|C = (A-B)C+i(A X B)-C—(AXB)XC. 
Equating scalar components yields 
(2) A-(B XC) = (A X B)-C (scalar triple product identity), 
while the vector components give 
(B-C)A—AX(BXC) =(A-B)C—-(AXB)XC 
or 
(AX B)XC-—AX(BXO) = (B-A)C — (BOA. 
Since the Jacobi identity can be rewritten as (4 X B) XC -—AX(BXC) 
=BX(C XA), it follows that 
(3) BX (CX A) = (B-A)C — (B-C)A (vector triple product identity). 
The Lagrange identity (A XB)-(CXD)=(A-C)(B-D)—(A-D)(B-C) then 
follows in elementary fashion from (2) and (3). 


References 


1, W. F. Eberlein, The Spin Model of Euclidean 3-Space, this MonTHLY, 69 (1962) 587-598. 
2. , Lhe Geometric Theory of Quaternions, this MONTHLY, 70 (1963) 952-954, 
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ARC LENGTH 
CASPER GOFFMAN, Purdue University 


1. Let S be a metric space with metric d. By a curve C in S, we shall mean 
a continuous mapping f on the closed interval J=[0, 1] into the space S. The 
standard definition of the length of the curve C is as follows: 

For every partition r= [tbs=0<h< +--+ <t,=1] of J, consider the number 


n 


A(z, C) = > d(f(t:-1); fts)); 


w=1 
and let the length of C be the number 
L(C) = sup A(z, C), 


where the supremum is taken for all partitions 7, and the supremum of an un- 
bounded set of nonnegative numbers is taken to be + ©. 
The norm, ||7||, of a partition = [tf=0<h< +--+ <t,=1], is the number 


| =| = max [t; —tpi:t=1,---, xn]. 


It is well known (see [1]) that if { am } is a sequence of partitions of J whose 
norms converge to zero, then {X(arms C) converges, (in the extended sense where 
the limit may be + ©) and that 
L(C) = lim A(t, C). 
m~—> 0 

2. In general, the sequence { Atm C)} is not monotonic. It is the purpose 
of this note to point out that the reason for its convergence is that it satisfies a 
condition which we shall call quasi-monotonicity. 

A sequence { sat of real numbers is called qguasi-monotonically non-decreasing 
if, for every e>0 and every 2, there is an N such that m>WN implies sn> Sn —€. 


THEOREM. If {sa} is @ quasi-monotonically non-decreasing sequence, it con- 
verges to a real number or to + ©. 


Proof. Obviously, {s,} is bounded from below. 

Suppose that {sa} is unbounded. For every M, there is an m such that 
Sn, > M+1. There is an N such that s,>s,—1>M, for every m>WN. Hence 
{sa} converges to +0. 

Suppose that {sa} is bounded. Let u=sup s,. Let e>0. There is an s,>u 
—e, There is an N such that m>WJN implies s_>5S,— ge. Hence, m>WN implies 
U—€<SmSu. Thus, {s,} converges. 


3. Let C be a curve given by a continuous mapping f on J into S, and let 
{am} be a sequence of partitions of J whose norms converge to zero. Fix e>0 
and let w, = [fp =O<tHh<-+:<#=41]. Let 6>0 be such that 
§<2 min [t;—t,1:7=1, 2,---, Rl, and if x, yEJ and |x—y| <6 then d(f(x), 
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f(x)) <e/2k. Now, let N be such that m> WN implies ||7,,|| <6. For every m>N, 
each interval [t;1, t:|, 7=1,---, &, contains points s;, 4; which are in 1m, 
and are such that s;<u,;, d(f(ti-s), f(si)) <€/2k, and d(f(u,), f(ts)) <e/2z. It fol- 
lows that A(tm, C)>XA(tn, C)—e. Hence, the sequence {arm c)} is quasi- 
monotonically non-decreasing, so that it converges to a real number or to + ©. 


4. Let {om} be another sequence of partitions of J whose norms converge to 
zero. Then the norms of the sequence 


Oi, 71, O2, W2, ° ° * y Tm, Wm, °° * 


converge to zero, so that A(o1, C), A(m1, C), +++, A(Om, C), Mm, C), + + con- 
verges, and so 
lim Nom, C) = lim Atm, C). 


Mm— 0 Mm— 0 


Now, if a sequence {s,} is quasi-monotonically non-decreasing, it follows 
that for every R=1, 2,° ++, limms Sm2ZSn. Let be any partition of J, and let 
o1=7 in the above sequence {on}. Then 

lim (am, C) = lim (om, C) 2 A(z, C), 


m— 0 Mm— 0 


so that limn.s. A(tm, C)2L(C). But, it is obvious that 
lim A(rm, C) S L(C). 


Mm 2 


This is taken from a talk on length and area given to the Pi Mu Epsilon Chapter at the Penn- 
sylvania State University in May, 1962. 


Reference 
1. L. Cesari, this MONTHLY, 65 (1958) pp, 318 and 489, 


EXTENSION OF A CONJECTURE 
R. D. Larsson, Mohawk Valley Community College 


In a paper of mine in this Montuty [1], I proved the following: If [p,/p:| 
=2m;+1 for all primes pi, 385 pi<V/(2hn), then pat2 ts a prime. 


I stated that the hypothesis holds for ,=3, 5, 11 and 17 and fails for all 
other p, equal to the first member of any prime pair, up to and including the 
prime 3557. I conjectured that no other prime pairs beyond 17, 19 satisfy the 
hypothesis. 

A group of students of mine in a National Science Foundation Summer Sci- 
ence Training Program for High Ability Secondary School Students at Clarkson 
College of Technology in 1962 obtained the following extension of data sub- 
stantiating this conjecture. 

The conjecture holds for all prime pairs in the intervals 
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3-170,099; 1,000,037—1,003,109; 1,321,301—1,322,219; 
2,000,081— 2,004,347; 2,792,087— 2,792,861; 
3,000,131— 3,005,129; 3,146,331— 3,148,097; 
4,000,037— 4,006,229; 4,727,297— 4,729,367; 
5,000,111— 5,005,307; 5,216,681— 5,220,539; 
6,000,101— 6,004,781; 6,135,251— 6,136,679; 
7,000,127— 7,005,527; 7,233,047— 7,234,481; 
8,000,051— 8,004,011; 8,496,491— 8,498,141; 
9,000,377— 9,007,049; 9,572,837— 9,575,009; 

10,000,139-10,006,427; 10,000,451—10,001,819. 


The maximum );, for which the truncated value of the quotient was first even 
was 61. It occurred only once, for p, = 33,347. In general the hypothesis failed 
for a small value of ,. 


The students had the use of an IBM 1620 to aid them in their calculations. Their names were 
Stephen F. Levitas, Milne School, Albany, N. Y.; Jeffrey S. Rakoff, Central High School, Phila- 
delpha, Pa.; Alan Schmerler, Bloomfield S. High School, Bloomfield, N. J.; Eugene A. Smith, West 
Canada Valley Central, Middleville, N. Y.; Robert H. Waldman, Valley Stream North High 
School, Franklin Square, N. Y. 


Reference 


1. R. D. Larsson, Necessary and Sufficient Conditions for Prime Pairs, this MONTHLY, 68 
(1961)°549-550. 
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EDITED BY JOHN R. Mayor, AAAS and University of Maryland 
COLLABORATING EpITor: JOHN A. Brown, University of Delaware 


All material for this department should be sent to John R. Mayor, 1515 Massachusetts 
Avenue, N.W., Washington, D. C. 20005. 


PROGRAMMED LEARNING 


The Panel on Programmed Learning of the Committee on Educational 
Media is investigating the possible usefulness of programming in the teaching 
of collegiate mathematics. Mathematicians who have used programmed mate- 
rials or are engaged in projects involving the writing or testing of such materials 
could provide substantial help by communicating with the Panel through the 
central office: CEM, P.O. Box 2310, San Francisco, Calif. 94126. 
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REPORT ON THE SYRACUSE UNIVERSITY-WEBSTER 
COLLEGE MADISON PROJECT 


RoBERT B. Davis, Syracuse University and Webster College 


Various aspects of the Madison Project having been reported elsewhere (cf. 
part A of the bibliography), this note will discuss three matters only. One of 
these is a mathematical over-view of Project materials; another is the philosophy 
underlying the development of the Project’s new experimental 9th grade alge- 
bra course; the third is the matter of psychology appropriate for “new curricu- 
lum” work. 


I. In general, the mathematical content of Madison Project materials is 
characterized by simultaneous study of arithmetic, axiomatic algebra, matrix 
algebra, co-ordinate geometry, the rudimentary study of functions, and the 
study of certain aspects of physical science (such as empirically-determined 
functions, velocity and acceleration, rate of change, and graphical differentia- 
tion and integration). This occurs mainly in grades 2-8 (ages: approximately 8 
through 14). Heavy emphasis is placed upon student discovery, originality, 
creativity, and student exploration of open-ended situations. Some materials in 
more tentative form are concerned with a careful e, N approach to the concept 
of limit of a sequence, and the introduction of irrational numbers, thus far 
tested at the eighth-grade level (with students who have completed several years 
of previous study of Project materials). Mathematicians interested in Project 
work can best learn about it by viewing one or more of the films listed below: 

Graphing an Ellipse. This film shows an actual classroom lesson. Seventh- 
grade children who are familiar with graphs of straight lines, circles, and parab- 
olas, but who have not previously encountered ellipses, nor equations contain- 
ing a parameter, are asked to graph 


x? + Ay? = 25 
and, for OS, 


x? + hy? = 25, 


Matrices. Another actual classroom lesson, this time with a mixed group of 
5th and 6th graders, all of whom have had some experience adding and multiply- 
ing matrices, and some of whom have studied associative and commutative 
properties, etc., for matrix operations. The main material of the lesson is new to 
all of the children, and consists of seeking matrices that “behave like ‘zero’ and 
‘one’.” 

In the course of this investigation the children inadvertently concoct matrices 
that reverse rows or columns, behave like “2,” and so forth. They are encouraged 
to explore these directions further, and do so. 

Complex Numbers via Matrices. A classroom lesson in which 7th grade chil- 


dren develop an isomorphism between rational numbers and a subset of 22 
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matrices, and then make use of this to extend the number system to include 
imaginary and complex numbers. 


II. The Project is presently developing, by means of actual classroom trials, 
a ninth-grade algebra course. The content is on two levels. For children who 
have not previously studied Project materials, the course consists of a careful 
axiomatic study of algebraic identities, plus other topics generally similar to 
those listed above. Some of the course is informal. The study of empirically- 
determined functions, for example, brings experiments from the physics labora- 
tory straight into the mathematics classroom; so does some material on meas- 
urement and the variability of data (variance, inner-quartile range, “trimmed” 
range, etc.). The axiomatic algebra, however, is genuinely axiomatic. So far 
as the Project knows, a genuinely axiomatic algebra that does not make fre- 
quent nonaxiomatic appeals to “rules for removing parentheses,” or “rules for 
adding signed numbers,” or “rules for combining like terms,” or “rules for 
solving equations” is rarely if ever actually taught at the 9th grade level, asser- 
tions to the contrary not withstanding. Project experience thus far would indi- 
cate that this is not due to the reluctance of students to view algebra in a gen- 
uinely axiomatic light, nor is it due to the fact that an axiomatic approach neces- 
sarily lacks mathematical power; in fact, of course, it does not. The cause ap- 
pears to be the ubiquity in textbooks and in teacher education programs of 
statements such as “the absolute value of a number is the actual value of the 
number, disregarding its condition or sign; absolute value is neither positive nor 
negative.” (The inference, from the law of trichotomy, is clear.) 

For students who have previously studied Project materials, a more ambi- 
tious 9th grade course deals with problems of summation and limits, as in 
Archimedes’ methods for finding areas and volumes, etc. Finite difference meth- 
ods, and proofs by mathematical induction, are also included. 


III. The “new curricula” programs generally involve the collaboration of 
psychologists or psychiatrists. Schools of thought among psychologists are at 
least as diverse as among mathematicians and statisticians. A psychological 
point of view which the Project has found valuable and apparently appropriate 
is expressed in the publications listed in part B of the bibliography which follows. 


References 
Part A. Reports of other aspects of Madison Project activity. 


Robert B. Davis, The Evolution of School Mathematics, (to appear). 

, A Modern Mathematics Program as It Pertains to the Interrelationship of Mathe- 
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, Math Takes a New Path, The PTA Magazine, No. 6, 57 (1963) 8-11. 
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, The Madison Project: A Brief Introduction to Materials and Activities, Madison 


Project. 


Part B. Psychological Literature Relevant to New Curriculum Efforts. 
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Carl R. Rogers, Client-Centered Therapy, Houghton Mifflin, Boston, 1959. 

Donald Snygg, A Learning Theory for Curricular Change. Chapter II of ‘‘Using Current 
Curriculum Developments,’’ Association for Supervision and Curriculum Development, Washing- 
ton 36, D. C. (1963) 109-115. 

E. Paul Torrance, Creativity. Department of Classroom Teachers, American Educational 
Research Association of the National Education Association. Research Pamphlet Series ‘‘What 
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THE FOURTH INTERNATIONAL MATHEMATICAL OLYMPIAD FOR STUDENTS 
OF EUROPEAN COMMUNIST COUNTRIES 


IZAAK WirszupP, University of Chicago 


From July 3 to July 16, 1962, the Fourth International Mathematical 
Olympiad [1, 3| was held in Czechoslovakia. Teams from the following seven 
European Communist countries participated in the competitions: Bulgaria, 
Czechoslovakia, East Germany, Hungary, Poland, Rumania, and the Soviet 
Union. The Russians were fully represented for the first time at this interna- 
tional contest; they had sent an incomplete team to the First Olympiad [4], 
and missed the Second and Third [5|. The Olympiad was conducted by the 
Mathematics Institute of the Czechoslovakian Academy of Sciences and by the 
Society of Czechoslovakian Mathematicians and Physicists as part of the Soci- 
ety’s centennial celebration. Each team was made up of eight students from the 
last two grades of the secondary schools who were winners in their country’s 
national mathematical olympiad, and was accompanied by two mathematics 
educators, one of whom was the team leader. 

A special committee of the Czech Society, chaired by Academician J. Novak, 
looked over all the problems sent in beforehand by the ministries of education 
of the participating countries. It chose a preliminary list of 12 problems for con- 


1964] MATHEMATICAL EDUCATION NOTES 309 


sideration and further selection by the International Committee of the Olym- 
piad, the official adjudicating body, which comprised all team leaders. The 
International Committee met before the teams arrived in Czechoslovakia, and 
after a thorough examination and analysis of the problems and of their solutions, 
decided to select seven, one from each participating country. The International 
Committee formulated the texts of the problems, translated them into seven 
languages, and set a maximum point score for each problem. On the first day 
three problems were to be solved in four hours, and on the second day four prob- 
lems in five hours. The contests were conducted in the picturesque Hluboké 
castle in Southern Bohemia. 

The problems for the Olympiad are given below. The country that submitted 
the problem and the maximum score for the solution appear in parentheses. 


First day of the Olympiad. 

1. Find the smallest natural number n which has the following properties: 

a) Its decimal representation has 6 as the last digit. 

b) If the last digit, 6, is erased and placed as the first digit in front of the re- 
maining digits, the resulting number is four times as large as the original num- 
ber n. (Poland, 6 points) 


2. Determine all real numbers x that satisfy the inequality 
V/(3 — x) — Yla +1) > 8. (Hungary, 6 points) 


3. Given the cube ABCDA’B’C’D’ (ABCD and A’B’C’D’ are the upper 
and lower faces, respectively, and AA’||BB’||CC’||DD’). The point X moves at 
a constant speed along the perimeter of the square ABCD in the direction 
ABCDA, and the point Y moves at the same speed along the perimeter of the 
square B’C’CB in the direction B’C’CBB’. Points X and Y begin their motion 
at the same instant from the starting positions A and B’, respectively. Deter- 
mine and draw the locus of the midpoints Z of the segments X Y. 

(Czechoslovakia, 8 points) 


Second day of the Olympiad. 
4. Solve the equation 


cos? x + cos? 2x + cos? 3” = 1. (Rumania, 5 points) 


5. On the circle K there are given three distinct points A, B, and C. Con- 
struct (using only a compass and a ruler) on the circle K a fourth point D such 
that a circle can be inscribed in the quadrilateral ABCD that is obtained. 

(Bulgaria, 7 points) 


6. Given an isosceles triangle. Let r denote the radius of its circumscribed 
circle, and p the radius of its inscribed circle. Prove that the distance d between 
the centers of these two circles is 


d = V/{r(r — 2)}. (East Germany, 6 points) 
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7. Given the tetrahedron SABC with the following property: there exist 
five spheres, each of which is tangent to the edges SA, SB, SC, AB, BC, CA, or 
to their extensions. 

a) Prove that the tetrahedron SABC is regular. 

b) Prove that, conversely, for every regular tetrahedron five such spheres 
exist. (Soviet Union, 8 points) 


The International Committee decided, for the first time, to make the grading 
of the solutions as uniform and coordinated as possible. The following procedure 
was strictly observed: There was one Czech coordinator in charge of each prob- 
lem; for each country’s team, all solutions to a given problem were checked by 
that country’s two team leaders in the presence of the Czech coordinator. The 
solutions of the Czech participants were corrected jointly by their team leaders 
and by the leader of the team from whose country the given problem was sug- 
gested; the solutions to the Czech problem (problem 3) that were done by the 
Czech contestants were graded by the leaders of the Polish team. 

Of the 56 Olympiad participants, one Soviet student, Iosif Bernstein, 
achieved a perfect total score of 46 points. (The same student was a first-prize 
winner in the First All-Russian Mathematical Olympiad of 1961. See Mate- 
mattka v shkole, 4 (1961) p. 12.) A Hungarian student scored 45, a Russian girl 
scored 43, and another Hungarian student 41. These were the first-prize winners 
of the Olympiad. Twelve second prizes were given to students who made total 
scores between 40 and 34, and 15 third prizes for scores between 33 and 29. All 
remaining contestants received certificates of participation in the Fourth Inter- 
national Mathematical Olympiad. 

The report by the leader of the East German team [3] states that “since 
the Olympiad is not a contest of countries but a contest of individuals, the 
International Committee undertook no ranking by country.” A rating based 
only on the number of prizes won for each country [1], not taking into account 
the scores of participants who did not win prizes, is given below. 


Country First Prize 46-41 points | Second Prize 40-34 points| Third Prize 33-29 points 


Hungary 2 


3 2 
Soviet Union 2 2 2 
Rumania 3 3 
Poland 1 3 
Czechoslovakia 1 3 
Bulgaria 1 2 
East Germany 1 


A detailed analysis of the performance of all the participants on each of the 
problems is summarized in the following table [1]: 
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Distribution of Point Scores among Contestants 


Problem (in parentheses 
is the maximum score) 


ee peed ee ad Ce) (ee eel toeeeeeneneemeenel 


No. 1 (6) 45 5 2|/o{41 4] 2 1 
No. 2 (6) 21 | 11 71/91] 4 |] 2 2 
No. 3 (8) 14 8 6 6 gs | 4 ]2 | 2 6 
No. 4 (5) 34 | 10 | 3 | 5 | 2 2 
No. 5 (7) 12 | 12 5 6} 1/2 {14 7 14 
No. 6 (6) 9 8 | 161] 413 | 3 | 13 
No. 7 (8) 2 2 5 7 1 {of} 6 | 8 {| 25 


These results and a report on the Olympiad [3] show that in all probability 
too many problems were given. The contestants found themselves pressed for 
time, especially on the second day. Some were no longer able to concentrate to 
the extent required for solving the problems. It is thus expected that in the 
future there will be only three problems on each of two days, with four hours 
allowed each day. 

According to a report by the leader of the East German team [3], the stand- 
ards at this Olympiad and the general level of accomplishment were consider- 
ably higher than in the previous year. Concerning his own team’s performance, 
this leader asserted that, although the team clearly could not keep up with the 
Hungarian, Soviet, and Rumanian teams, they did reach the level of achieve- 
ment of the teams from the other countries, particularly in algebra and arith- 
metic. He stated that geometry was the East Germans’ great weakness, showing 
up mainly in the construction problems. Indicative of the general standards at 
the Olympiad is his statement that although his students considered the prin- 
cipal task to be just to find a solution to a problem, at the level of these inter- 
national competitions the precision and completeness of the way in which the 
solutions were presented proved to be equally important. 

As is usually the case at these competitions, this Olympiad was given a very 
festive character, with a stress on the spirit of international friendship among 
the students and teachers from the socialist countries of Eastern Europe. The 
Minister of Education and Culture of Czechoslovakia, Dr. Kahuda, who met 
with the leaders and contestants, stated that the Olympiad would seriously in- 
fluence the improvement of the quality of mathematics teaching, and would 
promote the development of the students’ mathematical talents. 

Below are the solutions [2] to problems 3, 5, 6, and 7, which caused the con- 
testants the most difficulty. 


PROBLEM 3. (Solution by I. Bernstein.) 

Let us designate the center of face ABB’A’ by Oy, the center of face BB’C’C 
by O2, and the center of face ABCD by O3. We will prove that the locus of points 
Z, the midpoint of the segment XY, is the broken line 0,0,CO30,. Let A be the 
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origin of a coordinate system, and let AB, AD, and AA’ be the x, y, and z 
axes, with AB=AD=AA'=1. We shall divide the time during which point X 
traverses the path ABCDA into four equal parts, and take the resulting time as 
our unit of measurement. 

It is known that if a point S moves rectilinearly and uniformly, then its 
coordinates are linear functions of time and, conversely, if the coordinates of a 
point S are linear functions of time, then S moves rectilinearly and uniformly. 

Recall also that if M is the midpoint of segment PiP2, where P1= (x1, 1, 21), 
Po= (x2, V2, 22), then 


(= +x. Yk ve B+ *) 
M = a aa | e 

2 2 2 
Using the statements we have formulated, we can compile the following 


table, showing the dependence of the coordinates of points X, Y, and Z on 
time ¢. 


O<is1 1<1s2 2sts3 3Sis4 
x t 1 3—t 0 
xX y 0 t—1 1 4—t 
Zz 0 0 0 0 
x 1 1 1 1 
Y y t 1 3—t 0 
Zz 1 2—1 0 t—3 
1+ 4—t 1 
x —— 1 —— — 
2 2 2 
t t 4.—{ 4—1 
Z 4 — — —— —— 
2 2 2 2 
1 2—i t—3 
Zz — —— 0 —— 
2 2 2 


For t=0, 1, 2, 3, 4, as is easily seen, Z occupies the positions O1, O2, C, Os, O1, and 
on the segments between these points the coordinates of Z change linearly, 
that is, Z traces in space the segments 0,02, O.C, CO3, and 0301, so that Z moves 
along the rhombus 0,0,CO30. 


In other attempts at solving the problem, the contestants tried to prove the 
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converse assertion, namely: if a point M lies on the broken line O,02.CO;0,, then 
point M is the midpoint of segment X Y. The failure to prove this assertion was 
a characteristic error in the solution of this problem. 


PROBLEM 5. If it is possible to inscribe a circle in a quadrilateral (Figure 1) 
whose consecutive vertices are the points A, B, C, and D, then 


AD+ BC = AB+CD. 


Let AB2BC, and consequently AB—BC=AD—CD20. 

Then the problem is reduced to the construction of the triangle 4 CD on the 
base AC, the angle ADC, equal to r— Z ABC, and the difference 4D—CD. 
Suppose that the problem has been solved and triangle ACD has been con- 
structed. We mark off from D the segment DE=CD. Triangle CDE is isosceles. 


r- ZADC ZABC 
2 9 
Z ABC 


) 


LCED = 


LAEC = 7 - 


Fic, 2. 


From this the following construction results. (By “the segment containing 
Z AEC” is meant the segment containing ZAEC of the circle circumscribing 
AAEC. This circle is not shown in Fig. 1.) On the side of chord AC opposite 
point B, we construct the segment containing angle AEC, which is equal to 
a— ZABC/2, and from point A we draw a circle with radius AB—BC. The 
point at which the arc containing ZAEC and the circle intersect (this point 
always exists, since AE <AC, because AB—BC<AC) is the desired point E. 
If we extend AF until it intersects the given circle, we will obtain the desired 
point D. The problem always has a unique solution on the arc AC (the arc not 
containing B). If A4B=BC, then we get point D as the intersection of the bisec- 
tor of angle ABC with the given circle. 
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In solving problem 5, several contestants did not demonstrate how the 
needed segment is chosen. And in using an algebraic method, they did not prove 
that a solution exists. 


PROBLEM 6. Let AB=BC. Designate the center of the circumscribed circle 
by M and the center of the inscribed circle by S. Let D be the second point of 
intersection of the straight line CS with the circumscribed circle. We will show 
that triangle ADS is isosceles (Figure 2). Now ZBCS= ZSCA= ZSAC 
= Z SAB, but ZDAB= ZSCB and consequently these five angles are all equal 
to one another. Therefore, ZDAS= ZDSA and AD=DS. Let E be the second 
point of intersection of the straight line DM with the circumscribed circle, and 
let T be the base of the perpendicular dropped from S to AC. 

Examine triangles CST and ADE: ZSTC=90°, ZDAE=90°; ZSCA 
= Z DEA. Therefore, ACST~ AEDA, and CS:ST=DE:AD; ST=p, ED=2r, 
AD=SD, as was shown before. Consequently, CS:DS = 2rp. 

We now construct the diameter XY of the circumscribed circle through 
points M and S. We shall assume that point X is the end of the radius lying near- 
est to point S. Then XS=r—d and YS=r-+d, where d=SM, the distance be- 
tween centers. 

By a well-known theorem, SC-SD=SX-SY, and consequently 2rp 
=(r—d)(r+d) and d?=r(r—2p), that is, 


d = V/{r(r — 29)}. 


It can be shown that a slight alteration in the suggested solution yields a 
derivation of the formula d= +/f {r(r—2p) } (known as Euler’s formula) for an 
arbitrary triangle. All the contestants in the Olympiad, in solving this problem, 
calculated the length of segment SM directly by making use of the fact that it 
lies on the axis of symmetry BT of isosceles triangle 4 BC. The students’ char- 
acteristic error was consideration of the specific sketch with the sequence of 
points BMST, although for ZB>60° the order is changed to BSMT. 


PROBLEM 7. Let the sphere Q be tangent to all the straight lines on which the 
edges of the tetrahedron SABC lie. Then the sphere intersects each face of the 
tetrahedron in a circle inscribed in or tangent to one side and the extensions of 
the other two sides of the corresponding triangles. Moreover, the circles which 
lie on the faces adjacent to a given edge have a common point at which the 
straight line containing the given edge is tangent to the sphere. In other words, 
on the two faces adjacent to a given edge, the point of contact of the circles 
with this edge or its extension is a common point. 

There are two possible cases: 

1. The points of contact with the sphere lie inside each edge, i.e., on the 
tetrahedron itself. In this case all the circles are tangent to all three sides of each 
of the face triangles; that is, they are inscribed. The tangent sphere {2 must pass 
through P, Q, and R, the points of contact of the circle inscribed in triangle 
ABC with corresponding sides BC, CA, and AB, and also through K, the point 
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of contact of the circle inscribed in triangle SAB with the side SA. Points P, Q, 
and R do not lie on a straight line, and therefore point K does not lie in the 
plane PQR. Through the four points K, P, Q, and R, not lying on the same plane, 
it is possible to construct one and only one sphere. Therefore, if there exists a 
sphere of the first type, it is unique. 

2. Suppose one point of contact with the sphere lies exterior to an edge. For 
the sake of clarity, we shall assume that it is edge SA and that the point of 
contact K lies beyond point A (that is, A lies between S and K). Then circle 
O,, tangent to lines SA, SB, and AB, is drawn exterior to triangle SAB in plane 
SAB and lies on the side of AB opposite vertex S. Therefore O; is tangent to the 
edge AB itself at some point R and is tangent to the extension of edge SB at 
point Z beyond vertex B (starting from S$). In the same manner, circle Os, in 
plane SCA, tangent to line SA at point K, is tangent to edge CA at some point 
QO and the extension of edge SC at point M beyond vertex C (starting from S). 
Finally, circle O2 in plane SBC is tangent to the straight lines SB and SC at 
points Z and M and the edge BC at some point P. In this manner, our sphere of 
the second type is tangent to the three edges of the face A BC and the extensions 
of edges SA, SB, and SC, at points lying beyond A, B, and C, respectively (start- 
ing from S). 

Repeating the reasoning from part 1, we can prove that there exists no more 
than one sphere of the second type that touches the edges of given side ABC 
and the extended edges that originate from opposite vertex S. Therefore, the 
total number of spheres of the second type cannot exceed four. 

Assume that all five spheres exist. We designate the length of the edges of 
tetrahedron SABC thus: SA =a, SB=b, SC=c, BC=a’', AC=0', and AB=d’. 

Let K, L, M, P, Q, R be the points of contact of the first type of sphere. 
Then SK=SL=SM, AK=AQ=AR, BL=BP=BR, CM=CP= CQ, and since 
AK+KS=SA, BP+PC=BC, and so forth, we get the equation 


(1) ata =b64+0 =ct+c. 


Let us consider a sphere of the second type, corresponding to face ABC. 
Then, using the same designations as in case 2, we have SK -AK=SA, BP+PC 
=BC, SL—BL=SB, AQ+QC=AC, SM—CM=SC, AR+RB=AB. From this 
we get 


(2) a—-ad=b-b=c-d, 
and comparing (1) and (2) we get 
a=b=6, a=V=c. 


If we examine a sphere of the second type, corresponding to side SAB, we 
get c =a=D. 

In this manner we have shown that the tetrahedron is regular. It remains to 
show that for a regular tetrahedron there exist five such spheres. 
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Designate O as the center of a regular tetrahedron SABC. If sphere Q with 
center at point O passes through the center of one edge of the tetrahedron, then 
it will pass through the centers of the remaining five edges and be tangent to all 
the edges of the tetrahedron. By a homothetic transformation with center S and 
coefficient 3, this sphere is transformed into sphere Q, which, as is easily seen, 
is tangent to all the edges of the tetrahedron and is a sphere of the second type. 

In this manner it is possible to construct a sphere for each vertex of a tetra- 
hedron. 

In solving this problem many contestants proved only the second assertion. 
In their proof of the first assertion they began with the assumption that the 
sphere was already placed in the necessary manner. 


This paper is part of a Survey of Recent East European Literature in Elementary, Secondary, 
and College Mathematics, a project conducted by A. L. Putnam and I. Wirszup, Department of 
Mathematics, The University of Chicago, under a grant from the National Science Foundation. 
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ELEMENTARY PROBLEMS AND SOLUTIONS 


EDITED By HOWARD EVEs, University of Maine 
COLLABORATING EpiTor: C. W. DoncE, University of Maine 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, University of Maine, Orono, Maine. This depariment wel- 
comes problems believed to be new, and demanding no tools beyond those ordinarily furnished 
in the first two years of college mathematics. To facilitate their consideration, solutions should 
be submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 1671. Proposed by D. C. Duncan, East Los Angeles College 


If a sphere is inscribed in a trirectangular tetrahedron, show that the ratio 
of the volumes of the sphere and the tetrahedron is equal to the ratio of their 
areas. (Ref. inscription on the tomb of Archimedes.) 
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E 1672. Proposed by Guy Torchinelli, State University College at Buffalo 


Prove that each prime divisor of 2"—1, where p is prime, is greater than p. 
(It is a corollary that the number of primes is infinite.) 


E 1673. Proposed by Alexander Oppenheim, University of Malaya 


The three positive numbers x, y, 2 lie between the least and greatest of the 
three positive numbers a, ), c. If x +y+z=a+b-+c and xyz=abc, show that, 
in some order, %, y, 2 are equal to a, J, ¢. 


E 1674. Proposed by C. A. Nicol, University of South Carolina 


Prove that a necessary and sufficient condition that 2 be a prime is that 
a(n) +6(n) =nd(n), where o(n) is the sum of the divisors of 2, ¢(m) is the Euler 
totient of 2, and d(m) is the number of divisors of x. 


E 1675. Proposed by Andrzej Makowski, Warsaw, Poland 
Prove that hyhothehsthehi Srivotrorstrsvi1, where the h; are the altitudes 
and the 7; are the exradii of a triangle. 


E 1676. Proposed by J. C. Van Rhijn, Vollenhove, Netherlands 


Given an ellipse E with foci Ff; and Fr, a point P outside £, and a positive 
number f. PR: and PR, are tangents to E. Find the locus of P if (P.Ri)(PR:) 
=f(PFi)(PF,). 


E 1677. Proposed by J. E. Potter, Massachusetts Institute of Technology 
If A and B are positive semidefinite symmetric matrices, prove that C=J 
+AB is nonsingular, if J represents the identity matrix. 


E 1678. Proposed by Reuben Hersh, Stanford University 


What are the eigenvalues of the th order matrix having 2a’s along the main 
diagonal, b’s along the two diagonals bordering the main diagonal, and 0’s 
everywhere else? 


E 1679. Proposed by Harry Lass, California Institute of Technology 


Given an m Xn matrix with randomly selected integer elements, what is the 
probability that the absolute value of the determinant of the matrix is an odd 
integer? (It is assumed that the even and odd integer elements of the matrix 
occur with equal probability.) 


E 1680. Proposed by R. A. Struble, University of North Carolina 


Show that the limit of a uniformly convergent subsequence of Picard succes- 
sive approximations need not satisfy the associated differential equation. 


318 ELEMENTARY PROBLEMS AND SOLUTIONS [March 


SOLUTIONS 
“Able Was I Ere I Saw Elba” 


E 1591 [1963, 567.] Proposed by Frank Hawthorne, Education Department, 
Albany, N. Y. 


By how many different paths following the king’s move in chess can the 
sentence “Able was I Ere I saw Elba” be traced in the accompanying diagram? 


A A A A A A A A A A A A A A A A A A A 
A B B B B B B B B B BB BB BB BBA 
A BLLLLLLktboueoLuwLwkhboLubol ol ow OB OA 
A B L E E E E E E E E E FE E E E LL BA 
A B L E W W WW WWWWWWWwWE L BA 
A B L E W A A A A A A A A A W E L BA 
A B L E WA S S 8S 8S S S S A WE L BA 
A B L E WA S I IT I I I S$ A WE L BA 
A B L E W AS I E E EI S$ A WE L BA 
A B L E WA S IT E R EI Ss A WE L BA 
A B L E WA S I E E EI Ss A WE L BA 
A B L E WA S I JI I I 1 4S A WE L BA 
A B L E waA s 8 8 8 S 8S S A WE L BA 
A B L E W A A A A A A A A A W E LL BA 
A B LE WW WWWWwW#WwWwWiwWiWwWwWE OL BA 
A B L E E E E EF E E E E E E E E UL BA 
A B LLLULUoLLL be $owb ow owb Oa$nlhUrnnllUrLD UB OA 
A B B B B B B B B B B B B B BB B BA 
A A A A A A A A A A A A A A A A A A A 


Solution by D. I. A. Cohen, Princeton University. First we find the number of 
paths from R to A. Drawing the two main diagonals we note that a path may 
not cross them. In each quarter there are 3 choices from R to E, 3 from each E 
to an I, and so on. The total number of paths in one quarter is 3°. Multiplying 
this by 4 we see that we have counted each diagonal twice, and the total number 
of paths is 16(39—1)?. 


Also solved by Randy Barron, Robert Bart, Charles Conlin, D. W. Cox, Wayne Cutrer, E. R. 
Deal, J. F. Dillon, T. M. Feder, E. T. Frankel, Robert Gold, A. J. Goldman, S. H. Greene, Sidney 
Heller, R. A. Jacobson, Roman Kaluzniacki, A. J. Keeping, P. G. Kirmser, Coline M. Makepeace, 
D. C. B. Marsh, R. M. Meyer and S. G. Mohanty (jointly), Amos Nannini, Rodger Poore and 
Bruce Walker (jointly), Barry Simon, Arnold Singer, D. E. Stahl, Eric Sturley, Gary Venter, 
W. C. Waterhouse, and Oswald Wyler. 

The proposer pointed out that if knight moves are used instead of king moves, the answer is 0, 
since there then is no way to get to the central R. 

Several solvers called attention to the similar problems in H. E. Dudeney, Amusements in 
Mathematics (Dover Publications, Inc., 1958) pp. 74-5. 


1964] ELEMENTARY PROBLEMS AND SOLUTIONS 319 


The Union of Two Subgroups 
E 1592 [1963, 568]. Proposed by Mira Bhargava, McGill University 


Prove that the union of two subgroups of a group is itself a subgroup if and 
only if one contains the other. 


Solution by E. R. Barnes, Morgan State College. Let A and B be subgroups 
of a group G. If, say, A CB, then AUB =B is a subgroup. On the other hand, if 
ACB and BCA, there exist elements a@A—B and }©€B—A. Now abGA 
implies that a—!(ab)=bCA, which is a contradiction. Similarly ad GB, and 
AUB is not a group. 


Also solved by H. L. Abbott, D. J. Allen, W. A. Al-Salam, N. Abdul-Halim, G. B. Aman, 
Eileen Appelbaum, K. F. Bailie, Donald Barr, Randy Barron, E. D. Bender, Paul Bennett, Ralph 
Bennett, Moshe Berlin, D. R. Beuerman, D. K. Bissonnette, Andreas Blass, W. R. Boland, F. L.. 
Bookstein, Robert Bowen, J. J. Bowers, Alan Braver, Brother T. C. Wesselkamper, R. E. Brown, 
R. J. Bumcrot, R. L. Carmichael, Frederick Carty, P. R. Chernoff, D. I. A. Cohen, Martin Cohen, 
David Cotton, Wayne Cutrer, R. E. Dalton, Frank Dapkus, K. M. Das, Eleanor G. Dawley, 
E. R. Deal, L. E. De Noya, J. F. Dillon, J. S. Dombek, P. F. Duvall, Jr., Bruce Erickson, L. S. 
Evans, G. P. Farrell, C. L. Fefferman, Stephen Fisk, Michael Fried, Michael Friedman, Richard 
Fritsche, Michael Gemignani, G. J. Giaccai, J. A. Glasenapp, Anton Glaser, J. B. Goebel, Robert 
Gold, H. H. Green, Ralph Greenberg, S. H. Greene, Arthur Greenspoon, L. J. Grimm, R. L. 
Guderjohn, J. D. Haggard and D. W. Hight (jointly), P. G. Hahn, D. L. Hansen, Alvin Hausner, 
Dunstan Hayden, H. E. Heatherly, Sidney Heller, J. C. Hennessey, R. A. Jacobson, J. A. Johnson, 
Leroy Junker, Erwin Just and Norman Schaumberger (jointly), A. J. Keeping, P. A. Kingston, 
Alex Koler, J. A. Lambert, E. S. Langford, J. F. Leetch, A. E. Livingston, G. F. Lowerre, Jiang 
Luh, C. R. MacCluer, S. I. Mack, Thomas Maddock, Coline M. Makepeace, C. F. Marion, D.C. B. 
Marsh, R. A. Melter, R. M. Meyer, Stephen Montague, J. S. Muldowney, Amos Nannini, R. J. 
Oberg, C. A. Oster, F. J. Papp, Jr., F. D. Parker, Lewis Parker and J. D. Watson (jointly), C. B. A. 
Peck, B. E. Petersen, Stanton Philipp, G. W. Polites, J. H. Ramsey, Henry Ricardo, G. S. Rogers, 
Azriel Rosenfeld, J. P. Ryan, Perry Scheinok, E. M. Scheuer, A. L. Schreiber, L. S. Schulman, R. 
Sibson, Jr., D. L. Silverman, Barry Simon, R. T. Smythe, Rory Thompson, Andreas Thuswaldner, 
Roseanna Toretto, E. W. Wallace, W. C. Waterhouse, Albert Wilansky, J. M. Wild, Ran Wilder, 
J. E. Wilkins, Jr., Kenneth Yanosko, K. L. Yocom, and the proposer. 

Dombek pointed out that this problem is proved as Theorem 5, p. 38, of Introduction to 
Modern Algebra and Analysis, by R. Crouch and E. Walker (Holt, Rinehart and Winston, 1962). 
Rosenfeld called attention to his paper, ‘‘Groups as unions of proper subgroups,” this MONTHLY, 
66 (1959) 491-4. Here it is shown that a group G is the union of three proper subgroups if and only 
if the Klein 4-group is a homomorphic image of G, and a finite group of order 7 is not the union of p 
or fewer of its proper subgroups, where p is the smallest prime dividing n. Wilansky stated the 
related results: (1) A linear space over a field with m elements cannot be the union of less than a 
subspaces. (2) A linear space over the reals cannot be the union of finitely many subspaces. He 
called attention to Bialnicki-Birula, Browkin, and Schinzel, Collog. Math., 7 (1959) 31-2, and to 
the discussion and references accompanying Problem 5025 [1963, 579]. 


Differential Operators 
E 1593 [1963, 568]. Proposed by Reuben Hersh, Stanford University 


If P(x) and Q(x) are arbitrary polynomials, k an arbitrary constant, and 
D the operator d/dx, prove that 


P(D)[e##0(«)] |.-0 = Q(D)[P(x)] |aax 
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I. Solution by W. C. Waterhouse, Harvard University. Since both sides are 
linear in P and Q, we need prove it only for monomials; and it is easy to check 
by induction on 7 that 


Dn (eb) | -=0 = m! ( n ) pr-m = D™ (x) | p=: 
m 
II. Solution by S. I. Mack, Syracuse University. We first note that for any 
pair of polynomials P(x), Q(«) we have P(D) [Q(«) || .-0= Q(D) [P(«) || ..0. Thus 


P(D)[eQ(x)] |eno = P(D + F)[Q()] [2x0 = Q(D)[P(x + &)] |ono = O(D)[P(2)] [a= 


Also solved by D. S. Ahluwalia, W. A. Al-Salam, Raymond Balbes, Randy Barron, Robert 
Bart, Brother R. F. Schnepp, P. R. Chernoff, D. I. A. Cohen, Martin Cohen, David Cotton, 
K. M. Das, Joseph Erbacher, Stephen Fisk, Michael Fried, H. W. Gould, Ralph Greenberg, 5. H. 
Greene, Arthur Greenspoon, M. G. Gruendl, Alvin Hausner, Sidney Heller, J. C. Hickman, A. J. 
Keeping, Alex Koler, E. S. Langford, A. E. Livingston, Thomas Maddock, E. L. Magnuson, 
D. C. B. Marsh, Stephen Montague, J. S. Muldowney, R. J. Oberg, B. E. Petersen, Stanton 
Philipp, B. E. Rhoades, G. S. Rogers, Jean-Pierre Sampson, Perry Scheinok, Barry Simon, Arnold 
Singer, J. E. Wilkins, Jr., J. S. W. Wong, G. O. Wunderly, K. L. Yocom, Leonard Zacks, David 
Zeitlin, and the proposer. 


A Scalene Oxygon with Minimum Perimeter 


E 1594 [1963, 568]. Proposed by Walter Penney, Navy Department, Washing- 
ton, D. C. 


Triangle A BC is a scalene triangle with three acute angles, integral sides, and 
sin A =5/13. What is the minimum possible perimeter? 


Solution by J. W. Baldwin, Wayne State University. A perpendicular from 
C to AB at D gives two right triangles with DC=5x and AC=13x, where «x is 
an integer. Let BC=a, DB=m, and get 


(1) a® = 2542 + m?. 


Now, for C<7/2 we must have tan (A +B) <0, which requires that tan A tan B 
>1. Hence tan B=5x/m>12/5, or m<25x/12. For x=1, 2, +++, with allow- 
able values of m, we have a, from (1), irrational until we come to x=7, m=12, 
when a= 37, and the triangle fulfilling all conditions has a perimeter of 224. 

Also solved by A. N. Aheart, Merrill Barnebey, Wayne Cutrer, Sidney Heller, J. E. Jean, Jr., 
A. J. Keeping, Esther A. Linfield, D. C. B. Marsh, P. R. Nolan, W. M. Stone, Gary Venter, 
Oswald Wyler, K. L. Yocom, and the proposer. 

Sixteen incorrect solutions were received. The proposer called attention to Problem E 1147 
(1955, 40]. 

An Affine Problem 
E 1595 [1963, 568]. Proposed by R. V. Moody, Toronto, Ontario 


Let ABC be any (nondegenerate) triangle and let the lines parallel to its sides 
and one-fourth the way from each side to the opposite vertex determine the tri- 
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angle DEF. Let A’B’C’ be any triangle circumscribed about triangle DEF. 
Prove that at least one vertex of triangle A’B’C’ must lie on or within triangle 


ABC. 


Solution by D. C. B. Marsh, Colorado School of Mines. Since this problem is 
of an affine nature, assume ABC equilateral. Then a vertex of A’B’C” will lie 
outside of ABC only if the vertex angle is less than 60°. As this cannot be true 


for all three angles, we conclude that at least one vertex of A’B’C” must lie on 
or within ABC. 


Also solved by Michael Goldberg, Oswald Wyler, and the proposer. 
The proposer applied the theorem that states that of the four triangles A’FE, B’DF, C’ED, 
DEF, the last one does not have the least area. 


Covering Triangles of a Convex Polygon 


E 1596 [1963, 568]. Proposed by Carl Evans, Cornell Aeronautical Labora- 
tory, Inc., Buffalo, New York 


Let P, be a convex polygon of 1 sides with no four vertices concyclic. Call a 
triangle 4 BC whose vertices are among those of P, a covering triangle of P, if 
the circumcircle of ABC contains the remaining 2 —3 vertices of P, in its inte- 
rior. Show that there are exactly n—2 covering triangles of P, and that they 
constitute a dissection of P, by n—3 diagonals. 


Solution by Randy Barron, McGill University. Select two adjacent vertices 
A, B in counterclockwise order. Choose point C from the remaining vertices so 
that xX. ACB is a minimum. This point is unique, because if another such point 
C’ existed, then A, B, C, C’ would be concyclic. The circumcircle of ABC en- 
closes all of the remaining  —3 vertices, and triangle A BC is a covering triangle. 
From among the vertices lying clockwise from A to C, select point D such that 
x.ADC is the minimum. Then the circumcircle of ADC encloses all the other 
vertices lying clockwise from A to C. But D is interior to the circumcircle of 
ABC, whence x ADC>r—XABC. It follows that xABC>a—2X ADC. But 
x. ABC is the minimum angle subtended by chord AC at any vertex lying coun- 
terclockwise from A to C, since B is on the circumcircle of 4 BC which encloses 
these points. Therefore all these angles exceed *— X.ADC, and all the vertices 
lying counterclockwise from A to C lie within the circumcircle of ADC. That is, 
triangle ADC is a covering triangle. We may proceed in this manner, each time 
selecting one unused vertex from among its neighbors (if any) to construct a 
covering triangle. We thus get n—3+1=n-—2 covering triangles. Of these tri- 
angles, triangle A BC has three lines. Each successive covering triangle thereafter 
constructed adds two lines. Of all these lines, 7 are sides of the polygon, whence 
3+2(n—3)—n=n—3 of them are diagonals. 


Also solved by D. I. A. Cohen, Stanton Philipp, E. G. Straus, Oswald Wyler, and the proposer. 
The problem is a generalization of Problem 3, Part II, of the 1961 Putnam Competition (see 
this MONTHLY, (1962) 764). 
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Maximizing an Escalator 


E 1597 (corrected) [1963, 757]. Proposed by Ralph Greenberg, University of 
Pennsylvania 


Let Fix(%1) = %1, Fox, X29) = x7, nen) E,(x1, XQ °° % Xin) = Eni Cartas) 
and let @,>Qn1> °°+ >a,>e. Which permutation of the a,;’s maximizes 
E,(“1, XQ, ° °° , Xn)? 


Solution by the proposer. We will show that the permutation dy, de, +++ , Gn 
always gives the maximum value to E£,. If n= 2, this is clear, since 


de/log a2 > a1/log ay. 


If 7 >2, assume, contrary to our assertion, that E,,(b1, be, -- > , 0) is maximum, 
where 01, be, - - + , bz is Some permutation of a1, de, > °° , dy with 04> dz41. Set- 
ting M= En x-2(bise, > + > , 0,), and using the fact that 


M M 
b,41/log Ony1 < by /log br, 


we have 
peti < Boe, 
k k-+1 
Thus we easily deduce that 
E,(bi, m8 ty Ont, bi, m8 ty b,,) > En(bs, se fy by, Ont, “ety bn), 
which contradicts the assumption that the last expression is maximum. This 


proves our assertion. 


Also solved by D. I. A. Cohen, Wayne Cutrer, Michael Goldberg, D. C. B. Marsh, Jon 
Peterson, and I. D. Ruggles. 


A Polynomial Having Only Real Roots 


E 1598 [1963, 568]. Proposed by John Rainwater, University of British Co- 
lumbia 


Let m be a positive integer and define the real polynomials f(x) and g(x) 
by (1+7x)"=f(«) +ig(x). Prove that for arbitrary real numbers a and b, the 
polynomial af(«)-+g(x) has only real roots. 


I. Solution by Alex Koler, University of Dayton. Assume z=c-+id, d0, and 
Z are solutions of f(x) —kg(x) =0, where k= —b/a, aX0. Then 


(1) g(x) = (k + iL + ix). 
Now substituting into | g(z)| = | 2(2)| using (1), and since & is real, it follows 


that |1+¢z| =|1—7z|. But this implies that d=0, which contradicts our as- 
sumption. 
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Il. Solution by J. E. Wilkins, Jr., General Dynamics Corporation, San Diego, 
California. The equation af+bg=0 may be written in the form 


(a + ib) (1 + ix)™ + (a — id)(1 — ix)” = 


If a and 0 are not both zero, let a+7b = re for a real nonzero ¢ and areal 6. Then 
(1 + ix)™/(1 — ix)™ = e?%, and consequently (1+ ix)/(1 — ix) = e* if 
p= (20+2rk)/m for some integer k. It follows at once that x=tan (¢/2) is 
real. If a and 0 are both zero, the proposed assertion is obviously false. 

Also solved by W. A. Al-Salam, Randy Barron, Leonard Carlitz, P. R. Chernoff, Stephen 
Fisk, Michael Fried, Charles Goldberg, Michael Goldberg, M. G. Gruendl, Alvin Hausner, Sidney 
Heller, A. J. Keeping, D. C. B. Marsh, U. Ocnav, Stanton Philipp, G. O. Wunderly, David Zeitlin, 
and the proposer. 

Zeitlin pointed out that the problem is a special case of Problem 33, pp. 149-50, J. V. Uspensky, 
Theory of Equations, McGraw-Hill, 1948. 


Functions with the Binomial Property 


E 1599 [1963, 568]. Proposed by David Friedman, University of California at 
Berkeley 
Let 


n—1 


fo(a) = c?, fn(x) = ct II (ax + 61) forn=1,2,---, 
i=0 


where c>0 and a, b are arbitrary real numbers. Show that 


n 


fe +9) = X (") pera). 


i=0 


I. Solution by W. C. Waterhouse, Harvard University. We proceed by induc- 
tion on z, the result being obvious for n=0. Assuming it true for , then, we 


have 
("O )iereo) = S eC” 1) fpr aon 


j=0 I j=0 


- >(“ J fiefers-sl) + (7) fase) 


j=0 t=0 


-x(" ) fervasodlay + Bln — j)] + O(")nteyesolos + 


1=0 


= fale + y) [ala + y) + bn] = fragile + 9). 


IT. Solution by Stanton Philipp, Long Beach, Calif. It is well known that the 
factorial polynomials F,,(u)=u(u—1) - + + (u—n-+1) have the binomial prop- 
erty Fa(x+y)= Dito (1) Fix) Fray). For 070, fa(x) =c*(—b)*F,(—ax/b), 
whence the desired result follows immediately. For )=0, the result is equivalent 
to the binomial theorem. 
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III. Solution by W. A. Al-Salam, Texas Technological College. It is well 
known that any set of polynomials { tn (x) } satisfies the addition theorem 


n 


fale + y) = DU @izomo 


+=0 


if and only if its generating function 
F(x, t) = 2) (¢"/n!) fn (x) 
n=0 


is multiplicative, ie., F(x+y, t) = F(x, t) F(y, t). Now it is easy to show that the 
given polynomials may be written as 


fale) = (—Byrcint (7 '), 


which implies that F(x, ¢)=c*(1—0t)*/. This is evidently multiplicative. 


Also solved by D. 5S. Ahluwalia, Randy Barron, Robert Bart, P. R. Chernoff, D. I. A. Cohen, 
Robert Cohen, K. M. Das, Stephen Fisk, Michael Fried, H. W. Gould, Ralph Greenberg, S. H. 
Greene, A. J. Gross, Eldon Hansen, Sidney Heller, A. J. Keeping, Alex Koler, J. A. Lambert, 
T. J. Lee, D. C. B. Marsh, J. W. Moon, J. S. Muldowney, M. G. Murdeshwar, R. J. Oberg, B. E. 
Petersen, E. D. Rainville, B. E. Rhoades, Perry Scheinok, E. M. Scheuer, Barry Simon, Arnold 
Singer, J. E. Wilkins, Jr., David Zeitlin, and the proposer. 

It is apparent that the restrictions on a, b, c are unnecessary and that we may take a, b, c, x, y 
as any complex numbers. Gould became interested in other solutions, than the one proposed in the 
problem, of the equation 


fey) =X (7) Ah. 


As pertinent references he gave: (1) H. L. Krall, Newtonian polynomials (abstract), this MONTHLY, 
55 (1948) 388, (2) H. L. Krall, Polynomials with the binomial property, this MONTHLY, 64 (1957) 
342-3, (3) Eri Jabotinsky, On Newtonian sequences of polynomials (abstract), Bull. Amer. Math. 
Soc., 54 (1948) 470. 


A Determinant Whose Elements Are Combinatory Numbers 


E 1600 [1963, 569]. Proposed by J. E. Schneider, Franklin and Marshall 
College 


Evaluate the determinant 


Co) Ga) G) 
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Solution by D. I. A. Cohen, Princeton Unwersity. Subtracting the mth column 
from the (m+1)th, (m=1, 2,---,m-—1), and then subtracting the mth row 
from the (m+1)th, (m=1, 2,---,m-—1), we get 0’s in the first row and first 
column except for a 1 in ay and the rest of D, is identical to D,_1. Therefore 
D,=D,=1. 


Also solved by J. C. Abad, A. N. Aheart, Randy Barron, Robert Bart, Moshe Berlin, E. P. 
Berger and C. V. Bitterli (jointly), W. R. Boland, J. L. Brenner, Brother T. C. Wesselkamper, 
J. L. Brown, Jr., G. J. Ciaccai, Leonard Carlitz, Robert Cohen, C. G. Cullen, Wayne Cutrer, 
K. M. Das, J. A. Erbacher, T. M. Feder, Stephen Fisk, Michael Fried, Ralph Greenberg, S. H. 
Greene, R. E. Greenwood, M. G. Gruendl, Sidney Heller, W. H. Holter, R. A. Jacobson, Erwin 
Just, Roman Kaluzniacki, A. J. Keeping, P. G. Kirmser, Alex Koler, J. A. Lambert, T. J. Lee, 
B. S. Levine, Douglas Lind, R. F. McCoart, E. L. Magnuson, D. C. B. Marsh, S. G. Mohanty, 
J. W. Moon, M. G. Murdeshwar and V. K. Rohatgi (jointly), J. P. Muskat, R. J. Oberg, F. D. 
Parker, Lewis Parker and J. D. Watson (jointly), B. E. Petersen, Stanton Philipp, B. E. Rhoades, 
Perry Scheinok, E. M. Scheuer, Barry Simon, Arnold Singer, F. C. Smith, R. L. Syverson, Rory 
Thompson, L. T. Van Tassel, J. E. Wilkins, Jr., Oswald Wyler, K. L. Yocom, David Zeitlin, and 
the proposer. 

The problem was located as: (1) a special case of Example 729, p. 679, of Muir, A Treatise on 
the Theory of Determinants, Dover Publications, Inc., 1960, (2) the case m=1, r=n of Netto, Lehr- 
buch der Kombinatorik, Chelsea Publishing Co., p. 256, bottom, (3) Example 18, p. 428, Hall and 
Knight, Higher Algebra, Macmillan, 1957. 
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Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
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new or extensions of old results are especially sought. Proposers of problems should also enclose 
any solutions or information that will assist the editors. In general, problems in well-known 
textbooks or results in readily accessible sources should not be proposed for this department. 


PROBLEMS FOR SOLUTION 


5157. [1963, 1107]. Correction. Proposed by R. L. Graham, Bell Telephone 
Laboratories 


Replace “real” by “rational.” 


5181. Proposed by E. J. Burr, University of New England, Austraha 

Let f(x) =0 for x irrational, f(0) =«,>0, and f(m/n) =e, >0 for m, n coprime 
integers with n>0. Find, or disprove the existence of, sequences {e,} with 
lim €,=0 such that (a) f’(x) exists nowhere, (b) f’(x) exists for some x, (c) f’(x) 
exists for all irrational x. 
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5182. Proposed by D. Z. Djokovié, University of Belgrade, Jugoslavia 


Prove or disprove the following inequality 
x} y?(z + 1)? + ty +2 + y2)?} S 1, 
where x, y, 2, are nonnegative real numbers such that 3x-+2y+2z2+#=5. 


Note. This and the following inequality are connected with Shapiro’s inequality, Problem 4603, 
[1954, 571]. Shapiro’s inequality is known to be true for 1<”<8, and false for n= 14, 16, 18, 20, 
22, 24 and also for all n>25. The two present inequalities are needed to prove Shapiro’s inequality 
for n=10. 


5183. Proposed by D. Z. Djokovié, University of Belgrade, Jugoslavia 
Prove or disprove the following inequality 
eola(y + 1)(@ + 1) + yu]? + u(y + 2 + 92)} S14, 
where x, y, 2, 4, v are nonnegative real numbers such that 
2Ze«+tytetuto=5. 
5184. Proposed by A. Oppenheim, University of Malaya, Kuala Lumpur, 
Malaysia 
Find the complete solution in rational integers of 
w+ yi + 28+ B= 2 
x+y te2+7 =2. 
5185. Proposed by Carl Evans, Cornell Aeronautical Laboratory, Buffalo, N. Y. 


Prove: Through any three noncollinear points of the plane there are un- 
countably many polygons similar to a given simple closed polygon, with each 
of the three points on a different side. 


5186. Proposed by J. D. Nulton, University of California, Berkeley 


A horticulturist wishes to grow a flower garden on a plot of ground which is 
large enough for only 2 flowers. Each of his flower bulbs, however, has a proba- 
bility p~1 of not growing into a flower. How many times (expected value) must 
he replant his garden before he reaches his goal of flowers? Naturally he re- 
plants only those which failed to grow from the last planting. 


9187. Proposed by D. H. Denniston, University of Canterbury, New Zealand 


A, B, C, D, E, F are general points of a plane. AB’, AC’, AD’ are the tan- 
gents at A to the conics ACDEF, ABDEF, ABCEF. Prove that AB, AB’; 
AC, AC’; AD, AD’ are in involution. 


59188. Proposed by J. R. Baugh, S. P. Franklin and T. G. McLaughlin, Uni- 
versity of California 
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Place the following axioms on a topological space X in the hierarchy of 
separation axioms and determine what implications exist between them: 

A. Every point of X is the intersection of an open set and a closed set. 

B. The Boolean algebra generated by the topology of X is 2%. 

C. Every point of X is either open or closed. 

D. X is a door space, i.e. every set is either open or closed. 


5189. Proposed by L. Carlitz, Duke University 


Let a = b =c (mod '*'), where 6 is a prime and 0 Sc S p’*t!. Then, if 
m<=min (p"—1, c) show that the following quotients are integral (mod 9): 


ala—1)---(@a—m-+1) b(6—1)---@—m-+ 1) 
b(b—1)++-(b-m+1) ala—1)-:-(a—m41) 


9190. Proposed by J. L. Brenner, Stanford Research Institute, Menlo Park, 
California. 


Let @ be a mapping of the full linear group of Xn matrices (over the field 
of complex numbers, say) into the underlying field. It is known that if (AB) 
= (A) (B), then ¢(A) is a multiplicative function of the determinant of A. In 
this Montuty [1963, 163], S. Cater proved that the same conclusion follows if 
@(ABC)=¢(CBA) for all triples of matrices, but that the hypothesis ¢(4B) 
= (BA), which is satisfied by the trace function, is not enough. (1). Show that, 
even if ~=2, there are infinitely many maps ¢ satisfying this last hypothesis. 
(2). If both hypotheses (AB) =¢(B4A), ¢(A~!) = [6(A) |“! are satisfied, how is 
the map restricted? 


SOLUTIONS 
Surface Area and Total Mean Curvature 


5050 [1962, 813; 1963, 903 |. Proposed by G. D. Chakerian, California Institute 
of Technology 


Let K be a convex subset of R® with constant width. Let F be the area of 
the surface of K and let M be the total mean curvature. Then 


2 T 


is s————_- 
ArF (mr — V3) 


Note by H. Guggenheimer. The proposer observes that, contrary to a state- 
ment appearing in the former solution [1963, 903], equality cannot hold for the 
solid of revolution of a Reuleaux triangle, since the latter has a circular projec- 
tion onto the plane normal to the axis of revolution. In fact, it seems that there 
does not exist a solid of constant width all of whose projections are Reuleaux 
triangles, and that therefore strict inequality holds in 


2(9 — +/3)M? < 42°F. 


= 1.114. 
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Multiplicative Seminorm 
5052 [1962, 925; 1963, 904]. Proposed by Seth Warner, Duke University 


A multiplicative seminorm on the algebra E (over the complex numbers) of 
all entire functions is, by definition, a function p from £ into the nonnegative real 
numbers with the following properties: p(0)=0, pf) =|Al PY), 66+) Se) 
+(g), and p(fg) S$ p(f/)p(g) for all entire functions f, g and all complex numbers 
X. If £ is furnished with the topology of uniform convergence on compact sets 
(the compact-open topology) is every multiplicative seminorm on E necessarily 
continuous? 

Editorial Note. 1. N. Baker points out that his solution to this problem [1963, 904] is in error. 
If one assigns p(f) = | ar,| ki to f= > natdn2", then it is not always true that p(fg) Sp(f)p(g). Indeed, 
if g= > n-ne", then 

P(fg)=(k+1)!| ax] || =RM!| ae] [x] =P(f)oCg) 


whenever 1 40. 
No correct solution has been submitted. 


Normal Subgroup 


5055 [1962, 926; 1963, 1016]. Proposed by Peter Vf, American University, 
Beirut, Lebanon 


If p is the smallest prime factor of the order of a finite group G, prove that 
any subgroup of index p is normal. 
Editorial Note. W. T. Reid calls attention to an error which occurs in solution II [1963, 1016]. 


The phrase “while in the latter, x«<G=HXH, hence Hx=xH” should be replaced by “while if 
m=p, then 1C@G=HXH which easily yields the contradiction H=G.” 


Lebesgue Measure 
5083 [1963, 335]. Proposed by Joshua Barlaz, Rutgers, the State University 


Prove that there is no set £ in the interval (0, 1) having Lebesgue measure 
m(E) and satisfying the conditions: (1) 0<m(E) <1, (2) m(EC (0, c)) =r-e for 
all c, OScS1 and a fixed +. 


Solution by W. J. Bruecks, University of Pennsylvania. Suppose that such a 
set E does exist; then for each interval [=(a, 6)C(0, 1) we have m(ENMT) 
=vm/(I). It follows from the definition of m(£) that for any 6>0 we can choose 
a denumerable sequence of intervals {7}, each contained in (0, 1), such that 
U2, L.DE and (1+6)m(E) > >52., m(I,). Now the sequence {LAE} covers E 
and hence 


mE) Ss Sm E) = > m(,) =r SS m(L) < rm(E)(1 + 8). 


Therefore r > 1/(1+5) for all ’>0; which implies r 21. Thus m(£) 2m(EM (0, 1)) 
=y-121, contradicting the hypothesis. 
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Also solved by D. W. Bailey, J. C. Barron, W. H. Bonney, R. C. Busby, Harley Flanders, 
D. M. Friedlen, Allan Gibbard, H. A. Guess, R. A. Jacobson, E. S. Langford, A. E. Livingston, 
D. G. Malm, Solomon Marcus, Katuyosi Matoba, J. C. Mauldon, M. D. Mavinkurve, Veselin 
Perié, Vivian Pessin, Stanton Philipp, J. E. Potter, J. V. Ryff, Marion Scattergood and George 
Tiller, H. G. Tucker, W. C. Waterhouse, Alan Weinstein and Alexander Zabrodsky. 


Editorial Note. While this interesting result does not seem to be stated anywhere, it is an easy 
corollary of many known results. See, e.g., Natanson, Theory of Functions of a Real Variable, v. I, 
260-261; Halmos, Measure Theory, p. 68; M. E. Munroe, Introduction to Measure and Integration, 
p. 290. 


Optimum Strategy in a Guessing Game 


5086 [1963, 336]. Proposed by B. H. Bissinger, Lebanon Valley College, and 
Conrad Siegel, F. S. A., Harrisburg, Pa. 


A different integer is written on the face of each of 1000 slips of paper and 
the slips are placed face down. A player (who has no knowledge of the particu- 
lar integers used) turns over and reads as many of the slips as he wishes. Success 
occurs when the integer on the last slip turned over is the largest of the 1000 
integers. 

If only one slip is turned over, the chance of success is obviously .001, as it 
is when all the slips are turned over. Devise a system for playing the game 
which gives maximum probability of success. Determine this probability. 


Solution by A. J. Bosch, Technological University, Eindhoven, Netherlands. 
Suppose that, with n=1000, a)>a1> --- >d,-1. To get initial information, 
in each system we must first turn over x slips. A system which stops when the 
last number is not larger than all the previous ones is a bad system, because 
continuing gives a greater probability of success. Hence we continue until we 
meet (say after & slips more) a number larger than all before. Then we stop. If 
we do not stop, it is the same as though we replaced x by x’=x-+k, otherwise 
following the same system. 

Let A be the set of numbers on the x slips turned over, and let B be the set 


of numbers on the »—x remaining slips. Let p;=P(d@0, a%,°--°, @iGB and 
a;EA),t=1,---,n—-1. If ao, -- + ,a;1€B, then the probability that we meet 
ao the first of these is clearly 1/2. Hence 

n—1 
P(success) = >) p:/i 

i=l 

N—-x %* 1 (n—x)(n—x-1) « 


l(t a)esatalt-a)0-sa)enat 


Putting x/n=y and passing over to the limit as n>, we get P(success) 
=—ylIn y. This function has its maximum for dP/dy= —1—In y=0 or y=1/e. 


330 ADVANCED PROBLEMS AND SOLUTIONS [March 


Hence: turn over 368 slips and let the largest integer shown be m. Now con- 
tinue, stopping with the first slip whose number exceeds m. The probability of 
success is .368. 


Also solved by Milton Ash and Wayne Jones, E. L. Ellis, Michael Goldberg, Jamie J. Goode, 
J. G. Mauldon, Conrad Siegel, Anita Skelton and Michael Pascual, J. H. van Lint, and Richard 
Zeckhauser and Emmett Keeler. 


Editorial Note. Since 1000/e = 367.879, it is conceivable that 367 slips is the correct number. 
Skelton and Pascual carry out the numerical computation: P(367) = .36819507, P(368) = .36819561. 

Ellis reports that essentially the same problem was posed in Scientific American, February 
1960 by Fox and Marnie, and the outline of a solution by Moser and Pounder appeared in the 
March 1960 issue. 


Isomorphic Rings 
5087 [1963, 336]. Proposed by Seth Warner, Duke University 


Given two rings each having m elements including a unity element. If m is 
a square-free integer, prove that the rings are isomorphic. 


Solution by Veselin Perié, Sarajevo, Yugoslavia. Let R be any ring having m 
elements including the unity element e. If m is a square-free integer, we prove 
that e (as element of the abelian group R) is of order m, and thus R& and the ring 
Zm of the integers mod m, must be isomorphic. If, otherwise, ” is the order of e, 
with 1<un<m, then m=m’'n, m’>1. For any prime factor p of m’ there is in the 
abelian group R at least one element a of order p, pa=0. Now p must divide 
n, since na=n(ea) = (ne)a=0a=0. Hence p? must divide m=m'n so that m 
would not be square-free. 


Also solved by George Bergman, W. H. Bonney, L. Carlitz, I. G. Connell, K. E. Eldridge, 
Bruce Erickson, B. P. Gill and Alvin Hausner, G. A. Heuer, W. S. Martindale, 3rd, M. D. Mavin- 
kurve, R. A. Melter, Stephen Montague, M. G. Murdeshwar, J. H. Oppenheim and Frank Levin, 
E. L. Spitznagel, Jr., Art. Steger, H. R. Stevens, B. R. Toskey, Dennis Travis, C. L. Van der 
Eynden and T. Onishi and C. R. Mac Cluer, W. C. Waterhouse, and the proposer. 


Convex Function 


5088 [1963, 336]. Proposed by Joe Lipman, Queen’s University, Canada 


In Meschkowski, Unsolved and Unsolvable Problems of Geometry (Vieweg & 
Son, 1960) a function defined on a convex set C of reals is called convex if 
2f((x1+x2)/2) Sf(x1) +f(x%2) everywhere in C. 

a) Show that if f is bounded above on some subinterval of C, then this 
definition agrees with the usual one, viz: for any ¢ in (0, 1), f@x1+(1 —2#)x2) 
Stf(x1) + (1 —£)f (x2) everywhere in C. 

b) Find a function on (— ©, ©) which is not convex (in the usual sense) 


but satisfies 2f((x1-+x2)/2) <f(x1) +f(xe) for all x1 x2. 


Solution by G. M. Bergman, Harvard University. (a) Suppose we have x1, 2, ¢ 
such that f(tm+(1—fx2) —if(«1) — (1 —Af(x2) =a>0. (Clearly 43.) Subtract- 
ing a linear function from f will not affect either convexity or boundedness. 
Hence let us assume f(x1) =f(x2) =0. Then f(txi1+ (1 —?)x2) =a. 
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Either ¢<4 or ¢>4. If ¢<3, let ¢’ =2t. If t>4, let ¢’ =2#—1. Applying Mesch- 
kowski’s condition at the points #/x;+(1—1’)xe and xe in the first case, and at 
x, and t’x;+(1—?')x, in the second, we find f(t/x1+(1 —?’)x2) > 2a. Inductively, 
we can find #”, #’”, +++, such that at corresponding points [x1, x2|, f> 4a, 
8a, ---. Thus f is unbounded above. 

(b) The construction of nonlinear functions satisfying f(«+y) =f(«) +f(y) is 
by now a very familiar problem. (See G. Hamel, Eine Basis aller Zahlen und 
die unstetigen Lisungen der Funktionalgleichung f(xt+ty)=f(x) +f), Math. 
Ann., 60 (1905) 459-462.) For such a function, it is easy to see that 2f((«1-+%2) /2) 
= f(«1) +f(x2). Such functions are known to be unbounded above and below 
in every interval. The sum of such a function and a strictly convex function such 
as x? will satisfy Meschkowski’s inequality, but, being unbounded above, can- 
not satisfy the usual condition. 


Also solved by Solomon Marcus, by the proposer and (first part) by Martin Cohen. 


Editorial Note. Marcus points out that Jensen had considered convexity in the same sense as 
Meschkowski. See J. L. Jensen, Sur les foncttons convexes et les inégalités entre les valeurs moyennes, 
Acta Mathematica, v. 30, 1906. 


Limit of a sequence of Real Functions 


5089 [1963, 336]. Proposed by R. D. Sinkhorn, R. R. Gordon and Reid June, 
Boeing Airplane Co., Wichita, Kan. 


Let a sequence of real functions f,, 7~=1, 2, ---, be generated by 
1/2a if | «| <a Lopate 
file) = K if|«| =a, foyr(x) = —{- frlt) at, 
0 if |x| >a _ 
where a is a positive constant. Prove that, independent of x, 
lim n/?f,(x%) = =,/2 


n> a QT 


Solution by J. Boersma, Rijksuniversiteit, Groningen, Netherlands. The func- 
tion f;(«) can be represented by the following integral: 


1 © sin al 1 © sin al 
fix) = — cos xidt = — cos xtdt. 
r/o at 27/3 _. at 


(cf. Erdélyi, Integral Transforms I, form. 1.6(1)). Moreover it is readily noted 
that frsi(x) = [eo fi(x—Dfn(dt, ie., that f, is the n-fold convolution of f; with 
itself. Substituting in the recurrence relation for the sequence f,, one can easily 
derive the following integral representation for the function f,(x): 


1 °“/ sin al\” 1 ©/ sin {\” x 
Fa(x) = —{ cos xidt = — ) cos — tdi. 
T 0 al 


Wad 9g l a 
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The function f,(«) can be estimated in the following way: 


1 ©/ sin f\” x 1 
f,(“%) = — ( ) cos — tdi + O (—) 
Tad 9 L a nN 


_= ( = yt + O(#)} dt + o(-). 


TAY 9 


In the last integral we transform from / to the new variable u, with 


or inversely 


d 1 
t= /(6u) + O(v?/?), == 7 a/(6/u) + O(ut!?), 


We obtain the following result: 


In(x) = ~- J (1 = {1 + OW} {EV (6/u) + OCW) } au + o(-) 
24 woh o8)} +062) 


-V Gx) +5): 


Hence we have the desired result. 
Also solved by J. Koekoek, Harry Lass, J. E. Potter, and the proposers. 


Asymptotic Distribution of Sequences 
5090 [1963, 336]. Proposed by Fred Suvorov, Princeton University 


Let {xn} be a sequence of positive real numbers. Consider the set A of all 
real numbers a such that {xn} converges to 0 (mod a), and show that this set 
has measure 0. The sequence {Xn } is said to converge to 0 (mod a) if the residue 
classes of the x, on the circle R/Ra converge to 0, where R is the real numbers 
considered as an additive group, and Ra is the subgroup generated by a. 


Solution by I. J. Schoenberg, University of Pennsylvania. 1. We add the as- 
sumption inadvertently omitted that x,++0 as n— ©, for if x,—-0 then clearly 
lim x, =0 (mod a) for every a0. We first dispose of the case when {xn has a 
limit point c which is finite and +0, lim;... x; = c, say. If so, then lim x, 
=(0 (mod a) implies lim x,;=0 (mod a), whence c=0 (mod a). But then 
AC {c, rn I so that indeed m(A) =0. 
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We may therefore assume that 


(1) lim | xn | = 0, 


nt 0 
Now a@€A implies that lim exp (27ix,/a)=1 as n—-, or 


(2) lim ev =] ifye V={yly=atac A}. 
Let Y,= Y\(0, z), >0. From (2) by Lebesgue’s bounded convergence theorem 
we conclude that 


lim errivendy = m(Y,). 
rn © Yz 
On the other hand in view of (1) we conclude from the Riemann-Lebesgue lemma 
that the integrals converge to zero. Thus m(Y,) =0 hence m(Y) =0 and finally 
m(A)=0. 
2. This interesting result and its proof may be generalized by the following 


THEOREM 1. Let {an} be a sequence of reals satisfying the condition (1). Let 
A be the set of positive numbers a such that Ln} has an asymptotic distribution 
mod a. If m(A)>0, then for almost all aE A the sequence {an } 4s equidistributed 
mod a. 


Proof. Let aE A and let pa(x) (Ox Sa) be the asymptotic distribution func- 
tion of {x,} mod a. Its trigonometric moments 


a 271 
w,(a) = f exp — hx > duta(x), (hk integer), 
0 a 
are also representable by the limits 
1 
(3) «7,(a) — lim _~ (e2rihei/a + e2tihze/a + cee + e2tihan|a) | 


no YY 


Again we consider the set Y= {y| y=a-1, a€ A} and its sections Y,= Y\(0, 2), 
z>0. Again the Riemann-Lebesgue lemma and the bounded convergence theo- 
rem applied to the limit relation (3) give 


1 ve) 
0 = lim exp {2miyha,}dy = lim — >) | exp {2mihyx,} dy 


Vz NM y=1 Y2 


- fa(2)a boty 


By differentiation with respect to z we see that w;(y~!) =0 for almost all y, and 
hence w,(a)=0 for almost all a€A, with the exception of a set on, m(on) =0. 
Thus 


(4) w,(a) = 0 forall k= 1,2,+-+-, andalla 
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with the exception of the set Uno, of measure zero. Since (4) characterizes uni- 
form distribution, the theorem is established. 

Remarks. 1. As an illustration of Theorem 1, let @ be irrational and let 
Xn =n. It is well known that {n6} is equidistributed, mod a, for every a with 
the exception of a set E= {ala=6r, r rational}. If aCE then {6} has an 
asymptotic distribution, mod a, which, however, is not equidistribution. 

2. The condition (1) is essential for the validity of Theorem 1. Thus if 
O<x,S1 and {x,} is equidistributed, mod 1, then it is readily seen that {Xn} 
has an asymptotic distribution, mod a, for every a, which is not uniform if aA1. 

3. The question whether the exceptional set of Theorem 1 is perhaps always 
enumerable is left open. 

4. Relevant to Theorem 1 is the following proposition: If {xn } is an increas- 
ing sequence of positive integers, then {xn} is equidistributed, mod a, for almost 
all a. (This is due to H. Weyl; see his fundamental paper, Math. Annalen, 77 
(1916) 313-352, or Selecta, Basel and Stuttgart, 1956, pp. 111-147, in particu- 
lar, pp. 140-142.) 


Also solved by J. E. Potter. 


Evaluation of a Limit 
5091 [1963, 337]. Proposed by W. E. Briggs, University of Colorado 
For integral k>1, evaluate: 
k 1 1 
tim | —— ea > — |, 


o(k) nsx nsx 1 


(n,k)=1 
Solution by G. M. Bergman, Harvard University. We shall write a~bd for 


limzs. (a—b) =0. It is known that }onez 1/n~log x+y, where y is Euler’s con- 
stant. Now 


1 1 
Dy a = Dh Ld) — : 
nsx 1 d\k jdszx qd d\k d jsa/d J 
(n,k)=1 


u(d) a u(d) u(d) 
ww 2 HS (tog = +7) = (log x+y) 2. TT — 2. 7 (los @- 


Now va u(d)/d=$(k)/k, so 


k 1 1 k d 
— »}) —— —n~ -— HO ood. 
o(k) face 1 nae 0 o(k) an @ 
(n,k)=1 


To simplify this, we recall that log d is the sum of the logarithms of the 
prime divisors of d. Given a prime b| k, we determine the total coefficient of log p 
in the above expression. Let R= p*k’, with (p, k’)=1. The terms pd’, d’| k’, in- 
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clude all terms d| k for which p(d) 40 and log d has a p-part. Thus the coefficient 
of log # is: 


—(R) ae pa! (p— 1)p“o(k') \ pb 


The sum at the end of this formula, again, equals o(k’)/k’, and so the whole 
expression reduces to 1/(p—1). Our limit then, is })(log p)/(p—1), where the 
summation is taken over all prime divisors of k. 


k u(pd’) perk’ (- -) u(d’) 
ak a’ 


Also solved by T. M. Apostol, P. T. Bateman, Robert Breusch, L. Carlitz, Stephen Fisk, 
Ralph Greenberg, Emil Grosswald, D. R. Hayes, A. E. Livingston, J. G. Mauldon, Stanton 
Philipp, S. L. Segal and S. Chowla, D. Suryanarayana, and the proposer. 


RECENT PUBLICATIONS AND PRESENTATIONS 


EDITED By R. A. ROSENBAUM, Wesleyan University 
COLLABORATING EpiTors: K. O. May, Carleton College and E. P. VANcE, Oberlin College 


Materials intended for review should be sent directly as follows: Books: R. A. Rosen- 
baum, Wesleyan University, Middletown, Conn. Programmed Materials: K. O. May, Carle- 
ton College, Northfield, Minn. Films: E. P. Vance, Oberlin College, Oberlin, Ohio. 


Calculus of Vector Functions. By R. H. Crowell and R. E. Williamson. Prentice- 
Hall, Englewood Cliffs, N. J., 1962. x +484 pp. $8.25. 


This text “was written to be used in teaching some topics in the theory of 
functions of several variables from the point of view of linear algebra.” It con- 
tains a chapter on linear algebra borrowed from Finite Mathematical Structures, 
by Kemeny, Mirkil, Snell, and Thompson; a chapter on differential calculus 
that includes study of differentials and Jacobians, tangents to n-dimensional 
surfaces, and the inverse function theorem; a chapter on real-valued functions 
centered around maximum value problems with discussions of diagonalization 
of matrices and the general Taylor’s theorem; a chapter on multiple integrals 
with emphasis on evaluation by iteration, change of variables, and surface area; 
and an appendix that contains additional material on determinants and proofs 
of the inverse transformation theorem, the existence of multiple integrals, and 
the formula for change of variables. The book is written carefully and should 
be given serious consideration for courses whose aim is that of the authors. 
The statement, however, that the prerequisite “is the traditional content of a 
year’s course in one-variable calculus” that “need not be covered in any par- 
ticular way” is misleading (e.g., the student is expected to have a good intro- 
duction to properties of limits and continuity, Taylor’s theorem, and definite 
integration). Except for the first chapter, students with only this prerequisite 
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may find the text difficult, although the sets of relatively simple exercises should 
help. 

Considering the rigorous logical viewpoint of the text, there are some places 
where more care should have been used. For example, since the curves used are 
not simple, it should have been made clear that the arc length of a curve is 
really the arc length of an ordered pair—a curve C and a set of equivalent para- 
metric representations of C. Moreover, the discussion of approximation of arc 
length by a sum of lengths of chords occurs before the definition of arc length, 
assumes a concept of arc length, and also (p. 402) ignores the problems of unz- 
form approximation of lengths of chords by lengths of tangent vectors at ends 
of the chords. The definition of continuity implies that a function is not con- 
tinuous at isolated points of its domain. It is stated (p. 155) that it will be 
shown that “det A is the constant factor by which A changes volume,” although 
(p. 435) volume is nonnegative. The following criticisms may be a matter of 
opinion: (1) mth order determinants are defined on page 151 and later (p. 447) 
it is proved that “determinant functions” exist; (2) the definitions of tangent 
are such that, although curves apparently are sets of points, whether a curve 
has a tangent at a particular point depends on the parametric representation 
being used; (3) the concept of content (or volume) is defined in terms of mul- 
tiple integrals and is not shown to be independent of the choice of coordinate 
axes. The discussion is logically consistent, and the change-of-variable formula 
proved in the appendix could have been used to remove the dependence on 
choice of axes. It would have helped the less observant students if these facts 
had been explained carefully. 

R. C. James, Harvey Mudd College 


Differential Geomeiry and Symmetric Spaces. By Sigurdur Helgason. Academic 
Press, New York, 1962. xiv+486 pp. $12.50. 


Symmetric spaces are Riemannian manifolds such that the covariant de- 
rivative of the curvature tensor is identically zero. They were defined by 
E. Cartan in 1926, and their theory has been actively developed in the interven- 
ing years. The study of such spaces is valuable because of their connection with 
semi-simple Lie groups, because they can be used as testing grounds for con- 
jectures about general Riemannian manifolds, and because they serve as a 
framework within which global function theory can be developed. 

This book provides a self-contained treatment of Cartan’s theory and of the 
recent developments in the theory of functions on symmetric spaces. It thus 
provides access to a literature never before collected in a systematic fashion. 
Since an amazing amount of mathematics is crowded into its pages, the expo- 
sition is necessarily compact. This is an excellent book for the mathematician 
with an adequate background in differential geometry and Lie groups. Novices 
should be wary. 

Cart B. ALLENDOERFER, University of Washington 
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Seis, Relations, Functions. By Samuel M. Selby and Leonard Sweet. McGraw- 
Hill, New York, 1963. 226 pp. $5.50. 


Designed for use in courses for teachers with little background, this book 
has a first chapter introducing set language, a last chapter glimpsing a variety 
of algebraic structures, and three central chapters dealing with real numbers, 
relations and functions. There is a liberal supply of examples, exercises, and 
good graphical illustrations. In particular there are many examples and assign- 
able exercises dealing with absolute values; inequalities; sums, products, and 
compositions of functions with real domains and ranges; plane regions defined 
by linear and quadratic conditions. No functions essentially more “advanced” 
than square roots are considered, For some instructors the profusion of useful 
elementary exercises might well outweigh objections to the book. 

There are some unfortunate statements, and some compromises whose ap- 
propriateness is a matter for individual judgment, A principal compromise is 
that while many axioms are stated and used, there is neither a finite induction 
axiom nor a completeness axiom for the reals. Also, the basic geometry of the 
plane is tacitly assumed. Some of the extended exercises involve compromises 
that strike the reviewer as less justifiable. 

From page 5, “Enumeration of an infinite set consists in listing a few ele- 
ments followed by three dots.” On page 56 it is asserted that if the coefficients 
are required to be integers then x?-++x+4 is not reducible. Each list of axioms 
begins with a clause which at best is redundant and at worst makes the closure 
laws perhaps vacuous. An abbreviated version is if a and b are reals combinable 
under +, then a+0 is real. 

BuRROWES Hunt, Reed College 


The Dynamics of Automatic Control Systems. By E. P. Popov. Pergamon Press, 
London, and Addison-Wesley, Reading, Mass., 1962. 761 pp. $10.75. 


This book, which is a translation of the original Russian edition published 
in 1956, is an introduction to the theory of automatic control systems, primarily 
intended for engineering students and practicing engineers. As with most 
Russian texts of this kind, it is written in an easily readable leisurely style and 
abounds in detailed illustrations and completely worked-out examples; there 
are 335 figures in the text. The treatment of linear control systems, which takes 
up the first three parts of the book, relies heavily upon the operational calculus 
for differential equations and uses little more than the most elementary facts 
of complex function theory. The discussion of nonlinear control systems is on a 
more advanced level, though methods and techniques are stressed, here too, 
above the theory upon which they are based. Liapunov’s direct method and the 
construction of Liapunov functions in the manner of Lur’e are treated in detail. 
Considerable emphasis is also placed on the approximate methods of Krylov 
and Bogoliubov and their variants due to Bulgakov; no mention is made, how- 
ever, of the powerful method of averaging developed by Bogoliubov and 
Mitropolsky. 
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The headings of the five parts into which the book is divided are as follows: 
(i) General information about automatic control systems. (ii) Ordinary linear 
automatic regulation systems. (iii) Special linear automatic regulation systems. 
(iv) Nonlinear automatic regulation systems. (v) Methods of plotting the 
regulation-process curve. 
H. A. ANTOSIEWICZ, University of Southern California 


Methods of Mathematical Physics, Vol. II: Partial Differental Equations. By 
R. Courant and D. Hilbert. Interscience (Wiley), New York, 1962. xxii 
+830 pp. $17.50. 


This work is not a translation of the German book by the same name that 
appeared first in 1937 and which was reprinted in this country in 1943. Rather, 
it represents a new edition, prepared by Professor Courant during the past two 
decades, and available in English as the original language. Like all of Courant’s 
writings, this book is distinguished by its masterful presentation, which com- 
bines the intuitive approach so greatly desired by the “consumers” of mathe- 
matics (scientists and engineers) with standards of mathematical rigor expected 
of a distinguished mathematician. 

Starting from basic comments concerning general properties of partial dif- 
ferential equations, and including in particular the Cauchy-Kowalewsky exist- 
ence theorem, Courant goes on to elliptic problems, and hence to hyperbolic 
equations. There is an appendix devoted to the presentation of the ideal func- 
tions, or distributions, which play such an important part in today’s quantum 
mechanics and quantum field theory. 

The “Courant-Hilbert” is not primarily a textbook to be studied cover-to- 
cover, nor is it a handbook in which to look up a forgotten numerical constant; 
a very detailed table of contents, a good index, and an extensive bibliography, 
which includes both research papers and conference proceedings, as well as a 
few monographs, help the reader to discover any particular item within the 
context in which he might study it and understand the underlying grand design. 
All in all, it is most fortunate that this work is now available and that it in- 
corporates the results of many papers of very recent date. 

PETER G. BERGMANN, Syracuse University 


Coniemporary Geomeiry. By André Delachet. Translated from the French by 
Howard G. Bergmann. Dover, New York, 1962. xix+94 pp. $1.00. 


The aim of this little volume (originally La Géométrie Contemporaine, one 
of the “Que Sais-Je?” Series, Presses Universitaires de France) is to give a 
rapid survey of developments in the field from the work of Monge to the con- 
tributions of Elie Cartan. Some relief from the current proclivity to employ 
the word “modern” in titles of books on mathematics is afforded here in the use 
of “contemporary,” which use may be justified by the brief mention of Bouli- 
gand’s so-called “direct infinitesimal geometry.” The author guides the reader 
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from elementary notions through applications of the group concept to cartesian, 
desarguesian, and projective geometries in Part I. In Part II geometries and 
abstract spaces appear, and Part III covers some intuitive aspects of both gen- 
eral and combinatorial topology. 

In such a brief presentation it is impossible to explain fully all of the con- 
cepts introduced. For instance, such a statement as “the principle of duality 
is not applicable to properties of affine, euclidean, or metric geometry which in- 
volve the plane at infinity” with no elucidation must leave the reader curious 
but without much edification. In spite of a few curiosities such as “if two points 
are collinear on a line D,” “a set of ordered groups of four numbers,” and the 
statement that projective space is obtained from desarguesian space by con- 
sidering the plane at infinity as an “ordinary plane,” the book has an interesting 
flavor and serves a very useful purpose. It is recommended as definitely worth 
the price for all students of mathematics. 

C. E. SPRINGER, The University of Oklahoma 


Nonlinear Transformations of Random Processes. By Ralph Deutsch. Prentice- 
Hall, Englewood Cliffs, N. J., 1962. xi+157 pp. $5.95. 


The book presents a readable introductory account of some analytical meth- 
ods that have been employed with reasonable success on a class of problems of 
interest in communication engineering, involving nonlinear functionals of 
Gaussian (for the most part) random processes—largely on systems containing 
a single zero-memory nonlinear device. There are some errors of commission 
and omission which mar the value of an otherwise useful work. 

A. V. BALAKRISHNAN, University of California at Los Angeles 


Russian Reader in Pure and Applied Mathematics. By P. H. Nidditch. Inter- 
science, Wiley, New York, 1962. 166 pp. $2.25. 


This reader consists of 100 short excerpts from 21 Russian works. Ninety- 
four of these sections have an interlined, word-by-word English translation, with 
brief notes on the grammar of more difficult words. The final six sections are 
given without a translation, but with a vocabulary of new words. Anyone with 
some knowledge of written Russian should be able to get through this book. 
When finished he then should be capable of reading any Russian mathematical 
work. 

STEPHEN HOFFMAN, Trinity College, Hartford, Connecticut 


A Modern View of Geometry. By Leonard M. Blumenthal. W. H. Freeman and 
Company, San Francisco, 1961. xii+191 pp. $2.25. 


About a half century ago Felix Klein wrote on geometry from a “higher 
standpoint.” The book under review treats the axiomatics of various geometries 
of the plane, and has little in common with the treatment of Klein. The present 
author demonstrates very lucidly the correspondence between algebra and 
geometry by which the geometric structure imposed by postulates on an ab- 
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stract point set implies an algebraic structure of an abstract coordinate set, 
and conversely. Geometric properties of the plane are logical consequences of 
algebraic properties of a ternary ring. 

Following a brief but engaging account of historical background in Chapter 
J, the author prepares the reader further for later developments in devoting 
the next two chapters to sets and postulational systems. There follows an illumi- 
nating chapter on the coordinatizing of the affine plane where a ternary operator 
replaces the equation of a line to liberate analytical geometry from all intuition. 
In Chapter V further (desarguesian) properties of the geometric plane are seen 
to impose additional requirements in the algebraic system to obtain, in turn, a 
Veblen-Wedderburn system, a division ring, and finally, a field. The coordinat- 
izing of the projective plane is accomplished in Chapter VI, where also the im- 
portant simplifying role of the duality principle is revealed. 

It is interesting to compare the six metric postulates for the euclidean plane 
in Chapter VII with the six metric postulates for the hyperbolic plane in Chapter 
VIII. The first five are identical in the two geometries, but the sixth involves a 
characterizing determinant. The differences between euclidean and hyperbolic 
geometry are therefore a consequence of the differences in the properties of these 
two determinants. The six postulates for the euclidean plane are shown to be 
categorical by the proof that they imply the axioms of H. G. Forder. 

This book is surely on the required reading list for all thoughtful students 
who desire to see mathematics from the “higher standpoint.” 

C. E. SPRINGER, The University of Oklahoma 


Operational Methods for Linear Systems. By Wilfred Kaplan. Addison-Wesley, 
Reading, Mass., 1962. 577 pp. $12.50. 


The treatment of linear systems by transform methods is indicated in book 
after book. Professor Kaplan’s work may very well become the definitive text 
in the area. At least, prospective authors of books on transform methods will 
have to ask themselves in what way they believe their work is superior to his. 

The first six chapters are devoted to Fourier series, z-transforms, Fourier 
transforms, Laplace transforms, and Hilbert transforms. The treatment employs 
engineering terms such as “weighting function” and “transfer function,” but 
such mathematical matters as existence of solutions and uniform convergence of 
series are not neglected. There are many interesting exercises along with some 
hints for their solution. 

Chapter seven, entitled “Stability,” covers the Hurwitz-Routh criterion, the 
Nyquist criterion and the root-locus method. Time-varying linear systems are 
treated in the last chapter. In an appendix the increasingly important opera- 
tional calculus of Mikusifiski is sketched. Regrettably, there is no discussion of 
linear systems with stochastic elements nor of numerical inversion of Laplace 
transforms. 
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Along the way the student is introduced to complex variable theory, Wron- 
skians, Laguerre polynomials, perturbation theory, Hermitian matrices, etc., so 
that the book really provides a rich background in mathematical topics and 
concepts that are of prime importance in analysis itself and in the applications. 

Rospert E. Katasa, The RAND Corporation 


Mathematical Methods in Small Group Processes. By J. Criswell, H. Solomon, and 
P. Suppes. Stanford University Press, California, 1962. 361 pp. $9.75. 


This is a collection of papers that resulted from the Symposium on Mathe- 
matical Methods in Small Group Processes held at Stanford University in the 
summer of 1961. The papers all deal in some way with the problem of applying 
mathematical techniques to the study of human behavior, with emphasis on 
small group situations. There are discussions of specific mathematical models 
such as the Lorge-Solomon model for the efficiency of small groups jointly solv- 
ing problems and the Cohen model for social conformity exemplified by the 
Asch experiments. There are several papers which follow up the earlier work of 
Suppes and Atkinson, and Estes, on applying learning models to analyze learn- 
ing experiments involving two persons. There are papers that attempt to form- 
alize concepts that occur in small group study. Examples of these are the papers 
by A. R. Anderson, who uses elementary formal logic to clarify such concepts 
as rights, duties and powers, and the paper by G. Karlsson, who studies the 
concept of the power of an individual and develops formulas to express the de- 
gree to which one person can punish another. 

It is interesting to compare this book with a similar book, Studies in Mathe- 
matical Learning Theory, Stanford Press, 1959. The latter book resulted from a 
similar conference on problems in mathematical learning theory, and one finds 
here well-defined problems being attacked with obvious enthusiasm, using 
mathematics in a way that contributes both to psychology and to mathematics. 
The reviewer found little of the same spirit in the study being reviewed. Per- 
haps the explanation lies in the remarks made in this book in the contribution 
of R. Bush. He asks, “What direction should we take in our research on two- 
person interactions?” and answers, “My advice is to find an interesting phenom- 
menon and a clean experimental paradigm first, then to collect data, and finally 
to develop models for describing data.” He closes with the remark “It took in- 
dividual psychology a century to provide the applied mathematician material 
to work with. It may take social psychology even longer.” 

It is clear from these papers that the authors are dealing with difficult and 
intriguing problems, and that the field of small group research will undoubtedly 
suggest important new mathematical problems and techniques. 

J. LAURIE SNELL, Dartmouth College 
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Introduction to Set Theory and Topology. By K. Kuratowski. Addison-Wesley, 
Reading, Mass., 1962. 283 pp. $7.50. 


The author, in his foreword, announces his intent to provide an introduction 
to set theory and topology “for the beginner.” His claim is perhaps a bit modest. 
What he has written is a broad summary of elementary logic, axiomatic set 
theory, transfinite numbers, point-set topology, dimension theory, and alge- 
braic topology. Each of the 22 chapters ends with a set of exercises which pro- 
vide examples or extend the theory. 

Although much material is presented in fewer than 300 pages, an abundance 
of detail is supplied. The style is clear, theorems and proofs being interspersed 
with examples and remarks. The overall impression of this reviewer is that a 
very large mass of information has been condensed into surprisingly little space. 

This book could be used as a text for a “topology plus” course, provided 
that such a course proceed at breakneck pace for a year’s time. Some material 
on transfinite cardinals in part I (set theory) and on algebraic topology in part 
II (topology) might be sacrificed to achieve a more normal pace, but such 
omission would be regrettable. It is more likely that the best use would be as a 
source book for independent study on the part of the student. NV years ago the 
material here would have been considered what every graduate student should 
know before finishing. N years from now it will probably be what every under- 
graduate should know before beginning graduate work. At present, the level at 
which this excellent work is most useful varies from one institution to another. 

STEPHEN HOFFMAN, Trinity College 


Proceedings of the International Symposium on Linear Spaces. Jerusalem Aca- 
demic Press, Jerusalem; Pergamon Press, Oxford, London, New York and 
Paris, 1961. xii+452 pp. $14.00. 


This volume consists of the papers contributed at the International Sym- 
posium on Linear Spaces which was held in July 1960 in Jerusalem. These 
papers may be classified under the following five groups. 

General topological vector spaces or Banach spaces: 1. Amemiya, On ordered 
topological linear spaces. N. Aronszajn, Quadratic forms on vector spaces. 
A. Dvoretzky, Some results on convex bodies and Banach spaces. E. Gagliardo, 
A unified structure in various families of function spaces, compactness and clo- 
sure theorems. V. Klee, Relative extreme points. G. Kéthe, Probleme der 
linearen Algebra in topologischen Vektorriéumen. W. A. J. Luxemburg, On 
closed linear subspaces and dense linear subspaces of locally convex topological 
linear spaces. L. Nachbin, Some problems in extending and lifting continuous 
linear transformations. A. E. Taylor, Spectral theory and Mittag-Leffler type 
expansions of the resolvent. 

Hulbert spaces and other special classes of spaces: J. A. Dieudonné, Quasi- 
hermitian operators. R. E. Fullerton, Geometrical characterizations of certain 
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function spaces. I. Halperin, Function spaces. H. Helson and D. Lowdenslager, 
Invariant subspaces. P. D. Lax, Translation invariant spaces. J. Mikusifski, 
Operations on distributions. W. Orlicz, On spaces of ¢-integrable functions. 
R. S. Phillips, The extension of dual subspaces invariant under an algebra. 
A. C. Zaanen, Banach function spaces. 

Differential equations: S. Agmon, Remarks on self-adjoint and semi-bounded 
elliptic boundary value problems. L. Ehrenpreis, A fundamental principle for 
systems of linear differential equations with constant coefficients and some of its 
applications. E. Hille, Linear differential equations in Banach algebras. J. L. 
Massera, Function spaces with translations and their application to linear 
differential equations. L. Nirenberg, Inequalities in boundary value problems for 
elliptic differential equations. G. Stampacchia, Régularisation des solutions des 
problémes aux limites elliptiques 4 données discontinues. 

Banach algebras: R. F. Arens, The analytic-functional calculus in commuta- 
tive Banach algebras. F. F. Bonsall, Semi-algebras of continuous functions. 
J. Wermer, Subalgebras of C(X). 

Others: L. Bers, Completeness theorems for Poincaré series in one variable. 
G. Fichera, Spazi lineari di k-misure e di forme differenziali. J. P. Kahane, 
Fonctions pseudo-périodiques dans R?. G. W. Mackey, Induced representations 
and normal subgroups. M. H. Stone, Hilbert space methods in conformal map- 
ping. 

A great number of recent results are to be found among these papers. Some 
of them (e.g., those of Kéthe and Nachbin) present and discuss a group of 
unsolved significant problems in certain areas. Since a detailed review of the 
volume would be altogether too lengthy, we mention just one sample. The paper 
of Dvoretzky is a detailed development of his earlier note in Proc. Nat. Acad. 
Sc. USA, 45 (1959), 223-226. The main result is the following remarkable 
theorem. For any positive integer k and any e, 0<e<1, there exists a positive 
integer N= N(k, €) with this property: for every symmetric convex body C in 
the Euclidean n-space E” with n2N, there exist a k-dimensional subspace E* 
in &” and two concentric Euclidean balls B,, Bz in E* of radii r(1—e) and 7 such 
that B,\CCN\E*C Be. The proof of this beautiful theorem, which is so easily 
stated, occupies nearly 30 pages. As applications of this geometric theorem, the 
author obtains a characterization (in terms of the “metric type”) of infinite- 
dimensional Hilbert spaces, and a stronger version of the well-known Dvoretzky- 
Rogers theorem. 

As should be clear from the above list of titles, the collection of papers 
represents well the various lines of recent research in the theory of linear spaces. 
The publication of this volume will certainly serve to disseminate these new 
developments. 

Ky Fan, Northwestern University 
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Matrix Methods for Engineering. By Louis A. Pipes. Prentice-Hall, Englewood 
Cliffs, N. J., 1963. 427 pp. $9.75. 


As the author indicates, very few books in English emphasize the utility of 
matrix methods for many physical applications. Of course there are books 
which specialize in applications to some particular field, such as Frame Analysis 
or Electrical Network Theory. Here the first 100 pages are devoted to the de- 
velopment of the fundamentals of matrix theory, while the remaining 300 pages 
are devoted to illustrating matrix methods in Elasticity, Structures, Classical 
Mechanics, Vibration Problems, Electrical Networks and Multiconductor Lines. 
Three appendices on the Theory of Laplace Transforms are included. 

In an introductory text, it would appear desirable to have the mathematical 
method developed, along with an introduction to a particular physical problem 
in nonmatrix form, before any extensive listing of a variety of similar problems 
for a special field. Further, it would be illuminating to have a few nontrivial 
examples. The various chapters vary with respect to these remarks. The ap- 
plication to Elasticity and Classical Mechanics seems to be developed in a 
more thorough and satisfactory manner than, for example, the chapter on the 
Analysis of Structures. Of course, it is certainly impossible to give a complete 
background course for every physical discipline. It would seem preferable, how- 
ever, to have somewhat less content in order to work in more fruitful examples. 
In this respect it should be noted that in the introductory mathematical mate- 
rial there are numerous examples. 

By way of comparison, the recent book of Zurmithl (Matrizen und ihre 
technischen Anwendungen, Springer-Verlag, Berlin, 1961) approximately re- 
verses the extent of coverages. It goes quite a bit deeper into the theory of 
matrices and associated numerical procedures with a somewhat less extensive 
list of applications. It must be noted, however, that Zurmiihl does manage to 
work in some fairly explicit and nontrivial examples, for example in Structures, 
even though in a very brief form. 

Misprints do not appear too numerous and are mostly of a trivial sort. The 
typography is excellent. The reviewer would have preferred to take the risk of 
possible confusion in writing a matrix equation as Ax =0 rather than as [A |(«) 
=(b), although the latter is certainly safer in physical equations where many 
scalars have to be used along with vector and matrix items. The treatment of 
multiple roots of the characteristic equation for (#)-+[K |(x) = (0), pp. 249-251, 
is rather brief and leaves the impression that certain types of solutions are im- 
possible. 

All things considered, it is felt that this is a good text, fulfills a definite need, 
and should be useful to a variety of people; for those who read German fairly 
well, Zurmiihl appears to be somewhat superior. Mention should be made of the 
useful reference list at the end of each chapter. 

A. B. FARNELL, General Dynamics/Astronautics 
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Multivariate Procedures for the Behavioral Sciences. By W. W. Cooley and P. R. 
Lohnes. Wiley, New York, 1962. 211 pp. $6.75. 


The purpose of this book is to introduce to social scientists some of the bet- 
ter-known procedures for analyzing multivariate data. The procedures intro- 
duced include canonical correlation, multivariate analysis of covariance, classi- 
fication procedures and factor analysis. An introduction to the calculus of 
matrices is also included, the above procedures being simplified greatly by its 
use. 

The format of the book is basically as follows: a problem is discussed, a solu- 
tion is proposed and then a FORTRAN programme to carry out the proposed 
solution is presented. Consequently a reader with some data and access to a com- 
puter with a FORTRAN translator could soon find himself with a foot of print- 
out. 

I find this latter fact both encouraging and discouraging within the frame- 
work of the book being reviewed. Encouraging because it should get behavioral 
scientists interested in, and actually analyzing the reams of data that it seems 
to be so easy for them to obtain. Discouraging, however, because it makes it 
possible for the reader to come by the results of a lot of complicated calculations, 
without really contemplating his own particular problem. The book may cause 
this discouraging state of affairs because it barely mentions the assumptions in- 
volved in the various models, gives no indication of a class of problems within 
which the assumptions are reasonable, and no lead on how at least to mull over 
the assumptions before carrying out the calculations. 

I dislike the mechanical view of data analysis that seems to underlie the 
book, viz. given a set of data one grinds it through one of the procedures indi- 
cated and out comes the correct answer. This mechanical view is evidenced by 
the fact that anything significant at the 5% level causes an unceremonious 
quick conclusion. 

The criticism above results from things omitted from the book. There is 
much in the book. In fact the book should provide a good first step for many 
people into the domain of multivariate analysis. 

Davip R. BRILLINGER, Bell Telephone Laboratories 
and Princeton University 


BRIEF MENTION 


Progress in Control Engineering, vol. I. Edited by R. H. Macmillan, T. J. Hig- 
gins and P. Naslin. Academic Press, New York, 1962. viit+260 pp. $10.00. 
Multicomponent Distillation. By Charles D. Holland. Prentice Hall, Englewood 
Cliffs, N. J., 1963. xiii +506 pp. $11.25. 
This book is concerned with the use of high speed computers for making 
multicomponent distillation calculations. 
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Tables of Lamé Polynomials. (Volume 17 of Mathematical Tables Series.) By 
F. M. Arscott and I. M. Khabaza. Pergamon Press, New York, 1962. 526 
pp. $20.00. 

Operations Research in Production and Inventory Control. By Fred Hanssmann. 
Wiley, New York, 1962. xii+254 pp. $8.50. 

Proceedings of the Symposium on Time Series Analysis. Brown University, June 
11-24, 1962. Edited by Murray Rosenblatt. Wiley, New York, 1963. xiv 
+497 pp. $16.50. 

The following range of topics is covered: structural questions—representa- 
tion of processes; interpolation and extrapolation; distribution of zeros and first 
passage time problems; statistical questions—estimation of spectra; regression 
analysis with stationary residuals; tests of hypothesis; applications—geophysics, 
meteorology and oceanography; engineering; economics; biology. 

Elementary Mathematics—a logical approach. By Paul Sanders. International 
Textbook Company, Scranton, Pa., 1963. xiv-+264 pp. $6.00. 

Introduction to Electromagnetic Fields and Waves. By Charles A. Holt. Wiley, 
New York, 1963. xvi+583 pp. $12.50. 

Analytic Geometry and Calculus, 2nd ed. By William L. Hart. D. C. Heath, 
Boston, 1963. xvii+-750 pp. $9.40. 

Topology (Journal of Mathematics), vol. 1. Pergamon Press, New York, $30.00 
per year. 

An International Journal of Mathematics founded by J. H. C. Whitehead, 
Oxford. 

John von Neumann, Collected Works, I. Editor: A. H. Taub. Pergamon Press, 
New York, 1961. 654 pp. $14.00. 

Volume I: Logic, Theory of sets, and Quantum mechanics. This is the first 
of six volumes which will contain a reprinting of all of von Neumann’s published 
articles and some of his reports to government agencies and other organizations, 
and reviews of unpublished manuscripts found in his files. The published 
papers, with a few exceptions, are given in essentially chronological order. 
Handbook of Calculus, Difference and Differential Equations, 2nd ed. By E. J. 

Cogan and R. Z. Norman. Prentice-Hall, Englewood Cliffs, N. J., 1963. 

xii +175 pp. $1.95. 

An extensively revised version of the companion volume to Mathematical 
Methods and Models, by the Dartmouth College Writing Group. 

The Fourier Integral and its Applications, (Electronic Science Series). By 
Athanasios Papoulis. McGraw-Hill, New York, 1962. ix+318 pp. $10.75. 
This graduate-level textbook for electrical engineers and other applied scien- 

tists presents a unified treatment of many topics related to the Fourier integral. 

Basic Mathematics for Administration. By F. P. Fowler, Jr. and E. W. Sandberg. 
Wiley, New York, 1962. xvii+339 pp. $7.95. 

Theory of Arithmetic. By J. Peterson and J. Hashisaki. Wiley, New York, 1963. 
xiv-+303 pp. $6.95. 
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Analytic Geometry and Calculus. By Frank Juszli. Prentice-Hall, Englewood 
Cliffs, N. J., 1961. xii+-348 pp. $6.95. 

Analytic Geometry, 3rd ed. By R. S. Underwood and F. W. Sparks. Houghton 
Mifflin, Boston, 1963. viiit303 pp. $4.75. 

Modern Business Mathematics. By L. J. Adams. Holt, Rinehart and Winston, 
New York, 1963. x +348 pp. $5.75. 

Mathematical Tables and Formulas. By R. D. Carmichael and E. R. Smith. 
Dover Publications, New York, 1962. viii+269 pp. $1.00. 

Unaltered republication of work first published in 1931. 

Composition Methods in Homotopy Groups of Spheres. By Hirosi Toda. Annals of 
Mathematics Studies, No. 49. Princeton University Press, Princeton, 1962. 
193 pp. $4.50. 

The Complete Book of Slide Rule Use. By Ira Ritow. Doubleday, New York, 
1963. 200 pp. $1.95. 

Modern Operational Calculus with applications in technical mathematics. Revised 
ed. By N. W. McLachlan. Dover Publications, New York, 1962. 218 pp. 
$1.75. 

A revised edition of a well-known work first published in 1948. 

General Topology and its Relation to Modern Analysis and Algebra. Proceedings 
of the Symposium held in Prague in September, 1961. Edited by J. Novek. 
Academic Press, New York, 1962. 363 pp. $14.00. 

Differential Equations-Geometric Theory. 2nd ed. Pure and Applied Mathe- 
matics, vol. VI. By Solomon Lefschetz. Interscience, Wiley, New York, 1963. 
390 pp. $10.00. 

According to the preface, this edition differs from the first chiefly in its ex- 
tension of the material on Liapunov’s direct method and its converse, and in 
the revision of the treatment of Stability in Product Spaces (Chapter VI). 
Technical Writing. A guide to manuals, reports, proposals, articles, etc., in in- 

dustry and the government. By Richard W. Smith. Barnes and Noble, 

New York, 1963. x+181 pp. $1.25 (paperback). 


NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo (Uni- 
versity of Buffalo), Buffalo, New York 14214. Items must be submitted at least two months 
before publication can take place. 


PERSONAL ITEMS 


Harpur College: Dr. Barbara A. Clinger, University of Texas, has been appointed 
Assistant Professor; Assistant Professor K. W. Anderson has been promoted to Associate 
Professor. 
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Louisiana State University, Baton Rouge: Professor Gordon Pall, University of 
Arizona, has been appointed Professor; Associate Professor Haskell Cohen has been 
promoted to Professor; Assistant Professors R. C. Bzoch and J. E. Keisler have been 
promoted to Associate Professors. 

University of Maryland: Dr. Thomas Willke, National Bureau of Standards, Wash- 
ington, D. C., has been appointed Assistant Professor; Associate Professors J. W. Brace, 
J. M. Horvath and J. A. Hummel have been promoted to Professors; Assistant Professors 
Ellen Correl, Carol R. Karp and Guydo Lehner have been promoted to Associate Pro- 
fessors. 

Rosary Hill College: Sister Marion Beiter has been promoted to Professor; Mr. Robert 
McGee has been promoted to Assistant Professor. 

Western Reserve University: Mr. A. C. Lazer, Carnegie Institute of Technology, has 
been appointed Assistant Professor; Visiting Assistant Professor N. P. Bhatia, RIAS 
Baltimore, Maryland, has been appointed Visiting Assistant Professor. 

Xavier University: Rev. L. E. Isenecker, S. J., Catholic University of America, has 
been appointed Assistant Professor; Dr. W. J. Larkin III has been appointed Chairman 
of the Department of Mathematics. 

Youngstown University: Associate Professor B. J. Yozwiak has been promoted to 
Professor; Assistant Professor T. M. Dillon has been promoted to Associate Professor; 
Mr. R. W. Hurd has been promoted to Assistant Professor. 

Mr. T. G. Burgess, Idaho State College, has been appointed Assistant Professor at 
California State Polytechnic College. 

Dr. G. C. Caldwell, Georgia Institute of Technology, has been promoted to Associate 
Director of the School of Mathematics. 

Assistant Professor E. O. Hynard, Manhattan College, has been appointed Associate 
Professor at Nassau Community College. 

Assistant Professor E. M. Maletsky, Montclair State College, has been promoted to 
Associate Professor. 

Professor H. J. Weiss, Iowa State University, will become Head of the Department 
of Engineering Mechanics on June 1, 1964. 


Professor C. T. Hazard, Purdue University, died on August 2, 1963. He was a charter 
member of the Association. 

Professor H. A. Meyer, University of Florida, died on September 1, 1963. He was a 
member for 33 years. 

Assistant Professor Aaron Siegel, State University of New York at Buffalo, died on 
December 13, 1963. He was a member for 7 years. 


SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS 


The Society for Industrial and Applied Mathematics is planning a Symposium on 
Matrix Computations to be held in Gatlinburg at the Mountain View Hotel throughout 
the week of April 12, 1964. It is contingent upon the granting of funds for its support 
requested from the National Science Foundation. Emphasis will be on informal discus- 
sion rather than formal, prepared lectures, and hence attendance will be limited to 
about 60. This is the second such symposium, the first having béen held in April of 1961, 
supported jointly by the National Science Foundation and the Atomic Energy Commis- 
sion. Oak Ridge National Laboratory was the host, and will be for this one. 

The funds requested are mainly for the purpose of paying expenses for some of the 
participants. Selections will be made by a committee consisting of F. L. Bauer, G. E. 
Forsythe, J. W. Givens, Peter Henrici, and J. H. Wilkinson, with A. S. Householder as 
chairman. Requests for admission as a participant, with or without financial support, 
should be addressed to the chairman at Oak Ridge National Laboratory, and accom- 
panied by a list of publications relating to the subject of the symposium. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Oficial Reporis and Communications 


NOVEMBER MEETING OF THE MINNESOTA SECTION 


The annual fall meeting of the Minnesota Section of the Mathematical Association 
of America was held on November 2, 1963, at North Dakota State University, in Fargo, 
North Dakota. Professor A. Glenn Hill, North Dakota State University, presided at the 
morning session, and the Section Chairman, Professor Seymour Schuster, University of 
Minnesota, presided at the afternoon session. There were 120 persons registered for the 
meeting, of whom 80 were members of the Association. 

By invitation of the section, Professor H. S. M. Coxeter, of the University of Toronto, 
and first vice-president of the MAA, gave the main address, entitled: Close-packing and 
froth. 


The following papers were presented: 


1. Functions continuous at irrationals and discontinuous at rationals, by Professor G. A. Heuer, 
Concordia College. 

Earlier results of Porter, Fort, and others suggest additional questions about the functions in 
the title. Differentiability and Lipschitz conditions are considered. Special attention is paid to the 
ruler function (f) and its powers. Sample results: THEOREM: If a <2, f% is nowhere Lipschitzian; f? 
is nowhere differentiable, but is Lipschitzian on a dense subset of the reals. THEOREM: If a>O0, f% és 
continuous but not Lipschitzian at every Liouville number; if a>2, f% 1s differentiable at every algebraic 
irrational. THEOREM: If g is continuous at the irrationals and not at the rationals, then there exists a 
dense uncountable subset of the reals at each point of which g fails to satisfy a Lipschitz condition. 

2. Root-powering of polynomial equations, by Professor F, C. Hatfield, Mankato State College. 

Four formally-possible methods of transforming a given polynomial equation to one whose 
roots are any arbitrary positive integral power of the roots of the given equation are presented, with 
the principal objective of obtaining equations whose roots are consecutive powers of the roots of 
the given equation. The four methods employ, respectively, convolution sequences, circulant de- 
terminants, Newton symmetric functions and the companion matrix of the given equation. With 
consecutive powers of the roots of the given equation estimated as in the classical Graeffe Root- 
Squaring method, the roots themselves are obtained with relative ease. 

3. Some aspects of mathematics education in Colombia, by Professor Arthur Gropen, Carleton 
College. 

The author served as UNESCO Field Expert at the Universidad Industrial de Santander, 
Bucaramanga, Colombia, from June, 1962 to July, 1963. He advised the Mathematics Department 
concerning curriculum, teaching methods, library, texts, etc. He also taught students and con- 
ducted seminars for professors, Problems encountered included those due to: poor primary and 
secondary schooling; inadequately trained mathematics professors; scarcity of good Spanish texts; 
shortage of university degree programs in mathematics. Solutions proposed included: improving 
elementary and secondary education using summer institutes; institution of degree programs in 
mathematics and physics; foreign study grants for students and professors; translations of good 
texts. 

4. The Apollonius circle contact problem, by Professor C. N, Mills, Sioux Falls College. 

A complete analytic solution was given for the determination of the eight possible contact 
circles of the Apollonius Problems. The author discussed the procedure in the development of the 
formula yielding the radius of each circle. 
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5. Orders for noncommutative rings, by D. Bruce Erickson, Concordia College. 

Any ring of square-free order is commutative. There exists a noncommutative ring of order m 
if and only if m=np?, where n and # are integers, p a prime. A construction is given which produces 
a noncommutative ring for each possible (finite) order. 

6. Close-packing and froth, by Professor H. S. M. Coxeter, University of Toronto. (By invita- 
tion) 

C. S. Smith, in his contribution to Metal Interfaces (Amer. Soc. for Metals, Cleveland, Ohio, 
1952, pp. 96, 106), remarked that the shapes of metal grains and biological cells and bubbles in a 
soap froth are all virtually indistinguishable. Each is an assemblage of many kinds of polyhedra 
whose average number of faces approaches 14 (which Fedorow had proved to be the maximum for 
convex space-fillers). In a later paper (Acta Metallurgica 1, 1953, p. 299) he reduced this average 
number from 14 to about 13.4, thus anticipating the “statistical honeycomb” of Coxeter, Introduc- 
tion to Geometry (Wiley, New York, 1961), p. 411. This number provides a theoretical upper 
bound for the number of solid spheres that can touch another of the same size. Other considerations 
show that the number of such spheres actually cannot exceed 12. These ideas have been extended 
to euclidean spaces of more than three dimensions (Proceedings of Symposia in Pure Mathematics, 
7, Amer. Math. Soc. 1963, pp. 53-71). For instance, in 8 dimensions, where a sphere can touch 240 
others, the general formula gives the upper bound 244.6. 

7. A new approach to the numerical solution of differential equations, by Lonny B. Winrich, 
Minneapolis-Honeywell Regulator Co. 

The method of z-transforms has been used previously to analyze sampled data control sys- 
tems. This paper gives a justification of the method based on the complex convolution integral 
and applies the procedure to the general problem of approximating a differential equation by a 
difference equation. The results of some numerical experiments are given. 

8. A generalization of the Beta function, by Professor F. J. Arena, North Dakota State Uni- 
versity. 

9. An evaluation of a limit, by Richard G. Lee, Concordia College. 

10. Some remarks on the preparation of students for College Algebra, by Professor W. J. Thomsen, 
Mankato State College. 

The following remarks are the results of a two year study made at Mankato State College. 
A Higher Algebra course taught in college to prepare students for College Algebra is not as effective 
as second year high school Algebra for the same purpose. A preparatory course for College Algebra 
which uses a contemporary approach, is as ineffective as a course using the traditional approach 
of Higher Algebra. 

11. Introduction of vectors in affine geometry, by Professor W. J. Jonsson, University of Mani- 
toba. 

12. Abstract definitions for the groups SL(2, p), PGL(2, p), and GL(2, p), by Professor W. O. J. 
Moser, University of Manitoba. 


Murray BrADEN, Secretary 


NOVEMBER MEETING OF THE NORTHEASTERN SECTION 


The ninth annual meeting of the Northeastern Section of the Mathematical Associa- 
tion of America was held on November 30, 1963 at the University of Rhode Island, 
Kingston, Rhode Island. Professor Evans Munroe, Chairman of the section, presided 
at the morning session and at the business meeting. Professor Harold Dorwart, Vice- 
chairman of the section, presided at the afternoon session. A total of 115 persons regis- 
tered for the meetings, including 93 members of the Association. 

At the business meeting, the following officers were elected for the coming year: 
Professor Harold Dorwart, Trinity College, Chairman; Professor Grace Bates, Mt. 
Holyoke College, Vice-chairman; Mr. Richard S. Pieters, Phillips Academy, Secretary 
and Treasurer. 
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The following papers were presented: 


~ 


. Subadditive functions, by Professor R. P. Gosselin, University of Connecticut. 
2. The Cambridge Conference on School Mathematics, by Professor E. E. Moise, Harvard Univer- 
sity. 
3. Generalization and Specialization in Algebra, by Professor R. E. Johnson, University of Roches- 
ter. (By Invitation) 
4. Recommendations of the CUPM Panel on Pregraduate Training, by Professor I. M. Singer, 
Massachusetts Institute of Technology. 
R. S. PIETERS, Secretary 


NOVEMBER MEETING OF THE PHILADELPHIA SECTION 


The annual meeting of the Philadelphia Section of the Mathematical Association of 
America was held at Haverford College, Haverford, Pennsylvania, on November 23, 
1963. The Chairman, Professor C. W. Saalfrank, Lafayette College, presided at the 
meeting. The meeting was attended by 173 persons including 133 members of the Asso- 
Clation. 

At the business meeting the following officers were elected: Chairman, Professor 
C. W. Saalfrank, Lafayette College; Third member of Executive Committee, Professor 
C. E. Kerr, Dickinson College. 

The following papers were presented at the meeting: 


1. Homogeneity, by Professor R. H. Bing, University of Wisconsin. 

2. On spline interpolation, by Professor I. J. Schoenberg, University of Pennsylvania and In- 
stitute for Advanced Study. 

The paper presented a summary of the very recent work on spline interpolation (S.I.) and its 
relation to the work of A. Sard as presented in his recent book “Linear Approximation,” Math. 
Surveys No. 9 (1963). It described S.J. and its minimal properties due in various stages to Holla- 
day, Walsh-Ahlberg-Nilson, de Boor and Schoenberg. It was also shown that the best approxima- 
tion, in the sense of Sard, to a linear operator L(f) is obtained by operating with Z on the spline 
function interpolating the function f(x). It follows in particular that the S.I. formula is identical 
with Sard’s best special interpolation formula (l.c., p. 91). Two special S.I. formulae were singled 
out: interpolation at all nonnegative integers, and interpolation at all integers. Their construction 
depends on the inversion of certain Toeplitz matrices and their theory allows development of the 
limit relations conjectured by Sard and found by him from the empirical evidence provided by his 
numerical tables (l.c., p. 60). 

3. Curricula from K to 14, by Professor C. O. Oakley, Haverford College. 

A short history was given of the “revolution in mathematics” which has taken place since 
the establishment in 1955 of the Commission on Mathematics by the College Entrance Examina- 
tion Board and up to the time of the Cambridge Conference on School Mathematics of June-July, 
1963. Sample curricula, in the form of available texts, K to 14 (K to 12 plus 2 years of College), 
were on display and implications for the college curriculum were discussed. Theses: “College al- 
gebra” and analytic geometry as college courses, are on the way out. The first two years of college 
mathematics for most liberal arts students is, or will be very shortly, calculus and linear algebra. 
And sooner than you think, students will enter college with a solid year of high school calculus. 

4. The search for delightful results, by Mr. C. K. Brown, Westtown School. 

5. Arzela’s theorem, by Professor F. Cunningham, Jr., Bryn Mawr College. 

6. Integrability of continuous functions, by Professor N. J. Fine, University of Pennsylvania 
and Pennsylvania State University. 

7. A litile mathematics of the multiplication table variety, by Professor Marguerite Lehr, Bryn 
Mawr College. 

8. Some mathematical crumbs, by Professor P. Schub, University of Pennsylvania. 

9. How using nets simplifies proofs, by Professor A. Wilansky, Lehigh University. 

V. V. LATSHAW, Secretary 


352 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


[March 


CALENDAR OF FUTURE MEETINGS 
Forty-fifth Summer Meeting, University of Massachusetts, Amherst, August 24-26, 


1964. 


Forty-eighth Annual Meeting, Denver-Hilton Hotel, Denver, Colorado, January 28- 


30, 1965. 


The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY Mountain, Washington and Jeffer- 
son College, Washington, Pa., May 2, 1964. 

ILuinots, Bradley University, Peoria, May 8-9, 
1964. 

InDIANA, Butler University, Indianapolis, May 
2, 1964. 

Iowa, Luther College, Decorah, April 17-18, 
1964. 

Kansas, Kansas State University, Manhattan, 
April 18, 1964. 

KENTUCKY, University of Kentucky, Lexing- 
ton, May 1-2, 1964. 

LOUISIANA- MISSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw York, Pace College, New 
York, April 11, 1964. 

MICHIGAN 

MINNESOTA, College of St. Thomas, St. Paul, 
May 9, 1964. 

Missouri, University of Missouri, Columbia, 
April 18, 1964. 

NEBRASKA, University of Nebraska, Lincoln, 
May 2, 1964. 

NEw JERSEY, Rutgers, The State University, 
New Brunswick, November 7, 1964. 


NORTHEASTERN, Worcester Polytechnic Insti- 
tute, Worcester, Massachusetts, Novem- 
ber 28, 1964. 

NORTHERN CALIFORNIA 

Outro, University of Akron, May 9, 1964 

OKLAHOMA, East Central State College, Ada, 
April 10-11, 1964. 

Paciric NorRTHWEST, Washington State Uni- 
versity, Pullman, Washington, June 19, 
1964. 

PHILADELPHIA, Drexel Institute of Technology, 
Philadelphia, November 21, 1964. 

Rocky Mountain, Colorado College, Colorado 
Springs, May 1-2, 1964. 

SOUTHEASTERN 

SOUTHERN CALIFORNIA 

SOUTHWESTERN, New Mexico State University, 
University Park, April 10-11, 1964. 

TExas, Texas Technological College, Lubbock, 
April 10-11, 1964. 

UprER NEw York STATE, New York State 
Education Department, Albany, May 16, 
1964. 

WISCONSIN, Wisconsin State College, White- 
water, May 2, 1964. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN MATHEMATICAL SOCIETY, 
Nevada, April 18, 1964. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, University of Maine, Orono, June 
22-26, 1964. 

ASSOCIATION FOR COMPUTING MACHINERY, 
Philadelphia, August 25-28, 1964. 

ASSOCIATION FOR SYMBOLIC Locic, Hotel New 
Yorker, New York, April 21, 1964. 

CALIFORNIA MATHEMATICS CouNcIL, Northern 
Section, Sacramento State College, April 4, 
1964. 

CENTRAL ASSOCIATION OF SCIENCE AND MATHE- 


Reno, 


MATICS TEACHERS, Detroit, November 26— 
28, 1964. 

INSTITUTE OF MATHEMATICAL STATISTICS, 
Berne, Switzerland, September 14-16, 1964. 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Miami Beach, Florida, April 22- 
25, 1964. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Queen Elizabeth Hotel, Montreal, May 
27-29, 1964. 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS, The Hotel Shoreham, Washington, 
D. C., May 11-14, 1964. 


NEW 
FROM 


ADDISON 


~ PUBLISHING 
COMPANY, INC. 
| | South | Street . 


Reading 


- Massachusetts. 


FUNDAMENTALS OF MODERN MATHEMATICS 
J. M. CALLOWAY, Kalamazoo College 


Assuming no mathematical prerequisite, this self-contained text is 
designed for a one-semester introductory course stressing ideas and 
understanding. A few basic ideas—set, function, limit, axiomatic de- 
velopment, and structure—serve as unifying threads which, when used 
consistently and significantly, illustrate the power and applicability 
of mathematics. In Press 


CALCULUS WITH ANALYTICAL GEOMETRY: 
A First Course 
M. H. PROTTER and C. B. MORREY, Jr., University of California 


This first volume of an introductory, two-volume work deals primarily 
with analytic geometry and functions of one variable. To make it 
particularly attractive to students of science and engineering, the 
pace has been adjusted by devoting considerable attention to ele- 
mentary topics, by providing additional illustrative examples, and by 
adding intuitive explanations of many of the fundamental concepts. 
However, definitions and theorems are stated with care and preci- 


sion, and the proofs of many theorems are given in full. 
572 pp, 403 illus, $8.75 


MODERN MATHEMATICAL ANALYSIS 
M. H. PROTTER and C. B. MORREY, Jr. 


A continuation of the above volume, this text displays a similar tone 
and emphasis and deals with linear algebra and differential equa- 
tions as well as with vectors and functions of several variables. Of 
special interest, besides the extensive treatments of linear algebra 
and differential equations, are a vigorous discussion of change of 
variables in a multiple integral and a new method for treating Green's 
and Stokes’ theorems. Also included is a chapter on Fourier Series. 

In Press 


COLLEGE CALCULUS WITH ANALYTIC GEOMETRY 
M. H. PROTTER and C. B. MORREY, Jr. 


Designed for a three-semester introductory course, this text is a short 
version of the two-volume work described above. The organization 
and emphasis are the same, but the content is limited to analytic 
geometry, calculus, and linear algebra. 916 pp, 289 illus, $11.50 


ELEMENTS OF DIFFERENTIAL EQUATIONS 
W. KAPLAN, University of Michigan 


This text is an adaptation of the author's Ordinary Differential Equa- 
tions. It is designed for @ ane-semester first course in differential 
equations for students of science and engineering, as well as for 
mathematics majors, and covers the essential elementary topics. 
Although the emphasis throughout is on the gaining of insight and 
understanding, problem-solving is not neglected and many exercises 
are included. In general physical examples are utilized, both as illus- 
trations of the mathematical methods and as aids to understanding 
these methods. In Press 


THE NUMBER SYSTEMS: Foundations of Algebra 
and Analysis 
S. FEFERMAN, Stanford University 


This self-contained text is designed to be used flexibly at the upper 
division or beginning graduate level. It is intended as a complete 
treatment of all the basic number systems, as well as various sub- 
systems, and provides a logical transition from concrete and compu- 
tational mathematics to modern abstract mathematics. The treatment 
throughout is rigorous, but the development is constantly motivated, 


418 pp, 58 illus, $8.75 


OVERSEAS 


Robert College, in Istanbul, Turkey, presents a challenge in edu- 
cation where East meets West. An opportunity to contribute sig- 
nificantly to the development of a young republic is available to 
specialists in engineering, business administration and economics, 
the sciences, the humanities, and English as a foreign language. 


Graduate degrees required. 


Address inquiries to Miss Shirley Osmun, Personnel Officer, 
Robert College, Bebek Post Box 8, Istanbul, Turkey; with copy to 
the Near East College Association, 548 Fifth Avenue, New York 
36, New York. 


MAA STUDIES IN MATHEMATICS 


Volume 2: Studies in Modern Algebra 


Edited by A. A. ALBERT 


Introduction A. A. Albert 
Some recent advances in algebra Saunders MacLane 
Some additional advances in algebra Saunders MacLane 
What is a loop? 

The four square and eight square problem and division algebras ..Charles W. Curtis 
A characterization of the Cayley numbers Erwin Kleinfeld 
Jordan algebras Lowell J. Paige 


Each member of the Association may purchase one copy of each volume of the Studies 
at $2 per volume. Volume 1: Studies in Modern Analysis, edited by R. C. Buck, was 
published in 1962. 


Orders with remittance should be addressed to: Mathematical Association of America, 
SUNY at Buffalo (University of Buffalo), Buffalo, New York 14214. 


Additional copies and copies for non-members may be purchased at $4 per volume 
from Prentice-Hall, Inc., Englewood Cliffs, New Jersey 07631. 


“Es NEW FROM ADDISON-WESLEY 


By the late M. WARD, formerly of California Institute of Technology, 
and C. E. HARDGROVE, Northern Illinois University 


Written primarily for pre-service and in-service teachers, this text places special emphasis on understand- 
ing the structure and relationship of mathematical ideas, showing how these ideas are related to the 
mathematics in more advanced courses. The treatment is largely inductive, but the reader is given ample 
opportunity to understand and use simple deductive reasoning, particularly in the problem sets. The 
text puts special stress on geometry, devoting two chapters to consideration of this topic. 


420 pp, 187 illus, $7.75 
STRUCTURE OF ALGEBRA 
By V. H. HAAG, Franklin and Marshall College 


Designed to explain the mathematical ideas upon which elementary algebra is based, this text is pri- 
marily concerned with the development of the real number system and its subsystems. Ideas and under- 
standing are emphasized throughout, thus making the book particularly suitable for one-term freshman 
courses in which basic concepts are stressed—particularly those for prospective or in-service teachers. 
160 pp, 44 illus, $5.00 


COLLEGE ALGEBRA AND PLANE TRIGONOMETRY, Second Edition 
BY A. SPITZBART AND R. H. BARDELL, University of Wisconsin—Milwaukee 


This new edition of a popular introductory text presents an integrated treatment of algebra and trigonom- 
etry. The emphasis remains on the study of the elementary functions of mathematics, together with their 
properties and applications, based on the principles of algebra. The important function concept is de- 
fined in terms of sets of ordered pairs, and this idea is carried forward as new functions are introduced, 
including the trigonometric and inverse trigonometric functions. In Press 


PRINCIPLES OF MODERN ALGEBRA 

BY J. E. WHITESITT, Montana State College 

Assuming a background of one year of college mathematics, this treatment of modern alegebra is designed 
to serve as an introductory text for prospective and in-service teachers as well as for mathematics and 
science majors. The subject of abstract algebra is introduced in a way that emphasizes the nature of the 
subject and the techniques of rigorous proof characteristic of modern mathematics. The topics are 
chosen from those felt to be most fundamental and at the same time most closely related to topics appear- 
ing in up-to-date high school texts. In Press 


BASIC TECHNICAL MATHEMATICS 

BY A. J. WASHINGTON, Dutchess Community College 

This text, designed primarily for technically oriented courses, presents an integrated treatment of algebra 
and trigonometry along with an introduction to analytic geometry. The approach is not mathematically 
rigorous, but all appropriate terms and concepts are introduced as needed and given an intuitive or algebraic 
foundation. Applications from many fields of technology are presented, and the topics covered are 
arranged in the order in which the mathematical techniques are required in concurrent technical courses. 


BASIC TECHNICAL MATHEMATICS WITH CALCULUS 

An extension of the above book for students enrolled in technical programs. Six additional chapters 
covering derivatives, integration, differentiation, expansion of functions in series, and differential equa- 
tions are included. Both in Press 


Write for approval copies 


A ADDISON-WESLEY PUBLISHING COMPANY, INC. — 


V READING, MASSACHUSETTS - PALO ALTO + LONDON | 


UNIVERSITY MATHEMATICS 


hy Robert €. James 


UNIVERSITY MATHEMATICS integrates the first two years of college mathematics using modern 
concepts and nofation. It is a particularly timely publication written to interest and challenge 
the growing number of first year college students who have a strong high school background 
in mathematics. Organized around major mathematical concepts, the book incorporates many 
advanced topics such as linear algebra, ordinary differential equations, and probability which 
give the student a firmer foundation for further work. UNIVERSITY MATHEMATICS contains 
numerous diagrams, figures, and excellent graded problems with answers. 944 pages. Pub- 
lished July, 1963. 


INTRODUCTION TO 
STATISTICS 


by William Mendenhall 


ORDINARY DIFFERENTIAL 
EQUATIONS 


by Walter Leighton 


CALCULUS AND 
ANALYTIC GEOMETRY 


by John F. Randolph 


FOR REVIEW COPIES, WRITE 
TO BOX MA, WADSWORTH 
PUBLISHING CO., BELMONT, CALIF. 


AXIOMATIC ANALYSIS: 
AN INTRODUCTION 
TO LOGIC AND THE 
REAL NUMBER SYSTEM 


Robert Katz, Tufts University 


Rigorous ... modern... designed for a one- 
semester course at any level where a detailed 
axiomatic treatment is desired. The only for- 
mal prerequisite is a knowledge of high 
school algebra. The text is divided into 65 
lessons: Lessons 1-13: logic; Lessons 14-21: 
sets, ordered pairs, and functions; Lessons 
22-65: axiomatic development of the real 
number system. 


hardbound about 350 pages 


DIFFERENTIAL EQUATIONS, 
Third Edition 


Alfred L. Nelson (the late), 


Karl W. Folley, Max Coral, 
Wayne State University 


For the student majoring in mathematics and 
for those whose interests lie in the physical 
Sciences and in engineering, this new edition 
of an eminently successful text covers the 
theory of the solution of ordinary differential 
equations, and includes many applications of 
such equations which arise in geometry, chem- 
istry, and physics. The Appendix on the La- 
place transformation in the Second Edition 
has been extended to form Chapter Eleven, 
and a new chapter—Chapter Twelve on 
Fourier Series—has been added. 


hardbound 368 pages 
D. C. HEATH 
AND COMPANY © couecetext 


Home Office: Boston 02116 Sales Offices: Englewood, N.J. 67631 Chicago 60616 
San Francisco 94105 Atlanta 30303 Dallas 75201 London W.C. 1 Toronto 2-B 


—— outstanding new and forthcoming texts 


REASONING AND LOGIC 


RICHARD B. ANGELL, Ohio Wesleyan University. A one semester basic text for undergraduate 
courses in logic, reasoning, reflective thinking, and the like, this book offers a vigorous 
treatment of formal logic, describing its aims, uses in analyzing and criticizing arguments, 
and its relation to problem-solving or reasoning. Viewing formal logic as an evolving 
human instrument, the volume stresses the advantages of modern symbolic logic over tradi- 
tional logic in terms of rigor and universality, with examples of current problems that 
point the direction of future development. Exercises are included. 

Ready in May. 640 pp., illus., $6.95 (tent.) 


MODERN BASIC MATHEMATICS 


Hosarr C. Carter, Mary Washington College of the University of Virginia at Fredericks- 
burg. Technically easy but mathematically advanced concepts are introduced throughout this 
new basic text for a full year of freshman mathematics. Theory rather than technique is 
emphasized, and a secure mathematical background in analytical trigonometry and solid 
analytical geometry is provided. Additional topics are introduced as preparation for further 
study, in a balanced presentation of traditional and new mathematics. Numerous exercises 
are included with each section. Just published. 466 pp., illus., $6.50 


ELEMENTARY CONCEPTS OF MODERN MATHEMATICS 


FLORA DINKINES, University of Illinois (Chicago). Designed for freshman mathematics 
courses, this unique text provides extensive coverage of the theory of sets; mathematical 
logic; and groups, rings, and fields. Ready in September. 376 pp., illus. $5.50 (tent.) 


The text will also be available this summer in three paperback editions (see below) to 
provide inexpensive supplements to existing texts: 


ELEMENTARY THEORY OF SETS (Part I). 190 pp., illus., $1.95 (tent.), June. 
INTRODUCTION TO MATHEMATICAL LOGIC (Part II). 100 pp., $1.25 (tent.), July. 
ABSTRACT MATHEMATICAL SYSTEMS (Part III). 90 pp., illus., $1.25 (tent.) July. 


THE REAL NUMBER SYSTEM 


Joun M. H. OLmstTep, Southern Illinois University. This monograph provides a full and 
well-rounded treatment of the real number system from the axiomatic or descriptive ap- 
proach of complete ordered fields. 232 pp., illus., $3.95 


ADVANCED CALCULUS 


Joun M. H. Ormsreb. For students with a year of calculus, this text includes a number of 
chapters from the author’s previous text, Real Variables, but emphasizes line and surface 
integrals, with added chapters on vector analysis, complex variables, and differential geom- 


etry. 706 pp., illus., $9.50 


Appleton-Century-Crofts 


Division of Meredith Publishing Company @ 440 Park Ave. S., N.Y., N.Y. 10016 


D. VAN NOSTRAND COMPANY, ING., 120 Alexander Street, Princeton, New Jersey 
| 


| 
v 
The University Series in Undergraduate Mathematics 


J. L. Kelley and Paul R. Halmos, Editors 


presents 


Calculus with Analytic Geometry 


By Albert G. Fadell 


Associate Professor of Mathematics 
State University of New York at Buffalo 


The material in this book has been class tested for nearly five years. It has been taught 
to prospective mathematics, science and engineering majors as well as liberal arts, pre- 
medical and education students; it has been used for several sections of honors students. 
The student response indicates the success of Professor Fadell’s approach. 


In this text the student is presented with the means to (1) an understanding of mathe- 
matical ideas (through simple analogies close to his experience) and (2) an under- 
standing of the theory of limits (by way of the mapping diagram and the neighborhood 
concept). 


CALCULUS WITH ANALYTIC GEOMETRY is written for use in the first year of 
college mathematics by students who have completed most of the high school offerings 
in mathematics. It is designed to be understood by the average student, but is sufficiently 
sophisticated to challenge the best. Analogies are utilized to make what usually is con- 
sidered overly abstract appear tangible. This technique, along with the excellent illus- 
trations, precise exposition and numerous illustrative examples, facilitates the transi- 
tion from elementary to advanced mathematics and minimizes the adjustment to an 
entirely new look in mathematical thought. 


March 405 illus. 6x9 about 670 pp. prob. $8.75 


SIGNIFICANT NEW TEXTS FROM THE 
ALLYN AND BACON MATHEMATICS SERIES 


CALCULUS WITH ANALYTIC GEOMETRY, Third Edition by Richard E. Johnson, University of 
Rochester, and Fred L. Kiokemeister, Mt. Holyoke College. Significantly improved, and still 
maintains the balance between rigor and intuition which proved so useful in the previous editions. 
est. 736 pp. $10.95 list tent. Coming in Spring, 1964. 


INTRODUCTORY MATHEMATICAL ANALYSIS, Second Edition by Edgar D. Eaves, University 
of Tennessee, and Robert L. Wilson, Ohio Wesleyan University. Modern and comprehensive, 
this new edition of a successful text introduces and uses the language of sets. est. 560 pp. $8.75 
list tent. Coming in Spring, 1964. 


ALGEBRA AND TRIGONOMETRY by Abraham Hillman and Gerald Alexanderson, both of 
the University of Santa Clara. An integrated treatment of the mathematics necessary for the 
study of calculus. 1963. 514 pp. $7.95 list. 


BASIC COLLEGE MATHEMATICS by Jerome M. Sachs, Ruth B. Rasmusen, and William J. 
Purcell, all of Chicago Teachers College. Provides a meaningful approach to the concepts and 
techniques of elementary mathematics. 344 pp. $6.95 list. 


ELEMENTS OF MATHEMATICS, Second Edition by J. Houston Banks, George Peabody Col- 
lege for Teachers. Emphasizes understanding of basic structure of mathematics. 465 pp. $7.50 list. 


ELEMENTS OF STATISTICAL INFERENCE by David V. Huntsberger, lowa State University of 
Science and Technology. ‘‘Ideal as a first course presentation.” Nicholas Relich, Purdue Univer- 
sity Extension. 291 pp. $7.75 list. 


FOURIER SERIES AND ORTHOGONAL FUNCTIONS by Harry F. Davis, University of Waterloo, 
Canada. Blends modern ideas with practicality. 1963. 403 pp. $8.95 list. 


FUNDAMENTALS OF COLLEGE MATHEMATICS by Robert H. Oehmke, Michigan State Uni- 
versity. Introduces the real number system through the postulation approach. Includes calculus. 
1963. 397 pp. $7.95 list. 


INTRODUCTION TO COMPLEX ANALYSIS by Zeev Nehari, Carnegie Institute of Technology. 
‘A splendid text in complex variable theory.” The American Mathematical Monthly. 258 pp. $7.50 
list. 


INTRODUCTION TO DIFFERENTIAL EQUATIONS by Richard A. Moore, Carnegie Institute of 
Technology. Equally stresses theory, application and technique. 236 pp. $7.50 list. 


INTRODUCTION TO TOPOLOGY by Bert Mendelson, Smith College. A leader in the field. 
“An excellent text, perhaps the best introduction to general topology now available.” John Dyer- 
Bennet, Carleton College. 217 pp. $8.50 list. 


LINEAR ALGEBRA: An Introductory Approach by Charles W. Curtis, University of Oregon. 
Clear, stimulating treatment follows historical development of linear agebra. 1963. 210 pp. $8.25 
list. 


MODERN COLLEGE MATHEMATICS by William K. Smith, Bucknell University, and Stanley F. 
Dice, Carleton College. Covers elements of abstract agebra, analytical geometry, and calculus. 
1963. 411 pp. $7.95 list. 


A SURVEY OF GEOMETRY, Volume One by Howard Eves, University of Maine. Truly a 
survey of geometry, this first volume of a two-volume work introduces many ideas of geometry. 
1963. 489 pp. $9.95 list. 

For examination copies write to: Arthur B. Conant 


ALLYN AND BACON COLLEGE DIVISION 
150 Tremont Street, Boston 11, Massachusetts 


Brief but brilliant studies covering specialized areas of 


mathematics not found in conventional texts. 
General Editor: EDWIN HEWITT 


Athena Series 


1964 Additions... 


PERTURBATION TECHNIQUES IN MATH, 
PHYSICS AND ENGINEERING 


RICHARD BELLMAN, Rand Corporation 


January 


128 pp. 


$3.75 


RINGS AND HOMOLOGY 


JAMES P. JANs, University of Washington 


February 96 pp. 


$3.25 (tentative) 


COMBINATORIAL GEOMETRY IN THE PLANE 
Huco HADWIGER and HANs DEBRUNNER, University of Berne 
Translated by VicTOR KLEE, University of Washington 


January 


120 pp. 


$3.75 


THE GAMMA FUNCTION 
EMIL ARTIN, late of the University of Hamburg 
Translated by MICHAEL BUTLER 


June 


SELECTED TOPICS IN THE 
CLASSICAL THEORY OF FUNCTIONS 
OF A COMPLEX VARIABLE 
Maurice Hens, University of 
Illinois 


1962 


171 pp. $3.95 


OPERATIONAL CALCULUS AND 
GENERALIZED FUNCTIONS 
ARTHUR ERDELYI, California 
Institute of Technology 


1962 


128 pp. $3.25 


INFINITE SERIES 
I. I. HigscHMaN, Jr., 
Washington University 


1962 


183 pp. $4.75 


LEBESGUE INTEGRATION 
JOHN H. WILLIAMSON, 
Cambridge University 
1962 


and WINSTON, inc. | 


125 pp. $3.75 


HOLT, RINEHART. 


383 Madison Avenue, New York, N.Y. 10017 


64 pp. 


$1.75 


LOGIC: THE THEORY OF 
FORMAL INFERENCE 
ALICE AMBROSE AND Morris 
LAZEROWITZ, Smith College 
1961 78 pp. $2.35 
A BRIEF INTRODUCTION 

TO THETA FUNCTIONS 

RICHARD BELLMAN, Rand Corp. 
1961 88 pp. $2.95 
THE SIMPLEX METHOD OF 
LINEAR PROGRAMMING 
F. A. FICKEN, New York 
University 

1961 64 pp. 

LIBER DE LUDO ALEAE 
(The Book on Games of Chance) 
GERALAMO CARDANO 

Trans. by Sidney Henry Gould 
1961 62 pp. $1.75 
SPECIAL FUNCTIONS OF 
MATHEMATICAL PHYSICS 

Harry Hocustapt, Polytechnic 
Institute of Brooklyn 
1961 89 pp. 
ANALYTIC INEQUALITIES 
NICHOLAS D. KAZARINOFF, 
University of Michigan 
1961 96 pp. 


$1.75 


$2.95 


| In Canada: 
833 Oxford Street, 
Toronto 18, Ontario 


$2.35 


Analytic Geometry and Calculus 
By L. J. Apams, Santa Monica City College, and Paut A. Wurre, 
University of Southern California 1961 944 pp. 317 figs. $9.75 


An Introduction to Differential Geometry 
By T. J. Watmore, University of Liverpool 
1959 328 pp. 21 figs. $7.75 


University Texts in the Mathematical Sciences 
HERBERT ROBBINS and EDGAR R. LORCH, Advisory Editors 


Introduction to Real Functions and Orthogonal Expansions 
BeLa Sz.-Nacy in preparation 


Rudiments of Algebraic Geometry 
W. E. JENNER 1963 128 pp. paper $2.95 


Introduction to Hilbert Space 
S. K. Bersertan 1961 232 pp. $6.50 


Spectral Theory 
Epcar R. Lorca 1962 170 pp. $5.50 


Probability and Statistical Inference for Engineers 
Cyrus DERMAN and Morton Kien 1959 156 pp. $4.25 


Random Processes 
Murray Rosensiatr 1962 218 pp. $6.00 


Introduction to the Theory of Queues 
Lajos TaxAcs 1962 288 pp. $7.50 


Oxford University Press / 417 Fifth Avenue, New York, N.Y. 10016 


Selected Mathematics Textbooks.........+00+: 


STATISTICAL ANALYSIS —secon Edition 


SAMUEL B. RICHMOND, Columbia University 


Just Published! In this modern treatment of the subject, statistics and sta- 
tistical analyses are considered as major tools in the decision-making process. 
Although no mathematical preparation beyond secondary school algebra is 
required, theoretical correctness has not been compromised. Recently de- 
veloped ideas involving Bayes’ theorem and subjective problems are dis- 
cussed. Extensive illustrative problems. 2nd Ed., 1964. 644 pp., illus. 

$8 


TENSOR and VECTOR ANALYSIS 


With Applications to Differential Geometry 
C. EK. SPRINGER, University of Oklahoma 


[his lucid book presents an elementary and gradual development of tensor 
theory from which the traditional material of courses on vector analysis is 
deduced as a particular case. The approach is designed to bridge the gap 
between mere manipulation and broad understanding of an important seg- 
ment of both pure and applied mathematics. A knowledge of elementary cal- 
culus is assumed. 1962. 242 pp., illus. $7.50 


TRIGONOMETRY 


ROY DUBISCH, University of Washington 


An outstanding textbook which presents trigonometric functions as functions 
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SPHERES IN £3 
R. H. BING, University of Wisconsin and Institute for Advanced Study 


1. Introduction. In this paper we shall be concerned with two dimensional 
spheres embedded in Euclidean three space FE’. 

A 2-sphere is a set homeomorphic to the boundary of a ball. It might have 
an equation like x«?+-y?++-z2?=1, but in general it is only homeomorphic with 
something having such an equation. Figure 1 shows some 2-spheres. The first 
picture shown in Figure 1 is that of a piece of lava. This particular piece of lava 
was not examined with enough care to determine whether or not its boundary 
is actually a 2-sphere. Such a 2-sphere (if indeed it is one) seems much more 
representative of a general 2-sphere, however, than the rather special ones 
shown in the other parts of Figure 1. 
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There are certain properties possessed by all 2-spheres in £? irrespective of 
their shapes. For example, topologists have shown (see for example Theorem 
8-38 of [17]) that the Jordan Curve Theorem for the plane E? extends to 
Euclidean spaces of higher dimensions. Hence, if S is a 2-sphere in EH’, S sepa- 
rates H? into precisely two pieces. These two pieces are called the interior and 
exterior of S as follows: 


Int S = bounded component of £3 — S, 
Ext S = unbounded component of E? — S. 


There are certain properties possessed by certain special 2-spheres that are 
not possessed by 2-spheres in general. The boundaries of the ball and the ellip- 
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soid shown in Figure 1 are smooth and differentiable whereas the other 2-spheres 
shown are not. The boundaries of the tetrahedron and the cube are polyhedral 
while the others are not. The boundary of the rock stands a chance of having 
infinite area but the others do not. Some of the 2-spheres can be pierced by a 
straight line interval at each point but one cannot. 

It may come as a surprise to some that the solid bounded by one 2-sphere 
may be topologically different from the solid bounded by another. Those who 
think the Schoenflies Theorem needs no proof in E? because it is intuitively 
obvious, might also think that the extension to £’ is true—where indeed it is 
false. [The Schoenflies Theorem says that if Ji, Je are two 1-spheres in E 
(topological circles, frequently called simple closed curves), then there is a 
homeomorphism of E? onto itself taking J; onto Je. See Corollary 9.25 of [15]. 
The generalization to E? (which is false) would say that if Si, Ss are two 2- 
spheres in E%, then there is a homeomorphism of E* onto itself taking 5; onto 
So. | Once one realizes that 2-spheres can be so exotic, one may be surprised that 
they behave as well as they do. We mentioned in a preceding paragraph that the 
Jordan Curve Theorem extends. In Section 5 we discuss some results about re- 
tractions that apply to all 2-spheres in E*, These and other results of this paper 
extend to Euclidean spaces of higher dimensions and even to abstract spaces 
of certain sorts but since this is an expository paper, we restrict ourselves to the 
simplest cases of interest. 

A 2-sphere S in E* is called tame if there is a homeomorphism of E? onto itself 
that takes S onto a polyhedral 2-sphere. Note that for each 2-sphere S’ there is 
a homeomorphism of S’ onto a polyhedral 2-sphere but in order that S’ be tame 
we insist that the homeomorphism can be extended to E*. It is known that, if 
a 2-sphere S is tame, then there are homeomorphisms of E* onto E* that take 
S onto the boundary of a round ball. Examples are known of 2-spheres in E? 
that are not tame. Such 2-spheres are called wild. We describe two wild 2-spheres 
in Sections 3 and 6 of this paper. Sketches of wild 2-spheres are found in [2], 
[6], [7], [10], [13], and [17] while descriptions of these and others are also 
found in [3] and [12]. 

Topologists are interested in the problem of determining conditions under 
which a 2-sphere in E? is tame. At Stockholm in 1962 one of the addresses [9| 
was devoted to reviewing known sets of conditions that imply that a 2-sphere 
in E? is tame. Some questions were raised, one of which is as follows: Is a 2-sphere 
S in E tame if S can be pierced by a straight line segment at each point? 

The question is not wholly topological since the notion of straightness is 
geometric rather than topological. However, the question seemed of interest 
even for topologists. A segment axb is said to pierce S at x if S-axb= {x} and 
a, b belong to different components of E?—S. M. K. Fort, Jr. found [12] a 
negative answer to the question. An example giving this answer is given in Sec- 
tion 3. The example relates to the game of pick-up-sticks which is discussed in 
the next section. 
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2. Pick-up-sticks. In pick-up-sticks one is confronted with a tangled pile 
of sticks and challenged to remove them one at a time in such a way that none 
of the remaining ones is moved. One finds that there are piles in which each stick 
has another resting on it so that it is impossible to proceed. 

Suppose P;, Ps. are two horizontal planes with P2 above P:. Let X be a col- 
lection of mutually exclusive straight line segments such that each has one end 
in P; and the other in P». See Figure 2. Is it possible to adjust the segments gradu- 
ally so that each assumes a vertical position, each keeps its bottom end fixed, 
and during the movement the segments remain mutually exclusive? 
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An affirmative answer to the above question is provided by the following 
method suggested by R. H. Fox. Consider a segment ab of X with {a} in Py. 
The lower end of the segment ad is left fixed but at time / the modified segment 
intersects P, at the point which is the vertical projection of the point of ab 
which divides ad in the ratio 1—/ to ¢. Note that at time /=1 the modified seg- 
ment is vertical. In showing that the modified segments do not intersect each 
other we suppose that a and 0b have coordinates (Xa, Va, 0) and (xs, ¥s, 1) respec- 
tively. The modified segment at time ¢(0Si<1) is the lower portion of the 
elongated segment from (xa, Va, 0) to (xs, ¥o, 1/(1—#)). The elongated segments 
do not intersect each other since they are the same as the originals under a 
change of z coordinates. Hence the lower portions of these segments do not inter- 
sect each other either. 

Let us consider a collection X of segments in a certain instructive position. 
Let V; be the sum of two segments each with ends in P,, P2so that the segments 
intersect in their upper end points. The segments in V; are not elements of X 
but are merely used as a first approximation to the elements of X. Let Ni bea 
tubular neighborhood on V;. See Figure 3. 

Let V2 be the sum of two inverted V’sin Ni such that the V’s hook as shown 
in Figure 3. Let Ne be a thin tubular neighborhood of V2. Let V3 be the sum of 
four inverted V’s in Ne so that the part of V3 in a component of Ne consists of 
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two hooked V’s linked like V2 in Ni;. We continue defining N3z, Va, Na, Vs, °° - 
Elements of the set X are the components of the intersection of N1, Ne, N3, -- - 
Note that X is a Cantor set of segments. 
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To see that X is an unusual collection of segments, consider a simple closed 
curve J as shown in Figure 3 which circles one leg of Ni. In the halfplane above 
P;, J cannot be lifted above P, without intersecting M1. Neither can it be so 
lifted without intersecting N2, nor V3 nor... . Arigorous proof that it cannot be 
lifted can be based on Theorem 9 of [7]. Hence it cannot be lifted without inter- 
secting some element of X. If the elements of X were vertical, however, it could 
be so lifted. Is there a paradox here? Was the argument sound that the elements 
of X could be lifted into a vertical position? 

It was not the verticalizing argument that was in error. The family of homeo- 
morphisms making the segments vertical was defined on the segments only 
and not on other points of E*. The family of homeomorphisms could not be 
extended in a continuous fashion to the rest of space. 


3. A wild porcupine. We describe a wild 2-sphere So which can be pierced at 
each point with a straight line segment. The example is a modification of that 
given by M. K. Fort, Jr. in [12]. 

Suppose that S’ is the boundary of a cube in E* such that the upper face 
of the cube lies in P1 of Section 2 and contains the lower portion of Ni as shown 
in Figure 4. 

Suppose two holes are cut in S’ where N; intersects P; and the holes are 
replaced by cylinders which run halfway along the vertical sides on N; and 
capped with horizontal disks halfway between P; and P:. Suppose two holes 
are cut in each cap and cylinders along the sides on Ne are run up half the re- 
maining distance to Ps Caps are put on these cylinders but two holes are cut 
in each cap and cylinders along the sides of N3 are run up half the remaining 
distance to P2. The procedure is continued so as to get a 2-sphere So as shown 
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in Figure 4 so that all intervals of X lie, except for their upper ends, in Int So. 

Each tame 2-sphere S has the property that each simple closed curve in 
FE —§ can be shrunk to a point in £?—S. The simple closed curve J shown in 
Figure 3 cannot be shrunk to a point in E?— So; hence So is not tame. It can be 
shown that the embedding of So is the same as the embedding of Alexander’s 
Horned Sphere [2 |. 
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At each point of So, So can be pierced with a straight line segment. The only 
questionable points are the points of P2-So and the segments in X show that So 
can be pierced there. 

We can define the segments piercing So so that the directions in which the 
segments run is continuous. If we do this, however, we will have to permit some 
of the segments that pierce near P2:So to be very short. Also, we could have 
defined the segments so that all of them reach the same distance into Int So and 
Ext So, but under this definition we would not make the directions continuous. 
That we cannot do both at the same time follows from a result of John Hempel 
[16]. 

THEOREM 1. Any 2-sphere in E? for which there 1s a continuous family of pierc- 
ing segments 1s tame. 
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The quills of So are tangentially sharp since the cylinders get progressively 
smaller very fast. If one sharpened a pencil, it would not be possible to touch So 
from the inside with the tip of the pencil. 

Questions. The above considerations suggest the question as to whether or 
not a 2-sphere S is tame if at each point it can be wedged between two tangent 
round balls which lie, except for the point of contact, in different components 
of E3—S. The left part of Figure 5 suggests the question. The answer is un- 
known. Similarly we do not know the answer to the corresponding question 
suggested by the right part of Figure 5 where we show an arbitrary point of S 
wedged between two cones. These questions go beyond the notions of Topology 
and involve the idea of straightness from Geometry. 
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4. Tietze Extension Theorem. Suppose that one is given an integrable func- 
tion y=f(«x) defined on the line E1. Even though f(x) is not continuous, for each 
e>O the function 


xw+e 


g(x) = 7 f(tdt 


is continuous. We get a corresponding result if we replace the constant e by a 
continuous positive function e(x). 

We use the above notion in proving a version of the Tietze Extension Theo- 
rem which in turn will be used in the next section. We use calculus (something 
novel in point set topology) as an averaging tool to give the proof. 

Although the Tietze Extension Theorem is normally proved for more ab- 
stract spaces (see for example pages 59-61 of [17]), we prove it here only for 
metric spaces since the proof is more elementary in this case and this is the con- 
text in which we use it. Furthermore, we get to exhibit an interesting application 
of calculus. Another elementary proof is found in [18]. 
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THEOREM 2. (Tietze Extension Theorem for metric spaces.) Each map f of a 
closed subset X of a metric space Y into the segment [0, 1] can be extended to take 
Y onto {0, 1]. 


Proof. Our job is to consider a point » of Y—X and decide what value of 
[0, 1] to assign to it. If points of X near p are assigned a particular value of 
[0, 1], we wish to assign p a value nearby. If D is the distance function for Y and 


Vie,” = talaE Y, DG,® S 7}, 


it does no good to look on the interior of the ball V(p, D(, X)) since there are 
no points of X there. However, there will be points of X in the hollow ball 
Vip, 2D(p, X))—Int V(p, D(p, X)), and we seek a certain average over the f 
values of X in this annulus or hollow ball. See Figure 6. 


| w axis 
D(p,X)  2D(p, X) 
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Consider the function 
g(p, r) = least upper bound f(x), eG X-V(p, 1). 


There is no reason to suppose that g is continuous in either p or r. It is not de- 
fined for r<D(p, X), but for p fixed it is a bounded monotone nondecreasing 
function for r>D(p, X) and hence integrable. The graph of y=g(p, x) with p 
fixed and D(p, X)<xS2D(p, X) might look somewhat like that shown in 
Figure 7. If we take the area under the curve and divide by the length of the 
base line, we find an average value of g(p, x). It is immaterial as to whether or 
not g is defined on the left end of the base line. 
For values of » not in X we define 
2D (p,X) 
f g(p, t)dt. 


D(p,X) 


f(d) = 

D(p, X) 

It is an exercise in calculus to show that this function is continuous at each 

point of Y—X. It is a continuous extension of the given function f since for each 

point g of X and each e>0, there is a positive number 6(q) such that if qg’ CX 
Va, 4), |f@ —f(7’)| <e. Then for each pE V(q, 8/3), |f(@ —f()| Se. 
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It is sometimes convenient to generalize the Tietze Extension Theorem as 
follows. 


THEOREM 3. Each map of a closed subset of a metric space Y into a disk can be 
extended to all of Y. 


Proof. We regard the disk as a square in E? with opposite vertices at (0, 0) 
and (1, 1). For each point » on which f is defined let (f2(p), fy(p)) be the coordi- 
nates of f(p). It follows from the preceding theorem that f, and fy can be ex- 
tended to all of Y. If f., fy are used to denote these extensions, the extended f 
may be defined so that f(p) has coordinates (f:(p), fy(p)). 


5. Retractions onto spheres. A retraction of a set Y onto a set X is a map f 
of Y onto X such that f is fixed on each point of X. 

A round 2-sphere has the property that if » is a point of Int S, then there 
is a retraction of #?— {p} onto S. As pointed out in Theorem 4, each wild 2- 
sphere has this property. For the round 2-sphere S, one can take the half lines 
emanating from p onto the points where these half lines pierce S. For arbitrary 
2-spheres more ingenuity needs to be used in getting the retraction. 


THEOREM 4. If Sis an arbitrary 2-sphere in EF and p ts a point of Int S, then 
there 1s a retraction of E> — {p} onto S. 


This theorem was proved in [8]. An effort was made to avoid the existence 
type of proof, but rather to exhibit a method for getting a retraction of H*— { pb} 
onto S. The proof given in [8] was somewhat constructive but failed to indicate 
what the retraction of a neighborhood of S into S would look like. The purpose 
of giving a proof of the Tietze Extension Theorem in the last section by defining 
the extension rather than by existence techniques was to enable us to show in 
Theorem 5 what the retraction of the neighborhood of S is. 

A set X is an ANR (absolute neighborhood retract) if for each embedding of 
X into a metric space Y there is a neighborhood N of X in Y and a retraction 
of N onto X. It is known that each 2-sphere is an ANR. See for example Theo- 
rem 2-36 of [17]. Hence, no matter how wildly a 2-sphere S is embedded in E%, 
there is a neighborhood N of S in EF’ and a retraction of N onto S. 


THEOREM 5. If S is a 2-sphere in E*, then there 1s a neighborhood N of S and 
a retraction of N onto S. 


Proof. Let Dy, De, D3 be three disks in S with D,CInt D.C D.2CInt D3. Let 
f be the identity map of D; onto itself and use Theorem 3 to extend f so as to 
obtain a retraction of E? onto D*. Let N be a neighborhood of Bd De such that 
N-S+f(N)CD;—Dy;. Let Ni, No be neighborhoods of Dz, and S—Int Dz respec- 
tively such that V,-N2eCN. Let g be a map of (S—Int Di) +N onto S—Int D, 
that is the identity on S—Int D; and f on NW. It follows from Theorem 3 that 
the map g can be extended to a retraction of (S—Int Di) +N+ WN: onto S—Int Di. 
Then the retraction of NitN+N, given by f on Ni+WN and by the extended g 
on N2+N satisfies the requirements of Theorem 5. 
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Fixed point properties of cubes imply that if p is not removed in Theorem 4, 
there is no retraction. Again, this theorem holds as well for arbitrary 2-spheres 
in E as for nice ones. 


THEOREM 6. There ts no 2-sphere in E® which is a retract of E®. 


Proof. Assume there is a retraction r of E% onto a particular 2-sphere S. 
Consider a homeomorphism h of S onto itself that moves every point of S. That 
here is such a homeomorphism follows from the fact that the antipodal homeo- 
morphism of a round 2-sphere onto itself throws each point into its diametrically 
opposite point and hence moves every point. The map hy would be a fixed point 
free map of E®? onto a compact subset of EH. Theorems like Theorem 6-39 of 
[17] say that this is impossible. 
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6. Antoine’s necklace. An Antoine’s necklace is illustrated in the left portion 
of Figure 8. It is described in [3, 4, 5, 6, 10, 11, 17] and is the intersection of a 
solid torus 7;, a set J2 which is the sum of several small solid tori which form 
a chain circling 7;, a set 73; which is the sum of some very small solid tori which 
intersect each component of T2 in the same fashion that 72 lies in 7;, - - - . There 
are countably many layers of 7”s, and the set of points belonging to their inter- 
section is Antoine’s necklace. We denote it by A. It may be shown that A is 
topologically equivalent to an ordinary Cantor set. Its complement, however, 
is topologically different from the ordinary Cantor set, because the simple 
closed curve J shown in Figure 8 cannot be shrunk to a point without hitting A. 
See [11] for proof of this. 

Consider a dendron running down to a Cantor set as shown in Figure 9. It 
looks something like a form used to record results of an elimination tournament 
in which only winners remain at each stage to engage other winners. There is 
no starting round, however, since at each stage there was a preceding one. We 
use a combination of the notion of a dendron of this type and of Antoine’s 
necklace to describe what was perhaps the first known wild 2-sphere [3]. 
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Let S be a 2-sphere missing 7; as shown in Figure 8. Alter S by removing 
a small disk and replacing the hole with a cylinder leading over to 7; with a 
cap on Bd Ty. Holes are cut in this cap and tubes are run in T; over to the com- 
ponents of T2 where the tubes are capped. Holes are cut in these caps and tubes 
are run in T2 over to the components of 73. The process is continued. Note that 
the tubes get shorter since they lie in the 7’s which at the later stages get arbi- 
trarily small. 
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The resulting 2-sphere is wild because the simple closed curve J shown can- 
not be shrunk to a point in #?—A and hence not in the complement of the re- 
sulting 2-sphere. 


7, The grooved ball. There are many criteria known for determining whether 
or not a 2-sphere is tame. One of the earliest of these [1] shows that a 2-sphere 
is tame if it is polyhedral. More understandable proofs of this are found in [14] 
and [19]. 

A condition that is somewhat in doubt is involved in the following question: 
Is a 2-sphere S in E® tame if each horizontal cross section of S 1s either a point 
or a simple closed curve? 

An affirmative answer is suggested in the literature but the proof is very 
sketchy, saying merely that the result follows by “well-known theorems on 
logarithmic potential in 2-dimensions.” 

We give an example to show that even if the above condition does imply that 
a 2-sphere is tame, it is not enough to ensure that there is a homeomorphism of 
E® onto itself which is invariant on horizontal planes and which takes S onto a 
round 2-sphere. 

Suppose B is a croquet ball to be left out in the rain. One wishes to groove 
the ball so that as water runs down the ball, one section of the equator does not 
have water run over it. See Figure 10. The grooves are very shallow so that each 
horizontal cross section of the ball is a disk. The cross section through the 
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equator is round but some close to it are disks with long feelers. These disks 
converge, but not homeomorphically, to the disk containing the equator. If we 
chose to make the groves spiral we could get even longer feelers. 

We have learned much about £? but there is much we do not know. For the 
person with ingenuity and ability this is a fruitful area in which to work. 


This Research was supported by grants NSF-G21514 and NSF-G11665. This paper contains 
material from several different lectures at the Southwestern, Allegheny Mountain, and Minnesota, 
Sections which the author visited as President of the MAA in the Spring of 1963. 
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THE MATHEMATICS USED IN MATHEMATICAL PSYCHOLOGY 
R. DUNCAN LUCE, University of Pennsylvania 


Introduction. The main issue in applying mathematics to psychological prob- 
lems today, and most likely for some time to come, is the formulation of these 
problems in mathematical terms. The solution of difficult but well-formulated 
mathematical problems and the analysis of complex applied problems in terms 
of precise and well-confirmed theories are more secondary efforts. We do not 
yet have the basic concepts and variables staked out in a way that makes the 
introduction of mathematics the relatively straightforward business that it has 
become in much of physical science. We are in a situation somewhat analogous 
to sixteenth, or hopefully seventeenth, century physics, but the analogy is far 
from complete. We resemble the early physicists in our effort, often fumbling 
and always slow, to isolate and purify the fundamental variables from the 
myriad, vague, commonsense psychological ideas and concepts. We differ in the 
range of techniques available to us. The modern electronics technology, includ- 
ing high speed computers, provides us with a control over experimental condi- 
tions and a computational capacity for data analysis incomparably more ex- 
tensive and subtle than those with which the early physicists had to contend. 
In addition, most of the mathematics and statistics we now use was quite un- 
known three centuries ago. 


Applications to what psychology? The current applications of mathematics to 
parts of psychology are precisely that—applications to portions of the total 
field. To the great satisfaction of many who do not necessarily view with favor 
the increasing mathematical complication of the psychological literature, huge 
portions of both academic and applied psychology are essentially free from 
mathematical inroads. The main areas that have been affected are those usually 
grouped together as “experimental” psychology, which is a misnomer because 
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experiments are also performed in the “nonexperimental” areas. By convention, 
however, experimental psychology equals basic research into such fundamental 
psychological processes as learning, sensation, perception, and motivation. What 
is popularly viewed as psychology—abnormal, child, personality, and much of 
social psychology—has not been seriously influenced by any mathematical de- 
velopments other than classical statistics, especially testing of hypotheses which 
is used extensively, if not always well, throughout psychology. (I shall not 
comment here about the role of either statistics or computers in psychological 
research. Both are extremely influential, and the mathematical community, 
whether it likes it or not, is bound to be involved to some extent in the problems 
that they create, but it is enough for this paper to deal just with mathematical 
applications. ) 

With our attention confined to mathematical attempts to understand the 
data that arise from laboratory experiments that are designed to elucidate 
fundamental psychological processes, certain features of these experiments 
should be made explicit because they exert a considerable impact upon the 
mathematics that we use. Laboratory experiments elicit behavior which differs 
in various ways from most ordinary, on-going behavior. Although a number of 
exceptions can be cited, by and large time is rendered discrete in the laboratory, 
i.e., the temporal pattern of events is structured in some fashion into trials. It is 
obvious that ordinary experience is not so neatly packaged. The stimulation to 
the subject—not his total environment, but those aspects of it to which we want 
him to attend—is usually delivered as discrete, repeatable bursts of some sort or 
other. The subject’s possible responses, either those he is instructed to make or 
those we choose to observe, are frequently restricted to a discrete set (more 
often than not, a small finite one). Again, this is sometimes the case in nature, 
but certainly not the rule. Many ordinary situations possess a certain open- 
endedness or freedom of response which makes them difficult to study; life’s 
richness is sufficiently impoverished in the laboratory that we can bring to bear 
our conceptual and calculating tools. Finally, the information feedback and the 
rewarding or punishing outcomes of an experiment are ordinarily discrete and 
delivered to the subject immediately after he responds. This is certainly not 
typical of modern life, in which people continually face long delayed and, more 
often than not, diffuse feedback and rewards. For a more exact characterization 
of this class of experiments, (see [4]). 

Thus, there is little doubt that significant differences exist between the lab- 
oratory experiments we are trying to model in mathematical terms and everyday 
behavior. Most psychologists hope that one day we may gain some insight into 
socially significant behavior through the phenomena and laws discovered by 
means of our restricted and often artificial experimental designs, but the con- 
siderable difference between the two types of behavior is a raw fact that cannot 
be denied, and the bridges linking them do not seem to be easy to construct. 

The reasons for these experimental abstractions are not primarily mathe- 
matical, although to a minor extent the general dispersion among scientists of 
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elementary mathematics may have had its impact upon experimental designs. 
By and large, however, these restrictions to discrete time, stimuli, responses, and 
outcomes have been imposed by experimentalists so that 1) experiments can be 
completed in reasonable periods of time, and 2) the resulting data records will be 
reliable and amenable to certain types of analysis. As disturbing as it may seem, 
much of what we do in a psychological laboratory is forced upon us by data re- 
cording and analysis problems. 

From a mathematician’s point of view, the effect of these procedures is to 
limit somewhat the kinds of mathematics he can effectively employ: the con- 
tinuous mathematics of classical analysis is not particularly well suited to the 
discreteness of most psychological experiments. For example, psychological 
problems are rarely formulated as differential equations, although such equa- 
tions do arise sometimes in an incidental way in the solution of a problem cast 
in other terms. But as far as actual formulation is concerned, the standard 
methods of classical physics are little used and when they are the results are 
not usually very interesting. 


Enter numbers. In a way, I have gotten ahead of my story, for to talk about 
formulating a problem in terms of classical analysis presupposes that the vari- 
ables can be represented by numbers or vectors. This we take for granted in 
much of physics, but for psychology and the other social and behavioral sciences 
one of the most perplexing problems is how to introduce numbers in a meaning- 
ful way. Perhaps we are too wedded to the familiar and should not try to bring 
in numbers at all, and ultimately we may be forced by our subject matter to 
other mathematical representations, but at present we seem to be relatively 
helpless until we have a scalar or vector representation. There are reasons to 
believe that the attempt to represent some psychological notions by numbers is 
not a totally foolish goal. To be sure, the vector or scalar nature of our variables 
is far less certain than it is for variables such as mass, velocity, etc. Nevertheless, 
concepts such as the utility of a commodity, the loudness of a tone, or the bright- 
ness of a light—subjective notions that to some extent parallel objective at- 
tributes, in these cases, monetary worth, acoustic energy, and light energy— 
all seem to have an intensive nature reminiscent of numerical scales in physics. 
Mathematical psychologists and others in related areas are devoting some effort 
to discovering whether or not this is a poor analogy or, to put it positively, to 
finding out when we can justify the assignment of numbers to stimuli and out- 
comes so as to create useful scales of utility, sensation, and the like. I use the 
phrase “justify the assignment of numbers” intentionally. It is worse than use- 
less for psychologists to parallel superficially textbook problems of physics by 
saying: let H; denote the amount of hostility possessed by person 1, let A ;; denote 
the amount of aggression expressed by 7 towards j, etc. There are no reasons 
that I know of to suppose that either of these notions, hostility or aggression, 
and many others like them, are scalar quantities. To begin a problem in this way 
is tantamount to throwing most of it away. At our present state of knowledge, 
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to “suppose” a measurement problem out of existence is little more than a 
feeble joke. 

So one of our main tasks is to see whether we can sensibly represent some 
psychological concepts numerically. There are two major techniques: one in- 
volves probability concepts and leads to the main body of mathematical psy- 
chology; the other, which has been much more incidental, attempts a more 
fundamental approach. This I discuss first. 


Fundamental measurement. If we examine theories of physical measure- 
ment, as represented for example by the work of N. R. Campbell [6], we find 
an important distinction between fundamental and derived measurement. The 
essential feature of fundamental measurement is that only assumptions about 
qualitative observations are made: no numbers enter into the axioms of the 
theory. From these assumptions a numerical representation of the observations 
is shown to exist. The axioms characterize observables such as the deflection 
of a beam balance when objects are placed upon the two pans. The best known 
system, that called extensive measurement, was devised to account for the 
measurement of mass, length, etc. It involves a set 2 of objects that are to be 
measured, a binary operation o of “combination” or “concatenation” of any two 
objects in 2 to form a third, and a qualitative ordering = of “not less than” over 
Q such as that determined by the deflection of a balance. Typical axioms are: 
if a and 0 are in Q, then ao dD is also in Q; the relation 2 is a weak ordering of 2); 
if a=b, then aoc=boc for all cin Q; and so on. Ultimately, one states a set of 
axioms that is sufficient to prove a representation and uniqueness theorem of 
the following form. There exists a function ¢:Q— real numbers such that 

i. a2b (qualitatively) if and only 4f d(a) 2ob(b) (numerically) ; 

ii. for all a, b in Q, O(a 0 b) = d(a)+ (0); 

iii. af 6 and p* are two functions that both satisfy (i) and (ii), then there exists a 
positive constant a such that 6=ad*. That 1s, the representation 1s unique up to a 
similarity transformation or, in the language of modern measurement theory, the 
variable in question can be represented as a ratio scale. 


It would be most convenient for psychology to have an analogous theory in 
which the axioms turned out to be empirically verifiable statements about the 
behavior of human or animal subjects. Unfortunately, one apparently cannot 
reinterpret simply the axioms of extensive measurement in psychological terms. 
It is easy to give sensible psychological interpretations of Q and 2, but it is 
less easy to assign natural meanings to the concatenation operation. Our failure 
to devise empirically acceptable interpretations of extensive measurement when, 
nonetheless, we feel strongly that fundamental measurement ought to be pos- 
sible has forced us to reconsider some of Campbell’s ideas [28]. He seemed to 
feel that fundamental measurement is synonymous with extensive measure- 
ment, that is, with a system leading to the three assertions above. In this, it is 
generally agreed today, he was incorrect. As I have suggested, fundamental 
measurement involves a system of axioms that is stated without any reference to 
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the real numbers, that has an empirical interpretation which permits the axioms 
to be checked directly, and from which it is possible to establish a numerical 
representation of the undefined objects and relations of this system so that 
condition (i) above is satisfied, (ii) is replaced by some appropriate condition, and 
(iii) may be weakened somewhat to another fairly restrictive group of trans- 
formations such as the positive linear transformations. Extensive measurement 
is one example of fundamental measurement, but there are others. 

Most of these examples of fundamental, nonextensive measurement have 
arisen from the study of preference, a topic of concern in economics and sta- 
tistics as well as psychology. One development was triggered by von Neumann 
and Morgenstern’s [33| work on the expected utility hypothesis. Although their 
theory is not an example of fundamental measurement (because probabilities 
occur in the statement of the axioms), Savage’s generalization [26] is—in fact, 
it provides for the simultaneous fundamental measurement of both utility and 
subjective probability. Suppes and his collaborators [9], following up an idea 
of the philosopher Ramsey [24], have devised a system for the fundamental 
measurement of utility that differs from Savage’s in having only one chance 
event. Pfanzagl [23] has presented a rather different axiomatization that in- 
volves, essentially, the notion of bisection of two stimuli; it is closely similar to 
an axiomatization of means given by Aczél [1]. Recently, Tukey and I [20] 
have developed a system of fundamental measurement in which the basic in- 
gredients are a weak ordering of objects having at least two independent com- 
ponents. A physical realization that would satisfy our axioms, according to 
classical physics, is the ordering of objects by momentum as measured by, say, 
a ballistic pendulum; the two components of the objects are, in ordinary terms, 
mass and velocity. Potential psychological examples—none of which has yet 
been explored empirically—involve subject-determined orderings of stimuli that 
have at least two independent coordinates. Preference of rats between pairs of 
outcomes consisting of different amounts of food paired with different levels of 
shock might be an example. We have shown that if the ordering satisfies certain 
“reasonable” axioms, then a numerical representation exists that is additive 
over the components and it is unique up to positive linear transformations; the 
theory of extensive measurement can be extracted as a special case when the 
two components are the same and one further axiom (involving the existence of 
a null object) is added. 

Work of this type, which I believe promises ultimately to help isolate funda- 
mental psychological variables, constitutes only a tiny portion of current re- 
search in mathematical psychology. For the most part, numbers enter in a 
different way, somewhat analogous to what Campbell called derived measure- 
ment. Typical physical examples of derived measurement are the usual defini- 
tions of density and momentum in which the measure in question is expressed in 
terms of two or more quantities that have been fundamentally measured al- 
ready. His concept of derived measurement has to be stretched somewhat to 
encompass most of our work, and so I shall not press this point in what follows. 
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Probabilistic models. The main sources of numbers in most of mathematical 
psychology are the relative frequencies of responses and the times that it takes 
for responses to occur. Relative frequencies, which are much the more common 
measure, are interpreted as estimates of conditional response probabilities. This 
immediately leads one to consider probabilistic theories of behavior. Such 
theories are conceptually distinct, and in general quite different, from those 
postulated in statistics as models for hypothesis testing, analysis of variance, 
and the like. 

Some debate, much of it unpublished, concerns the appropriateness of prob- 
ability models in psychology. The current trend is viewed with alarm by some, 
who point out how ready such theories are to incorporate our confusion, ig- 
norance, and experimental errors into what purports to be a description of the 
subject's behavior. But, as it is very difficult to characterize clearly the condi- 
tions under which it is appropriate to view an organism as a probability mecha- 
nism, many of us are uncertain just what to do about these criticisms. In one way 
or another we must cope with the fact that even under carefully controlled 
laboratory conditions individual subjects do not respond consistently to re- 
peated presentations of exactly the same stimuli and outcomes. In general, the 
technique in classical physics of adding a dash of normal probability theory to 
an underlying deterministic theory has not proven very effective. Human and 
animal behavior appears to exhibit a more complex probabilistic structure than 
can be encompassed by deterministic theories flavored with a moderately uni- 
form overlay of randomness, and so many of us have been driven to study 
probability models. I use the word “driven” advisedly because I, at least, was 
originally unsympathetic to such models. A few examples of these models will 
serve to illustrate the kinds of mathematics employed. 


Learning models. Consider, first, “simple learning.” This term should be 
taken with a goodly dose of salt, for most learning experiments have little im- 
mediate bearing upon what we ordinarily call learning—acquisition of concepts, 
insights, and understanding. Typically, we place the subject in a repetitive 
choice situation in which his responses are differentially rewarded, and we study 
the slowly evolving change of performance as the reward schedule unfolds itself 
to him. If the change evolves too rapidly, then we revamp the experiment to 
slow it down to the point where we can observe the transient behavior develop. 
Our problem, then, is to explain the laws whereby the response probabilities 
change over trials as a function of the subject’s past experience in the experiment. 

A variety of theories have been proposed and are under active study. I shall 
mention three of them. The first, known as stimulus sampling theory, is due 
largely to W. K. Estes ({10]; for a survey see [3]). These models postulate a 
mechanism whereby the subject “samples” environmental cues which are each 
“conditioned” or “attached” to particular responses. A decision rule describes 
how a response is selected on the basis of the cues sampled. Then, depending 
upon which outcome occurs, the conditioning of cues to responses is changed 


370 MATHEMATICS USED IN MATHEMATICAL PSYCHOLOGY [April 


in a systematic fashion. Such mechanisms lead to Markov chains to describe 
the transitions of the response probabilities, and so all of that well-developed 
theory can be brought to bear upon it. Much attention has been paid to the 
detailed sequential properties of the responses, which are very complex indeed; 
it is amazing how well some of the models account for these subtleties in the 
data. 

A second class of learning models begins directly with assumptions about the 
trial-to-trial changes in the response probabilities. For example, Bush and 
Mosteller [5] studied stochastic processes generated by path-independent linear 
operators, and numerous other authors in later publications have extended our 
knowledge of these processes considerably (see [27]). Let p,(r) denote the prob- 
ability of response 7 on trial 2; then they supposed that 


Pati(r) = (1 — 8) bn(r) + A, 


where @ and X are constants that depend upon the particular response and out- 
come that occurred on trial m. The linearity of the model is obvious; by path- 
independence is meant the assumption that the relevant past history of the 
process is completely summarized by the response probability p,(7) and the 
events that occurred on trial n. Such nonstationary stochastic processes are rela- 
tively complicated, and only a few simple cases are well understood. For ex- 
ample, although the asymptotic mean is known to exist [14], we do not have 
an explicit expression for it in the most general two response situation. 

Another class of path-independent response models are the commutative 
ones that I have looked into [16], [19]. These learning operators are most 
simply stated in the form 


F(Pn4i) = Bf(bn), 


where f is a real-valued, strictly monotonic transformation of the unit interval 
and £8 is a positive constant that depends upon the response and outcome on 
trial n. By the form of the operator, this class of models is clearly both path- 
independent and commutative. Some fairly general results about these opera- 
tors have been deduced using functional equation techniques, some of which 
are treated in Aczél’s recent book on functional equations [2]. 

Once a stochastic learning model is formulated, the main task is to deter- 
mine explicit (computable) expressions for various of its properties, which can 
then be used to estimate parameters from data and to evaluate the adequacy 
of the model. Typical properties are asymptotic means and variances, expected 
number of choices of a particular response, expected number of runs of re- 
sponses of a given length, etc. In the linear model, it is common to set up the 
obvious expression for the desired random variable and then to calculate its 
expectation over the branching process described by the model. When this 
works, it does so mainly because the operators are linear; it rarely, if ever, 
works with the nonlinear models. For the commutative models it is possible to 
formulate and solve functional equations for some properties of interest (see 
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[13] and [29]). Certain asymptotic results have been obtained by using a 
technique based upon chains of infinite order [15]. 

Although parameter estimation and the testing of goodness-of-fit are prob- 
lems whenever a theory is evaluated by data, these issues have grown especially 
significant and troublesome for the stochastic processes used in learning. Com- 
plicated mathematical problems often develop when we try to work out optimal 
estimators, and yet simpler procedures have been shown to lead to confusion 
and misinterpretation of data [27]. This last point blends into the question 
of measuring the goodness-of-fit of a model to a set of data, which question is 
not at all well formulated at present. Mostly ad hoc and intuitive evaluations 
are made and, while everyone agrees that they are not really satisfactory, little 
in the statistical literature seems helpful. Much interesting work could be done 
by someone with a strong statistical bent and a taste for unformulated, complex 
problems. 


Preference models. The experimental study of preference is curious for this 
reason: the outcomes and stimuli of the experiment are either the same or very 
closely related. On each trial the subject is presented with a set of potential 
outcomes among which he is to choose. He receives either the one chosen or, in 
the case of what are known as “risky alternatives,” a chance mechanism inter- 
venes to determine which outcome is finally delivered. 

Statisticians and economists have studied a variety of algebraic models for 
preference behavior, among them von Neumann and Morgenstern’s expected 
utility model and Savage’s generalization of it which were mentioned earlier. 
Psychologists who have become interested in preference problems have turned 
mostly to probabilistic models, primarily because the experimental data ex- 
hibit patterns of inconsistencies which are difficult to cope with in a deterministic 
framework. Broadly speaking, two approaches have been taken. One is to state, 
in terms of observable choice probabilities, properties that might reasonably be 
expected to be observed. These do not constitute a complete theory of be- 
havior; rather, they are testable propositions that might become theorems in 
a more complete theory of behavior. A simple example is strong stochastic 
transitivity, which is one of several possible generalizations of ordinary transi- 
tivity. It asserts that if the probability of choosing a over b, p(a, b), 21/2 and 
if p(b, c) 21/2, then p(a, c)=max [p(a, b), p(b, c)]. The other approach is to 
formulate more complete theories of behavior. One familiar example is the class 
of random utility models in which it is supposed that a person’s preferences are 
determined at any instant of time by a numerical utility function which varies 
from instant to instant in some random fashion. The outcome having the high- 
est momentary utility is the one that is momentarily preferred. Some of us are 
trying to deduce testable properties from the different models, to establish the 
network of relations among the models and properties and to uncover equivalent 
restatements of models. At the same time, experimentalists are attempting to 
discover which of the conditions seem to be satisfied by human beings; the 
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results to date, however, have tended to be ambiguous. I suspect that our ex- 
perimental studies of preference are not yet adequate to answer the questions 
we want to ask. 


Psychophysical models. The oldest branch of psychology and the one that, 
over the long haul, has used mathematics more consistently than any other 
is psychophysics, the study of the way in which responses depend upon con- 
tinuous physical attributes of the stimulation. These experiments always involve 
the presentation of one of several possible stimuli on each trial, to which the 
subject responds from a set of responses that is systematically coordinated with 
the physical properties of the stimuli. Perhaps the simplest example is a detec- 
tion experiment in which a faint stimulus or no stimulus is presented on a trial 
and the subject reports, in effect, “yes” or “no” depending upon whether or not 
he believes the stimulus to have been presented. 

As an example of the problems facing the theorist, consider the plot of the 
conditional probability of responding “yes” when the stimulus is presented 
versus the conditional probability of responding “yes” when it is absent. If we 
vary either the outcomes to the subject or the presentation probability of the 
stimulus, we find that the resulting data points appear to arise from a con- 
tinuous underlying curve that goes from (0, 0) to (1, 1) in the unit square and 
lies above the chance line y=x. The various theories proposed for the detection 
process do indeed predict the existence of such a curve, and different theories 
predict different ones. For example, signal detectability theory (for summaries 
see [11] and [18]) says that the curve becomes a straight line when we plot the 
probabilities on normal-normal paper, whereas a “low” threshold theory [17], 
[18], which postulates a discrete underlying process, says that it consists of two 
straight line segments in the ordinary plot. Although these predictions are con- 
ceptually quite different, considerable data are needed to select between them. 

Quite a variety of models now exist for different psychophysical procedures 
and attempts are being made to systematize and unify them. For a period, in- 
formation theory seemed to provide a unifying approach, but recent studies 
suggest that the unity was more apparent than real. 

One nice feature of much of mathematical psychophysics, in contrast to 
other areas, is that it uses comparatively elementary mathematics and yet pro- 
vides significant psychological insights that probably cannot be achieved other- 
wise. Therefore, it seems particularly well suited for inclusion in undergraduate 
courses on mathematical psychology and as a source of simple to intermediate 
level problems for undergraduate mathematics courses aimed at behavioral sci- 
entists. 


Latency models. As I pointed out earlier, the elapsed time for a response to 
occur—the response latency—is a second obvious supply of numbers for the 
psychologist. In the simplest case, one presents a stimulus and requires the sub- 
ject to respond to it as rapidly as possible. If the experiment is very carefully 
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done and if the subject is in good physical and emotional condition, then highly 
regular and reproducible distributions of response latencies are found. The 
provisos are important: latency is a much more skitterish measure than re- 
sponse frequency, and correspondingly greater care is needed in the collection of 
latency data. 

The theoretical problem is to devise hypothetical mechanisms to account for 
the forms of the observed distributions, thereby permitting us to infer some- 
thing about the nature of the underlying processing of sensory information. The 
main idea so far is that the resulting latency is built up from a chain of ele- 
mentary random events—often exponential ones (see [21]). Theories of this 
type tend to parallel and sometimes use results from the theory of queues. All 
in all, the main mathematical device is the Laplace transform in one guise 
or another. I suspect, however, that new ideas will soon enter, because it has 
recently been observed that when subjects are paid differentially depending 
upon the latency of the response, the distributions have highly peaked modes 
and high tails—of the form ¢~* rather than e~™. It is not clear that such distribu- 
tions can arise from additive chains of independent random variables. Any ideas 
that arise to account for these data can be expected to have an impact upon 
our conceptualizations of the choice processes involved in learning, preference, 
and psychophysics. 


Psychometrics. During the 1930’s and 40’s, the main domain of the mathe- 
matically inclined psychologist was psychometrics, which is somewhat like both 
psychophysics and statistics. Many of the psychometric models are formally the 
same as those used in psychophysics [32]; others, especially those used in the 
theory of tests, are basically multivariate statistical models [30], [31]. Through- 
out psychometrics, one collects relatively little data from each of a relatively 
large number of subjects. Advantage is taken of the internal consistencies and 
correlations exhibited within the population of subjects, and the analysis pro- 
ceeds upon the assumption that a common structure underlies all of the sub- 
jects, who differ from one another only in the values of certain parameters. 
This approach is to be contrasted, for example, with that of much of psycho- 
physics in which relatively large amounts of data are collected from relatively 
few subjects. There, each subject is studied individually in detail. Most of the 
psychometric techniques postulate that the subjects can be represented as 
points in a Euclidean vector space and, of course, one of the main mathemati- 
cal techniques is matrix algebra. Factor analysis and other multi-dimensional 
scaling procedures are most readily exposited in the language of matrices, and 
some moderately deep results of matrix theory have been used. 


Nonnumerical models. In the final class of models that I shall mention, 
numbers play no role. This is not an especially coherent or extensive class of 
models, and I shall mention only two examples. 

In psycholinguistics—which studies the interplay between the speaker, the 
hearer, and their language—Chomsky and Miller ([8]; see also [7] and [22]) 
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among others, have employed techniques of abstract algebra to describe aspects 
of the basic grammatical structure of languages. Specifically, they have treated 
grammars as concatenation algebras and have used results from the theory of 
recursive functions. The mathematics gets quite involved and a number of in- 
teresting new results have been proven. A strong interplay exists between 
theoretical psycholinguists and those working on the theory of automata. So 
far, few predictions that are amenable to experimentation have been derived 
from these pretty mathematical structures, and so relatively little experimenta- 
tion has yet resulted. But work in this area is active and rapid developments 
should take place in the next few years. 

A different sort of structural model has received attention in the area known 
as sociometrics, which is, loosely, the study of the structure of qualitative rela- 
tionships among people. The main tool that Harary [12] and others have used 
in constructing this theory is the topological theory of graphs (for a summary 
see [25]). The results tend to be mathematically sophisticated, but the theory 
is relatively ineffectual in establishing connections between the mathematics 
and the empirical world. The main problem, I believe, is the failure to introduce 
any behavioral assumptions into the model. The structural assumptions do not 
characterize in any way the entities, the human beings, represented by the 
points of the graph, and so little in the way of prediction is possible. 


Concluding remarks. Up to this point, I have treated the applications of 
mathematics to psychology from the psychologist’s vantage point. Now let me 
turn about and consider briefly the extent to which different categories of mathe- 
matics have been used. 


1. FUNDAMENTALS, including set theory, functions, relations, orderings, 
axiomatics, Boolean algebra, and the like. Fundamental mathematical notions 
and results are used throughout mathematical psychology; without a moderate 
grounding in them one cannot read much of the literature. Many problems are 
formulated initially in terms of sets, relations, and nonnumerical functions. 
Axiomatic systems are not uncommon and precise, if sometimes relatively ele- 
mentary, reasoning is usual. Such knowledge is mandatory, and it should be 
absorbed as early as possible. 


2. ANALYsIs. Analysis presents a curious problem because psychological 
theories are rarely formulated in its terms. A differential or integral equation is 
hardly ever a starting point, although difference equations sometimes are. 
Nevertheless, a student must know at least the calculus or suffer an impossible 
disadvantage, because no one gives a second thought to using derivatives or 
integrals in the solution of problems cast in other terms. Moreover, one cannot 
penetrate deeply into probability theory, stochastic processes, or advanced 
statistics without a firm grip on classical analysis, especially the theory of real 
variables. As | mentioned earlier, transform theory has proved important in 
the study of latencies and, along with a little complex variable theory, it is im- 
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portant in the analysis of tracking behavior. But this topic is sufficiently special 
that few students need study the theory of functions of a complex variable at 
present. 

It is difficult to know what analysis a student should be advised to take. Al- 
though it is handy to have quite a bit, there are as yet few penetrating uses of 
it except indirectly via probability theory. Nonetheless, a student really should 
know enough to be able to read some quite sophisticated papers on functional 
equations, which are beginning to be used in many places, and on stochastic 
processes. Moreover, to the extent that we begin to formulate and study con- 
tinuous time processes, classical analysis will prove essential. I mention this 
because some research of this sort has recently begun to appear. 


3. PROBABILITY THEORY. Elementary probability concepts occur extensively 
in psychology; they are employed with neither comment nor apology. Some of 
the major theorems—e.g., the central limit theorem—are used frequently. Any 
well trained mathematical psychologist should have under his belt a solid course 
on probability and mathematical statistics. For many students, if not most, 
some additional work on stochastic processes is mandatory. In particular, they 
should be well grounded in the theory of Markov chains, especially for a finite 
number of states. These chains arise naturally in some theories of the learning 
process. In addition, they should be exposed to a number of the nonstationary 
stochastic processes that are also used. In general, these processes are not yet 
part of the standard textbook fare and, in many cases, they are not yet com- 
pletely understood. Psychology offers numerous difficult, well-formulated, but 
unsolved problems in the theory of stochastic processes. Some interesting func- 
tional equations have arisen in the study of stochastic processes for learning; 
perhaps they are destined to serve in psychology the role of differential equa- 
tions in physics. 


4, ALGEBRA. Elementary algebra is used everywhere and complete facility 
is presupposed. Matrices are applied in psychometrics and multivariate anal- 
ysis. Concatenation algebras are used in psycholinguistics. But the main body 
of abstract algebra—including groups, rings, fields, lattice theory, and more 
exotic notions, but excluding Boolean algebra—has been little used. Here and 
there a group or a lattice crops up, but by and large abstract algebra has not 
proved particularly important except for the sophistication engendered by its 
study. 


5. ToPpoLoGy AND GEOMETRY. Neither is much used. The only really serious 
attempt that I know of to employ topological notions is the application of graph 
theory to sociometrics. A bit of point set topology occurs now and then and 
occasionally fixed point theorems have been employed to establish the existence 
of something or other. Aside from trivial uses of high school geometry and a 
little work with non-Euclidean geometry in vision, geometry has not played 
much of a role in mathematical psychology. 
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In closing, it should be pointed out that no fundamentally new mathematical 
ideas have yet arisen from work on psychological problems. To date, we are 
parasites on mathematics. I doubt that this will always be so, but the time span 
is likely to be such that our contributions to mathematics will have little or no 
impact on anyone doing research in mathematics today. The reason that I 
believe an influence is bound to occur ultimately is that psychological problems 
exist that, on the one hand, seem to be meaningful, if not yet precisely stated, 
and about which we can experiment, if not yet incisively, and on the other 
hand, that do not seem to fit comfortably into the existing mathematical lan- 
guage. In some cases this may simply reflect a lack of ingenuity, but in others I 
suspect that the appropriate mathematics does not yet exist. The history of 
physics favors such a belief, which of course has the dubious virtue of being 
capable of neither proof nor disproof. Perhaps a few words about where I see 
trouble will make it a little more meaningful. 

The language of sets does not always seem adequate to formulate psycho- 
logical problems. Put so baldly, the statement is almost heretical since, in prac- 
tice, set theory is the accepted way to formulate mathematical problems... 
and, hence, applied mathematical problems. Still, we should not forget that set 
theory is really quite new—less than a century old. It could be an interim 
theory. Certainly when I think about certain psychological problems, I wish it 
weren’t the way it is. The boundaries of many of my “sets,” and of ones that 
my subjects ordinarily deal with, are a good deal fuzzier than those of mathe- 
matics. Consider an experiment in which the subject is presented with a set of 
possible responses. This is a nice, unambiguous set of the sort that we are all 
conditioned to expect. But in a theoretical analysis of the subject’s behavior, it 
often seems far more reasonable to consider not this set, but the one he con- 
sidered before making his choice. It is quite difficult to pin down just what 
elements are and are not members of that set, and I am not sure that it is pos- 
sible in principle. Do we merely lack techniques adequate to answer that ques- 
tion today, or is it basically impossible to answer it? Even supposing that it is 
impossible, I do not believe that this means that attempts to understand be- 
havior are ridiculous, although ultimately it may be deemed inappropriate to 
try to cast theories of behavior in current mathematical language. 

To take another example, we all deal effectively with the uncertainties of 
everyday life in terms of extremely imprecise concepts such as “likely,” “fairly 
likely,” and so on. As theorists, we often try to cope with this sort of behavior 
by phrasing it in the language of probability, but I suspect that most of us do 
not really feel that the mathematics meshes especially well with the problem. 
The categories of uncertainty are not really well-defined sets and their fuzzi- 
ness is not particularly well summarized by probability notions. Perhaps we 
can make the existing concepts work, but I doubt that we should count on it. 

Even assuming that there are profound troubles, mathematical psychologists 
are not about to call a moratorium until the troubles are resolved. Some, indeed 
most of us, will skirt around those aspects of behavior for which the difficulties 
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are especially pronounced. Others will try to tackle them more directly and to 
the extent of their success, they will enrich mathematics as well as psychology. 


This paper is based upon an address given at the American Association for the Advancement 
of Science meeting in Philadelphia, Pa., December, 1962. Its preparation was supported in part by 
National Science Foundation grant NSF G-17637 to the University of Pennsylvania. 
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THE SOLUTION OF A SECOND ORDER LINEAR DIFFERENTIAL 
EQUATION NEAR A REGULAR SINGULAR POINT 


JOHN W. DETTMAN, Case Institute of Technology 


The standard undergraduate course in ordinary differential equations suffers 
from many ills. In many cases it seems as an anticlimax after an upgraded cal- 
culus course. There is usually too much emphasis on specific integration tech- 
niques and not enough on existence and uniqueness theorems. It has not kept 
up with the computer age and therefore does not sufficiently emphasize numeri- 
cal integration techniques. There is not enough attention paid to qualitative 
analysis, i.e., the determination of properties of the solution such as bounds, 
asymptotic expansions, stability, etc., without explicitly solving the equation. 
It is not necessary to postpone such a course in differential equations until 
after an advanced calculus course to cure these ills. One possible key is the early 
introduction of the Green’s function and the subsequent reduction of the differ- 
ential equation to an integral equation. Once this is done the existence and 
uniqueness theorems usually follow by a simple iteration procedure which uses 
nothing more sophisticated than the term-by-term integration of a uniformly 
convergent series. The iteration procedure is very basic, conceptually simple, 
and sets the tone for a large class of numerical integration techniques. Also, 
when the problem is cast in this way, many of the properties of the solution can 
be investigated without explicitly solving the equation. 

The purpose of this paper is to illustrate these remarks in connection with 
the solution of a second order ordinary differential equation near a regular 
singular point, a case which is very important in applications but one which is 
commonly mishandled. The present approach is not new, but it does not appear 
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in undergraduate textbooks. The usual custom is to use series techniques, but to 
do justice to the problem in this form one should understand the theory of 
analytic functions, a subject which is not usually taken until the junior or senior 
year. Our procedure will be to introduce a Green’s function which will make it 
possible to reduce the problem to the solution of a Volterra integral equation, 
which in all but one case is nonsingular. The iteration technique for solving the 
integral equation, it will turn out, works for the singular case as well as the 
nonsingular cases. 

One of the most useful tools in the study of initial as well as boundary value 
problems in both ordinary and partial differential equations is the Green’s func- 
tion. This author believes that it should be introduced at the beginning of the 
ordinary differential equations course and developed throughout. Consider, for 
example, the equation y’’(¢)=—f(). A first integration yields y’(t) =y’(0) 
— [of(r)dr =y'(0) — F(), where F(t) = fof(r)dr. A second integration yields 


y() = (0) + ty'(0) — J F(x)dx 


= y(0) + ty’(0) — [(« — i) F(x) ]o +- fo — t)F’(x)dx 


= (0) + ty'(0) + J G(x, df(a)de, 


where the Green’s function G(x, t)=x«—t. Hence, we have an explicit represen- 
tation of the solution. The same result could have been found, of course, by 
“variation of parameters.” On the other hand, if we have the homogeneous equa- 
tion y’’(t) = —+(t), then the above procedure yields the integral equation 


y(t) = (0) + ty/(0) + J G(x, t)y(«)de. 


If we multiply y’”’ (x) +y(«) =0 by an unknown function H(x, ¢) and integrate, 
we have 


= J Ly"(x) ++ y(a)]H (a, te 


= boa, i - f xem oan fA, dyed. 


To obtain a similar integral equation, H(x, ¢) should have the following proper- 
ties: H’(x, t) =1, HG, t)=0, and H(0, #) = —t. It is easy to show that the only 
function with these properties is H(x, t)=x—-t. 

To be more specific, let y(0)=1 and y’(0)=0. Then we have the integral 
equation y(t)=1+/j(x—Ay(«)dx. As a first approximation to the solution we 
take yp=1. Then a reasonable second approximation is 
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t 
yi(t) = 1 +f («1 — t)hdx = 1 — #/2. 
0 
A third approximation is 
t 
yo(t) = 1 +f (x — t)(1 — x?/2)dx = 1 — 22/2 + 14/4! 
0 


We see that we are generating the terms of the well-known series for cos ¢, the 
unique solution of y’’-+y=0, subject to y(0) = 1, y’(0) =0. This situation is rela- 
tively simple, but it should serve as a brief introduction to the main part of the 


paper. 
Our main purpose is to consider the equation 


(1) xy!’ +. xP(x)w’ + O(a)w = 0, 


where P(x) and Q(x) are real-valued functions of the real variable x, differenti- 
able in the interval 0Sx 30. For small values of x, the equation resembles 


(2) x24’ + P(O)xu’ + O(0)u = 0. 


This is Euler’s differential equation which has solutions x"! and x”, where 7; and 
vo are roots of the indicial equation 


(3) m(m — 1) -+ P(0)m + Q(0) = 0. 


We assume that 7; and rz are real and 71279. It is reasonable to assume that 
equation (1) has a solution close to x"! for small values of x. Therefore, we make 
the transformation 


(4) w(x) = x*ty(x). 
Substituting into (1), we have 
ri(ri1 — 1) + 71P(x) + Q(x) y 


1 


wy!’ + [2r1 + P(x)]y’ + = 0. 


We let p(x) =27+P(«) and 
ri(ri — 1) + 71 P(x) + Q(x) 
q(x) = 
x 
Now p(x) is differentiable in [0, b] and g(x) is continuous in [0, b] since 


m ri(r1 — 1) + riP (x) + O(x) — [ra(ri — 1) + ri P(0) + Q(0) | 


lim q(x) 
x~—+0 


x— 0-4 x 
iim 2 = POL, 5, O@) - OO) 
20+ x z—0+ x 


tl 


nP'(0+) + Q’(0-+). 
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Thus we are led to the study of the equation 
(S) xy!" + plx)y" + g(x)y = 0, 


where p and g are continuous in [0, 0] and p is differentiable in [0, 0]. Also since 
1—P(0)=n+r, po= p(0) =221.4+-P(0) =14+(71—72) 21. We can show that if (5) 
has a solution y(x) in (0, 0) then (1) has the solution w,(x) =x"y(x). To find the 
second solution of (1), we can then make the usual substitution 


w = v(x) w(x) 


Wy = Wy f wr’ exp ( ~ J (P(s)/2)dx) | dx. 


To obtain the integral equation associated with (5) we must develop a 
Green’s function G(x, ¢). Assume that (5) has a solution y(x). Then 


to obtain 


t 
f (xy"’ + py’ + qy)G(x, dx = 0, 
0 


t t f 
xy’G(a, »| -{ [(xG)’ — pG]y'dx +f qgyGdx = 0. 
0 0 0 
If limz.o4 xG(x, t)=0, GU, 1) =0, and (xG)'’—pG=1, then 
t 
(6 yl) = (0) + f ale G(e, Dyleae. 
0 
To show the existence of the Green’s function, we solve explicitly. We write 
, ?P 
(7) (xG)’ — — (2G) = 1. 
x 


The integrating factor is 


u(e) = exp(— f pl)ae) = exp (— f"(po/oae) exp (— f“v@/aae) 


_ F(x) 


— 


, 
“Po 


where f(x) /x = | b(x) — p(0) } /x, which is continuous in [0, 6] since 

_ fi), p(x) — p(0) 

m— = lim ——— 
x 


20+ 2X z—0-+- 


= p’'(0+). 


Therefore, F(x) =exp(—J$(f(é)/£)dé) is positive and continuous in [0, b]. Using 
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the integrating factor we can solve (7) to get 


G(x, t) = | f FO ed c|. 


F(x) g £70 
To satisfy G@, ¢) =0, we put C= f*} F(&)/€0} dé, and then 
a! 0? #F (£) 
(8) G(x, i) = Fe) J zoo dé. 


Assume 0<A S$ F(x) SB in [0, b]. Then for 0<«<t<b 


B _ t dé B x \ pol 
|G, )| saa f ——S = — ————- ] | — | — 
A » & Aio—tl Vt 


for po>1. If pbo=1, then 
? nt In x) 
— = — (Ini — Inx). 
A 


B 
le@ol ssf 5 


In any case, for every ¢ such that 0<iSb limz.o. xG(x, ¢) =0. 
We have also shown that for po>1, G(x, £) is continuous in R= { (x, t) | O<x Xt, 
O<isb}. Therefore, except when po=1, equation (6) is a nonsingular linear 
Volterra integral equation. Even when p)=1, however, G(x, £) is integrable in R 
and for this reason our existence and uniqueness theorem will apply in all cases. 
Before proving the main theorem, we must show that a solution of the inte- 

gral equation (6) satisfies the differential equation (5). To this end we need 
xPo-l F(t) 1 xpo-l F(f) 


} Git, i) = ——, Giu(x, t) = 
F(x) {0 ht i le 0 F(x) {0 


Assume that y(£) is a solution of (6) for 0<t<b. Then 
FQ) (-* q(x)y(x) xr 
[Po 0 F(x) 


qty) 
t 


t dé 


ptf). 


G.(4, t) = 


y= J q(x) y(x)Gi(x, t)dx = — 
q(t) 


— ply’). 


yt) = — Ww) + J Va) y(X)Gulx, dx = — 


t 


Hence, ty’’+p(¢)y'(t) +a) y(@) =0. 


THEOREM. Let p(x) be differentiable and q(x) be continuous in [0, db]. Let 
po=p(0)21. Then there exists a unique solution of xy''+p(x)y'+q(x)y=0 in 
(0, b) such that lims.o4 y(x) =1. Furthermore, there exists an M such that for all 
x in [0, b| | v(x) | <1)(2~/ Mx) where Iy(x) = Jo(ix) is a modified Bessel function of 
the first kind. 


Proof. By the above discussion, the differential equation will have a solution 
with the given initial value, if and only if the integral equation 
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t 
© yi) =1+ f aE, Dyle)aa 
0 
has a solution. Let K be the linear operator defined by 
t 
(10) Kp =f 2G(x, fede. 
0 


Then the integral equation can be written y=1+Ky. We propose to solve this 
equation by iteration, i.e., let ¢(x) be any function continuous in [0, b| and let 


= 4(0), yn =14+Ke, yw =1+Ky=1+K(4+ K¢) =14+Ki+ Ks, 


=-1+ K1+ K*1+---+ K™"11 + K*¢. 


Let K°1=1, and consider the series >>) Kil. We show that this series con- 
verges uniformly in [0, b] to a solution of the integral equation (9). To this end 
we show that 


Mim = Mb" B 
< where M =— max | q(x) | . 
(n! 2 (n!)? A 0<z<b 


(11) | K-1| < 


This inequality is obviously true for 7=0. Now assume it is true for »—1. Then 


l 


t 
| Ke1| = | KK~“1| <{ | g(x) | | Ga, | | Ke 1] dx 
0 


c= (Int — In x)x"—"!dx, bo=1 
n— 


arnmacod, |! _ (=)" © dais, bo> 1. 


A simple calculation shows that 


t jn t pol — 1)f" 
{ (Iné — In x)x-dx = —,; i) 1 — (=) [eras = _(o = DP . 
0 n? 0 Y n(n + po — 1) 


Therefore, (11) holds for all ~. Since >52.5 (M*b")/(n!)? converges, >>.) K‘1 
converges uniformly to a continuous function y(t), which we show is a solution 
of (9) as follows: 


| K-41 | 


aC t) SS Kitde =1+4+ SD Kit 


j=0 j=0 


T 
+ 
oF 


1 + { ‘eG, t)y(x) dx 


| 
a 
an 
| 
‘2 
ew, 
Nae 
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The term-by-term integration of the series is justified by the uniform con- 
vergence of the series. There is a small point to be settled in the case po=1 
where G(x, #) is not continuous in R. However, the inequality | G(x, t) | 
<B/A(Int—In x) allows us to prove the necessary theorem without difficulty. 

To show that y,(#) converges to y(t), we merely observe that, no matter 
what continuous ¢(x) we start with, 


Mn ob” 
(m1)? 


|K-o| Sc|K"1| $C —Oasn—- o, 
where C= mMaxXoezr<b | b(x) |. 
Proof of uniqueness is routine. 
Finally, inequality (11) shows that 
co . © Mit? 
ly®| sD | Kal s DG = VMN. 
j=0 j=0 G!)? 
It is interesting to note that Ip(2./Mz#) satisfies the differential equation 
‘Id’ +I¢ —MIyp=0 and the initial condition [)(0) =1. This problem corresponds 
to the integral equation 


t 
u(t) = 1+ uf (In ¢ — In x)u(x)dx. 
0 
On the other hand, the integral equation 


no 1 J ; [ 7 om vlad 


corresponds to the associated problem, tv’’-+pov' - Mv=0, v(0) = 1. If v(¢) is the 
unique solution of (12), then 


(12) of) = 1+ 


2 =—M™"T (po) 
) = 
nao WIT (n + fo) 

A more refined estimate would show that | K-41 < MrT (po) /n'T (n+ fo), so 
that we have the more precise estimate 


co n ny 
lol <a 
nao WT (n + po) 

This completes the proof of the theorem. Several related remarks seem 
appropriate. 

Remark 1. lf p(x) and q(x) are analytic at x«=0, then it is a simple matter to 
show from the integral equation that our solution has a power series expansion 
valid in some neighborhood of the origin. The coefficients can be computed by 
repeated differentiation or by operating formally with power series. It is not 
to be expected that the power series representation will converge in [0, b|. For 
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example, in the case of the equation xy’ +y’+1/(1+x?)y=0, b= 0, although 
the power series representation only converges for |x| <1. 

Remark 2. The existence theorem for the nonhomogeneous equation 
xy!’ +-x«P(x)w’+O(x) = F(x) can be handled just as easily as the above, provided 
F(x) is continuous in [0, 6] and O(x«"*) as x0. In this case, the equation re- 
duces to xy" +p(x)y’ + q(x)y=f(x) where f(x) is continuous in [0, 6] and the 
corresponding integral equation is 


y() = 9(0) — J f(2)G(x, de + f 9(x)G(«, t)y(a)dx 


If g(t) = (0) — i f(x)G(x, f)dt, the solution is y(t) = 02, Kig. 

Remark 3. We introduced this integral equation point of view in order to 
avoid the introduction of complex variable methods. There is some advantage, 
however, to using the same approach in the complex plane. Suppose that the 
indicial equation has complex roots 7; and 72 where Re(7) 2 Re(72). We trans- 
form the equation 22w’’+zP(z)w’+O(z)w=0 by the transformation w(z) 
= zg1y(z). The equation becomes zy’’-+(z)y’+q¢(z)y=0, and the corresponding 
integral equation is y(t) =y(0)+/§q(z)G(z, ¢)y(z)dz, where the path of integra- 
tion avoids singularities of p(z) and q(z). One advantage of this approach is that 
we can handle cases where p(z) and g(z) have a branch point at the origin. 
Also, even if p(z) and g(z) are analytic only for | 2| <R, the existence theorem is 
not necessarily limited to |z| <R as in the case of the power series method. 

Remark 4. The solution we have obtained is an asymptotic expansion since 

fore) co i#7 n 
sb [xajs 7s, 

j=n jan (91)? — (w!)? 
It is observations of this sort which lead to many interesting recent results in 
the study of asymptotic solutions. See A. Erdélyi, “Asymptotic Solutions of 
Ordinary Linear Differential Equations,” California Institute of Technology, 
1961. 
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EXTENSION OF GROUPOIDS WITH OPERATORS 
T. TAMURA anp D. G. BURNELL, University of California, Davis 


It is familiar that a commutative integral domain can be embedded into a 
field (for example, see [2]). This may also be regarded as an extension of an 
additive group with operators. As a generalization, to some extent, we present 
in this note an extension of groupoids with operator semigroup. A groupoid is a 
system in which a binary operation is defined, and neither associativity nor 
commutativity is assumed. Our principal results were outlined in [3]. 
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1. Main theorems. Let G be a groupoid and suppose that I is a commutative 
semigroup. Small letters x, y,--- denote elements of G and + denotes the 
operation in G; small Greek letters a, 8,-+- denote elements of I’, and af 
the product in TI. A single-valued mapping of the product set [XG into G is 
defined, (a, x)—ax, such that the following conditions are satisfied: 


(1.1) a(a-+ y) = ax + ay 
(1.2) (aB)x% = a(Bx) = (Ba) x 
(1.3) ax = ay implies x = y, 


for every a, BET; x, yEG. If a is fixed and x runs throughout G, @ is a mono- 
endomorphism, i.e., one-to-one endomorphism of G. We call such a pair G, 
I’ a groupoid G with I' and denote it by (G,T). 


THEOREM 1. For (G,T), there exists (G, T') such that 

(2.1) Gis embedded into G, 

(2.2) I’ and I are isomorphic, 

(2.3) each ET is an extension of aET to G, and & is an automorphism of G, and 

(2.4) (G, T) is the smallest extension of (G, 1) in the following sense: If (G, I) is 
any extension of (G, T) satisfying (2.1), (2.2) and (2.3), then G can be em- 
bedded into G. Furthermore, if G is associative, so is G; if G is commutative, 
G 1s also; if G is cancellative, G is also so. 


Proof. Consider the product set GXT'= { (x, a); xEG, aE@l I Define a rela- 
tion ~ by 
(3) (x, a) ~ (y, B) iff Ba = ay. 


Clearly this is reflexive and symmetric. To show transitivity, suppose (x, a) 
~(y, B) and (y, 8)~(, y). Then, by (1.2), 


Byx = yBu = yay = ayy = aBz = Baz 


and by (1.3) we have yx=az, i.e., (x, a) ~(z, Y). 

Letting (x, aw) denote the equivalence class containing (x, a), we define G 
to be the set of all such equivalence classes. Now, define an operation + in G 
as follows: 


(4) (x, a) + (y, 8) = Bx + ay, af). 


The operation is single-valued, since if (x, @)=(x’, a’) and (y, B)=(9", B’), we 
have a’x=ax’, B’y=By' and a’p’(Bx+ay) =a! "Bx +a'Blay = B'Balx +al'aB’y 
= 6'Box! + a’apy’ = afp'x' + aBaly’ = o8(6'x' + ay’), that is, (x, a) + (y, B) 
= (x’, a!) +(y’, 6’). 

To prove (2.1) we define a mapping >> of G into G by 


doe = (ax, a). 
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Since (ax, a) = a) = (Bx, B), > >x* is independent of a. >) is one-to-one, since, if we 
assume (ax, a) =(8y, B), then we have aBx =aBy and hence x=y by (1.3). 
Now 


d(« + y) = (ee + 9), a) = (a(x) + a(ay), aa) = (ax, a) + (ay, a) 
= Dix + Diy. 


Thus we see that >) is an isomorphism of G onto G’= { (ax, a); <EG} CG. 
For each a€TI we define a mapping @ of G into itself as follows: 


(5) a(z, y) = (az, 7). 


The set of all mappings @ is denoted by I. The mapping & @ is single-valued 
because if (z, y) =(z’, y’), then y’z=~yz’ and y'a2 = yaz’ which implies that (az, Y) 
=(az’, y’). Also @ is one-to-one since if]a(y, 6) =a(z, y), then (ay, B) = (az, ¥ 7) 
and we have yay= faz which gives us yy=6z by (1.2) and (1.3). Now a((z, Y) 
+(y, B)) =a(Be+-vy, ¥B) = (a(Bz+7y), YB) = (abetorvy, yB) = (az, xz, Y)+(ay, B) 
=a(z, 7) +a(y, B). For any (y, B) EG, we have @(y, a8) = (ay, af) =(y, B), and 
a(By, 8) = (Bay, B). Thus we see that each @ is an extension of a€Y and is an 
automorphism of G. Now I is isomorphic onto f by the mapping a—2a@, since 


a= B= a(z, vy) = Bz, 7) => (a2, vy) = (2,7), 


which means that yaz=~yz and, by (1.3), az=z for all z€G. The property of 
preserving multiplication is a trivial consequence of (5) and (1.2). 

Finally, to prove (2.4), let (G, r) satisly (2.1), (2.2) and (2.3). Define a map- 
ping T: GG by T(x, a a) =y, where ay= > x and >, is the embedding map from 
G into G, and @ET is the automorphism extension of a€ I’. To show 7 is single- 
valued, we assume (x’, a’)=(x, a) and r(x’, a’)=y and r(x, a) =y'. Then a’y 


= >>x', ay’ = Dox and we get 


aay = a( >”) = Di(ax’) = (a's) = @ Dox = Way’ = 44's’. 


Therefore y=’, Next, to show that 7 is one-to-one, suppose r(x, a) =y=7(z, 7), 
y€G. Then we have 7 x= >,2. Since @ and ¥ are extensions of a and y 
respectively, L(yx) = > (az) and, of course, yx =az, i.e., (x, a) = = (2, 4 y). Now, 
to show that 7 is a homomorphism, suppose that r(x, <, @) = =y, 7(z, y)=y" and 
r((x, a) +(2, ¥))=y". Then @7y’’ = Di (yxtaz) and 


ary + By = 7x + BD = Dove) + Dilaz) = Dilye + az), 


and hence ayy” =ay(y+y’); we have y’=y+y". _ 
We shall prove that if G is cancellative, then so is G. Suppose that 


(x, a) + (y, B) = (%, a) + &, 7). 
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Then (6x-+ay, a8) = (yx+az, ay) which implies that ayBx-+aayy =ayBx +aaBz 
and we have a*yy=a’@z since G is cancellative; consequently, yy={z, or (y, 6) 
=(z, y). Right cancellation is proved in a similar way. Associativity holds in G 
if it holds in G: 


(x, a) + (Cy, B) + (, ¥)) = (%, a) + Gy + Bz, By) = (Bre + (avy + o62), o87) 
= ((yBx% + yay) + aBz, aby) = ((B«% + ay), a8) + (2, 7) 
= ((x, a) + (y, B)) + (@, 7). 


One can easily see that commutativity of G implies commutativity of G. Thus 
the theorem has been completely proved. 

Since [in Theorem 1 is commutative and cancellative, it is possible to em- 
bed I into a group. 

THEOREM 2. For each (G,T') there exists (G, I'*) such that 
(3.1) G is embedded into G. 
(3.2) I'* ts the smallest commutative group into which T can be embedded. 
(3.3) Each B*CI'* ts an automorphism of G and if aET is mapped to a*CT* 

under the embedding of T into I'*, then each a* is an extension of a€Y to G. 


(3.4) If (G, [**) 1s any extension satisfying (3.1), (3.2) and (3.3), then G and T* 
are embedded into G and I'** respectively. 


Proof. By Theorem 1, we can obtain (G, Ff) as an extension of (G, I). For 
each pair (@, B) of elements of I, we define a mapping ((a, B)) by 


((, 8))@, v) = (az, By). 


The set of all ((&, 8)) is denoted by I'*. Clearly ((a, B)) =((a’, B’)) iff B’a=Ba’. 
The mapping is single-valued. For if (z, ~) = (z’, 7’), then ((@, B)) (z, 7) = (az, By) 
= (az’, By’) = ((&, B))(2’, y’), since y’z =z’. To show that ((a, 8)) is an automor- 
phism, 


((&, B))((2, v) + (w, 8)) = ((&, B)) (62 + yw, 78) = (adz + aye, BY6) 
= (Bdaz + Byaw, ByB6) = (az, By) + (aw, BS) 
= ((a, B))(z, 7) + ((a, B))(w, 8). 


Suppose that ((a, 8))(z, y)=((a, B))(w, 5). Then (az, BY, By) = (aw, BS), and so 
Bodz = Bbaz = Byaw=Bayw; therefore 6z=yw or (2, Y= (2 (w, b 6). Now as an in- 
verse image for (gz, 7), look at (Bz, ay). Then ((&, B)) (Bz, ay) = (aBz, Bya) = (z, y). 
Thus it_has been proved that the map ((@, £)) is an automorphism of G. To 
embed I into I'* use the correspondence &—( (Va, ¥)) =a* where a’ is easily seen 
to be an extension of a to G. As is well known, I'* is the smallest group contain- 
ing I’. 
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Instead of I’, we may consider ly) =I'U {0}, where 0 is a zero-mapping, i.e., 
a mapping of G onto some idempotent element of G; then 0 is a two-sided zero 
element of Io, and I’) has no proper zero-divisor. Under Io, we get theorems 
similar to Theorems 1, 2. For this case the subsemigroup I of Io, consisting of 
nonzero one-to-one endomorphisms, plays the same réle as in previous theorems, 
and 0 can be extended to a zero-mapping of G. 


2. Applications and examples. (1) We give an example of (G, I) in which G 
is not a semigroup. Let G be the set of all positive integers and define two binary 
operations, i.e., addition a+) and multiplication a-b as follows: Let n>1 bea 
fixed element of G and define 


a+ b= na, a:b = ab, 


where na and ad denote the usual multiplication. Clearly an operator ¢, defined 
by ¢.(x)=x-a is a mono-endomorphism of the additive groupoid G, and 
T= { ba: acG}. Addition, however, is not associative. The extension (G, I) is 
given as follows: G is the set of all rational numbers in which the addition and 
operators are defined in the same way. 

(2) Suppose that S is a commutative semigroup. For every positive integer 
n, we consider an endomorphism n of S: 


% 


The operator semigroup I’ of endomorphisms of this kind is isomorphic to a sub- 
semigroup of the multiplicative semigroup of positive integers. We shall say 
that a commutative semigroup J is uniquely I-divisible if for any «CT and 
any n€I, there is exactly one yET such that n-y=x; and T is said to be I- 
cancellative if I’ is one-to-one, that is, nx=ny implies x«=y for every ncI’. 

As an application of Theorem 1, we immediately have the following result. 
(Hancock obtained the same result in [1].) 


CoROLLARY 1. If a commutative semigroup S 1s T-cancellative, then S is em- 
bedded into the smallest uniquely T-divisible semigroup where T= {n;nEJ}, J be- 
ing a multiplicative semigroup of positive integers. 


(3) We define a semiring R to be an algebraic system with two binary opera- 
tions—addition and multiplication—such that for every x, y, zER, 


(4.1) («ty +te=xe+(y4+2) 
(4.2) (xy)z = x(yz) 
(4.3) u(y +s) =ay+taz and (y+ 32)4% = yx + ou. 


Using the previous theorem, we obtain 


CoROLLARY 2. If the multiplicative semigroup of a semiring R is commutative 
and if, for nonzero a€©R, ab=ac, implies b=c, then R can be embedded into the 
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smallest semiring R* such that the multiplicative semigroup of R* is a commutative 
group or a commutative group with zero. 


3. Extensions of commutative semigroup with operators. From now on, let 
S be a commutative semigroup and I be the same as in Corollary 1. Also sup- 
pose that S is cancellative and I'-cancellative, that is, 
xt+ty=x-+2 implies y= 2 
y forn ET. 


nx = ny implies x 


Let $8 denote the quotient group of S, i.e., the smallest group containing S, and 
S? denote the smallest uniquely I'-divisible semigroup containing S. As is easily 
seen, S$ is I'-cancellative and S* is cancellative, and hence we can consider the 
uniquely I'-divisible extension of S* and the group extension of S°. 


THEOREM 3. (.59)°&(S°)8, 
Proof. We shall let x/y denote an element of S* where x, yES. Define a map- 
ping >, of (S%)* onto (S*)S as follows: 
da(a/y, n) = (x, 2)/(y, 2), 
where n€I’. Now, 
(x/y, 2) = (a"/y", 0!) Sl (a/y) = n(2!/y') = n'x/n!'y = na! /ny' 
= nlet ny = ne! +2'ySn'n(n's + ny’) = nn’ (na! + 1'y) 
= (n'a + ny’, nn’) = (nx! + n'y, n'n) = (a, n) + (y’, 2’) 
= (a, 2’) + (y, 2) =, 0)/(, 2) = @, 01/07, 1’). 
Thus >> is single-valued and injective. Suppose (x, m)/(y, n)€(S*)8, Then 
> (nx/my, nm) = (x, m)/(y, n) and so >) is surjective. Also 
Df G@/y,m) + (a"7y, m’)} = Lam! + ma’) /(m'y + my’), mm’) 
= (m'x + msx!, mm) /(m'y + my’, mm’) = (x, m)/(y,m) + (a, m’)/(y", me’) 
= Di(a/y,m) + Li(a'/y’, m’). 


Thus it has been proved that >) is an isomorphism. 
Finally we consider the relationship between d and direct product. Suppose 
that Si and S. satisfy the same condition as Theorem 3. 


THEOREM 4. (Si XS2)?&=S? X SP. 


Proof. Any element of S1XS2 is denoted by (x1, %2), x1€S1, x2E Se. If a map- 
ping >> of (Si1XS»)* onto XS is defined by 


> (Cer, <2), m) - ((x1, Mm), (x2, m)), 


we obtain the result in the same way as Theorem 3. 
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Incidentally, since (S°)5&,S° - (S%)8<{,.$8, combining them with Theorem 3, we 
can express the product of the operations as follows: 


go=d9, Qg?=g, DM=0D 


which means that g and dD generate a semilattice of order 3. 
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A MATRIX APPROACH TO NUMERICAL INTEGRATION 
L. R. BRAGG, Case Institute of Technology 


1. Introduction. Let w(x) be a given real-valued continuous function on some 
basic interval, say [—1, 1] and let I(f) = [*,w(x)f(x)dx, where f is an arbitrary 
real continuous function on this interval. For fixed n, let {w;}%, and {«;}", 
denote a pair of number sequences with x; distinct and, in general, restricted 
to [—1, 1]. We shall be concerned with numerical integration formulas of the 
form 


n 
(1) InG) = 2, wif (%;) 

j= 
that are, in some sense, related to I(f). The w; are referred to as weight factors. 
The selection of these sequences is, of course, dependent upon how I(f) and 
J,(f) are to be related. Generally speaking, it is desirable to have these sequences 
independent of f. Even so, much freedom remains in selecting them. It may be 
that certain of the w; and x; are to be preselected according to some fixed cri- 
terion while those remaining are so chosen that J,(f) integrates exactly all 
polynomials up to a certain maximum degree. 

We shall be concerned with precisely the problem of selecting such sequences. 
For this purpose, the algebraic method ([1], [3]) will be adopted. This will 
make use of (a) triangularizing a matrix and (b) the theorem that a system of 
linear algebraic equations formulated in matrix form has a solution if and only 
if the ranks of the coefficient and augmented matrices are the same. In section 2, 
this is used to obtain consistency conditions that must be satisfied by members 
of the sequence {x;}%.1 when certain of these x; are to be preselected while no 
members of {w;}#., are to be prescribed. These relations are modified in section 
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3 to obtain similar conditions when certain terms of both sequences are to be 
preselected. Finally, these consistency conditions are used in section 4 for con- 
structing examples of numerical integration formulas. As we shall see, a set of 
consistency conditions may be too stringent and form a nonsolvable system or 
else force certain members of {x;}%, to be complex. In these cases it will be 
necessary to lower the degree of precision relating J,(f) to I(f) to permit the 
construction of a meaningful formula J,(f). Also, the consistency conditions 
may lead to a real sequence {xg} tey in which certain of the x; fall outside of the 
interval [—1, 1]. This is permissible in those cases where the points x; fall 
within the domains of definition of f and w. Formulas involving such points may 
be useful in the numerical solution of differential equations. If, however, f and w 
are only defined in [—1, 1], then the degree of precision must be selected so that 
all «; fall within [—1, 1]. Remainder terms in such formulas, if desired, may 
then be determined by mean value estimates ([2], [3]) or by use of the influence 
(kernel) function [3]. These will require, of course, additional differentiability 
assumptions concerning f. 


2. Consistency relations. We now assume that s(0SsSz) of the points x, 
are to be specified (with restrictions) and that the w; have not been fixed. The 
condition that I(f) be related to J,(f) is furnished by requiring that I(«*) 
= J,(x*),k=0,1,-++-,22—s—1. In terms of the formula (1) and our definition 
of I(f), this condition gives the set of equations 


(2.1) > w= Mi, &=0,1,---,2n—s—1, 
j=1 
where M; is the kth moment defined by 
1 
(2.2) M, = J w(x) «dx. 
—1 
The system (2.1) can be expressed more conveniently in the matrix form: 
Wy We W3 + Wy 1 
1 1 1 | | Mo 
x1 X92 X38 - 9° Xn | M, 
ef rs an o, “ Men—-1 


With this formulation, the weight factors w; may be regarded as the unknowns 
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with the coefficient matrix lying to the left of the broken line. Upon triangulariz- 
ing this coefficient (Vandermonde) matrix, we obtain the form 


Wy We W3 o 8! Wn 1 
1 1 1 es | | Mo 
0 (2,1) (3,1) - «b(n, 1) y2(e) 
0 0 $(3, 2) - - + $n, 2) Va(x1, 22) 
(2.4) 0 0 7 o(n, n—1) vn (a, me ny Xn—1) 
0 0 - 0 Wn+i(%1, sry Xn) 
0 0 0 ..-0 | Won—a (1, - ++) an) 
with 
(2.5) o(i, 7) = I] (« — »), 1= 1, 2,°°°)n 
= 
and 


[ne = M, — My_-1%1, k21 
(2.6) Wiltr, +++, %) = vi (a, sty Xe) — cy (1 sty U1) 
with k= 2 andisk—1. 


From our assumptions on the x;, d(2, 7) #0 and the equations (2.4) have a 
unique solution for the w; if and only if the conditions 


(2.7) Wnss(1, +++, Xn) = 0, i=1,2,---,n-—s, 


are satisfied. Now it is easy to show from (2.6) that 


(2.8) Vnvi(a, my Xn) = > (—1)?Mnszsj-10; (1, ar) Xn) 


j=0 


4=1,2,--+,n—s, where o;(x, -- +, Xn) is the jth elementary symmetric func- 
tion of (%1,° °°, Xn). 

From the conditions (2.7), we determine the ~—s unspecified x,. If s=z, all 
points have been selected and no difficulties occur. If, however, OSsSn—1, the 
conditions (2.7) may give rise to a set of equations that (a) are inconsistent, 
(b) have complex roots, or (c) have real roots some of which fall outside [—1, 1]. 
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A notable exception to this is when s=0 and w(x) =1. In this case, we are led 
to the Gaussian quadrature ([{1]). On the other hand, if 1Ss<n—1, one can 
frequently prevent the situations (a), (b), and, if desired, (c) from occurring 
by determining permissible ranges in which the points x; to be specified may be 
given. This may necessitate lowering the degree of precision to get a solvable 
system. In general, there is no unique way of selecting these ranges. If the 
sequence {oc}, is to be specified, a consistent set of conditions (2.7) permits 
solving for the ox(%e41, °° +, Xn), R=1, 2,°°+, m—S, as rational functions of 
the ox(x1,°-°°, Xs), R=1, 2,---+, s. The remaining n—s points x;, j=s-+1, 
- , , must then satisfy 


(2.9) um—* — oy(Xerty + y Xn)X™ 81 oo(Hep1, 2 + 4 Hnlam Fes 
+ (-1)"on-s(%s41, °° + Xn) = 0 


and be restricted to the interval [—1, 1] or to real values lying within the do- 
mains of definition of f and w. Permissible ranges for the specifiable x; may then 
be determined from the relations connecting o;(%1, °° + ,%xs), R=1,-°--, 5, with 
On(Xe41, °° y Xn), R=1, +--+, 2m—S, and (or) the equation (2.9). 

Remark. If w(x) is (i) an even function or (ii) an odd function, then the 
criterion used above can be modified to give symmetric forms for the J,(/). 
That is, each point x; is accompanied by an image point —x; and each of these 
has equal accompanying weight factors in (1). In case (i), we require that 
(1) integrate exactly all odd continuous functions while in (ii) we require that 
(1) integrate exactly all even continuous functions. Then (1) takes the form 


m 1 
(2.10) I) =X wilfla) + (=), m= |"), 
j= 
with the sequence {xg} restricted to nonnegative real values and possibly to 
[0, 1]. The plus sign is used for case (i) while the minus sign is used for case (ii). 
Furthermore, if s of the x;20 are to be specified (and hence their images), we 
require that (2.10) precisely integrate the polynomials x?*, k=0, 1,--:, 2m 
—s—i, for case (i) and the polynomials «7*+!, k=0, 1,--+, 2m—s—1, for 
case (ii). With some modification, to be noted in one of the examples, the set of 
equations thereby determined can again be fitted into the matrix scheme (2.3) 
and conditions similar to those in (2.7) can be derived. 


3. Further relations. We now assume that s of the x; and that r of the weight 
factors are to be specified with rS&nu—2. Since no ordering of the x; according 
to indices has been presupposed, it may be assumed that {ws} ryt is the se- 
quence of weight factors and {05,}$o4 is the sequence of points to be assigned. 


Here, { Jy ty js} is some subset of s distinct elements of (1, 2, ---,2). Then 
the possible determination of the remaining w; and x; requires that, at most, 
2n—s-—r conditions be satisfied. Taking these to be Jn(x*) =I(x*),k=0,1,-°°-°, 


2n—-r—s—1, the matrix (2.3) can be rewritten 
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Wi We W3 Wn—r | 4 
1 1 1 - | | Bo 
x4 Xe Xs st Xn s A4 
3-1) . : : : : 
| 
ian wt we a Pie | Oop oot 
Here, 0;= Mi— oper War ehy_pgey 2=0, 1,-- +, 2n—r1—s—1. By triangulariz- 
ing the coefficient matrix as in (2.4), we obtain 
Wi We Ws ++ War | 1 
1 1 1 oe | | A 
0 — $(2, 1) (3,1) - + - $(a—7, 1) 0; 
0 0 $(3,2) «++ d(n—r, 2) Q; 
(3.2) 0 -. + ¢(n—r,n—-r—-1) | Qn, 
0 : 0 en 
7 | 
0 0 ; +0 | Oon—rs 


with the $(i, j) as in (2.5) and the ©; determined from the 6; in precisely the 
same way as the yj were determined from the M; in (2.6). Then the consistency 
requirements for the solvability of (3.2) is given by 

(3.3) Ont = 0, i=1,2,-++,n—s. 
We must require, as before, that each x; satisfy —1Sx;S1 or else be restricted 
to real values lying within the domains of definition of f and w. 


4, Some examples. In the following, use is made of the consistency condi- 
tions (2.7) and (3.3) to construct numerical integration formulas. We omit the 
usual Newton-Cotes and Gaussian quadrature formulas that are easily handled 
by this method. The examples will illustrate how the relaxing of a condition 
may permit the construction of a formula not otherwise obtainable and how 
ranges may be selected in which certain of the x; can be specified. In our exam- 
ples, we restrict the x; to lie within [—1, 1]. This condition may be relaxed, 
however, if one desires somewhat more general formulas. The problem of deter- 
mining such ranges for high order formulas appears to be well suited for elec- 
tronic computers. The remainder terms in such formulas can be estimated by 
means of the influence function [3]. Unless the formula is symmetric, such a 
remainder usually cannot be given a simple structure such as those in the New- 
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ton-Cotes formulas. In our last example, we give a remainder formula that re- 
quires an estimate of the mean value type. 

(a) Let ww) = $4420 —3x?—32x3, Then, from (2.2), Mo=1 M,=1, Mo=}, 
and M3;='5. If none of the w; or x; are to be prescribed in the formula J2(f) 
= wif (x1) +Wef(x2), then the consistency conditions (2.7) and (2.8) require that 


1 1 
ey Gt 4%) + %1%_ = 0 
(4.1) 


(ry os) + — mite = 0 
— — —(*%, + % — %1%_ = 0. 
30 5 1 2 9 12 
Then the equation satisfied by x; and x2 is x?-—-$x+ 7% =0 and the roots of this 
are complex. However, if we require one point to be prescribed, say x1, then only 
the first of conditions (4.1) need be satisfied. Thus x2e= (5x1 —2)/(10x1—5). If we 
take x,C|—1, O], it follows that x2€ [2, +] and 


Taf) = {2 yeas + {2 hye, 


XQ XK 


x2 4 
Xq— XY 
We have sacrificed a degree of precision to obtain a usable formula. 

(b) Let w(x) =x? and x1<x2<x3 with x1= —2 and w, to be specified in the 
formula J3(f) = >.3.; w,f(«;). In this case, Mp=2, Myi=0, M2=2, and M;=0. 
By (3.3) and the construction procedure (2.6), it follows that 


2 2 4 2 
0; = (= -<) +(x +=) (x3 —_ X29) = 0 


4.0) 5 «9 
| Q,= ( — =) ° 
4 = 15 7 ns) + Were («s + 3 (x3 te) = 0. 


Eliminating we from these, we obtain x2. = (9x3 — 6)/(10x3 — 9) so that if 
(9 — 4/21) /10 <x3< 34, then — 2 <x_.<(9—+/21)/10. The we may then be selected 
in (4.2) to be consistent with these conditions on x2 and x3. 

(c) Let w(x) =1 and consider a symmetric integration formula of the form 


3 
To(f) = Li wilflas) + f(—a9)} 

j= 
with OSx1<x_e<x3S1. Let X;=x?, 7=1, 2, 3. Then, as noted in the remark 
of section 2, the matrix patterns (2.3) and (2.4) can be readily modified for this 
example by replacing each appearing x; by X; and each M; by 4M.;. The same 
replacements are needed in the conditions (2.7) and (2.8). In our case, Mo; 
=2/(2i+1),7=0, 1,---,4. We shall note two situations. 

Case (i). Two points prescribed. Let x; and x2, and hence X; and X, be pre- 

scribed. From (2.7) and (2.8), we obtain the consistency condition 
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8. (-1) 
jo 1 — 23 


oj(X4, X 2, X3) z= () 


Or 


s-[-Dee- Ds +4] 


In this form, it is easily checked that if OS X14 and $5 X2S?, then? 5X;31. 
Similarly, if 2<X.<2 and 23.X3;51, then 0S Xi S35. 
Case (ii). One point prescribed. Let the point X, be prescribed. Then the 
consistency relations are 
xeXe4- xb dct xpi x, -< 
244 3 3 6 Ag TT 43) \ 3 1 xf — 4 


xX {- ~ xb + at xy {ex | = : 
exe} 3 1 2 3 5 1 — 9 


and 


w= — (- 2%;) 
78 8 UID 


with D=X?—£X,+-3;. By the use of (2.9), we find, for example, that if 0S X1 
<,, then 0S X%1<X2<X381. If X1=0, the solution to the above consistency 
conditions yields the required points in the 5-point Gaussian. 

(d) Example of a Remainder Term. If, in case (i) of (c), we select x,=0, 
x9=+/3/7, and x3=1, we obtain, after determining the w,, 


1 
Ie(f) = 50 [9f(—1) + 49f(—V3/7) + 6400) + 49f(/3/7)+ 9f(1)], 


The five point Lobatto formula [3]. 


This is a modification to the interval [—1, 1] of the example (d) given in [2]. 
We now make use of the notation of [2] with only slight changes for obtaining 
a remainder for the above formula. 

Let Oo(t) = ft, P(x)dx and let Q,(t) = f21:0:-1(«)dx, t= 1, 2. Let x0, x1, °° +, Xa 
denote the sequence of points —1, 3/7, 0, /3/7, 1. For the above example, 
we have P(t) =t(t2—1)(#2—3/7), QOo(t)=d@e(7?—1)(—1)?, Qi) =aet@?—1)8, 
and Q,(t) =s4¢(#?—1)4. It will be observed that Q,(+1)=0,7=0, 1, 2, but that 
02(t) ~0 for *€@(—1, 1). If we apply formula (3.6) of [2] and integrate by parts, 
we obtain 
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R(f) = 2 (—1)70;)(7 + D1) !g(ao, + + +, %4, Goo op , 


1 
— 6 Qe(t)g(xo, 9 5 X4, t,t, ft, t)dt 
-1 


1 
— 6g(xo0, oe e ) Xa, Ny ; Ny n) O2(t) dt, 7 = (—1, 1) 


6 1 
=-a g°)(£) Qa dt, é€ (—1, 1) 


0145 
8! 


f©). 
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PRODUCTS OF SEPARABLE SPACES 
K. A. ROSS anp A. H. STONE, University of Rochester 


The purpose of this paper is to give a unified treatment of some theorems 
concerning products of separable spaces. Some of the proofs appear to be new. 
The theorems are all essentially known. 

In this paper A will always denote a nonvoid index set and, for each a in A, 
X, will denote a Hausdorff topological space having at least two points. We 
shall denote the product of the spaces X, by [[aca Xa or X; X consists of all 
functions x on A whose values x(a) =x, belong to Xa. A base for the product 
topology on X consists of all sets 


U(Va;sa€ F) = {x GX: % € Va fora € F}, 


where F is a finite subset of A and each V, is an open subset of X,. If F contains 
just one element b, we shall write U(V;) in place of U(Va; @€ {b \). By a separa- 
ble space we mean one that contains a countable dense subset. For other topo- 
logical notions, we refer the reader to Kelley [5]. 


THEOREM 1. The product space X is separable iff card(A) Sc and each factor 
Xq ts separable. 
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Proof. Suppose that X is separable. Since each X, is a continuous image of X 
under projection, each X, is separable. Now let D be a countable dense subset 
of X. For each a in A, there exist disjoint nonvoid open subsets V, and W, of Xq. 
We define the function f, on D by the rule: 


fa(x) = 0 forx€ D and « € U(P,), 
= | forx€ D and «x E& U(V,). 


To see that the mapping a—/, is one-to-one, consider a, bin A,a#b. Some mem- 
ber y of D belongs to the open set U(Ve)(\U(W,); hence fa(y) =0 and fp(y) = 1. 
Thus the mapping a—/f, is one-to-one and 


card (A) S card {f:f maps D into {0, 1}} = 28 = ¢. 


Suppose now that each X, is separable and that card(A) Sc. The case in 
which A is finite is trivial. With no loss of generality, therefore, we may assume 
that A is a dense subset of the set of all real numbers. For ain A, let Da= {xt}, 
be a countable dense subset of X,. Let YT be the set of all tuples 
T=(f1, 72, °° * 5 Yn—1; Rt, Re, + + +, Rn), Where each 7, is a rational number, each 
km is a positive integer, 11<re<+ ++ <?%p4, and n22. Clearly T is countable. 
For 7 in JT, define x7 by the rule: 


a 
va = Xe, fora Sn, 


a 
= X, for fm—-1 < @ S fm, 


a 
XE for fna-1 <a. 


Then {x:rGT} is a countable dense subset of X. In fact, consider a nonvoid 
subset U(Va; aE F) of X. Then F={a1,---, Ga}, where a1<a2< ++ -<an, 
and we can choose rational numbers 711, «+ + , 7n-1 for which a4<71<a.<re< +> > 
<An1<1n-1<Gn. Since D,,, is dense in Xq,, there is an integer k,, such that 
xz" belongs to V.,,(1Sm Sn). It is easy to see that x* belongs to U(V.; aE F), 
where r= (11, 72, °° * » Yn—13 Ri, Ro, + * * » Rn). This completes the proof. 
Theorem 1 is essentially due to Pondiczery [8] in 1944. A special case of 
his theorem asserts that if all of the spaces X, are homeomorphic to the same 
separable space, then | |.ca Xa is separable iff card(A) Sc; Theorem 1 follows 
easily from this result. The proof given here is due to Marczewski [6], page 138. 
We now introduce three definitions. As in Kelley [5], page 60, we shall say 
that a space satisfies the countable chain condition (briefly, the CCC) if every 
family of pairwise disjoint open sets is countable. A (K)-space is one for which 
every uncountable family of open sets contains an uncountable subfamily in 
which every two sets have nonvoid intersection. Finally, a space has caliber m in 
every family U of open sets for which card(U) =m admits a subfamily U such 
that card(0) =m and Nyey V¥M@. Then all separable spaces have caliber Ni; 
all spaces having caliber Ni are (K)-spaces; and all (K)-spaces satisfy the CCC. 
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THEOREM 2. If each factor X,%s separable, then X has caliber Si. In particular, 
X 1s a (K)-space and satisfies the CCC. 


Proof. Let U= { Uy: ver} be a family of nonvoid open sets in X such that 
card(W) =N;. For each U, in U, let U(V7; aE F,) be a nonvoid basic open sub- 
set of U,. Let 


W= { U(Va; ae Fy):yE T}. 


If W is countable, then one of the sets W in W is contained in 8, members of 
wand v={UEU: WCU } clearly satisfies the relation Nveqy V¥M. Suppose 
next that card(W) =Nj. Let B=U,ecr Fy; define Y= [Jace Xaand Z= | Jaca_p Xa, 
so that X=Y XZ. Then card(B) SNiSe and Y is separable by Theorem 1. 
Since F,CB for each yEI, we have 


U(Va3;a@€ F,) = U'(Va34 E Fy) X Z, 


where U'(V2;a€ F,) is a basic open set in Y. The family { U’(V7;aE F,): yer} 
of subsets of Y also has cardinality N. Since Y has caliber Ni, this family has a 
subfamily W’ such that card (W’)=Ni and Nweay’ WH#M. Clearly these rela- 
tions still hold for the family {WXZ: WEw’} of subsets of X. Finally, defining 
U= { UEu: WXZCU for some W in WwW’ } , one readily verifies that card(V) 
=, and Aveg V#Q. 

Nore. Theorem 2 was first stated by Sanin [9] in 1946; a proof appears in 
[10], page 65. In fact, Sanin proved that if each Xq has caliber m and m is a regu- 
lar uncountable cardinal, then X also has caliber m. In 1947, Marczewski [6], page 
139, also proved a theorem more general than Theorem 2: if each Xq is a (K)- 
space, then X is a (K)-space. It is not known whether the product of two spaces 
satisfying the CCC must also satisfy the CCC. 


THEOREM 3. If each factor Xq1s separable, then the closure U- of an open subset 
U of X is determined by countably many indices. That 1s, there exists a countable 
subset C (depending upon U) of A such that 


xEG U-,yvyC X,andu = yforacC> ye U-. 


Proof. By Zorn’s lemma, U contains a maximal family U of pairwise dis- 
joint basic open sets. By Theorem 2, VU is countable: 


U= {U(V2; aEF,): n=1,2,--- . 
Let 


V=UU(Va;¢EF,) and C= U F,. 
n=l n==1 
Then C is countable and the set V is determined by the indices in C. It follows 
that V~ is also determined by the indices in C. Because of the maximality of 0, 
we have U~= V~- so that U~ is determined by the indices in C. 
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THEOREM 4. Suppose that each factor Xq41s separable and that f 1s a continuous 
function from X into a regular second countable space Y. Then f 1s determined by 
countably many indices: there 1s a countable subset C (depending upon f) of A such 
that 


x,y © X and % = ya foracG C= f(x) = f(y). 


Proof. Let @ be a countable base for the open subsets of Y. For B in @, 
f-(B) is open in X and, by Theorem 3, f~!(B)~ is determined by countably many 
indices Cz. Let C=Uzeg Cz; obviously C is countable. 

Now suppose that x, y are in X, xa=yq for @€EC, and f(x) =a€Y, For a 
suitable sequence {Bx} 4-1 in @, we have 


{fa} = N Be = N Ber, 


k=1 k=1 


where B;,,C B; for all k. Using continuity of f, we have 
P@ = (N Br) = pwd A HE)-IMHe, 
keol k=1 kewl 


and hence f(a) =f, f-'(Bz)~. Since each set f-'(B;)~ is determined by the 
indices in Cp,, the set f—'(a) is determined by the indices in C. Obviously x be- 
longs to f-'(a). Since xa= ya for aE C, y also belongs to f-'(a@); ie., f(y) =a=f(x). 

REMARKS. Theorem 3 may be regarded as a generalization of the following 
theorem of Bockstein [2], proved in 1948: If each Xq has a countable basis for 
open sets and if U and V are disjoint open subsets of X, then there are open sets U' 
and V' which are countable unions of basic open sets U( Va; @€F) and satisfy 
U'DU, V'DV, and U'\\V'=@. To prove this, note that U~ and V~ are de- 
termined by countably many indices C, define U’= {xEX : for some y in U, 
Vo=Xe for allacCc 7 and define VY’ analogously. That these are countable unions 
of basic open sets follows from the fact that [ [acc Xa is second countable. 

In 1952, Mazur [7] proved a theorem similar to Theorem 4. His Theorem III 
states that if X and the X,’s satisfy certain mild topological conditions and if 
card(A) is less than the first inaccessible cardinal, if any, then a sequentially 
continuous function on X is determined by countably many indices. In 1960, 
A. M. Gleason announced in conversation a result stronger than Theorem 4. In 
Gleason’s theorem the image space Y is required only to be first countable. We 
wish to thank Professor Gleason for communicating to us his theorem and 
proof; the proof we offer here is different from his. Theorem 4 for metric spaces 
is proved by Corson and Isbell [4], page 24. 

The hypothesis “each factor X, is separable” in Theorems 3 and 4 can be 
replaced by the hypothesis “each factor X, is a (K)-space.” The proofs of the 
resulting statements are the same as those given here except that we apply 
Marczewski’s theorem, mentioned above, instead of Theorem 2. 

Note also that if each factor X, of X is compact and Y is the real line or 
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complex plane, then the conclusion of Theorem 4 follows by an elementary 
Stone-Weierstrass argument: Let @ consist of all continuous functions on X 
that are determined by countably many indices and show that @ is a separating, 
uniformly closed algebra of functions closed under complex conjugates. See, for 
example, Bishop [1], page 632. 


THEOREM 5. Suppose that each factor X, consists of the discrete set Z of integers 
and that card(A) 2&1. Then X ts not normal. 


Proof. Assume that X is normal. Let 


Fo = {x © X: for n # 0, there is at most one index a for which x, = n} 


and 
F, = {x © X: for m ¥ 1, there is at most one index @ for which % = n}. 


If yEFo, then y.=y=n for some v in Z, n0, and a, b in A, a¥b. Hence 
{xEX:x.=x,=n} is an open set containing y and disjoint from Fo. Thus Fo 
is closed in X; likewise F; is closed. Obviously Fy and F, are disjoint. By Ury- 
sohn’s lemma, there is a continuous function f mapping X into [0, 1] such that 
f(Fo) =0 and f(F;)=1. By Theorem 4, f is determined by a countable set 


C={c, G, +++ } of indices. If z is defined by 
g=k+1 fora=«, 
= 0 fora EC, 


and 2’ is defined by 
Zi = k+i1 for @ = Ck, 
= 1 fora GC, 


then clearly f(z) =f(z’). On the other hand, f(z) =0 since z€ Fy and f(z’) =1 since 
z’'© F,. This contradiction shows that X is not normal. 

Theorem 5 was proved by Stone [11] in 1948. He used the same sets Fy and 
F, used above and showed directly that any two open sets Up and U; such that 
Uy > Fy and U,> F, must have nonvoid intersection. Corson [3], page 791, gave 
a proof very like ours using Bockstein’s theorem. 

Finally, we note that from Theorem 5 it follows easily that whenever 
X= [Toca Xq is a normal space, then at most countably many of the factors X, con- 
tain infinite discrete closed subsets. See, for example, [11]. 


The preparation of this paper was supported by the National Science Foundation on grants 
NSF-G23799 and NSF-G19883, respectively. 
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A NOTE ON THE ZEROS OF BESSEL FUNCTIONS 
ADAM CZARNECKI, Illinois Institute of Technology 


An elegant argument in [1] for the existence of zeros of Bessel functions 
J,(x) of first kind of (real) order 2 seems to have a minor error. 

The following proof is submitted, however, in order to validate the state- 
ment that for real n, J,(x) has an infinite number of positive roots. 

Let J,(x) be the Bessel function of the first kind of (real) order 1, and let 


(1) V(x) = «1/2J, (x), x = 0. 
Then Y satisfies the differential equation 
(2) oY bev =0, ga1-"—, x> 0. 
ax? Ax 
Next, the equation 
(3) o +Z=0 
dx? 


admits Z=sin x, as a solution. Then 


ad? V a?Z d aY aZ 
(4) Z —- Y—= — |Z —- 
ax ax 
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so that, for 0<a@<8<-+ ©, we have, upon integrating 


dY dZ 8 B (1—4n2) f? 1 
(5) [z—-¥—| -{ (1 — g)¥Zde= —~—"* f — VZdx. 
ax ax a a 4 a x 
Let a=2kr, B=(2k+1)7, k=1, 2,-+-. Then Z(a)=Z(6)=0, Z’(a) = 1, 
Z' (8) = —1, and hence 
(1 ~ 4n?) ¢ etd J (1—4n?) 1 
(6) Y(a) + Y(6) = - ———— — YZdx = — ———— r— Y(‘)Z(8), 
4 2kw a 4 &? 


where a<£&<8, by the mean value theorem for integrals. 
Let —3 <n}, so that 1—4n?20. Evidently (1/£)Z(& 20 on [a, 6]. 
Suppose that Y(x)>0 on [a, B]. Then 


aw 1 
(7) Ya) + V(@)>0, —(1 — 4m’) 1P Y(é)Z(é) £0. 


This is impossible, in view of equation (6). 
Also if Y(x) <0 on [a, B|, then 


wv i 
(3) Y(a) + Y(@) <0, —(1 — 4n*) TP Y(E)Z(é) & 0. 


This is a contradiction also. 

Consequently Y(x) must change sign on [a, B]. Since Y(x) is continuous, 
it follows that Y(x) and hence J,,(x) must have at least one zero on [a, 8], that 
is, at least one zero on every interval of length 27 on the positive x-axis. 

This establishes the theorem for the case —3 Sn}. By the usual argument, 
using recurrence relations for J,(x) and Rolle’s Theorem (cf. [2]), the result 
follows for all real values of x. 
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A FIBONACCI PERFECT SQUARED SQUARE 
P. J. FEpERIcOo, Washington, D. C. 


S. L. Basin’s paper [1| prompts reporting what might be called a “Fibo- 
nacci” perfect squared square, which was discovered too late for inclusion in 
a recent paper on low-order perfect squared squares [2]. 

As in Basin’s paper, assume that each number of the Fibonacci sequence 
represents a square with that number as its side. Add the second square to the 
first, obtaining a 1X2 rectangle, add the next square, forming a 2 X3 rectangle, 
then the next square, forming a 3X5 rectangle, etc., always keeping one of the 
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unit squares in a corner (as in Fig. 1b of Basin’s paper). This gives a sequence 
of squared rectangles, the sides of which are adjacent terms of the Fibonacci 
sequence; each rectangle is “totally” trivially compound, and also trivially im- 
perfect as two adjacent component squares are equal. While they are not very 
interesting in themselves, it is possible to derive perfect squared squares from 
some of these totally trivially compound trivially imperfect rectangles. 

A perfect squared square may be formed if a perfect squared rectangle exists 
which has the same ratio of sides as a squared rectangle having a corner square 
and an adjacent square equal but otherwise having no other equal components 
[2], [3]. The two are brought to the same size by multiplying by the ap- 
propriate factor if necessary, the duplicate corner square of one rectangle is 
removed and a corner of the other rectangle fitted in, then two squares are added 
to complete the squared square which will be perfect if no squares are dupli- 
cated. This method was first used most effectively by Willcocks [3] who ob- 
tained the lowest order (number of component squares) perfect square yet 
known, of order 24. 


The ninth member of the sequence of squared rectangles formed from the 
Fibonacci sequence has sides 55 and 89. There is a perfect squared rectangle 
with sides 165 and 267 ({4], p. 241) which can be fitted with it, on multiplying 
it throughout by 3, to form a perfect squared square. This square is shown in 
the figure, from which the method of construction may also be seen. It is of side 
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429 and is divided into 26 component squares, which is unusual as only one per- 
fect square of lower order, and only two other perfect squares of the same 
order, appear to have been published before the last paper. 

Compound squared rectangles which are not trivially compound may be 
formed from any given squared rectangle in many ways. The simplest manner is 
as follows: if x, y are the sides of a squared rectangle (y>«x), add four squares 
of sides (y—x)/4, (3x+y)/4, (2x+2y)/4 and (x+3y)/4, forming a larger 
squared rectangle of sides (5x+3y)/4 and (3x+5y)/4. If the fifth rectangle in 
the Fibonacci series of squared rectangles (sides 8, 13) is treated in this manner, 
there results a squared rectangle (a) of sides 79, 89, after multiplying each ele- 
ment by 4 to clear of fractions. There is a conformal perfect squared rectangle 
(b) of sides 237, 267 ([4], p. 290) which can be fitted with (a) in the same man- 
ner described above, forming the 26-order perfect square of side 492 first de- 
scribed by Willcocks in [3]. 

More perfect squares can be formed from rectangles (a) and (b). If (a) is 
compounded by adding a square of side 89 and the process continued five more 
times (another additive series) forming a rectangle of sides 1107, 1789, there is 
a congruent perfect rectangle (c) of the same size ([4], p. 270) with which it 
forms a perfect square of order 32 and side 2892. If (b) is compounded in the 
same manner another rectangle conformal to (c) is formed and these two can be 
fitted together to make four perfect squares of order 37; since both rectangles 
are perfect, they can be reoriented and different corner squares removed to 
form the four perfect squares. 
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A NOTE ON THE RELATION BETWEEN PERIODIC AND ORTHOGONAL 
FUNDAMENTAL SOLUTIONS OF LINEAR SYSTEMS 


F. S. Van VLEcK, University of Kansas 


We wish to consider the linear system dx/di=Ax where x is the n-vector 
(x},---, x") and A is a constant real n by n matrix. The unique solution 
X(t) (X an n by n matrix) of the associated matrix equation X'’=AX('=d/dt) 
such that X(0)=TJ (the identity matrix) will be called the fundamental solution 
of x’= Ax. As is well known, X(t) =e4' where e4' is the matrix defined by the 
convergent series [+ Ait+A?#?/2!+ ---. 

Let B? be the transpose of a matrix B and C~! be the inverse of a nonsingular 
matrix C. 
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Suppose the fundamental solution X(t) is orthogonal (XXT=TJ) for all #, 
then under what conditions is X(é) periodic (X(t+o)= X(t) for some o>0)? 
The purpose of this note is to give an answer to this question, as well as to char- 
acterize orthogonal fundamental solutions X(é). In fact, the following theorem 
completely resolves the question. 


THEOREM 1. Let 8; denote the imaginary parts of the characteristic roots d; of A. 
An orthogonal fundamental solution X(t) ts periodic if and only if there 1s a non- 
zero number B and integers m; such that m,;8;= 8 for each nonzero B;. 


In order to prove this we need a characterization of orthogonal fundamental 
solutions. To that end, we state the following lemmas. 


LEMMA 1. (eAt)T = eA't, 
Proof. e4"t is the unique matrix solution of y’=ATy having the property 
Y(0) =I. Also, 
[(e4t)T]! = [(e4*)'"|7 = [AeA]? = [e4t.4]? = AT(eAT, 
and hence (e“*)” is also such a solution. Therefore (eAt)T = eA't, 
LEMMA 2. e4! zs orthogonal if and only if A ts skew-symmetric (AT = —A). 


Proof. Suppose e4t is orthogonal. Then, since (e4!)-!1=e74t, e4 t= (et)? 
= (e4!)-!=¢-4!t, Differentiating the right and left hand sides and letting ¢=0, 
we have A?=—A. 

Conversely, if A is skew-symmetric, (e4%) (e4!)? = e4te4 t= eAte—At = (et) (eAt)-1 
= TJ, and hence e“* is orthogonal. 

Using Lemma 2 and the fact that a real skew-symmetric matrix Q is real 
orthogonally similar to a diagonal block matrix 


~ 0 0 
g- {I ar nf Oss 0k, 
—B; 0 —6;, 0 
where the characteristic roots of Q are +78; and 0 (Gantmacher [1], p. 262), 


we can characterize orthogonal fundamental solutions by the following theorem. 


THEOREM 2. The fundamental solution X(t) of x'=Ax is orthogonal if and only 
af there exists a real orthogonal matrix P such that 


paps == 4] 0 ar 0 5 | 0+ +, 0b 
—B; 0 —B, O 


Here the characteristic roots of A are +76; and 0. 
We can now prove Theorem 1. By Theorem 2, there is a real orthogonal 
matrix P such that PAP-!=A. Therefore 


X(t) — ght — P-lgPAP tp — P-t¢4tP, 
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and we see that X(é) is orthogonally similar to e4. Now 


- cos (it sin Bil cos B,é sin Bzt 
e4t = yoy ,i,---,1 
L-—sin 6y¢ cos Bil —sin Bt cos Bxt 
and hence e4# (and e4*) is periodic if and only if there is a 80 such that B is an 
integral multiple of each nonzero §,. 


This also shows that, in general, an orthogonal fundamental matrix X(é) 
is not periodic but almost periodic. 


Reference 


1. F. R. Gantmacher, Matrizenrechnung, I, VEB Deutscher Verlag der Wissenschaften, 
Berlin, 1958. 


THE SPECTRAL THEOREM 
ISRAEL HALPERIN, Queen’s University 


1. The Riesz-von Neumann proof of the spectral theorem for a bounded 
Hermitian operator A (defined everywhere in a Hilbert space) is based on the 
following theorem: 


THEOREM. Suppose that 
(i) a, B are real numbers and a||x||?S(Ax|x) SAl|x||? for all x, 
(ii) pis a real polynomial and p(t) 20 for aStS8. 

Then p(A) 20. 


The proofs given previously for this Theorem seem to use the fundamental 
theorem of algebra combined with an appeal either to the spectral theorem for 
operators in a finite dimensional space [3, page 112], or to the theorem of posi- 
tivity for commuting positive operators [2, page 270], or to the properties of the 
spectrum [1]. 

We shall prove (in Lemma 1 below) a simple property of real polynomials 
which yields an elementary proof for the Theorem above (that is, a proof which 
does not use the fundamental theorem of algebra). 


LEMMA 1. Suppose that p 1s a real polynomial, a and B are real numbers, and 
pb) 20 for aSt<B. Then p is the sum of a finite number of polynomials each of 
one of the following forms: 


(i) @ — a)(@@))’, (ii) (6 — Hg)’, (iii) (¢())’, 
with q(t) a real polynomial. 


Proof of the Lemma. If p is a constant, necessarily the constant (c, say) is 
positive and p= (q(t))? with qg the constant, c. 

Now we proceed by induction on the degree of p, so that we need only con- 
sider the case of p of degree m2 1 assuming that the Lemma has been established 
for polynomials of degree less than n. 
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Let a= min (p(E) | ast). Clearly a20 and p(t) = (p(t) —a) +a, so we need 
only consider the addend p(t) —a in place of the original p. This means: we may 
suppose (to) =0 for at least one ép satisfying aStp Sf. Hence t—?o is a factor 
of p(t). 

If a<tg<B then (t—to)? must be a factor of p(#) since otherwise p(t) would 
change sign at ty. Hence p(f) = (¢—¢o)? pi(4) for some real polynomial p,(é) of 
degree n—2; by the inductive assumption, the Lemma holds for p; and this 
clearly implies its validity for . 

If tu=a, then p(t) =(t—a)pilt) and f; is of degree n—1. By the inductive 
assumption, the lemma holds for p; and hence to show its validity for p we need 
only consider the case that p; is of the form (8 — #)(q(é))*. Then 


p= (¢ — a)(6 — t(g))? 
and it is sufficient to note that 
(¢—a)(B—t) = t-—a)\B-—A)(C-t+t—a))c? (with ¢ = (8 — a)~¥/) 
= (¢ — a)(c(B — #))? + (6 — (ct — a))?. 


The case t)=6 can be treated in the same way, and this establishes the 
Lemma. 

Proof of the Theorem. To prove p(A) 20 that is, (p(A)x| x) 20 for all x, it is 
sufficient to prove this under the additional assumption that p is of the form 
(i), (ii) or (iii). For the case (i), 

(p(A)a| #) = ((A — @)g(A)a«| g(A)a) 
= ((A — a)y| y) 20 
(here y denotes g(A)x). The cases (ii), (iii) are treated similarly. 

Note. If it is assumed that the real polynomial p has been factored into linear 

and quadratic factors 


p(t) = I (t — t) I] ((t — 4) +1) 


with c, all ¢;, s;, r; real constants, the Lemma can be deduced as follows: 

We can assume that for each i, t;Sa@ or t;26 (since the factors (¢—#;) with 
a<it;<P must occur to even powers and can be absorbed as quadratic factors). 
Hence p may be rewritten: 


p(t) = (positive constant) [Ji (¢ — ax) [In (om — £) TT, (Ce — 5)? + r,), 
with a;Sa, bm2b. Now we replace 
t—a by (t~a)+ (a — a) 
bm —t by (bm — B) + (6 — 2). 


After this replacement, we multiply out the expression for p and obtain a sum 
of terms each of one of the forms (i), (ii) or (iii) above. 
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INVERSES OF VANDERMONDE MATRICES 
F, D. PARKER, University of Alaska (now at SUNY at Buffalo) 


It is frequently useful to be able to produce the inverse of a Vandermonde 
matrix for curve fitting, numerical differentiation, and difference equations. 
Explicit formulas have been given in [1], and this note simplifies those formulas 
to the point where pencil and paper calculation for the inverse of a matrix of 
order six takes about twenty minutes. 

Let V(z) be the Vandermonde matrix 


1 1 ---1 
ne ee 
V(n) = 24 29 tae tn 
t t. a ie 
We define F(x) to be a polynomial whose roots are x;,i1=1, 2,---+,m, and 


fx(x) to be the reduced polynomial when the factor x,—<x is taken from F(x). 
Thus 


F(x) = II (v4; -— x), and f(x) = F(x)/(% — x). 


i=l 
A useful result follows immediately, namely that 
(1) fx(xj;) = 0 forj Ak, and f(a) = — F’(x) 


where indicates the first derivative. The first part of this result follows from 
the definition of f(x) (only the factor (x,—.x) is taken from F(x)). F’(x) will be 
the sum of ~ terms, each one of which contains »—1 factors, and each term 
except one contains the factor x,—x. When x=;,, this nonzero term is precisely 
—f,(xx), which establishes the second part. 

To form the inverse, write the co-efficients of —f,(x)/F’(x,), in row B, 
k=1,2, +--+, to form the matrix M. We see that the element in row k, column 
j of MV is precisely —f,(x;)/F’ (x), and result (1) establishes that M is the re- 
quired inverse. 
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In actual practice, we can calculate F(x), then divide synthetically by 
x1—x to find a vector orthogonal to each of the column vectors of V(m) except 
the first. This vector can be normalized by dividing each element by —f:(%1). 
The remaining rows can be quickly calculated in a similar manner. 
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ON PERFECT MAPPINGS 
GEORGE W. Day and S. Roy ScuuBert, Philco Corporation, Palo Alto, California 


We call a mapping f from a topological space X into a topological space Y 
perfect in case f[P]| is dense-in-itself whenever the set P is dense-in-itself in X. 
Similarly, we say that f is connected if the image under f of every connected set 
in X is connected. 


THEOREM. If X is a locally connected topological space without one point open 
sets, f: XY, and Y has a neighborhood system of closed sets, then the statements: 

(1) fas perfect; 

(2) f is continuous; 

(3) f 4s connected; 

(4) if U is an open set in X and x U, then f(x) Ef[U— {x} ]; are related in 
the following way: 


(1) > (2) > (3) > (4) and (4) (3) » (2) (1). 


The relation of interest is (1)—>(2). The implication (2)—>(3) is well-known; 
the implication (1)—>(4), which will be used below, is easily verified, since X has 
no one point open set. In proving that (1)—>(2), we first establish the following 
lemma. 


Lemma. Let X and Y be topological spaces, and let f: X->Y. Then (A) is equiva- 
lent to the condition that the inverse image under f of each nonempty open set of X ts 
dense-tn-ttself. 


Proof. Suppose that f satisfies (4), that U is an open set in Y, that «Ef [UV], 
and that V is an open neighborhood of x in X. Then, by condition (4), f(x) 
Esf[V — {x}]. Therefore, UNS[V — {x}] is not empty, and hence 
f2[U]A[V—{«}] is not empty. Thus x is a limit point of f-'[U], and f[U] 
must be dense-in-itself. 

Now suppose that f does not satisfy (4). There then exists an open set U in 
X and a point x€U such that f(x) €f[U— {x}]. Thus the open set V=Y 
—f[U—{x}] is such that f-?[V] is not dense-in-itself. 

Next, to prove that (1)—>(2) under the hypotheses of the theorem, let us sup- 
pose that f is perfect, that «GX, and that U is a closed neighborhood of f(x) in 
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Y. Then, since (1)—>(4), f-![Y— U] is dense-in-itself. Now x¢&f-![Y— U], for 
otherwise the set D={x}Uf-![Y—U] would be dense-in-itself, while f[D] 
would not. Hence, V=X—f-![Y—U] is an open neighborhood of x, and 
f[V|CU. Thus f is continuous. 

To show that (3)—(4), let U be an open set in X, let x be a point of U, and 
let f be connected. Since X is locally connected, there is a connected neighbor- 
hood V of x which is contained in U. f[V] is also connected, and we may con- 


clude that f(x) Ef[V— {x} ], for otherwise, since Y has a neighborhood system 


ae | 


of closed sets, {f(x)}Of[V—{x}], would be empty, and f[V] would not be con- 


te 


nected. Since f[V—{x}]Cf[U—{x}], we have that f(x) Ef[U—{x}], which 
completes our proof. 

Now, three simple examples establish the relations (4)++(3)++(2)-» (1). First, 
to show that (4)+(3), consider the real function f, defined by 


O if x is rational; 
fay= fe 

1 if x is irrational. 
f clearly satisfies condition (4), but is not connected. The real function g, de- 
fined by 


1 
sin— if x > 0; 

g(x) = x 
0 ifs <o, 


shows that (3)-++(2). Finally, note that any constant mapping is continuous but 
not perfect. 

This completes the proof of the theorem. As an immediate corollary we see 
that f is perfect if and only if f is continuous and is not constant on any open set. 
It is also worth noting that the local connectedness of X was invoked only in 
proving the implication (3)—>(A4). 


SEPARABILITY AND COMPACTNESS IN POINTWISE PARACOMPACT SPACES 
J. N. YOuNGLOvE, University of Missouri 


The following two properties of subsets of a topological space are of con- 
siderable interest in many settings. 

(S) Every subset of a separable set is separable. 

(C) The closure of a conditionally compact set is conditionally compact. 

Both of the above properties hold for subsets of a metric space. Armentrout 
and Martin have shown in [1] that (C) holds in a normal 7; space which satis- 
fies the first axiom of countability. It is the purpose of this paper to demonstrate 
the relationship between (S), (C), and pointwise paracompactness in developa- 
ble topological spaces. The terminology and definitions used in this paper are 
consistent with that of [2]. 


CLASSROOM NOTES 


EDITED BY GERTRUDE ExurRticn, University of Maryland 


This department welcomes brief expository articles on problems and topics closely related 
to classroom experience in courses that are normally available to undergraduate students, from 
the freshman. year through early graduate work. Items of interest to teachers, such as pedagog- 
ical tactics, course improvement, new proofs and counterexamples, and fresh viewpoints in gen- 
eral, are invited. All material should be sent to Gertrude Ehrlich, Mathematics Department, 
University of Maryland, College Park, Maryland. 


EVALUATION OF SURFACE AND VOLUME INTEGRALS OVER A SPHERE 


Murray S. KLAMKIN, State University of New York at Buffalo 


Let us consider the integrals 


J f xryscd A, f f f aryzcdV, 


for positive integral values of a, b, c, where the region of integration is a sphere 
of radius R. These integrals arise in determining centroids, moments, moments 
and products of inertia, etc. of a spherical surface or volume. 

We need consider only the case in which a, 0, c are all even. Otherwise the 
integrals will be zero by symmetry. The evaluation of the nonvanishing cases 
will also be accomplished by using the symmetry of the sphere, i.e., 


0 ffs t ffeerrrna- M$ 


ffxtdA =f f{(e+y)//2}4dA (by rotation of axes), or simplifying, 


(2) ff x4dA = 3 ff xy? A, 


Also, 


(3) R4A = | { Raa =f (x? + y2 + 22) A =3 ff xa +of f xa. 


Hence 


(4) ff x4dA = — , ff xy A = —- , 
Similarly, 
[foe ff EY a ff Ee 


414 
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or 


(5) ff dA = s| { xty?d A = 15 ff rye? A, 


(This result corresponds to problem E 1582, this Montu ty.) Also, 


R&A ={f (2? + y? + 2*)8dA = 3 ff “6d A + is {ff xty2d A 
+ 6 | f x yztd A. 
R°A R°A R&A 
(7) ff x8dA = ) ff xty2dA = } ff xry2etd A = 
7 35 105 


The corresponding volume integrals can be obtained from the following: If 
[fxty'sed A = F(R) and ff [x*y'zd V=G(R), then 


(8) G(R) = [aff xeysd A, = f Foe. 


Although the higher order integrals of x*y’z° can be evaluated in a similar 
fashion, it is not worthwhile to pursue it this way. They can be evaluated im- 
mediately by Dirichlet’s theorem [1] ie., 


ty t2 23 —~ ~~ —— 
tj—1 tol t3— @1a20a 9 
9) LJ ay ‘ae x3 ‘da ded = ——— APY APY AP 
9 1 1 1 
R pipops r(= yey 1) 
P1 po ps3 


x1 Py Xo P2 x3 D3 
—) +({—) +(—) S81, “1, Xa, X32 2 0. 
a4 a2 a3 


From (9) and (8) it follows that 


1 1 b -1 
(10) G(R) = Retetetsp (“—) T (—) r € ) Tr (a) 


1 b6+1 j b 3\71 
(1) F(R) = 2Ro+tetey (=) P (—) P € : ) P (=) | 


where R is the region 


What has been done previously for three space (£3) can be done for En. 

At this time it may be pertinent to make the comment that in many calculus 
courses a lot of time is spent in evaluating 2 and 3 dimensional integrals of the 
form (9). Consequently, it would be advantageous to introduce Dirichlet’s 
integral theorem even without proof to be used after a few such integrals were 
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calculated in the usual manner. One would of course also have to include the 
following properties of the Gamma function: 


r(1) = 1, Tin + 1) = nT(n), T(x)T(1 ~— x) = wr cse re. 
Reference 


1. E. T. Whittaker and G. N. Watson, A course of modern analysis, Cambridge University 
Press, New York, 1946, p. 258. 


LINEAR INEQUALITIES AND ANALYSIS 
A. J. HorFMAN AND M. H. McANpDREwW, Thomas J. Watson Research Center 


The student who first meets the ideas of the theory of linear inequalities in, 
say, a course in linear programming is sometimes perturbed that his recently 
acquired proficiency in calculus and analysis generally seems to play almost no 
role. In fact, apart from the theorem that a continuous function defined on a 
compact set attains its minimum (used in some proofs of the existence of 
separating hyperplanes), he will probably see no use of analysis. As a palliative 
for this cultural shock, we offer two examples (inspired by a proposal of T. S. 
Motzkin, at least ten years old, of an “exponential” method for solving systems 
of linear inequalities) of analytic demonstrations of theorems on systems of 
linear inequalities. As supplements to standard proofs (or as challenges to 
students to imitate their spirit in proving other results on inequalities), they 
may be pedagogically useful. 


THEOREM 1. Let a1, - + + , Gm be vectors in R® such that (a;, x) $0 for all 4 only 
if x=0. Then there exist positive numbers \; such that > )\ia;=0. 


Proof. Here (x, y) denotes the scalar product of x and y. Let 
(1) f(x) = D2 exp (ai, 2). 
i=1 


The function max;(a,, x) is positive everywhere on the unit sphere, hence has a 
positive minimum 6. From this it readily follows that if x is on a sphere of radius 
larger than (log m)/6, f(x) >f(0). Hence, the minimum of f(x) on that spherical 
disk is attained in the interior of the disk, at a point x°, where all partial deriva- 
tives are 0. 

If we write a;= (aa, - ++, Gin), then O=f,(x°) = 55; a,; exp (a;, x), for every 
j. Setting \;=exp (a:, x°) yields the theorem. 

To prove the next theorem, we invoke a simple lemma. 


LemMMA. Let f(x) be a real function defined for all xCR", with continuous first 
partial derivatives everywhere and bounded below. Then, given any e>0, there exists 
a point x» such that | f;(xo) | <e for all j. 


Proof. Since f(x) is bounded below, we may add a suitable constant and as- 
sume that f(x) >0. Choose 6 so that 
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€2 
(2) 0<6<——: 
4f(0) 
Let g(x) =f(x) +46(x, x). Clearly, g(x) is large if x is, so there exists a point x® at 
which g attains its minimum, and 


(3) 0 = g(x) = f(x) + 283}. 
But 
(4) 6(x9, x%) < f(m%) + 8(x9, n°) < #(0). 


The left inequality follows from f(x)->0, and the right inequality from g(x°) 
< ¢(0) =f(0). From (4), we conclude that 


f(0) 


(x°, x9) = 3 ° 


From (3), we have 


6) | fw) | = 28| a5] < BV{(e, #)} < 2W{HO}, 
which, combined with (2), yields the lemma. 


THEOREM 2. Let {as} be a set of vectors in R” such that (a;, x) <0 for every t has 
no solution. Then there exist\;2=0, >A; =1 such that >>r,a;=0. 


Proof. The function 


f(a) = X exp (as, 2) 


is bounded below. For any e>0, there exists a point x° such that 


€ > | f;(x°) | = | Dias: | ) 


where u;=exp (a;, x°). By hypothesis, at least one u;21, hence, setting ),(e) 
= i/ > _ue, we obtain 


e> | > aijdile) | , 
where 


Al) > 0, dre) = 1. 


If we choose a sequence of e’s approaching 0, a convergent subsequence of 
{r(e) exists, satisfying the conclusion of the theorem. 

Most of the familiar “dual” theorems on systems of linear inequalities can be 
deduced from Theorems 1 and 2. It might be a worthwhile exercise for a student 
to approach them directly in imitation of the attack described above. An exam- 
ple is the following theorem: 
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Let {ax} and b be given vectors in R” such that every x satisfying (ai, x) S0 also 
satisfies (b, x) SO. Then there exist numbers \;=0 such that b= > Va; 
One way of proving this theorem is to consider the function 


f(x) = — (6, x) + DQ) exp (ai, 2). 


Since the hypotheses imply that f(«) is bounded below, the approach used in 
Theorem 2 is applicable. 


This research was supported in part by the Office of Naval Research under Contract No. 
Nonr 3775(00), NR 047040. 


ON THE EQUIVALENCE OF TWO POINT SETS 
ALEXANDER R. BEDNAREK, University of Florida 


The exhibition of a mapping f effecting the equivalence of the intervals 
(0, 1] and (0, 1) (see, for example, Kamke [1], p. 15, where f(x) =3/2"—x for 
1/2%<x 1/2"! and n=1, 2,---) suggests, rather immediately, the question 
as to whether or not it is possible to construct such a mapping having fewer 
than a denumerable number of discontinuities. This question must be answered 
negatively. 

Suppose, to the contrary, that the mapping f: (0, 1]->(0, 1) had a finite 
number of discontinuities in (0, 1) but was one-to-one and onto. Denote these 


points of discontinuity by x1, x2, + + + , Xn. Thus the restriction of f to E=(0, 1] 
—{%1,+++, x,, 1} is a one-to-one continuous mapping of E onto F=(0, 1) 
— \f(er), + + + fxn), f(1) }. The set E is the union of n+1 disjoint open intervals 
while the set F is the union of +2 disjoint open intervals, denoted by Ei, 
t=1,--+-,n+1 and Fj, j7=1,---,n2+2 respectively. Since the restriction of 
f to E is a continuous real function, each set f(£;),7=1, --+-,2-+1, must bean 


interval (the continuous image of a connected space is connected) and, there- 
fore, a subset of F; for some 1SjS2+2. But this implies that f-1(F;*) = @ for 
some 1$j* <n-+2. In view of this contradiction, f cannot have a finite number 
of discontinuities in (0, 1]. 


Reference 
1. E. Kamke, Theory of sets, Dover, New York, 1950. 


A “PRACTICAL” APPLICATION FOR DIGITAL COMPUTERS 
R. A. Jacosson, South Dakota State College 


The purpose of the following paper is to present a “practical” application in 
computer programming which is easily visualized, simple in nature, and yet can 
be made quite diverse and extremely challenging to prospective students who 
are interested in writing their own programs. 

The problem of finding the expected score for a solitaire game involving n 
distinct cards, discussed in a recent paper [1], is readily generalized by con- 
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sidering a deck in which card [gq] occurs mq times; that is, a deck of m cards, 
numbered 1 to 2, such that m+me+ --+--+m,=m. Although this problem can 
be handled in much the same manner as the problem in the previous paper, the 
recursion relation which is developed is often most readily evaluated by a digital 
computer. Indeed, a familiarity with the following problem will enable one to 
construct a multitude of “practical” computer problems utilizing many pro- 
gramming techniques in varying degrees of complexity, simply by changing the 
distribution of cards in the deck or the method of scoring the game. It is as- 
sumed that the reader will become well acquainted with the method of attack 
employed in the previous note in order to avoid an unnecessary amount of 
repetitive explanation. 

The deck of cards, as described above, is shuffled and the cards are placed 
face up, one at a time. A number of points are to be scored each time a card is 
turned up, and the score is to be based on the card just turned up and all preced- 
ing cards. The first card turned up will contribute a score of zero. Our problem 
is to find the expected score, assuming that all arrangements of the deck are 
equiprobable. 

Example. Let a 10 card deck contain 2 one’s, 4 two’s, 1 three, and 3 four’s. 
Score two points for each preceding card which is odd numbered and less than 
or equal to the card just turned up. Score one point for each preceding card 
which is greater than the card just turned up. 

In the following, f(a, 0) is the score achieved whenever card [a] precedes card 
[b]. The expectation and the sum for all k! equiprobable outcomes for a deck 
of k cards are denoted by E; and Sx, respectively. In finding £,,, we consider 
sub-decks of the original deck and employ the following recursion relation. 


THEOREM 1. Let mq be the quantity of cards |q| in a sub-deck of k cards. The 
expectation Ex.+1 for a sub-deck of R+1 cards consisting of the previous sub-deck and 
the card |a| is given by 


1 n 
(1) Fux: = Ey +> Ls mal f(a, d) +4, a)}, k=1,-++,m—1. 


Proof. Consider the k! by k& array (matrix) of equiprobable outcomes of a 
deck of k cards where each row indicates one ordering in which cards are turned 
face up, one at a time. The (k+1)! by +1 array obtained by including card [a] 
in the deck can be found by inserting card [a] between two successive cards in 
the original array. Noting that card [q] occurs in m,(k—1)! positions in 
columns 1,---,pandinm,(k—1)!(kR—p) positions in columns p+1,--- , k of 
the original matrix, we apply the reasoning developed in the previous paper and 
find that the sum of the scores obtained by all possible insertions of the card [a] 
between the cards in columns ) and +1 is 


(2) Set Dl glk — 1)1of(q, a) + glk = Ik — pla, —). 
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Sum (2) also holds if p=0, k; in other words, if card [a] is first or last. Summing 
(2) for p=0, 1,-+-, &, we find Siy1. Equation (1) follows directly from the 
fact that Se = RIE, and Shai = (k-+-1) ! Ent. 

In the example above, f(x, y) =1—(—1)*, xS; f(x, y)=1, x>~¥. To calculate 
Fino we might use the sub-decks {1}, {1, 1}, {1, 1, 2}, 1, 1, 2, 2,}, -- + etc, 
chosen by placing the cards of the original deck in ascending order; that is, 
if [a], [b] are the numerically greatest cards in the sub-decks containing j, k 
cards, respectively, then 7<k implies ab. 

Calculating successive E,’s, we let m=1, m2.=m3=m,=0 and find 


1 4 
Ex = Ex+—> Dim fl, ) + fq 1)} = 2. 
q=1 
Next, m1=2, m=m3=m,4=0, and it follows that 
1 4 
Ey= Eat Lo matf(2, 9) + (q 2)} = 5. 
q=1 
Proceeding, we have m=2, m2=1, m3=m,=0, and 


1 4 
Ey= Es += Dd maf f(2, 9) + f(g, 2)} = 8 


q=1 


The iterative process continues, giving #;=11, Es=14, E,;=19, E,=51/2, 
Eo= 32. Finally, m=2, mp=4, mg3=1, my=2, and we see that 
4 


1 
Exo = Ey + Dd, me{f(4, g + f(g, 4)} = 77/2. 


=] 


Relation (1) also permits us to calculate the expected score for a different 
deck without necessarily recalculating the expectations of all sub-decks. For 
instance if the deck in the example were to contain 2 one’s, 3 two’s, 2 three’s, 
and 3 four’s, we can find the new expectation, E%}, by utilizing the previous re- 
sult. Since Ei) can be obtained by adding a two to the 9-card deck { 1, 1, 2, 2, 2, 
3, 4, 4, 4} it follows that the expected value, E9, for this deck can be found by 
considering the relation 


1 4 
Ey = Est + — Di mat f(2, 9) + f(g, 2)} 
q=1 
where m1=2, m.=m4=3, ms=1. Since Fio=77/2, it is evident that Ef =67/2. 
Then adding a three to this 9-card deck, we have m=2, mg=ms=3, m3=1; and 
thus 
4 


1 
— >) ml f3, D + f(g, 3)} = 89/2. 


2 
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By basing the score on the card just turned up and its immediate predecessor 
only, we find a more challenging recursion relation given in the following theo- 
rem. 


THEOREM 2. Let mg be the quantity of cards [q| in a sub-deck of k cards. The 
expectation Exs1 for a sub-deck of k+-1 cards consisting of the previous sub-deck 
and the card |a| is given by 


1 n 
Beis = Ey +o 2 ma f(q, 2) + f(a, @} 


1 n q-l 
~ h(k + 1) 2, 2 mae f(a,7) +409} 


“SY mglimy — WflGgg; k= 1,2 ! 
7 CO Mq\Mq — 99); —= b,4,°°* mM— 1. 
hk +1) — q\Mq 959 


(3) 


The proof entails a reapplication of the reasoning in the above paragraphs 
and the reference [1]. 
Reference 


1. R. A. Jacobson, Expectation for solitaire, this MonTuHLY, 71 (1964) 65-69. 
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MINNESOTA MATHEMATICS AND SCIENCE TEACHING PROJECT (MINNEMAST) 
P. C. RosENBLOoM, University of Minnesota and Minnesota State Dept. of Education 


This project aims to produce a coordinated mathematics and science curricu- 
lum for grades K-9, and undergraduate courses for the preservice education of 
teachers. The project began in 1961, and has produced mathematics for K-3, 
nine science units for various grades, mathematics tests for K-1, and outlines 
and sample chapters of college mathematics and science subject matter and 
methods courses. 

During the summer of 1963, there were 55 scientists, mathematicians, edu- 
cators, and schoolmen at the MINNEMAST writing conference. The school 
materials are being tried out in about 250 classes this year at 20 centers managed 
by cooperating colleges around the country. It is expected that, when the first 
draft of the MINNEMAST undergraduate program is ready in September, 
1964, these colleges will try out the courses with prospective teachers. 
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A. Douglis, of the University of Maryland, is in charge of the MINNE- 
MAST college mathematics courses. Our first aim here is to produce a one-year 
course suitable for the liberal education of any college student. This will include 
an adequate sampling of the content recommended by CUPM for elementary 
teachers, so as to give the students some background in arithmetic, algebra, 
geometry, probability, as well as some intuitive calculus. Attention will be given 
to the connections between mathematics and science, and to the role of mathe- 
matics in the history of our culture. 

After we are confident that we have a satisfactory course of this type, we 
shall consider the production of a second year course, aimed primarily at ele- 
mentary education majors. This should enable the cooperating colleges ulti- 
mately to implement the full CUPM recommendations for Level I courses. 

Last summer, D. E. Meyers, of the University of Arizona, and L. G. Wood- 
by, of the U. S. Office of Education, collaborated with the author in supervising 
a team of school teachers who revised and extended our school materials. 

In general, the recommendations of the Cambridge Conference on School 
Mathematics (see this MONTHLY 70 (1963) 888) which were made independently 
of our previous work, agree with our school curriculum quite well, except for 
comparatively minor details. 

Like the Cambridge Conference, we take as our first main goal the early 
introduction of the entire real number system. We lead the children, by third 
grade, to work with coordinates, and give them geometrical algorithms for the 
arithmetical operations which apply to all real numbers. 

Their expected experience with measurement in the science curriculum, now 
under development, will give the children interesting data to represent graphi- 
cally and algebraically. The children will use their graphs and equations to 
make predictions which can be tested by further observation. 

We have also introduced sampling and random walk experiments to lay the 
groundwork for an early introduction of probability. 

We have also introduced games based on Post’s canonical systems, to lay the 
groundwork for the concept of a deductive science, and the comparison of sys- 
tems with each other. 

Space does not permit any detailed description here of our plans for the 
mathematics curriculum in grades 4-9. We hope that other mathematicians, 
who are thinking along the lines of the Cambridge report, will be interested in 
joining us next summer. 


THE POLARIS MATHEMATICS PROGRAM 
FRANCIS SCHEID, Boston University 


The U. S. Navy has begun an extensive effort to provide educational op- 
portunities for members of its Polaris submarine crews. Through the Harvard 
University Commission on Extension Courses it has planned to offer a program 
which is equivalent to two years of college work, and to provide extensive lec- 
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ture series on film so that a classroom situation can be approximated during the 
long undersea tours of duty. About one quarter of the program (eight quarter- 
courses) is mathematics. 

Each course includes fifteen films to be viewed and problems to be worked. 
Before the cruise and after the cruise, shore sessions with instructor offer some 
chance to get questions answered, but the courses are largely self-study. The 
opportunity to plan and produce this mathematics series, including 120 thirty- 
minute films, is an unusual one, and I thought that others might wish to hear 
what has already been done. I will certainly be interested in hearing comments 
or criticism, favorable or not, from any reader of this brief report. 

The Polaris men are believed to be among the best educated of naval per- 
sonnel. Even so, I felt it would be wise to begin at precalculus level and, though 
calculus was especially requested, to include other parts of mathematics as well. 
I have kept the recommendations of both CUPM and SMSG constantly in 
mind, but have taken the opportunity to implement some personal convictions 
as well. 

For example, I have found the view of mathematics as a collection of games, 
each game having its own rules (axioms) to be well received by the average 
student. It gives a compact but realistic answer to the question of what mathe- 
matics 7s, a question which more and more people ask nowadays when school 
curricula begin to include unfamiliar things under the mathematics label. The 
game-like nature of mathematics can be used to emphasize: 

1. the importance of knowing the axioms (you should know which game 

you are playing), 

2. the importance of knowing the theorems (they are the strategy of the 

game, separating the skillful player from the amateur). 
It can also be used to point up two of the principal goals of mathematics teach- 
ing, which are heavily emphasized in the series: 

1. Mathematics is honest. (You play strictly by the rules.) 

2. Mathematics is useful. (Many of the games have serious applications. ) 

Thinking of mathematics as game-like leads almost automatically to an 
effort at total integration of the usual algebra and calculus content. After all, 
algebra and calculus are parts of the same “game of numbers.” The basic rules 
are no different for the one or the other. This appears to suggest a thorough re- 
ordering of our topic presentation, and in a preliminary way I have tried to do 
some reordering. The real number story is told first, not avoiding the idea of 
limit, without which the complete rule book of the game of real numbers cannot 
be written out. Numerous ideas of “algebra” (such as logarithm and exponent, 
polynomial and graph) are postponed, to be brought in when actually needed in 
an integrated approach. The general idea is to offer a totally integrated, more 
or less self-contained sequence through algebra, coordinate geometry, trigonom- 
etry and calculus. In addition, work in modern algebra and probability is to be 
included, but these will be treated as other games, having their own basic rules. 

The topics chosen are obviously those which currently find place both in 
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school and college programs. Whether the ultimate product of this effort falls 

in the school or the college category remains to be seen, but in these days of 

violent curriculum permutation it is sometimes difficult to locate the borderline. 
Descriptions of the first two (of eight) series follow. 


The game of numbers. This series in college algebra presents an introductory 
but mature treatment of the arithmetic of real numbers, from the point of view 
of modern mathematics. Many of the ideas presented are, therefore, old familiar 
ideas; but to catch the spirit of mathematics, the presentation is from what may 
be an unfamiliar point of view. Numbers are treated as the elements, or pieces, 
of an abstract “game of numbers,” and the fact that mathematics is definitely 
game-like is a major objective. The honesty and usefulness of mathematics are 
emphasized. As the series develops, the different kinds of real number enter the 
game one by one, always because applications have called for them. The positive 
integers naturally enter first, then zero and the negative integers, followed by 
the rational numbers. Finally the irrationals appear, the need for them having 
been carefully detailed by conceptual experiments involving the problems of 
exact measurement. The connection between the concepts of number and limit 
appears naturally in these experiments, and is the climax of the series. It re- 
ceives heavy emphasis, because an understanding of the number-limit relation- 
ship is critical for understanding modern applications of the game of numbers. 
As the different kinds of number enter the game, theorems which permit com- 
putations with them are included, but this series is far from a technical manual 
for algebraic maneuvers. It is aimed at those who wish to understand the real 
number system, either to teach it at elementary or secondary school level, or 
because it is essential to an understanding of calculus. 


Coordinate geometries. This is a beginning course in analytic geometry, 
which means geometry by a coordinate approach. Principal attention is given 
to two-dimensional Euclidean geometry. The coverage of this material is en- 
tirely independent of school work. A fresh start is made, using coordinates, so 
that geometry grows out of algebra. The ideas of position, distance, straight 
line, parallel, perpendicular, intersection, circle, parabola, length, angle, area, 
over, under, inside and outside are introduced analytically, by means of co- 
ordinates. Different observers, using different frames of reference and getting 
different coordinates for the same point, are introduced; the question of what 
is relative to the observer and what is invariant, the same for all observers, gets 
special attention. Numerous applications are suggested. Other, less useful, more 
exotic geometries are also mentioned for purposes of comparison. These include 
taxicab geometry and a chessboard geometry. They serve to emphasize that 
there is no one absolutely true geometry, but many geometries, all of which are 
man-made games useful under the right circumstances. The overall spirit is 
that geometry can be made an outgrowth of the game of numbers, and in most 
applications this is exactly what is wanted. The course is suitable for nonscience 
students, for teachers of mathematics, and as preparation for calculus. 
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WHITHER MATHEMATICS CONTEST WINNERS? 


Nura D. Turner, State University of New York at Albany 


What happens to the top-ranking high school students who enter the An- 
nual High School Mathematics Contest sponsored by the Mathematical Asso- 
ciation of America and the Society of Actuaries? This question arose during my 
continuing study of the academic progress of the students who ranked in the 
top one per cent in the Upstate New York Section in the 1958 Contest, a study 
expanded first to include a number of students who ranked at the top nationally, 
and later to include students who ranked in the top one per cent in the Upstate 
Section in both the 1959 and 1960 Contests. Plans are to continue communica- 
tion with these students through graduate years and beyond. 

Although one hundred twenty students are involved, first reference here 
will be to only the fifty-nine of the 1958 groups. Thirty-six of these students 
are known to have at least bachelor’s degrees. Among the thirty-three who are 
in graduate school, the frequencies of careers planned are as follows: actuarial 
science 1; aeronautical engineering 1; college teaching and/or research 7, (engi- 
neering 1, mathematics 4, physics 2); computer programming 1; electrical engi- 
neering 3; management consulting 1; mathematics 5; medicine 2; music 1 
(violin); physics 4; public accounting 1; zoology 1; undecided 5. 

Among the three remaining students with bachelor’s degrees, the one who is 
employed in industry is still undecided. He is doing actuarial work because he 
is not sure what he wants to do for his “life’s work.” The other two are a house- 
wife married to a high school teacher of mathematics and an electrical engineer 
with IBM. Of the thirty-six who hold bachelor’s degrees, twenty-three are in 
science, twelve in arts, and one in music. 

There remain twenty-three of the fifty-nine in the 1958 groups for whom to 
account. Fifteen are still undergraduates (twelve of these were high school 
sophomores or juniors in 1958) and three are involved in five year undergradu- 
ate programs (two in architecture and one in electrical engineering). Eight have 
not replied to the inquiries sent; one of these applied to medical school. 

As early as the fall of 1961, the study aimed to follow progress on the gradu- 
ate level. At that time two students had entered graduate school after three 
years of undergraduate study, one to study medicine and the other to study 
toward a doctorate in mathematics. The latter received an M.S. in mathematics 
in June, 1962. In the fall of 1962 three others entered graduate school after no 
more than three years of undergraduate study. One began work toward a doc- 
torate in pure mathematics. A second who had received a B.S. in electrical engi- 
neering, began a program for a master’s degree in physics. The third began 
work in astro-physics. These accomplishments have been made possible by the 
advanced placement program and credit given for college caliber work done in 
high school. 

Twenty of the graduate students have teaching assistantships or fellowships 


This article was also published in Science Education, 47 (1963) 452-454. 
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of from $1350 to $3650 per year, nine of which are NSF fellowships. Two of the 
fifty-nine members flunked out of college, but one has made a good comeback 
after having been unsuccessful with mechanical engineering, and having changed 
from engineering to the ministry to programming or teaching. The average 
grade over all subjects for the Upstate New York group is 2.99. That for the 
National group is 3.26. It is to be understood, however, that the students in the 
Upstate New York group ranked in the top one per cent in that section, while 
those in the National group ranked in the top .03 per cent nationally. 

Already there is evidence of the contribution these students are likely to 
make in mathematics. An article by Alan Zame, graduate student in mathe- 
matics at the University of California at Berkeley, appeared in this MonTHLY 
70 (1963) 531-535. 


FINAL REPORT ON NASDTEC-AAAS STUDIES 


NASDTEC-AAAS Studies started in December 1960 and terminated in the 
fall of 1963. The American Association for the Advancement of Science and the 
National Association of State Directors of Teacher Education jointly sponsored 
the studies leading to the publication of guidelines for the preparation of 
secondary and elementary school teachers in the areas of science and mathe- 
matics. The Committee on the Undergraduate Program in Mathematics co- 
operated very closely with the Studies and assisted in obtaining the participation 
of a considerable number of mathematicians in the various conferences and 
preparation of the final guideline statements. A number of publications which 
resulted from the studies can be obtained upon request from the American Asso- 
ciation for the Advancement of Science. These are: 

1. Guidelines for Preparation Programs of Teachers of Secondary School 
Science and Mathematics. 

2. Guidelines for Science and Mathematics in the Preparation Program of 
Elementary School Teachers. 

3. New School Science. A Report of Regional Conferences of School Ad- 
ministrators. 

4. Secondary School Science and Mathematics Teachers: Characteristics and 
Service Loads. (Also available from NSF.) 

The preparation of the Guidelines (1 and 2) was supported by the Carnegie 
Corporation of New York. The studies which resulted in publications 3 and 4 
were supported by the National Science Foundation. 


NSF COOPERATIVE COLLEGE—SCHOOL SCIENCE PROGRAM GRANTS FOR 1964 


The National Science Foundation has recently announced the awarding of 
$749,000 in grants to 41 educational and research institutions as a part of a 
program to improve the teaching of science and mathematics in the nation’s 
high schools. The grants will help to provide training for 934 secondary school 
teachers and 2115 secondary school students of high ability. 

Under this program funds are granted to colleges, universities, and non- 
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profit research organizations which in turn use their facilities and faculties to 
assist teachers and students from schools planning improvements in science 
and mathematics offerings. In some cases college and university scientists work 
with school administrators to plan introducing new course material. In most 
cases improvement calls for additional training of teachers followed by a year 
or more of regular consultations. In many cases able young students are chosen 
to participate in the training programs. 

Twenty-three of the programs will take place in the summer of 1964; 13 dur- 
ing the 1964-1965 school year and an additional 6 will take place both during 
the summer and the coming school year. There will be 22 courses in the bio- 
logical sciences, 16 in chemistry, 23 in mathematics including some in the use of 
electronic computers, 6 in engineering, 11 in physics, 3 in oceanography, 1 in 
psychology, and 3 in the history of science. Many of the programs will be organ- 
ized around research projects and in some cases teams of high school students 
and teachers will join university professors and their graduate students in 
fundamental new research. 


Among the colleges or universities receiving a grant for programs in mathematics only are 
the following: 


University of California, Berkeley 

University of Miami, Coral Gables, Florida 
University of Minnesota 

Northeast Missouri State Teachers College, Kirksville 
University of New Hampshire 

Austin Peay State College, Clarksville, Tennessee 
St. Mary’s University, San Antonio, Texas 
Emory and Henry College, Emory, Virginia 
Virginia Polytechnic Institute, Blacksburg 
Fairmont State College, Fairmont, West Virginia 
University of Puerto Rico 


NEW FEDERAL SUPPORT FOR VOCATIONAL EDUCATION 


On December 12 and 13 of 1963, the House and the Senate passed and sent 
to President Lyndon Johnson major legislation for the improvement of educa- 
tion with specific reference to vocational education. The $1,560,000,000 package 
increases federal funds for vocational education and extends and expands the 
National Defense Education Act of 1958. The new legislation authorizes a 
permanent program with support for state vocational education programs 
amounting to $60 million for fiscal year 1964 and increased amounts during 
subsequent fiscal years. Funds will be allotted among the states on the basis of 
population groups and a per capita income factor. The new funds may be ex- 
pended for state and local vocational education programs without categorical 
limitation under a broadened definition of vocational education to fit indi- 
viduals for gainful employment, embracing all occupations, including business 
and office occupations not now covered under existing law. The new law requires 
the state administering agency to review vocational education programs peri- 
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odically in the light of current and projected manpower needs. Ten per cent of 
each year’s appropriation will be reserved for grants by the Commissioner of Edu- 
cation for research and demonstration projects in vocational education. 

The bill is of interest to mathematicians because of an indication of increased 
federal support for education and also because city superintendents and others 
responsible for technical education programs see in the new programs an im- 
portant place for science and mathematics quite unlike science and mathe- 
matics programs which have been a part of traditional vocational education. 

Among provisions of the one-year extension of the National Defense Educa- 
tion Act were modifications in the student loan and graduate fellowship pro- 
grams. The Language Development Title in the new legislation will include 
teachers engaged in teaching English as a second language. The so-called “Gold- 
water amendment,” prohibiting psychological testing, was deleted in conference. 


PLANS FOR NEW FILMS AND FILMSTRIPS 


The Panel on the Preservice Training of Elementary Teachers of the Com” 
mittee on Educational Media is planning a workshop in the summer of 1964: 
The goal of this Panel is to prepare a course on motion picture film with ancil- 
lary text material, filmstrips, etc., on the “Foundations of the Number System 
and Arithmetic,” generally adhering to the spirit of the CUPM Level I recom- 
mendations for the education of elementary school teachers. Thus, the course 
will be designed for the education of college students who will become ele- 
mentary school teachers. While methodology will be a consideration, the mathe- 
matical subject matter will have paramount importance. 

The summer workshop is expected to begin June 22, 1964 and to last eight 
weeks, until August 15. It is hoped that this can be held in conjunction with 
workshops of our Panel on Programmed Learning and our Panel on the Calculus 
course. This will enable a simultaneous education of the participants in certain 
aspects of motion picture production and techniques. Generally, participants 
will be paid travel expenses, a subsistence allowance, and a premium salary 
computed by a formula similar to that used by other curriculum reform groups. 

It is expected that this activity will be supported by a grant from the Na- 
tional Science Foundation. The workshops will be held, it is hoped, in the San 
Francisco Bay Area, or nearby. 


STUDY OF ACCREDITATION IN TEACHER EDUCATION 


The National Commission on Accrediting and the Carnegie Corporation of 
New York have announced the establishment of a study of the influence on 
higher education of accreditation in teacher education. This study is planned 
for a 15-month period. Headquarters of the study will be 1515 Massachusetts 
Avenue, N.W., Washington, D. C. 20005. John R. Mayor will be in charge of 
the study, assisted by Dean Willis Swartz of Southern Illinois University. The 
study is intended to include teacher accreditation policies of the National Coun- 
cil on Accreditation of Teacher Education (NCATE), the regional accrediting 
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associations, and accreditation by the state departments of education in the 50 
states. At the termination of the study a report will be made to the National 
Commission on Accrediting and, at the same time, the report will become a 
public document. 


PROBLEMS AND SOLUTIONS 


EDITED BY E. P. STARKE, Bloomfield College 


COLLABORATING Epitors: J. BARLAZ, Rutgers—The State University; A. E. LIVINGSTON, 
University of Alberta; L. Cariitz, Duke University; H. S. M. Coxeter, University of 
Toronto; H. Eves, University of Maine; and A. Wi1LANsky, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department 
should be sent to E. P. Starke, Bloomfield College, Bloomfield, N. J. Proposers of problems are 
urged to enclose any solutions or information that will assist the editors. Ordinarily, problems 
in well-known textbooks and results in generally accessible sources are not appropriate for this 
Depariment. No solutions (other than proposers’) should be sent to Professor Starke. 


ELEMENTARY PROBLEMS 


All solutions of Elementary Problems should be sent to A. E. Livingston, Dept. of Math. Unt- 
versity of Alberta, Edmonton, Alberta, Canada. To facilitate their consideraiton, solutions for 
Elementary Problems in this issue should be submitted on separate, signed sheets and should 
be mailed before July 31, 1964. 


E 1681. Proposed by Azriel Rosenfeld, The Budd Company, Silver Spring, 
Maryland 


Find the unique solution to the cryptarithm 
THIS 


IS A 
GREAT 
TI ME 


WAS TER 
E 1682. Proposed by V. R. Rao Uppulurt, Oak Ridge National Laboratory 
Show that 
n 2 n n 
(x a/i) Sd aa;/Gi +7 — 1). 
t=1 ¢=1 j=l 
E 1683. Proposed by Eugéne Ehrhart, Strasbourg, France 
Let a=7/7. Show that 
6 6 
>> sin na/sin 5na = 4, >> sin 5va/sin na = 2. 


Neal Noo] 
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E 1684. Proposed by E. A. Lee, Albuquerque, New Mexico 


If p and g are given positive prime numbers, show that there is only one 
power of gq which is representable as a sum of nonnegative integral powers of p. 


E 1685. Proposed by F. D. Parker, State Unwversity of New York at Buffalo 


A square matrix M of order m has the properties that a;;=1 and ay,a;;=4a;; 
for all z, 7, k. What are the characteristic values of M? 


E 1686. Proposed by Richard Sinkhorn, Uniwersity of Houston 


If p is a nonnegative integer, evaluate 


lim (1 — x)?! DO nex, 


E 1687. Proposed by Daniel Pedoe, Purdue University 


UVW is an equilateral triangle; A, B, C are the respective midpoints of 
the sides VW, WU, UV; A’ is any point on line VW, B’ any point on line WU, 
and C’ any point on line UV. If P is the intersection of BC and B’C’, Q of CA 
and C’A’, Rof AB and A’B’, prove that 

(1) the lines A’P, B’Q, C’R are concurrent, 

(2) the areal coordinates of the point of concurrency with respect to tri- 
angle ABC are, with a suitable sign convention, (A.A’)—!: (BB’)—1:(CC’)-1. 

Generalize both (1) and (2) by means of an affine projection, and generalize 
(1) by a general projection. 


E 1688. Proposed by R. A. Jacobson, South Dakota State College 


The graph of the relation |x+y|+|x—y|=2 is a square with sides of 
length 2. Find a relation of the form > ax+bwy+c;| =A such that its graph 
is a regular octagon with sides of length 2. : 


E 1689. Proposed by Erwin Just and Norman Schaumberger, Bronx Com- 
munity College 


Let f be an integral-valued function defined for all nonnegative integers x 
such that 0Sf(x) Sx. Must the graph of f have an infinite subset whose points 
are collinear? 

E 1690. Proposed by D. E. Daykin, Uniersity of Reading, England 

Let 1 be a positive integer, p a prime, g=p", and E= (q?—1)/(q—1). Prove 
that f(x) =x%’—x—1 divides x?—1 modulo p if and only if n=1. 

SOLUTIONS OF ELEMENTARY PROBLEMS 
Partially Submerged Hanging Chain 
E 1020 [1952, 329]. Proposed by John Disch, Cleveland, Ohio 


A perfectly flexible inextensible chain of uniform density is hanging from 
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two supports at equal heights above the surface of a liquid. If the chain sags 
into the liquid find the dip in the chain in terms of those factors that affect the 
problem. 


Solution by Neil Ashby, University of Colorado. See the accompanying figure. 
Since the shape of the chain will be symmetric about a vertical drawn through 
the vertex, we need only consider half of the chain. For simplicity, let the 
length of the arc of chain which hangs between the fixed support P and the 
origin O be unity. The coordinates of P are (d, h+D), where h is the distance 
between the level of P and the surface AB of the liquid, D is the distance below 

y/ 
7, eee | Seemann OF 


h 


hia 


C/U, D) B 
-_ x 

(xo, 94) 

AB of the lowest point of the cable where the origin is placed. We suppose that 
the chain has a weight per unit length of unity when outside the liquid, and an 
effective weight per unit length \<1 when inside the liquid. We let 7 be the 
tension in the cable at (0, 0). In mechanics texts it is proved that the form of 
a hanging chain is a catenary. Thus, inside the liquid, the chain has the form 


(1) y = c(cosh #/e — 1), 

and outside the liquid, 

(2) y — yo = c'[cosh (x — %)/c! — 1], 

where the parameter c of the catenary inside the liquid is defined as 
(3) c= To/h, 


and where (%o, yo) would be the position of the vertex of the portion CP of the 
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catenary if extrapolated into the liquid, and c’ is some constant to be determined. 
We let the coordinates of the point where the cable breaks the surface be (J, D), 
and the length of the cable within the liquid be s, where, from the study of the 
catenary, 


(4) s = ¢sinhl/c. 


With our choices of parameters, we regard X, d, h as given and ask to find 
the parameters Xo, yo, 1, D, s, c, c’, and T) as functions of A, d, and h. In addition 
to equations (2) and (3), we need six more equations. These are obtained as 
follows: From (1) we obtain, obviously, 


(5) D = c(cosh l/c — 1). 
The two catenaries must pass through the point C with the same slope; other- 


wise the point C would not be in static equilibrium. We thus obtain from (1) 
and (2), 


(6) c(cosh l/c — 1) = yo + c’[cosh (J — a)/c’ — 1] 
and 
(7) I/e = (b — a) /c’. 


It is known from mechanics that the tension T at any point of a hanging chain 
of unit weight per unit length, at a distance y— yo above the origin, is T= y— yo 
+c’, so the vertical component of this tension at P, where y=h-+D, must sup- 
port the effective weight of the entire chain, which is 1—s-++As. Hence 


(8) Tpsind = (A+ D— y+ c’) tanh (d — x)/ceo =1—s+ds. 


The horizontal component at any point must equal 7» since the supporting 
force of the liquid is entirely vertical. Hence, at P, 


(9) (h + D — yo + c’)/cosh (d — %)/c’ = To, 
while along CP we find 
(10) To = [c'cosh (% — %)/c'|/cosh ( — %)/c’ = c’. 


Equations (3) through (10) constitute eight simultaneous equations in the 
eight unknowns Xo, yo, 1, D, s, c, c’, and To. Eliminating all unknowns except / 
and c we find the two equations 


(11) h + de cosh 1/c = dc cosh [d + (1 — d)I]/re, 
1— (1 — Ajc sinh l/c 

= [hk + Ac cosh I/c — (1 — d)c] tanh [d + (1 — AI] /re. 
Neither of these transcendental equations may be solved explicitly for 1 in 
terms of c or vice versa, and therefore only graphical or numerical solutions are 


possible. Having obtained 1 and ¢ graphically, it is a simple matter to obtain the 
values of all the other unknowns. 


(12) 
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Thus the problem has no solution which can be given in closed form. One 
may verify this fact in another way by introducing the variable u=e!/¢, Equa- 
tions (11) and (12) may then be combined in such a way as to give an eighth- 
order algebraic equation for u, which, as is well known, cannot be solved in 
closed form. 


A Pronounced Failure to Generalize 
E 1601 [1963, 668]. Proposed by A. A. Mullin, University of Illinois 


If d is a nonnegative decimal integer, let d, be the decimal integer obtained 
from d by keeping only the last n digits of d. Prove that 2*| d if and only if 2"| dy. 


Solution by J. C. Abad, San Francisco, Calif. Any d can be expressed in the 
form d=10*a+d, for some integer a. Since 2*| 10", the result follows. 


Also solved by W. M. Angel, K. F. Bailie, Raymond Balbes, Randy Barron, Robert Bart, 
E. P. Berger, Andreas Blass, Walter Bluger, W. R. Boland, Robert Bowen, J. J. Bowers, W. G. 
Brady, D. A. Breault, Brother T. C. Wesselkamper, P. G. Carr, Yuan Chang, Gene Chase, D. I. A. 
Cohen, D. M. Cohen, Martin Cohen, Wayne Cutrer, E. R. Deal, H. J. de St. Germain, P. F. 
Duvall, Jr., E.S. Eby, R. J. Eckert, J. A. Erbacher, C. G. Fain, C. L. Fefferman, Andrew Feldmar, 
Stephen Fisk, Hyman Gabai, Anton Glaser, G. S. Glazer, J. B. Goebel, J. S. Golan, Ira Goldstein, 
Jerry Goodman, R. M. Grassl, Ralph Greenberg, Cornelius Groenewoud, Andras Gyarfas, J. D. 
Haggard, W. J. Hansen, H. W. Hickey, D. W. Hight, R. A. Jacobson, J. E. Jean, Jr., A. W. John- 
son, Jr., A. F. Kaupe, Jr., B. G. Klein, Kenneth Kramer, Sidney Kravitz, Joel Kugelmass, S. Lajos, 
E. S. Langford, S. J. Lawrence, J. F. Leetch, C. J. Mabee, D. C. B. Marsh, Stephen Montague, Sam 
Newman, P. R. Nolan, Michael Ohnick, Lewis Parker, M. J. Pascual, Stanton Philipp, Anatol 
Rapoport, Thomas Renfrow, Henry Ricardo, J. T. Robbins, G, S. Rogers, Dorothy S. Rutledge, 
Perry Scheinok, J. A. Schumaker, Clyde Schwartz, D. L. Silverman, Arnold Singer, E. M. Stone, 
R. P. Tapscott, Rory Thompson, A. M. Vaidya, Simon Vatriquant, Gary Venter, John Vinson, 
Julius Vogel, Charles Wexler, W. C. Waterhouse, Ron Wilder, D. G. Wilson, P. O. Wood, Jr., 
K. L. Yocom, Anthony Zee, David Zeitlin, and the proposer. 


Editorial Note. A pronounced tendency in mathematics today is that of generalization. The 
above very simple problem was proposed, with certain misgivings, at the request of a group of 
interested mathematicians who were curious to see how many solvers would, in some way or 
other, generalize the problem. Of the 96 submitted solutions, only 4 offered generalizations. The 
broadest generalization submitted was: If d is a nonnegative integer to base p, d, is the nonnegative 
integer to base ~ obtained from d by keeping only the last x >0 digits of d, and q is any positive 
divisor of p, then g"|d if and only if g"|d,. 


Disconnecting a Graph 
E 1602 [1963, 668]. Proposed by M. C. Gemignani, University of Notre Dame 


Given a set of 2 points in Euclidean space such that no three of the points 
are collinear, prove that the set of all line segments determined by these n 
points can be disconnected by no set of less than ~—1 points, and there is at 
least one set of 7—1 points disconnecting the set of segments, where we require 
that no more than one point of the disconnecting set can come from any one 
segment. 


Solution by D. I. A. Cohen, Princeton University. Any m points are connected 
to the other »—m by m(n—m) 2n-—1 lines. So to disconnect a group of m 
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points requires at least 7—1 disconnecting points. The minimum occurs when 
we disconnect 1 point by taking a point from each of the ~—1 lines issuing 
from it. 


Also solved by Ralph Bennett, D. C. B. Marsh, Stephen Montague, and the proposer. Three 
of these solutions employed induction on nz. 


A Generalization of Wilson’s Theorem 


E 1603 [1963, 668]. Proposed by R. S. Luthar, University of Illinois 


If p is a prime not less than 1, where x is a given positive integer, show that 


(n—1)!(pb—n)!=(—1)”, mod ?. 


Solution by W. C. Waterhouse, Harvard University. Since (—1)k=p—k, we 
have (m — 1)! =(—-1)"*(p6-—1)---@—n+1), and w—1)le-—n)! 
==(—1)*-1(p—1)!. The result then follows by Wilson’s theorem, which states 
that (p—1)!=—1. 


Also solved by J. C. Abad, A. N. Aheart, Joseph Arkin, K. F. Bailie, Randy Barron, Robert 
Bart, H. E. Bell, Walter Bluger, W. J. Blundon, D. A. Breault, Brother T. C. Wesselkamper, 
P. G. Carr, Yuan Chang, D. I. A. Cohen, Martin Cohen, D. J. Corliss, Wayne Cutrer, John De 
Vore, F. J. Duarte, E. S. Eby, W. F. Feeny, Andrew Feldmar, Stephen Fisk, J. M. Gandhi and 
S. Sharma (jointly), M. L. Chachere, G. S. Glazer, Michael Goldberg, L. D. Goldstone, Jerry 
Goodman, Cornelius Groenewoud, Mark Hayamizu, D. W. Hight, Bernard Jacobson, R. A. 
Jacobson, A. W. Johnson, Jr., Erwin Just, Irving Katz, E. D. Kinkade, B. G. Klein, Kenneth 
Kramer, Joel Kugelmass, J. G. Lakin, Douglas Lind, A. E. Livingston, Jiang Luh, M. R. Lund, 
Paul Machuca, D.C. B. Marsh, E. V. Martin, Stephen Montague, Sidney Penner, Stanton Philipp, 
Robert W. and Ronald W. Prielipp (jointly), Dorothy S. Rutledge, Perry Scheinok, Sister Marion 
Beiter, D. L. Silverman, E. M. Stone, M. C. Thornton, A. M. Vaidya, Simon Vatriquant, John 
Vinson, J. D. Watson, Charles Wexler, F. D. Wilder, K. S. Williams, Anthony Zee, David Zeitlin, 
and the proposer. 

Most proofs employed induction on 2; Goldstone gave a proof by finite descent. The problem 
was located as Prob. 38, p. 27, in Niven and Zuckerman, An Introduction to the Theory of Numbers 
(Wiley, 1960), and as Prob. 3, p. 157, in Uspensky and Heaslet, Elementary Number Theory (Mc- 
Graw-Hill, 1939). It is also the subject of the article, “A generalization of Wilson’s theorem,” by 
F. G. Elston, Mathematics Magazine, Jan.-Feb. 1957, pp. 159-62. 


A Vanishing Integral 


E 1604 [1963, 668]. Proposed by A. P. Boblétt, U. S. Naval Ordnance Labora- 
tory, Corona, Califorma 


Evaluate f (sin? «/(r? — x?) | dx. 
0 


I. Solution by A. E. Livingston, University of Alberta. Write 1/(a?—x?) as a 
sum of partial fractions, distribute the integral over this sum, make the obvious 
changes of variable, and collect terms to get (27)—!f@ ,f—! sin? tdt=0 ({—! sin? ¢ is 
an odd function) for the value of the given integral. 


II. Solution by D. C. B. Marsh, Colorado School of Mines. Choose r and R 
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such that 0<a—r<a-+r<R and consider in the first quadrant the quadrantal 
region of radius R from which a semicircle of center (7, 0) and radius 7 has been 
removed. By standard methods of integration about the contour of this region 
one finds, by Cauchy’s residue theorem, that the given integral has value 0. 


III. Solutton by Arnold Singer, Institute of Naval Studies, Cambridge, Mass. 
By Bierens de Haan, Table 166, Integral 1, 


J "sin? px/(q? — «*)|da = — (@/4q) sin 29. 


Set p=1 and g=7 to obtain the value 0 for the given integral. 


IV. Solutton by W. M. Stone, Oregon State University. In terms of arbitrary 
parameters write 


F(a, t) = in sin (x — am)t sin (« + am)i In 


x2 — (ar)? 
cos 2rat — cos 2xt 
= (1/2) J —_______———- di, t= 0. 
— (ar)? 


The Laplace transformation with respect to ¢ yields 
fto,s) = (9/9) ff ean 
a,s) = (s | 
o Ls? + ai s? + (2x)2] x? — (ar)? 


28 f °c dx w/2 
sb (Qra)td 9 s+ 4a? 5% + (20a)? 


Inversion yields F(a, ¢) = (sin 27at)/4a. If 2at=n, an integer 0, the immediate 
result is 


© sin? xt cos? (nr/2) — cos? xt sin? (nr/2 
pee oe cone el (2) ( !) an = 0, t~Q, 
0 


x? — (nm/21)? 


and the problem as stated requires that n=2, t=1. The case F(0, t)=at/2s 
t=0, is well known. 


Also solved by Randy Barron, Robert Bart, C. M. Becker, C. R. Berndtson and C. G. Fain 
(jointly), J. L. Brown, Jr.. M. M. Chawla, D. I. A. Cohen, Martin Cohen, David Colton, J. F. 
Duarte, J. A. Faucher, Andrew Feldmar, Michael Goldberg, Ralph Greenberg, S. H. Greene, 
Arthur Greenspoon, R. Hermann and W. Weidekamm (jointly), E. S. Eby and Georgianna T. 
Klein (jointly), C. B. A. Peck, Stanton Philipp, Perry Scheinok, F. C. Smith, John Stout, J. E. 
Wilkins, Jr., Oswald Wyler, David Zeitlin, and the proposer. 

Marsh pointed out that if we replace sin? x by (1—cos 2x)/2, the problem takes on the form 
of Ex. 6.2 (f), p. 168, K. S. Miller, Advanced Complex Calculus (Harper and Brothers, 1960), 
where the value 0 is also given. 


436 PROBLEMS AND SOLUTIONS [April 


Trace of an Involutoric Matrix 
E 1605 [1963, 668]. Proposed by R. E. Mikhel, Ball State Teachers College 


If A is a 3X3 involutoric matrix (A?=J) with no zero elements, prove that 
the trace of A is +1 or —1. 


Solution by C. G. Cullen, University of Pittsburgh. Since A=I and A=—TI 
are ruled out, the minimum polynomial of A must be x?—1, so that the char- 
acteristic polynomial is either (x+1)?(x—1) or (x+1)(x—1)*. Since the trace 
of A is the negative of the sum of the zeros of the characteristic polynomial, the 
result is apparent. 

The result holds for all involutoric 3X3 matrices except J and —J. An exam- 
ple of such a matrix with some zero elements is dg(1, —1, 1). 


Also solved by Randy Barron, E. D. Bender, Marjorie R. Bicknell, M. M. Chawla, D. I. A. 
Cohen, Wayne Cutrer, E. R. Deal, J. H. De Vore, P. F. Duvall, Jr., Stephen Fisk, Marshall 
Freimer and Arnold Singer (jointly), Otomar Hajek, J. C. Hickman, Irving Katz, A. F. Kaupe, 
Jr., G. J. Kurowski, J. F. Latimer, A. E. Livingston, Jiang Luh, Raul Machuca, D. C. B. Marsh, 
M. G. Murdeshwar, P. J. Nikolai, Stanton Philipp, Lester Rubenfeld, Perry Scheinok, Hans 
Schwerdtfeger, Robert Singleton, M. Stojakovié, T. Teichmann, J. E. Wilkins, Jr., Oswald Wyler, 
David Zeitlin, and the proposer. 


Number of Nonzero Elements in a Matrix 
E 1606 [1963, 668]. Proposed by Leopold Flaito, Yeshiva University 


Let m denote the number of nonzero elements in a rectangular matrix of 
numbers each row and each column of which has a zero sum. What possible 
values can m assume? 


I. Solution by D. I. A. Cohen, Princeton University. Consider the (m+1) X2 
matrix with the first column all +1’s except for @mii..=—m, and the second 
column all —1’s except for @n41,2= -+m. We have a matrix with the given prop- 
erty with 2m+2, m>0, nonzero elements. Consider the (m+2)X3 matrix with 
the first column all +1’s except ay=0 and @nj21=—m, the last column all 
—1’s except Qn423=m+1, the second column all 0’s except a2=-+1 and 
Om42,2= —1. This matrix has the given property and 2m+-5, m>0, nonzero ele- 
ments. It follows that » can be any even number greater than 2 and any odd 
number greater than 5. Since there cannot be exactly one nonzero element in a 
row or column, it is clear that 7 cannot be 1, 2, 3, or 5. 


Il. Solution by Michael Goldberg, Washington, D. C. Clearly n cannot be 
1, 2, 3, or 5. All other values of ~ are possible. These possibilities are illustrated 
by the use of the following matrices for n=4, 6, 7, and 9: 


[- 1 f _ 1-1 0 1 1-2 
1 —1]’ —1-1 2)’ —~1 2-1], 1-2 1 
Oo-1 1 —2 1 1 


All even values of m (except »=2) are obtainable by combining the appropriate 
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number of matrices for n=4 and n=6, and filling the remainder of the places 
with zeros. Odd values of (except »=1, 3, or 5) are obtainable by combining 
these with the matrix for n=7 or n=9. 


Also solved by Randy Barron, Robert Bart, Frank Dapkus, C. L. Fefferman, Marshall 
Freimer and Arnold Singer (jointly), W. J. Hansen, Erwin Just, A. F. Kaupe, Jr., D.C. B. Marsh, 
Sidney Penner, Perry Scheinok, Robert Singleton, Anthony Zee, and the proposer. 


On Real Zeros of a Polynomial 
E 1607 [1963, 668]. Proposed by Ralph Greenberg, University of Pennsylvania 
Show that, for all integers #20, 


at] (nm + 1)! + ar /nt +--+ + 4/2'+1=0 
has no real root if 2 is even and exactly one real root if » is odd. 


Solution by D. C. B. Marsh, Colorado School of Mines. Denote the left side 
of the given equation by f(x, 2, #). We note that f(x, , 0) =(«"t!—1)/(x—1) 
has as zeros the (x+1)st roots of unity excepting +1, and thus has no or one 
real zero according as ” is even or odd. We now use simple induction on {, 
noting that Dz{ xf(x, Nn, t-+1)} = f(x, n, t). Since xf(x, 2, +1) has one real zero 
(x= 0), it has precisely one or two real zeros according as its derivative has no or 
one real zero. Thus f(x, 2, +1) has no or one real zero according as 7 is even or 
odd. The proposition therefore holds for each and all nonnegative integral ¢. 


Also solved by E. R. Barnes, Randy Barron, H. E. Bell, W. G. Brady, P. G. Carr, D. I. A. 
Cohen, Martin Cohen, Robert Cohen, Evelyn Frank, B. G. Klein, A. E. Livingston, Stanton 
Philipp, Oswald Wyler, and the proposer. 

Evelyn Frank pointed out that the problem is an easy corollary to a theorem of Van Vleck, 
Am. Journ. of Math. (2) 4 (1903) 191-2, namely: If the A, are real and the terms of the sequence 


A A eae An 
Ay A Ay Ai As A ni A 
As, 0 1 Ai As A; pete, 1 2 n+l 
A, Ag A A A » 8 wwe 
° ° ‘ An An+z1 7. Aon 


are positive, then all the zeros of 
Pon(z) = Ag + Aiz + +++ + Aana™ 
are imaginary, and all but one of the zeros of 
Ponyi(z) = Ao Ais +es s Anny iz2t 


are imaginary. 


Approximating tan x with a Linear Fraction 


E 1608 [1963, 669]. Proposed by G. A. Heuer and Dean Knudson, Concordia 
College 


Find the linear fraction f(x) = (x+0)/(cx-+d) which best approximates tan x 
in the interval [0, 7/2] in the sense that f7”| f(x) —tan «| dx is minimized. 


Solution by Craig Comstock, Harvard University. It is clear that we must 
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have d= —(m/2)c, b= —c—7/2, and f(x) =1/c—1/(«—7/2). Let a be the one 
value of x for which tan x=/f(x). Then our integral to be minimized is 


[Team 2 —1/e+1/(% — 2/2)|dx + [Owe — 1/(*« — r/2) — tanx|dx = h(c). 
Setting 04/dc=0 we obtain 
[ a/edaz +f reas = a/c? + a/c? — r/2c? = 0. 


Therefore a=7/4, and since a@ is the solution of tan x=1/c—1/(«—7/2) we ob- 
tain 
c = r/(x — 4), d = — r°/2(r — 4), b = r(m — 2)/2(4 — a). 
Also solved by Randy Barron, Robert Bart, P. G. Carr, M. S. Demos, Michael Goldberg, 


Otomar Hajek, D. C. B. Marsh, Perry Scheinok, T. Teichmann, J. E. Wilkins, Jr., Oswald Wyler, 
and the proposers. 


Probability that the Product of Two Numbers Exceed Their Sum 

E 1609 [1963, 669]. Proposed by Richard Sinkhorn, University of Houston 

Two numbers are chosen independently and at random from the closed 
interval |—a, a]. Show that the chance that their product will exceed their sum 
is the least when a= [xo/(xo—1)]1/2, where xo is the real root of the equation 
x=1-+e7*. 

Solution by D. C. B. Marsh, Colorado School of Mines. If we let the two num- 
bers be x and y, then the probability that xy>x-+y¥ is given by the fractional 


part of the 2a X 2a square which is occupied by the convex side of the hyperbola 
xy=x-+-y. There are two cases, both readily computed by integration: 


(1.1) P= {a?+2a—2In(a+1)}/4e2, O0<aS2, 
(1.2) P = {2a?— 2In(a?—1)}/4e?, a 22. 
The derivative of (1.1) is 

{2In(a+1)-a—1+1/(a+ 1)}/2a°; 


the bracketed factor is 0 at a=0 and has a negative derivative in the open inter- 
val (0, 2); thus, in the open interval, the derivative of (1.1) is negative so that 
(1.1) is monotone decreasing and has no minimum in the open interval. The 
derivative of (1.2) is 


{In (a2 — 1) — a&/(a@? — 1)}/a8; 


the bracketed factor is negative at a=2 and has positive derivative, whence 
there exists precisely one real value of a for which (1.2) has zero derivative. 
At this point the second derivative of (1.2) is 2/(a?—1)?, indicating the existence 
of arelative (and the absolute) minimum. Setting x = a?/(a?—1),a=x1/?/(«—1)1/? 
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and In(a?—1) =a?/(a?—1) becomes —In(x—1)=x or x—1=e7*, substantiating 
the proposer’s assertion. 


Also solved by J. C. Abad, Randy Barron, Robert Bart, J. F. Dillon, Michael Goldberg, W. J. 
Hansen, P. G. Kirmser, Eric Langford, Stanton Philipp, G. S. Rogers, Perry Scheinok, T. Teich- 
mann, Rory Thompson, Charles Wexler, J. E. Wilkins, Jr., David Zeitlin, and the proposer. 


Editorial Note. The above solution supposes (as the proposer probably intended) that a>0- 
If a=0, then «=y=0 and xy}>x-+4, and the minimum probability for @20 is 0, occurring when 
a=(Q. We note, from (1.1) and (1.2), by I’Hospital’s rule, lime.) P= limg.,, P=1/2. The minimum 
P in the solution above is approximately 0.3607. 


Impossibility of Imbedding a Finite Projective Plane 


E 1610 [1963, 669]. Proposed by R. A. Olshen, University of California at 
Berkeley 


Prove that it is impossible to imbed a finite projective plane in a real affine 
plane. 


Solution by Oswald Wyler, University of New Mexico. Nothing is lost if we 
replace the real affine plane by the real projective plane P?. A finite degenerate 
plane P obviously can be imbedded in P?; hence we assume that P is a nonde- 
generate plane. In P, and through the imbedding of P in the real projective 
plane P?, we carry out the following construction. Let fo, f1, a be three collinear 
points, let b not be on the line poa, let go be a third point of the line pod, and let 


c be the intersection of pigo and ab. We construct qi, gz, -::*, and po, ps3, --°, 
by letting g, be the intersection of ago with bp,, and pn41 the intersection of apo 
with cg, In the finite plane P, the sequence po, fi, p2, -- * must have repeti- 


tions. In the real projective plane P?, we take a homogeneous coordinate system 
in which coordinate triples (0, 0, 1), (uw, 0, 1), and (1, 0, 0) are assigned to 
po, fi, and a. Then (nu, 0, 1) is a coordinate triple for ,, as is easily verified, 
and thus the sequence po, fi, p2, - ++ has no repetitions. This proves the im- 
possibility of the proposed imbedding. 


Also solved by the proposer. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State Univer- 
sity, New Brunswick, N. J. Solutions of Advanced Problems in this issue should be submitted 
on separate, signed sheets and should be mailed before October 31, 1964. 


5143 [1963, 1013]. Corrected. Proposed by J. B. Roberts, Reed College 


Let m1, m2, - - « be a sequence of integers each greater than unity. Put po=1, 
pj=m-+-+n;forj721. Let @ bea function belonging to L*, having period 1, and 
satisfying 


> o| x + = 0 k=1,2,--- 
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Then the sequence {6,} is orthogonal on (0, 1) when 0,(x) =@(ppx). 
(This generalizes a problem, p. 43 of Kaczmarz and Steinhaus, 7‘heorze der 
Orthogonal Rethen.) 


5191. Proposed by Kwangil Koh, Umverstty of Norih Carolina 


Given that FR is a ring without divisors of zero but that R is not a right 
uniform ring. Prove that there is a right quotient ring Q of R which is a primi- 
tive ring without a minimal right ideal. (If, for arbitrary nonzero elements 
a, b of R we have aRObDR# {0}, then R is called a right uniform ring. Q is a 
right quotient ring of R if Q has a subring isomorphic to R such that to every 
nonzero element gq of Q there exist x, yER such that gx=y 0.) Refer to N. 
Jacobson, Structure of Rings, Amer. Math. Soc. Colloquium Publications, vol. 
XXXVIi. 


5192. Proposed by J. M. Horner, Uniersity of Alabama 

Let ¢(z) be a Weierstrass elliptic function whose invariants are of the form 
g2= —3r?, g3=253, where 7 and s are rational, s+0, r?—s?0. Prove that 
y(w+w’) is real, sgn (y(w+w’)) =sgn(s), and g(w+w’) is irrational. 

5193. Proposed by Lewis Batson, University of Southeastern Loutsiana 

Find the zeros of the function 

fee) = 1+ D| ea» / Ther - 0]. 
n=l k=1 

5194. Proposed by John V. Ryff, Harvard University 

If u is a solution of the Airy equation u’’-+tu=0 which satisfies u(0) =0, 
show that &, the first positive zero of u, is such that r7/8?<& << 21/372/8, 

5195. Proposed by A. C. Lazer, Carnegie Institute of Technology 


Let p(x) be any function positive and continuous for x in an interval J. Show 
that no nontrivial integral of the differential equation y’’’ — p(x)y=0 can have 
more than one point of inflection in J, nor can it be tangent to the line y=0 
more than once in J, nor can it have both an inflection point and a point of 
tangency at the line y=0 in J. 


5196. Proposed by L. Carlitz, Duke Uniwersity 
Prove the identities 
hed — — oe — gqr-l 
Sp gwtwtryn LTO = ga) +++ (1 = ge) 
n=0 (1 — g)(1 — 9?) - ++ (1 — 9”) 


rr) g”” a” 0 
2 CM Grae dey Ue 


(1) 
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: , (1 = a)(L = g’a) «= = (1 — ga) 
—{)rgr* 
2, ( yg (1 — g?)(1 — gt) --- (1 — g*) 
= 3 re ne «| (1 _ g?t1), 
nao (1 — g)(1 — @)y::-(1- g?”) vent 


5197. Proposed by H. Guggenheimer, University of Minnesota 


(2) 


Let r=r(6) be the polar equation of a smooth, convex, simple closed curve, 
the origin being placed at the area centroid of the curve. Show that for any 
constant @ the equation 7(@)=7(@+a) has at least four distinct solutions. 


5198. Proposed by H. S. Shapiro, New York University and the University of 
Michigan 

Let ||a,;|| be a square matrix of complex numbers, and A(A) =\"-+ qa"! 
+--+ +6, its characteristic polynomial. Show that 


< ,kiel ke 
| cx | Sn (7), 


where M= Max |a,,]. 


5199. Proposed by H. S. Shapiro, New York University and the University of 
Michigan 

Prove or disprove the following conjecture: A closed subspace of L? [0, 1] 
which is a subset of L? for some p>2 is finite dimensional. 


SOLUTIONS OF ADVANCED PROBLEMS 
Maximal Nonsingular Subspaces 


5027 [1962, 438; 1963, 580; 1963, 1016]. Proposed by A. J. Goldman, Na- 
tional Bureau of Standards 


Let M,(F) be the set of ~Xn matrices over the field F, considered as an 
n*-dimensional vector space over F. Call a vector subspace of M,(F) nonsingular 
if all its nonzero members are nonsingular matrices. Find maximal nonsingular 
subspaces of M,(F).' 


Editorial Note. Unfortunately, solution II [1963, 1016] is not valid but involves the same basic 
error as solution I (1963, 580]. E. J. Taft comments that we can “choose C such that C-A7!B)C 
is superdiagonal - - - ” only if the field F is algebraically closed. Another way of saying this is that 
the scalar di, which appears in the argument may not be in F, but rather in the algebraic closure of 
F, Thus the final “B=d,,A” is not really a contradiction. 

A simple counterexample is provided in the case where F is the real number. The set of all 
matrices of the form 

[5 al 
—b a 


is a 2-dimensional nonsingular subspace of M2( F). 
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Similar criticisms were submitted by G. E. Bredon, G. J. Janusz, J. L. Pietenpol, Thomas 
Stréhlein, Seith Warner, and R. Westwick. No satisfactory answer to the original question has 
been received—it may well depend on the nature of the particular field F. 


A Converse of the Divergence Theorem 
5071 [1963, 97]. Proposed by Peter Ungar, New York University 


Let F(u, tz, +++, 0*u/dxt) depend continuously on its arguments. Assume 
that for every region R 


1(R, ») = f oo ff Fle, ders da 


depends only on the boundary values of u and its derivatives of order SR, i.e., 
I(R, u) =I(R, v) whenever u—v vanishes on the boundary of R together with its 
derivatives of order Sk. Then F is a divergence, i.e., there exist expressions 
Fi(u, Uz, ° + * ) such that 


a 6) 
Puy +) = FO, 0, +40) + 2) Filey they» +). 

Solution by the proposer. We use induction with respect to the number of 
dimensions 2. In order to make the induction work more easily we will alter the 
hypothesis and prove that if [(R, u) vanishes for all infinitely often differenti- 
able functions u which vanish, along with all of their derivatives, on the bound- 
ary of R, then F is a divergence. 

We shall use a function g(é) defined as follows: 


1 1 
exp| — exp(——+—)| —-1<i<9Q, 


iti ¢ 
Bt) = 10 1, 


0. 


IV IIA 


t 
1 t 
The function g(t) has continuous derivatives of all orders. In the proof the ex- 
tension from to ~+1 dimensions follows precisely the steps used in passing 
from ~=1 to n=2, and we shall describe the latter. Finally, there is no loss 
of generality in assuming F(0,0,---,0)=0. 

The case n=1. For any function u(x) of compact support, and an arbitrary 

number X, set 
k t— xX t 
g(a — X) >) Diu(X) (=X) for* SX 

v(x; X) = v(x) = i=0 i! 

u(x) forx 2 X. 


v(x) has only k continuous derivatives, for the higher order derivatives may 
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jump at x=X. Nevertheless, it follows from the hypothesis that {_3 F(v)dx =0, 
for we can obtain a sequence of infinitely differentiable functions v;(«) which 
vanish outside a preassigned fixed interval and such that the sequence of kth 
derivatives of v;(x) converges uniformly to D*v. The integral, clearly, need be 
written only over any finite interval containing the support of »v. 

Now u(x) =v(x) for x2X; and our hypothesis therefore yields 


(1) [rapes = [Fea = G[u(X), u'(X),---, D'u(X)I, 
where we observe that 


0 
G(ao, @1, °° + , a) =| F{V(«, Qo, 41,°°*,a&),°°*, DV} dx, 


-1 
k 

V (a; Qo**"*,; ax) = g(x) » ant/i!. 
t=0 


Differentiating with respect to the upper limit in (1) we have 
d 

(2) F (u(x), a) u‘*)(x)) = dx G[u(x), my D'u(x)|, 
x 


and that (2) is an identity now follows from the fact that u(x) and its deriva- 
tives may be assigned arbitrary independent values. 

The case n=2. We let u(x, y) be any function of compact support with in- 
finitely many continuous derivatives. For an arbitrary number Y, set 


(y — Y) 
i! 


) Y= 


co-Y)D Dyu(«, Y) 


u(x, ¥) y2Y 


v(x, y; Y) = o(4, y) = 


and then we get, as in the one dimensional case, 
00 Y 00 Y 
(3) f de f F(u)dy = f de f F(0)dy 
-{ Glu(x, Y),-°-, D,D,uldx. 
Applying a similar process once again to the function [?,,F—G we have 
xX fy kok 
(4) ff R(x, 9) dzdy = BUX, ¥), A(X, Y), +++, DeDiulX, Y)), 


and the result now follows by taking 0?/0X0Y. 
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Triangle Inequalities 


5092 [1963, 444]. Proposed by A. Oppenheim, University of Malaya, Kuala 
Lumpur 


Suppose that A;, B;, C; (c=1, 2) are triangles with sides a:, b;, c;, area Aj, 
and altitudes p;, q;, 7;. Define numbers as, b3, cz by the equations a3= (aj-+a}3)1/?, 
etc. Show that 

(i) a3, b3, cz are the sides of a triangle; 

Gi) Pee?+p2, G@2R4+4, R27+%, equality occurring in all three if and 
only if the original two triangles are similar; 

(iii) Az;2A,+Ae, with equality if and only if the triangles are similar; 

(iv) A3}24A)Ao, with equality if and only if the triangles are congruent. 


Solution by P. R. Nolan, Department of Education, Dublin, Ireland. We will 
use the familiar relation 


(1) (ax + By)? S (a? + B’)(x? + 9’), 


with equality if and only if Bx=ay. 

(i) a3= ai+a; < (65 +¢1)?+ (bo+ C2)? 

= b3-+c3+ 2 (bc, + Bete) . 

But by¢1+bece S (0? +b2)1/2(A+-2)1/2=bscs by (1). Therefore a3<(b3-+cs)?, ive. 
a3<b3+c3, and the full result follows by symmetry. 

(ii) The cosine formula gives c3a3 cos B3=cia1 cos Bi+c2d2 cos Be. Squaring, 
applying (1), and dividing by a3= (aj+a3), we obtain 

Cs cos. B38 1 cos. By t+ os cos. Bo. 


Subtraction then gives 
2,2 2 . 2 2.2 
é3 $in Bs = c€1 $1n By + Co sin Bo 


which is p22 p?+ 2 as required. Similarly for 3 and r3. Equality holds for 3 if 
and only if ai/ae = c, cos Bi/ce cos Be, similarly for 73 if and only if a/c 
=a, cos B;/d2 cos Be, giving 


cos By = COS Ba, a;/ a2 = C1/ C2. 


Therefore for equality for one altitude, similarity is sufficient but not necessary 
(e.g., both triangles isosceles is sufficient). Equality for two or three altitudes 
holds if and only if the original triangles are similar. 

(iii) 2(Ai+Ac) = Pidi+ pode S (p}+ p3)1/*(aj-+a5)1!? 

<S psd; = 2As, 

as required, equality occurring if and only if a1/ag=c, cos Bi/ce cos Be as in(ii), 
and a1/d2= p;/pe=c sin Bi/c2 sin Be, giving tan Bi=tan Baz, etc., i.e., triangles 
are similar. 


(iv) A3 = (Ai Ae)? = (Ai —As)?-++-4AiA2 2 4A,Ao, 
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with equality if and only if the triangles are similar, as in (iii), and Ay=Asg, i.e., 
the triangles are congruent. 


Also solved by Robert Breusch, L. Carlitz, T. R. Curry, K. M. Das, H. Guggenheimer, R. A- 
Jacobson, G. Laman, and the proposer (whose solution is based on his paper, Inequalities connected 
with definite Hermitian forms, J. London Math. Soc., 5(1930) 114-119). 


A Convergent Series 
5093 [1963, 444]. Proposed by S. M. Shah, University of Kansas 


Let 0<An Sanu, m= 1, 2,-- +; let d(x) be positive and nondecreasing for 
*2=)1; and suppose that Jxdt/id(f) < ©. Prove that 


oa 1 1 
bG-a)< 
N==l] (An) An An+1 


Solution by Ralph Greenberg, University of Pennsylvania. First, we observe 
that 


0 An 1 1 © nti — An ba Ant dt 
po (LAY Bae Ep 
n=1 }(Ant1) An Ant1 n=l Angi? (An+1) n=l An ip(?) 


so that S converges. Secondly, letting J equal the given series, we have 


s=d(1- \as- mo) < u(a5 7 aa) = 1/60). 


Hence the stated result follows. 


Also solved by Robert Breusch, S. Carley, K. M. Das, Roy O. Davies, G. Di Antonio, Fred 
Gross, A. S.S. Sastry, L. Seshu, W. C. Waterhouse, and the proposer. 


Editorial Note. E. G. Straus remarks that it is not essentially more difficult to prove the fol- 
lowing generalization: Let 0 <A, SAnys1, 2 =1, 2, ; let o(x) and y¥(x) both be positive and non- 
decreasing for x >i; and suppose that fy,dt/ (nytt) < co: then 


An _ < oO 
n=l (An) Con Ta) 
Reversible Matrices 
5094 [1963, 444]. Proposed by Albert Wilansky, Lehigh University 


Find two reversible matrices whose product is not reversible. (“Reversible” 
is defined by Banach, p. 90.) 


Solution by S. T. M. Ackermans, Technological University, Eindhoven, Nether- 
lands. According to Banach, an infinite matrix A with elements 
aij(t,j7=0, 1, 2, +--+) is called reversible if and only if for every converging se- 
quence {y,} (n=0, 1, 2, ) there exists exactly one sequence {x,} such that 
og Dinkn =i (i=0, 1, 2, - - ). Let A be the diagonal matrix with elements 
a:; = 2-%;; G, j = 0, 1, 2, -++) and B the matrix with elements bo; 
=2-1 (j=0,1,2,---); b5=6, @=1, 2, ---37=0, 1, 2, +--+). The reversibil- 
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ity of A is trivial; for B it follows from the fact that if {y,} is a converging 
sequence, then >.”.,2-"y, ig a convergent series and so xo+ 1 2a = Mo 
can be solved. The product C=AB has elements ¢;=27/ (j=0, 1, 2,---); 
Ci3;=2-6,; @=1, 2,--- 37=0,1,2,---). Cis not reversible for there exists no 
sequence {x,} such that 5.1 Cinta =1 (i=0, 1, 2,---). 


Also solved by the proposer. 


Riemann Zeta Function 


5095 [1963, 444]. Proposed by Gregory J. Lodge, Rensselaer Polytechnic In- 
stitute 


Prove that 
(—1)* 
(n — 1)! 


where » and & are positive integers +1, [(m) is the Riemann zeta function, 
I',(x) is the mth poly-gamma function defined by I',(x) =d* In I'(x)/dx”, and 


Sn(R) = wr} q-", 


Solution by Robert Breusch, Amherst College. From the canonical product for 


1/1 (x), 
sane Je 


it follows, for x>0, that 


log ['(«) = — logx —y — Y| tos (1 +=) -=|, 
m m 


m=1 


§(n) = Dn(k) + Sn(f), 


“log r(2) = -—- ~- >|— -—|, 


m=1 m+ x mM 


and, for n>1, 


= (—1)"(m — 1)! > —— 

m=0 (m + 7, 

The termwise differentiations are clearly legitimate, since 1/I'(z) is an entire 
function, and all the derived series converge uniformly in every finite interval of 
the positive x-axis. Thus 


r'.(x) = 


(—1)" 1 0 

(n — 1)! Palé) = Loup +) — Le 
and 

(— k—-1 00 


n@-S—+h—-5 


(n — 7 i= 2" i=k 1 i=1 2 


Sn(k) + 
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Also solved by W. E. Briggs, R. G. Buschman, L. Carlitz, A. E. Danese, J. A. Faucher, Stephen 
Fisk, Ralph Greenberg, Emil Grosswald, Eldon Hansen, S. Heller, W. C. Janes, J. Koekoek, A. E. 
Livingston, Stanton Philipp, and John Vinson. 


Editorial Note. The proposed relation, or its equivalent, is found in many places. The following 
references were supplied by readers: Jahnke and Emde, Tables of Functions, pp. 9, 18; Erdelyi, et 
al., Higher Transcendental Functions, v. I, p. 22 (iv); Whittaker and Watson, A Course in Higher 
Analysis, (1954), p. 241; H. T. Davis, Tables of Higher Mathematical Functions, v. II, p. 10. 


Impossible Congruences 
5096 [1963, 445]. Proposed by Leonard Carlitz, Duke University 


Let p be a prime. Is it possible to find a set of p integers a1, - - - ,@,such that 
II?_,(x-+a;) =x?+1 (mod p?)? 

Is it possible to find a set of p? integers di, - + - , @,2 such that TI”. (x+a;) 
=x?" +1 (mod p?)? 

Solution by Robert Breusch, Amherst College. If p=2, either one of the two 
congruences would imply, for x = —a,, that aj or aj=—1 (mod 4), which is im- 


possible. 
Assume now that ? is odd. Since x? =x? =x (mod p), both given congruences 


imply, with x= —a,, that a;=1 (mod 9), 


(1) aj = 1+ pj. 
Also, both imply that Ila;=1 (mod p”), 1+ >)b;=1 (mod /%), 
(2) >, 6; = 0 (mod 9). 


If S, is the rth elementary symmetric function of the a;, it follows from (1) and 
(2) that S,=(?) (mod 2) in the first congruence, and S,=(”) (mod 2) in the 
second. The given congruences would imply that S,=0 (mod p?) for 1Srsp—1 
in the first case, 1Sr<p?—1 in the second. But (?)40 (mod p°), and (°’) 
~(0 (mod p*). Thus both congruences are impossible in every case. 


Also solved by George Bergman and by the proposer. 


Determinant of a Special Matrix 
5097 [1963, 445]. Proposed by Melvin Hausner, New York University 


Let an Xn matrix have positive entries along the main diagonal, and 
negative entries elsewhere. Assume that it is normalized so that the sum of each 
column is 1. Prove that its determinant is greater than 1. 


Solution by Sidney Heller, Brookhaven National Laboratory. Use induction. 
Let the »Xn matrix be A =(a;;). The result is immediately true for »=2; as- 
sume that it is true for (7—1)X(n—1) matrices with the required properties. 
Then, using ad as a pivotal element, eliminate column 1 of A, to give: 


Qy1 . 
= D,; 4,9 = 2,59 MN. 


Aij —> Aig — Arjz° , 
11 
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Note that 6, <0, i#j, and > 7.03 = 1— ay/an =c;>1. Thus 
bis>1, +=2, 3,---+, m and (0,;) is an (n—1)X(m—1) matrix having the re- 
quired properties except for normalization. Hence 


n 
|A| = on( Ta) |B 
j= 
where | BI is the determinant of the matrix which is obtained from (0,;) by 
dividing each jth column by c; (j=2, +--+, ), and is thus normalized. Since 
a11>1, the induction is complete. 
Also solved by Alfred Brauer, J. L. Brenner, Robert Breusch, L. Carlitz, Robert Cohen, K. M 
Das, Roy Feriman, Stephen Fisk, A. S. Housholder, R. A. Jacobson, Fulton Koehler, A. G. Kon- 
heim and T. J. Rivlin and Sam Winograd, Marvin Marcus and William Gordon, A. W. Marshall, 


F. D. Parker, Stanton Philipp, J. E. Potter, D. Ramakotayya, Olga Taussky Todd, Robert 
Vermes, and the proposer. 


Editorial Note. The result follows easily from known, more general theorems. See, e.g., G. B. 
Price, Proc. Amer. Math. Soc., 2(1951) 497-502; Ostrowski, Bull. Sci. Math., (2), 61(1937) 19, 32; 
Proc. Amer. Math. Soc., 3(1952) 26-30; A. Brauer, Duke Math. J., 13(1946) 387-395; S. Gersgorin, 
Izv. Akad. Nauk, SSSR., 7(1931) 749-754. 


Summation of Products of Bessel Functions 


5099 [1963, 445]. Proposed by D. S. Mitrinovié, University of Belgrade, Yugo- 
slavia 


Let & be an even number and J,(x) be the Bessel’s function of the first 
species. Find the sum )>”.5 (2n+2)Ja(x)Jngu(x). 


Solution by Eldon Hansen, Lockheed Aircraft Corp. In what follows we shall 
use the abbreviation J, for the Bessel’s function J,(x). We define formally the 
sums 


S(k) = Yo nInJ nse, TR) = DT aI nan 
n=0 n=0 
Using the known recursion relation 
(1) 2md m — (ST m4-1 + J in—1) 


with m=n, we rewrite S(k) as 


S(k) = 4" Do Inga + Ini) Inte 


n=0 
(2) = 5x | » Sd n—14-h + »> ToTussse| 
n=] Nor] 


= 4a[T(Rk — 1) — Jona t TRH+1) +I). 
Also 
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iv 6) 


(3) S(k) + RT(k) = Don + BIT nse. 


n=) 
From (1) with m=n--k, (3) yields 
(4) S(k) + RT(k) = 30 Dy InTnsess + Inset) 
n=0 
= 40[T(k + 1) + TR — 1)]. 
Subtracting (2) from (4) we have 
(S) kT(k) = 34JVi-1 — J-1J%), 


and substituting (5) into (2) and using (1) to reduce Ji, Jee, Jess, Jere we 
obtain 


(6) SB) = Saga (eer — Joh) — (FDI, 
kx +1. So, finally, the desired sum reduces to 
2S(k) + RT(k) = {FJn1 — IoJz} + 5 {Yoh + —— sk 
k? — 1 2 k+1 
Also solved by L. Carlitz, Donald Childs, P. R. Khandekar, J. Koekoek, and J. Ernest 


Wilkins, Jr. 
Editorial Note. Khandekar finds the result in terms of hypergeometric functions, viz. 
Gp [tte wow 
—-i1!° °L 1, k, 1+kd)" 


The proposer restricted the problem to even values of k since the result for odd k has been pub- 
lished in the form 


k~1 
2d, (—1)*nIn(x)J k~n(X), 


see Stojanovié et Djokovit, Publications dela Faculté d’ Electrotechnique de I’ Université de Belgrade, 
séries Mathématiques et physique, No. 51 et 52(1961). 


Rings with Cyclic Additive Group 
5100 [1963, 445]. Proposed by Seth Warner, Duke University 


To within isomorphism, find the number of rings there are whose additive 
group is cyclic of order m. 


I. Solution by W. C. Waterhouse, Harvard University. Let R be such a ring, 
with x a generator of the additive group; R is necessarily commutative. Clearly 
the ring is determined by giving the integer » such that x? = nx. Let S be another 
such ring, with generator y satisfying y?= py. It is easily checked that the map- 
ping which carries x into ky is an isomorphism of R onto Sif and only if (k, m) =1 
and n=kp (mod m). But these conditions can be satisfied simultaneously if and 
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only if (m, m)=(p, m). Thus the number of nonisomorphic rings is the same as 
the number of different values of (, m), i.e., the number of divisors of m. Only 
one of the rings, of course, has a unit. 


II. Solution by G. A. Heuer and D. B. Erickson, Concordia College. L. Fuchs 
in Abelian Groups, Pergamon Press, N. Y., 1960, p. 263, shows that the number 
of such rings is the number of positive divisors of m. 


Also solved by K. F. Bailie, R. A. Beaumont, George Bergman, Robert Bowen, K. E. Eldridge, 
D. P. Giesy, R. W. Gilmer, Jr., Veselin Perié, and the proposer. 
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Introduction to Topology and Modern Analysis. By George F. Simmons. McGraw- 
Hill, New York, 1963. xv-+372 pp. $8.95. 


Now that topology is fast becoming an integral part of the undergraduate 
mathematics curriculum, every publisher is eager to have available on his list 
a suitable textbook for such a course. Of the ones that have already appeared, 
I would have no hestitation in selecting the present one. It wisely restricts itself 
to point-set topology which it develops axiomatically; experience has shown 
that a rigorous treatment of combinatorial topology is best left for graduate 
study after the student has acquired the necessary algebraic background. A 
sufficient amount of abstract set theory is presented to enable the author to 
present in succession metric spaces, topological spaces, compactness, separa- 
tion, connectedness, and approximation (a good treatment of the Stone-Weier- 
strass theorem appears here). The stage is now set to present some of the topics 
in analysis which are currently of central interest; this occupies the second 
part of the book where, following a preliminary chapter on algebraic systems, the 
author proceeds to deal with Banach spaces, Hilbert spaces, and Banach alge- 
bras. 

The textbook is eminently readable, uses present-day commonly accepted 
notation and terminology, and is well documented with good illustrative exam- 
ples and exercises. A good undergraduate course in classical analysis should serve 
as an adequate prerequisite for its study. The first part of the book could then 
constitute a one-semester course in topology; the second part of the book could 
serve as an excellent introduction to modern analysis, supplemented with the 
modern theory of integration, if this becomes desirable at this point. 

ARTHUR E. DANESE, State University of New York at Buffalo 
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Principles of Abstract Algebra. By Richard W. Ball. Holt, Rinehart and Winston, 
New York, 1963. 290 pp. $6.00. 


This book is designed for undergraduates who have completed a course in 
calculus. The author has chosen what he considers to be the path of least re- 
sistance to abstract algebra. As explained in the preface “the author has tried 
to emulate the exciting clarity and precision found in experimental grade- 
school and high-school texts today.” I believe he has succeeded admirably in 
this respect. 

Instead of confronting the reader with a complete set of postulates for the 
integers, the author devotes a separate section to each postulate and establishes 
the fundamental properties of the integers with detailed references to the postu- 
lates. The elementary theory of numbers, occupying about one-third of the 
book, is then developed in a leisurely way. Generalizing, the reader is introduced 
to the concepts of rings, fields, and integral domains; but only number-fields are 
explored at length. Two chapters are devoted to group theory, but only cyclic 
groups are treated in detail. There is no mention of isomorphism, and no exam- 
ple is given of an abstract group defined solely by a multiplication table. 

The theory of polynomials in one indeterminate is presented lucidly without 
mentioning the word “indeterminate.” This is followed by two chapters on the 
theory of equations at the level of the now obsolete college algebra textbooks. 
The author states that, in practice, the real heart of the theory of equations is 
the theory of real roots of polynomials with real coefficients; accordingly the 
Cardan formulas are omitted. Since approximations to the roots can be handled 
efficiently by a computing machine, the main problem is that of isolating the 
roots. The principal tools recommended are the rules of signs and Rolle’s theo- 
rem. A brief chapter is devoted to the algebra of matrices. The final chapter 
treats systems of linear equations without using determinants, the solution be- 
ing obtained by reducing a matrix to echelon form. 

The author asserts that the completeness of the real number system and the 
fundamental theorem of algebra, whose proofs are omitted, may be regarded as 
additional postulates. Since nothing is said about the completeness, consistency 
or independence of the postulates introduced, an alert reader may well wonder 
why one may not likewise regard as postulates other theorems which are stated 
without proof, such as the fundamental theorem on symmetric functions and 
the invariance of the rank of a matrix. Silence on these topics can hardly aid the 
beginner to appreciate the nature of a deductive science. 

While an author has the right to delimit the scope of his book, the present 
author has exercised his right to the point of failing to fulfill the promise implied 
by the title. I am sure that many students will enjoy an algebra course based on 
this textbook; but I doubt whether they will have acquired more than a super- 
ficial acquaintance with the principles of abstract algebra. 

Louis WEIsNER, University of New Brunswick 
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The Real Numbers in an Algebraic Setting. By J. B. Roberts. Freeman, San 
Francisco, 1962. x +145 pp. $1.75 (paper), $3.50 (hardcover). 


This book consists of a detailed construction of the real numbers, starting 
from the natural numbers, and using Cauchy sequences rather than Dedekind 
cuts. It is intended to provide material for a course which is, in the author's 
words, “of great cultural value to nonscience students.” Such students will cer- 
tainly be convinced that mathematics consists of proving lemmas—a rough 
count shows 85 lemmas and 15 theorems. 

There are some bad points: In the preface, the student is told that, an general, 
he should work every exercise (no answers are provided); on page 2, he is told 
that, in general, two sets are equal if and only if they have exactly the same 
elements. On page 28 the axioms for the natural numbers are given (with the 
least integer principle replacing the induction axiom—the latter becoming a 
lemma), with no mention of the word “trichotomy”; on p. 33 a hint for exercise 
3 calls for the use of trichotomy. On page 39, exercise 1 asks about a solution of 
a-+x=b; on page 41 the word “‘solution’’ is defined. Exercise 9 on page 53 asks 
for square roots, which are defined on page 62. 

There are some good points: On page 11, 7 is said to be one of the complex 
square roots of —1. Pages 29-30 have a fine short essay on the role played by 
proofs in mathematical creation. The appendix to Chapter 3 on cardinality is 
very well done. The appendix on continued fractions should appeal to the be- 
ginner. 

Most of the arguments in the proofs are intricate enough so that the average 
nonscience student would find them very difficult to follow on his own. An in- 
structor using this book as a text would have to work hard to prevent the trees 
from obscuring the forest. On the other hand, a mathematics student in his 
second or third year ought to be able to go through the book almost entirely 
on his own, and very likely should be made to do so. 

This book is considerably longer than Landau’s classic “Grundlagen der 
Analysis.” It is less ambitious than Olmsted’s “The Real Number System,” and 
seems to be more detailed than Thurston’s “The Number System.” Algebraists 
may wonder at the title—there is a curious reluctance to use such words as 
equivalence relation, group, semi-group, ring, and field, although there is no 
hesitation in using equivalent, identity, closed operation, and isomorphic. 

On the whole, the book seems to be an adequate presentation of the material, 
but this reviewer finds it difficult to consider it as a cultural document. 

STEPHEN HoFFMAN, Trinity College 


Games, Gods and Gambling. By F. N. David. Hafner, New York, 1962. xvi+275 
pp. $6.50. 


This book will be valued by all persons interested in the history of probabil- 
ity. In her own words, the author has “tried to supplement Todhunter on the 
early development of ideas about chance and to fill in a certain amount of the 
background of ideas and controversies which attended the creation of the mathe- 
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matical theory of probability.” She has done this job well. 

The first four chapters (39 pp.) are concerned with the earliest developments. 
Here we find references to board games at the time of the First Dynasty in 
Egypt (c. 3500 B.C.), archaeological finds of astragali and knucklebones, 
Herodotus’ reference to the playing of games at the time of a famine in Lydia 
(c. 1500 B.C.) “on one day so entirely as not to feel any craving for food, and 
the next day to eat and abstain from games. In this way they passed eighteen 
years”; divination by lots, astragali, or dice; an enumeration in Latin verse of 
the number of ways in which three dice can fall (c. 1250 A.D.); and the earliest 
known publication of the famous problem of points in 1494 (with an incorrect 
solution). 

Chapters 5-15, pp. 40-178, give both the probabilistic subject material 
associated with their names and illuminating biographical data about Tartaglia 
and Cardano, Galileo, Fermat, Pascal, Graunt, Huygens, Wallis, Newton, 
Pepys, James Bernoulli, Montmort, and de Moivre (who died in 1754). 

The book ends with five appendices (pp. 179-267) and an index. The ap- 
pendices are translations of works by or about Buckley, Galileo, Mersenne, de 
Moivre, and the famous letters between Fermat and Pascal and Carcavi. 

The author had originally hoped to bring the account down to the present 
day. We are glad she has decided to publish this much and look forward to the 
monographs she has in mind writing on “the great triumvirate, James Bernoulli- 
Montmort-de Moivre, and another on Laplace.” 

GEORGE B. Tuomas, Jr., MIT 


Continued Fractions. By C. D. Olds. New Mathematical Library, Random 
House, New York, 1963. 162 pp. $1.95. 


This paperback, written under the auspices of the Monograph Project of 
the School Mathematics Study Group, is intended for high school students and 
laymen. The four chapters containing proofs are concerned with the expansion 
of rational numbers, the linear diophantine equation, the expansion of irrational 
numbers, and periodic continued fractions. Here the development is leisurely, 
well motivated and highly readable; it should certainly be accessible to the in- 
tended readers. The fifth chapter contains the statement of Hurwitz’s theorem, 
that for every irrational number a there are infinitely many fractions p/g such 
that |a—p/q| <1/(+/5¢), and that this is false for some a if +/5 is replaced by 
a larger number. There are two appendixes, one on the equation x?— 3y?= —1, 
and one giving the continued fraction expansions of a variety of numbers and 
functions, and the book ends with solutions to the problems. 

The monograph was carefully written and well proof-read. The one error 
noted by the reviewer occurs in the first half of Problem 7 on page 26, where the 
possibility that a;=0 necessitates certain modifications. The author chose to 
denote a continued fraction by [a1, a2, +--+ |], and was therefore forced to use 
braces instead of brackets to designate the greatest integer function. This vio- 
lates well established notation as badly as if one used f*(«) to denote the de- 
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rivative of f(x); logically, of course, both are impeccable. But on the whole, 
the reviewer feels that the book is an excellent example of its kind, and that it 
is a significant contribution to the growing list of books designed to enrich and 
diversify the talented high school student’s mathematical education. 

W. J. LEVEQUE, University of Michigan 


Sets, Sequences and Mappings: The Basic Concepts of Analysis. By Kenneth W. 
Anderson and Dick Wick Hall. Wiley, New York-London. 1963. 191 pp. 
$5.00. 


Aimed at undergraduates who have completed a calculus course but have 
not yet met much rigor or abstraction, this book hits the target, perhaps a little 
above center. Except for the last chapter, on metric spaces, the central topics 
are real sequences and continuous real-valued functions on real domains. The 
axioms making the reals an ordered field are tacitly assumed, but there are 
three explicit axioms: the least upper bound axiom, the well-ordering of the 
positive integers, and an axiom of choice for sequences of subsets. A minor flaw 
in a well-written book is the unproved parenthetical assertion (pp. 89-90) of 
the equivalence of Cauchy completeness to the L.U.B. axiom; without a com- 
plete list of other axioms, this could be misleading. 

Sequences are made basic; the definition of continuity is in terms of preserva- 
tion of convergence of sequences. Other standard characterizations of continuity 
are obtained via a chain of theorems about “suburbs.” A suburb of a point pis 
the complement of a neighborhood of p. Clearly a sequence converges to p iff 
no suburb of p contains a subsequence. Although some of the language of the 
first five chapters will be unfamiliar to the intended reader, he should recognize 
the relevance of most of the content to his calculus course. Perhaps the least 
obviously relevant theorem is the equivalence of “compact” and “sequentially 
compact.” 

This is a worthwhile addition to the library of any undergraduate major. 
It also merits consideration as a text by any department wanting to give a course 
which makes no obvious progress toward useful goals such as solving differential 
equations. There are ample sets of exercise, many of which fill in details in 


proofs. 
BURROWES Hunt, Reed College 


The Laplace Transform: an Introduction. By Earl D. Rainville. Macmillan, New 
York, 1963. vi+106 pp. $2.50. 


This book is an introduction to Laplace transforms which can be read by a 
student who has had calculus, and at least an introduction to differential equa- 
tions. The exposition is quite elementary, so that integrations by parts, for exam- 
ple, are worked out in full detail. Although the theorems are stated explicitly, 
the proofs are generally of the “it can be shown” type. In several instances, how- 
ever, the author gives descriptions of possible mathematical behavior which may 
well be of more value to the tyro than a detailed proof of one relatively weak 
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theorem. The book contains a great many examples worked out in detail, and a 
generous number of exercises with answers. 

After giving the basic information in the first two chapters, the book treats 
in the third chapter the applications to vibrating springs, electrical circuits, 
and bending beams. The remaining chapter headings are: systems of differential 
equations, additional properties of the transform, partial differential equations. 

The author appears to have accomplished admirably his aim of providing an 
elementary treatment of the Laplace transform for those who are interested 
primarily in the applications. 

H. S. BEAR, University of California, Santa Barbara 


Mathematical Models of Economic Growth. By J. Tinbergen and H. C. Bos. 
McGraw-Hill, New York, 1962. 131 pp. $6.90. 


This book considers a series of economic models which are thought to be of 
practical use in designing economic development in underdeveloped countries. 

The authors favor the method of planning in stages as a general principle to 
be followed in constructing mathematical models for economic development. 
Two main stages are distinguished. The first consists in setting up a macromodel 
of the economy, including equations referring to production, investment, con- 
sumption, and international transactions. The evolution of the endogenous vari- 
ables, as e.g., the volume of production, is obtained as soon as specific values of 
the various instruments of economic policy, as e.g., the rate of savings, are given. 
If additional data referring to specific sectors of the economy are available, then 
a second stage becomes feasible. Namely, one can then determine how the 
volumes of aggregate investment and consumption arrived at in the first stage 
can be carried through by operating the various sectors at appropriate levels. 
This results in the specification of particular targets of operation of the various 
sectors for the whole planning period. In this spirit a series of successively more 
detailed macro- and multi-sector models are presented. 

In general the book is well proportioned. This reviewer, however, feels that 
more space should be devoted to a linear programming formulation of an inter- 
temporal development model. It is admitted that lack of data, of computing 
facilities, and even deficiencies in the quality of the planning staffs, may render 
a full-blown linear programming model inapplicable for many under-developed 
countries at the present. However, the “planners” should at least be taught that 
in most cases there exist several alternative feasible plans, and should be 
acquainted with a general method of finding the optimal ones. 

EMMANUEL DRANDAKIS, Yale University 


Handbook of Statistical Tables. By Donald B. Owen. Addison Wesley, Reading, 
Massachusetts, 1962. xii+580 pp. $12.50. 


This is an excellent collection of tables for use in applications. Much of the 
tabular material was reproduced directly from the output of digital computers. 
The sections of the book are entitled: 1. Normal distribution; 2. Student’s 
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t-distribution; 3. Chi-square distribution; 4. F-distribution and multiple com- 
parison; 5. Noncentral ¢ and tolerance limits; 6. Range, Studentized range, and 
mean square successive difference; 7. Order statistics from the normal distribu- 
tion; 8. Multivariate normal and t-distributions; 9. Logistic, Poisson, and bi- 
nomial distributions; 10. Nonparametric tolerance limits; 11. Wilcoxon (Mann- 
Whitney) tests; 12. Sign, runs, and quadrant tests; 13. Rank correlation; 
14. Nonparametric analysis of variance; 15. Kolmogorov-Smirnov statistics; 
16. Cramér-von Mises and random division of an interval distribution; 17. 
Matching and multinomial distributions; 18. Hypergeometric distribution; 
19. Product moment correlation coefficient, 20. Orthogonal polynomials, 
random numbers, and constants. Each section contains from 2 to 14 tables. 
Tables which are widely available are deliberately given rather cursory treat- 
ment. For example, the cumulative Poisson distribution takes up only two 
pages. The introductory matter given for each table is brief and to the point 
and includes references to the literature. The book closes with a comprehensive 
and, therefore, useful index. 
FRANK L. Wo tr, Carleton College 


Statistical Treatment of Experimental Data. By Hugh D. Young. McGraw-Hill, 
New York, 1962. xv+172 pp. $2.95. 


This small paperback text (which is also available cloth-bound) is intended 
for the use of “sophomore science and engineering students with little mathe- 
matical sophistication and no previous exposure to the subject” in a “sub- 
course—fitted into any course—in which quantitative laboratory work plays 
an important part.” It begins with a discussion of the propagation of errors, 
proceeds to define the mean and various measures of dispersion, and then 
presents probability in terms of relative frequencies. There follow discussions of 
the binomial, Poisson, and normal distributions; the x? goodness of fit test; the 
method of least squares; and correlations. Exercises appear at the end of each 
chapter. A summary of formulas and a few mathematical derivations appear 
in appendices. Appropriate tables are included. 

The manner of presentation is relaxed, informal, and appealing. Unfor- 
tunately, however, the content suffers in quite a few places from careless or 
misleading statements. Some of these arise from (a) the lack of any notational 
device to distinguish between parameters and statistics, (b) what appears to be 
an occasional identification of the notions “infinite” and “very large,” and (c) 
the lack of any clear explanations of the meaning of “event,” “independent 
events,” “mutually exclusive events,” and “expected value” although all these 
notions are involved in the discussion. It also seems unfortunate to the reviewer 
that the connection between moments and the mean and variance is never 
mentioned, especially since the book is intended for students of the physical 
sciences. 

FRANK L. Wo Fr, Carleton College 
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Elementary Concepts of Mathematics, Second Edition. By Burton W. Jones. 
Macmillan, New York, 1963. 344 pages. $6.00. 


An engagingly written potpourri of mathematics. In addition to the usual 
material included in a terminal course at the college level, chapters on mirror 
geometry, Lorentz geometry and topology provide stimulus for the better stu- 
dents. Each chapter concludes with a list of Topics for Further Study where 
specific page references are given to many of the sixty-nine books listed in the 
Bibliography. 

The choice of problems is excellent. Many are thought provoking and far 
from routine. The lack of answers to all but approximately ten problems in the 
entire text will prove disconcerting, for the problems vary widely in difficulty 
and will require active class discussions. A teacher adopting the text would be 
well advised to work carefully through the book not only to choose the topics 
most suited to the abilities of the students, but also to absorb the “spirit” in 
which mathematical ideas are presented. The author’s approach, varying from 
the fairly rigorous to the ultra-casual, is perhaps best summed up in his own 
words at the end of Chapter IX, page 288: “It would be difficult to pin down 
completely the meaning of this concept, but this can also be said about a number 
of other things in this chapter and throughout this book.” 

The format is appealing and the few misprints are easy to spot. The most 
serious error is the omission of parentheses in limit statements on pages 172-174. 
One wonders, too, at the use of »C, instead of (7). Diagrams are plentiful and 
clearly marked. Now and then the word “numbers” is used in different senses, 
e.g. page 120: 9 versus the last paragraph of page 126. Set notation, interestingly 
presented in the first chapter, is rarely used in the remainder of the book. 

These criticisms are minor, for the book is well suited to the purpose for 
which it is written. 

WINIFRED ASPREY, Vassar College 


NEWS AND NOTICES 
EDITED By RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo 
( University of Buffalo) Buffalo, New York 14214. Items must be submitted at least two months 
before publication can take place. 


PERSONAL ITEMS 


University of Minnesota: Associate Professors Elizabeth Carlson, S. A. Gal, and L. W. 
Green have been promoted to Professors; Assistant Professors C. A. McCarthy and 
J. M. Slye have been promoted to Associate Professors. 
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U.S. Naval Postgraduate School: Professor M. C. Wicht, North Georgia College, has 
been appointed Professor; Dr. U. R. Kodres, I.B.M., Poughkeepsie, New York, has 
been appointed Associate Professor. 

Dr. Evelyn B. Collins, North American Aviation, has accepted a position as Senior 
Mathematician with the Space Systems Department of the Federal Systems Division of 
I. B. M., Los Angeles, California. 

Assistant Professor H. C. Kennedy, Providence College, has been promoted to Asso- 
ciate Professor. 

Professor J. B. Rosser, Cornell University, has been appointed Director of the U.S. 
Army Mathematics Research Center, University of Wisconsin. 

Professor Alberto Saez, Universidad de Los Andes, Merida, Venezuela, has been ap- 
pointed Professor at the Universidad Central de Venezuela, Caracas, Venezuela. 


Professor Emeritus E. F. Allen, Oklahoma State University, died on November 20 
1963. He was a member of the Association for 47 years. 

Professor Emeritus Archibald Henderson, University of North Carolina, died on 
December 7, 1963. He was a member of the Association for 42 years. 

Visiting Professor Harry Langman, Clarkson College of Technology, died on Decem- 
ber 16, 1963. He was a charter member of the Association. 

Professor Emeritus Sophia L. McDonald, University of California at Berkeley, died 
on December 6, 1963. She was a member of the Association for 39 years. 

Mr. Joseph Tajen, General Electric, Pittsfield, Massachusetts, died on October 27, 
1963. He was a member of the Association for 11 years. 

Professor R. C. Yates, University of South Florida, died on December 18, 1963. He 
was a member of the Association for 34 years. 


GRADUATE SUMMER SESSION OF STATISTICS IN THE HEALTH SCIENCES 


The Department of Biostatistics, School of Public Health, University of North Caro- 
lina is the host institution for the seventh cooperative training program of statistics in 
the health sciences, to be held June 29 to August 7, 1964. 

The Summer Session, under a grant from the National Institute of Health, is offer- 
ing courses at nearly every academic and experience level. It is designed to meet some of 
the educational and training needs of those engaged in health and health-related work, 
and those preparing themselves for such work. 

Stipends are available to qualified persons. Inquiries should be made to: Summer 
Session, Department of Biostatistics, School of Public Health, University of North 
Carolina, Chapel Hill, North Carolina 27515. 


OPERATIONS RESEARCH SOCIETY OF AMERICA—HAWAII MEETING 


The Tenth Annual Meeting of the Western Section of the Operations Research So- 
ciety of America will be held at Honolulu, Hawaii, on September 14-18, 1964. Dr. John 
E. Walsh, System Development Corporation, Santa Monica, California, is Meeting 
Chairman. The Honorable Charles J. Hitch, Assistant Secretary of Defense, Compt- 
roller, is scheduled to deliver the keynote address. The meeting will be directed primarily 
toward the uses of operations research (OR) in technical fields and professions. Practi- 
tioners in technical fields and professions are encouraged to contribute papers which 
illustrate uses, or potential uses, of the OR approach in their areas. This meeting should 
be valuable, as an introduction to OR methods, for persons in virtually all technical 
areas. Abstracts of contributed papers should reach the Meeting Chairman by June 15, 
1964. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reporis and Communications 


THE FORTY-SEVENTH ANNUAL MEETING OF THE ASSOCIATION 


The Forty-seventh Annual Meeting of the Mathematical Association of America 
was held at the University of Miami, Coral Gables, Florida, from Saturday to Monday, 
January 25 to 27, 1964, in conjunction with the Annual Meeting of the American Mathe- 
matical Society. There were registered 1,493 persons, including 982 members of the Asso- 
ciation. 

Sessions of the Association were held on Saturday morning and on Sunday morning 
in the Ponce de Leon Junior High School Auditorium, across Dixie Highway from the 
University of Miami, and on Monday morning and afternoon in Room 120 of the Uni- 
versity College Building. Presiding officers were Professor Herman Meyer for the session 
on “Goals for School Mathematics” and President Bing for the Retiring Presidential 
Address on Saturday morning, Professor A. D. Wallace for the session on “Content of 
the First Course in Real Variables” and President Bing for the Business Meeting on 
Sunday morning, Professor J. Aczel for the session on “Functional Equations” on Mon- 
day morning and First Vice-President H. S. M. Coxeter for the session on “Convexity” 
on Monday afternoon. The Program Committee for the meeting consisted of Herman 
Meyer, Chairman; M. K. Fort, Jr., Leo Moser, C. E. Rickart and A. D. Wallace. 


FIRST SESSION OF THE ASSOCIATION 


Goals for School Mathematics 
(Report of the Cambridge Conference) 


The Earliest Grades, by Professor A. M. Gleason, Harvard University. 

Children should be exposed from the earliest grades to the entire real number system. They 
should have direct experience with geometry through construction exercises and the study of sym- 
metry. Geometry and analysis should be interrelated through the use of coordinates in elementary 
situations and interpretations of numbers as lengths, areas and volumes. These ideas should not be 
presented rigorously but so as to impart true familiarity. Experiments and games should be used 
in addition to direct teaching, textbooks and workbooks. Particularly in the earliest grades, ex- 
cessive drill seems to stand in the way of learning concepts which are ultimately more important 
than algorithmic skill. 


Viewpoints of a User of Mathematics, by Professor G. F. Carrier, Harvard University. 

A re-emphasis of some features of the conference deliberations which, in the speaker’s view, 
are of enormous importance in the teaching of mathematics either to future mathematicians or to 
potential users of mathematics. 


Implications for Teacher Education, by Professor R. J. Wisner, New Mexico State University. 

The mathematics program under discussion is not curriculum revision—it is curriculum con- 
struction. As such, there seems to be little hope of preparing large numbers of teachers for the pro- 
gram who themselves were trained to teach the “standard” curriculum even in (GCMP-, SMSG-., 
UICSM., etc.) revised form: their attitudes toward mathematics are at variance with what is ob- 
viously required by the suggestions under consideration. This seems especially true for teachers who 
are responsible for students in the early years. If this argument is in line with reality, we are forced 
to conclude (once again?) that the proper preservice education of teachers is critical to the success 
of the proposals and that, without such a foundation, the curriculum under construction will even- 
tually collapse. 
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Panel Discussion, Critique, Rebuttal, Discussion from the Floor. 


Retiring Presidential Address: Pivotal Methods in Linear Algebra, by Professor A. W. Tucker, 
Princeton University. 

Pivotal methods, such as Gaussian elimination and G. B. Dantzig’s simplex method in linear 
programming, are basic algorithmic tools of numerical linear algebra. They yield constructive proofs 
of fundamental theorems, such as John von Neumann’s minimax theorem for matrix games. 
Pivotal (or exchange) methods can be profitably employed in linear algebra courses and texts, es- 
pecially to unite theory and practice. 

This paper will be published in an early issue of this MONTHLY. 


SECOND SESSION OF THE ASSOCIATION 
Content of the First Course in Real Variables 


The session was opened with presentations by Professor E. J. McShane of the Uni- 
versity of Virginia, Professor Edwin Hewitt of the University of Washington and Pro- 
fessor Walter Rudin of the University of Wisconsin. 


Professor McShane regarded the course in real analysis not as an end in itself but as a utility 
for all students of mathematics. A generalization is not truly understood as such unless the student 
sees its applicability in particular instances; the road from special examples to general theory must 
permit easy passage in both directions. Choice of material should be dictated by the needs and 
interests of a wide spectrum of today’s students, no topic having a claim for inclusion either because 
of modernity or because of tradition. 

Professor Hewitt first reminded his audience that a student of mathematics in U. S. universities 
at the present time frequently is exposed to topics in real analysis in a variety of courses which he 
may take over a three-year period. It seems pointless to try to parcel out these topics course by 
course. Professor Hewitt would rather list a table of “what every young analyst should know,” with 
more details given for the topics in a canonical real variables course than for some others. Certainly 
students have to know about continuous functions—equicontinuity, the Stone-Weierstrass theorem 
and uniform continuity. That is, they need the fundamentals of set-theoretic topology. They also 
need to know Zorn’s lemma, the well-ordering theorem, and ordinal numbers. They need in addition 
to know cardinal arithmetic, Obviously integration theory is essential. Probably the soundest 
pedagogic approach is through measure theory, although the neatest way he knows to construct 
countably additive measures is to begin with Riemann-Stieltjes integrals and extend them 4 la 
Daniell. Undoubtedly both constructions are needed. Differentiation is not taught as much as it 
should be, and, Professor Hewitt added, “at least in my real variables courses.” He has tried various 
devices to avoid Vitali’s theorem, but has concluded that every student should know Vitali’s 
theorem—there just is no reasonable substitute for it, although F. Riesz had a good try at getting 
around it. The Radon-Nikodym theorem is another classic that should be taught. Professor Hewitt 
personally likes to compute the conjugate space of L,(p>1) by some elementary means, for ex- 
ample, by McShane’s technique, and then get the Radon-Nikodym theorem from knowing the 
conjugate space of Le. 

Professor Rudin suggested that the course should rapidly develop the facts of life concerning 
Lebesgue integration and differentiation by whatever route the instructor prefers. It should intro- 
duce some fundamental ideas from the theory of Banach spaces and Hilbert space, and it should 
apply this machinery to other parts of analysis. Fourier series and transforms can effectively be 
used as illustrative material. The relation between Radon-Nikodym derivatives and Jacobians 
furnishes a nice topic. The interplay with the theory of analytic functions can be discussed. Purely 
topological or set-theoretic topics should be soft-pedalled; as far as infinite cardinals are concerned, 
for instance, the difference between “countable” and “uncountable” is all that is required at this 
stage. 


Panel Discussion, Critique, Rebuttal, Discussion from the Floor. 


Annual Business Meeting of the Association; the Association's Third Award for Distinguished 
Service to Mathematics, and the Award of the 1964 Chauvenet Prize. 
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THIRD SESSION OF THE ASSOCIATION 
Functional Equations 


Mean Values and Transfinite Diameters, by Professor Einar Hille, Yale University. 

Consequences of the Kolmogoroff-Nagumo postulates for mean values were examined, in par- 
ticular, the averaging of averages and the related oscillation reducing properties. Applications 
were given to (i) maxima and minima problems with side conditions involving polytopes, and (ii) 
the existence of transfinite diameters of bounded sets in metric spaces. The transfinite diameters of 
unit spheres of function spaces were discussed. It was shown that the maximum value 2 is reached 
in several cases. For Hilbert space the transfinite diameter is »/2 under suitable assumptions. In 
this discussion the maximizing properties of regular simplexes in R, play an important role. 


Analytic Properties of the Solutions of Certain Functional Equations, by Professor J. H. B. 
Kemperman, University of Rochester. 

The existence and uniqueness problems, for a given functional equation, are often greatly 
simplified if one knows beforehand the analytic properties (such as continuity and differentiabil- 
ity) of the solutions of this equation. As will be shown, such information is available for an impor- 
tant class of functional equations, closely related to the so-called semigroup equation. If necessary, 
one is usually willing to assume that the solution on hand is measurable. Often it suffices to assume 
that the solution is bounded (or bounded above) on a sufficiently thick set. On occasion, any non- 
negative solution is measurable (and hence continuous, etc., depending on the situation). 


The Functional Equation of Assoctativity, by Professor Berthold Schweizer, University of 
Arizona. 

The solution (1) F(x, y)=f(f-"«)+f-'y)) of the functional equation of associativity (2) 
F( F(x, y), 2) = F(x, Fly, 2)) was first found by Abel in 1826. Since then it has been obtained under 
successively weaker hypotheses by Brouwer (1909), Cartan (1930) and Aczel (1949). In all cases, 
however, the function F was either assumed or shown to be strictly increasing. By replacing f—}, 
the inverse of f, in (1) by a suitably chosen right-subinverse, nondecreasing solutions of (2) may be 
obtained. J. Ling, again working with right-subinverses rather than inverses, has recently solved 
(2) when F is nondecreasing and Archimedean rather than increasing. These hypotheses are the 
weakest on F to date. 


FOURTH SESSION OF THE ASSOCIATION 
Convexity 


The Polyhedron Inequality, by Professor Herbert Busemann, University of Southern California. 

Let a measure (r-area) a( J) be defined for every Borel set M lying in the intersection of an 
r-flat with an open nonempty convex set C in the z-dimensional affine space A"(1SrSn—1). The 
area satisfies the polyhedron inequality if a( Fo) S 1 e( F;) for the r-faces Fo, -- +, F,of a closed 
r-dimensional polyhedron in C. The lecture deals with theorems and principally with problems con- 
cerning the polyhedron inequality with emphasis on the case where C=A* and a(M) is invariant 
under translation of M. The close connection of this field with convexity questions is discussed. 


Some Problems of Elementary Euclidean Geometry, by Professor H. G. Eggleston, University of 
London and University of Washington. 

Attention was drawn to a number of problems, both solved and unsolved, which can be easily 
stated in terms of elementary Euclidean geometry. The problems were largely those which involve 
a rotation or which had some connection with rotations, and it seems that this fact is largely re- 
sponsible for their peculiar difficulties. It was pointed out that the introduction of more restrictive 
conditions in a problem may simplify it whilst a closely allied problem is made more difficult. The 
lecture concluded with some remarks on the differing roles that the concept of convexity can play 
in elucidating these problems. 


Facial Structure of Convex Polytopes, by Professor Victor Klee, University of Washington. 
The combinatorial study of convex polytopes and their facial structure was initiated by Euler’s 
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famous theorem and was later carried on by several other investigators. In recent years, interest in 
the subject has revived due to its close connections with linear programming. The speaker reviewed 
recent progress in the field and discussed the status of various problems that are still unsolved. 


SPECIAL SESSIONS OF THE ASSOCIATION 


There was a film showing of color animations by Bruce Cornwell on Saturday at 1:00 
P.M. in the Ponce de Leon Junior High School Auditorium. The following films were 
shown: “Seven Bridges of Kénigsberg,” “Possibly so, Pythagoras,” “How Do We 
Count?,” “Big Numbers, Little Numbers,” and “Sets, Crows, and Infinity.” This was 
followed by the showing of “Mathematical Peepshows,” five 2-minute color animations 
by Charles and Ray Eames for IBM: “Eratosthenes,” “Topology: Jordan’s Curve 
Theorem,” “Symmetry,” “Something about Functions,” and “2*—A Story of the Power 
of Numbers.” The following PSSC physics films were shown on Saturday, beginning 
at 7:00 p.m., in the Everglades Room of the Everglades Hotel in Miami: “Straight Line 
Kinematics” (black and white), “Frames of Reference” (black and white), and “Vector 
Kinematics” (black and white). This was followed by a showing of the ETS film “Think- 
ing Machines” (color). There was a showing of Part I of the film produced by the Associa- 
tion’s Committee on Production of Films, “Theory of Limits,” with Professor E. J. Mc- 
Shane as lecturer on Sunday at 7:00 p.m. in the Everglades Room, followed at 7:40 p.m. 
by “The Kakeya Problem” (color and with animation), with Professor A. S. Besicovitch 
as lecturer and also produced by the same Committee of the Association. This film was 
followed at 8:45 p.m. by a Madison Project film (in black and white) showing the teach- 
ing, by Professor Robert Davis, of complex numbers via matrices to seventh-grade chil- 
dren. 


MEETING OF THE BOARD OF GOVERNORS 


The Board of Governors of the Association met on Friday morning and afternoon in 
the Board Room of the Ashe Building (Room 226) of the University of Miami with 29 
members present. 

The Board approved the appointment by President Bing of the following Nominating 
Committee for 1964: R. D. Anderson, Chairman; Paul Eberhart, and Victor Klee. 

The Board elected Professor G. B. Price as a member of the Finance Committee. It 
also elected Professor Gertrude Ehrlich as an Associate Editor of the MONTHLY, effective 
January 1, 1964, to fill the unexpired part of the term ending December 31, 1966, of 
Professor A. L. Shields, who had resigned. The Board also elected Professor Sam Perlis 
as an Associate Editor of the MATHEMATICS MAGAZINE, effective January 1, 1964, in 
place of Professor V. H. Haag, who had been unable to serve in that capacity. The Board 
also elected Professors Ruth B. Rasmusen and Raoul Hailpern as additional Associate 
Editors of the MATHEMATICS MAGAZINE, effective January 1, 1964, the latter to be in 
charge of the editorial work in the Buffalo office. 

On the recommendation of the Committee on a Yearbook, the Board authorized the 
preparation of a Handbook of Undergraduate Mathematics Programs, designed for high 
school students and for junior college and college students who expect to transfer to 
another university. The Board referred the matter to the Committee on Advisement and 
Personnel for further definition and implementation and requested the President of the 
MAA to explore with the NCTM cooperation on the preparation and distribution of this 
material. 

The Board voted to invite Professor E. E. Floyd of the University of Virginia to de- 
liver the thirteenth series of Earle Raymond Hedrick Lectures at the 1964 Summer 
Meeting. 

The Board approved amendments to the regulations governing the Association’s 
Award of the Chauvenet Prize (a history of the Chauvenet Prize and the new regulations 
will appear in the May issue of this MONTHLY). 
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The Board approved a proposal by the Committee on the Undergraduate Program in 
Mathematics for continued support of the Committee for the two-year period starting 
July 1, 1964. 

The Executive Director reported to the Board that a member, who prefers to remain 
anonymous, has made a gift to the Association of more than $4,000. This is to be used 
to establish a new fund, whose income is unrestricted. The donor’s preference is that 
the income be spent for publication purposes. 

The Board instructed the Secretary to prepare an amendment to the By-Laws pro- 
viding for an increase in dues to $6 annually, effective January 1, 1965. This amendment 
will be voted on by the membership of the Association at the Business Meeting this 
summer. 

The Board approved the following schedule of future meetings: University of Massa- 
chusetts, August 24-26, 1964; Denver, Colorado, January 28-30, 1965; Cornell Univer- 
sity, August, 1965; Chicago, January 26-28, 1966; Rutgers—The State University, New 
Brunswick, New Jersey, August, 1966; Houston, January 26-28, 1967; University of 
Toronto, August, 1967; University of Wisconsin, Madison, August 26-28, 1968. 


ANNUAL BUSINESS MEETING OF THE ASSOCIATION 


The annual business meeting of the Association was held on Sunday, January 26, 
1964, in the Ponce de Leon Junior High School Auditorium, with President Bing presid- 
ing. The Association’s third Award for Distinguished Service to Mathematics was made 
to Professor E. J. McShane of the University of Virginia. The citation (which appeared 
on pages 1-2 of the January issue of this MONTHLY) was read by Professor W. L. Duren, 
Jr., of the University of Virginia; the award was presented by President Bing. An auto- 
graphed copy of the January issue of this MONTHLY containing the citation was pre- 
sented to Mrs. McShane. 

The 1964 Chauvenet Prize was awarded to Professor Leon A. Henkin of the Univer- 
sity of California, Berkeley, for his paper “Are Logic and Mathematics Identical?,” pub- 
lished in ScIENCE, 138 (1962) 788-794. The award was presented by President Bing. 
(For further details on this award see the January issue of this MONTHLY, page 3). An 
autographed copy of the January issue was presented to Mrs. Henkin. 

The Secretary reported the membership of the Association as 14,256, an increase of 
1464 since the corresponding date last year. 

The balloting for officers in which 2219 votes were cast resulted in the election of 
Professor R. L. Wilder of the University of Michigan as President-Elect for 1964, and 
of Professor E. E. Moise of Harvard University as First Vice-President for the two-year 
term 1964-1965, and of Professor Roy Dubisch of the University of Washington and 
Professor K. O. May of Carleton College as Governors for the three-year term 1964— 
1966. 

The Secretary then reported on some of the actions taken by the Board of Governors 
on Friday. He announced that the Executive and Finance Committees had approved a 
recommendation of the Committee on Membership concerning appointment of ‘MAA 
representatives” at all university and college departments of mathematics in the United 
States and Canada. The Buffalo office of the Association will shortly request from the 
chairman of each Section of the Association a list of MAA representatives in each college 
within the Section (including junior colleges). When the chairman of the department is a 
member of the MAA, the suggested procedure is to write him asking if he would nom- 
inate a representative, preferably someone other than himself. If the department chair- 
man is not a member, direct solicitation of some MAA member is suggested; if no one in 
the department is an MAA member, every effort, including personal contact, should be 
made to remedy this situation. The duties of the MAA representative will be described 
in a statement to be supplied by the Buffalo office. 
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The Secretary also reported that a sixth edition of the brochure Professional Oppor- 
tuntites in Mathematics has been prepared by the Association’s Committee on Advisement 
and Personnel. The material of the fifth edition was updated, and some sections were 
completely rewritten. Publication is expected in April, 1964. 

The Secretary expressed the deepest gratitude to the local members of the Commit- 
tee on Arrangements for having done so much to insure the success of the meeting and 
singled out Professor J. H. Curtiss for his untiring efforts to coordinate its many aspects. 


MEETINGS OF OTHER ORGANIZATIONS 


The American Mathematical Society held sessions from Thursday, January 23, to 
Sunday, January 26. The thirty-seventh Josiah Willard Gibbs Lecture was delivered by 
Professor Lars Onsager of Yale University on Friday evening at 8:00 p.m. in the Ever- 
glades Room of the Everglades Hotel on “Mathematical Problems of Cooperative 
Phenomena.” Professor Deane Montgomery of the Institute for Advanced Study de- 
livered the Retiring Presidential Address entitled “Compact Groups of Transformations” 
on Friday at 9:00 a.m. ProfessorMorton Brown of the University of Michigan delivered 
an address entitled “Topological Manifolds” on Thursday at 9:00 a.m. and Professor 
Heisuke Hironaka of Brandeis University one on “Singularities in Algebraic Varieties” 
on Friday at 2:00 p.m. 

At the Business Meeting of the Society on Thursday at 1:30 p.m., the First Veblen 
Prize in Geometry was awarded to Professor C. D. Papakyriakopoulos of Princeton Uni- 
versity for his papers “On Solid Tori,” Proc. London Math. Soc., 7 (1957) 281-299, 
and “On Dehn’s Lemma and the Aspherity of Knots,” Ann. of Math., 66 (1957) 1-26, 
and the Second Veblen Prize to Professor R. H. Bott of Harvard University for his 
papers ‘‘The Space of Loops on a Lie Group,” Mich. Math. Jour., 5 (1958) 35-61, and 
“The Stable Homotopy of the Classical Groups,” Ann. of Math., 70 (1959) 313-337. 
The awards were presented by Professor R. H. Bing. The tenth Bocher Prize was 
awarded to Professor P. J. Cohen of Stanford University for his paper “On a Conjecture 
of Littlewood and Idempotent Measures,” Amer. Jour. Math., 82 (1960) 191-212. 


ARRANGEMENTS, ENTERTAINMENT AND RECREATION 


The Committee on Arrangements for the meeting consisted of J. H. Curtiss, Chair- 
man; H. L. Alder, R. W. Bagley, A. T. Butson, M. L. Curtis, Mrs. Georgia K. Del Franco, 
Edwin Duda, E. F. Low, Jr., Herman Meyer, Mrs. Agnes Y. Rickey, Andrew Sobczyk, 
G. L. Walker. 

Registration headquarters were located in the lobby of the 730 Building on the Uni- 
versity of Miami campus, beginning on Thursday. On Wednesday, a Registration Desk 
was maintained in the Mezzanine of the Everglades Hotel from 2:00 p.m. to 8:00 p.m. 
On Monday, the Registration Desk was located in the lobby of the University College 
Building. Books and other exhibits were located in the Recreation Room of the 730 
Building. The Mathematical Sciences Employment Register was located in the West- 
minster Chapel Fellowship Room on the University of Miami campus. Accommodations 
for the meeting were handled by the Housing Bureau of the Convention Bureau of the 
City of Miami which made reservations for members from a list of 14 hotels in downtown 
Miami. 

The University of Miami was host to a President’s tea and reception on Friday from 
4:30 p.M. to 6:00 p.m. in the Richter Library Lecture Hall. A bus left the 720 Dormitory 
at 12:30 p.m. on Sunday for Flamingo (Everglades National Park), from where a sight- 
seeing boat trip through the Everglades National Park started at 3:00 p.m. for a two- 
hour bird watchers’ and photographers’ trip. A tour to the International Design Center 
left the Everglades Hotel at 9:00 a.m. on Saturday. 

Henry L. ALDER, Secretary 


1964] THE MATHEMATICAL ASSOCIATION OF AMERICA 465 


OFFICERS AND COMMITTEES AS OF FEBRUARY 1, 1964 


General Offices: SUNY at Buffalo, Buffalo, New York 14214 
Executive Director: H. M. GEHMAN 


OFFICERS 


President, R. H. Brine, University of Wisconsin, Madison (1963-1964) 
President-Elect, R. L. WILDER, University of Michigan (1964) 

First Vice-President, E. E. Moise, Harvard University (1964-1965) 

Second Vice-President, M1na S. REEsS, City University of New York (1963-1964) 
Editor, F. A. FICKEN, New York University (1962-1966) 

Secretary, H. L. ALDER, University of California, Davis (1960-1964) 

Treasurer, H. M. GEHMAN, SUNY at Buffalo (1963-1967) 

Associate Secretary, RAOUL HAILPERN, SUNY at Buffalo (1963-1967) 


ADDITIONAL MEMBERS OF THE BOARD OF GOVERNORS 


Ex-Presidents 
G. B. Price, University of Kansas (1959-1964) 
C. B. ALLENDOERFER, University of Washington (1961-1966) 
A. W. Tucker, Princeton University (1963-1968) 


Elected Members of the Finance Committee (not already otherwise members of the Board) 
E. A. CAMERON, University of North Carolina (1962-1965) 


Governors at Large 
T. M AposTot, California Institute of Technology (1962-1964) 
R. P. Boas, Northwestern University (1963~1965) 
R. P. DitwortH, California Institute of Technology (1963-1965) 
Roy Dupiscu, University of Washington (1964-1966) 
K. O. May, Carleton College (1964-1966) 
HaANs RADEMACHER, University of Pennsylvania (1962-1964) 


Sectional Governors (July 1, 1961—-June 30, 1964) 
Kansas, PAUL EBERHART, Washburn Univeristy 
Missouri, R. J. M1cHEL, Southeast Missouri State College 
New Jersey, H. O. PoLLAK, Bell Telephone Laboratories, Inc. 
Northeastern, D. E. RicHMoND, Williams College 
Ohio, R. R. STOLL, Oberlin College 
Pacific Northwest, D. C. Murpocu, University of British Columbia 
Southeastern, H.S. THurRsToN, University of Alabama 
Southwestern, J. B. GIEVER, New Mexico State University 
Upper New York State, HARRIET F. MontaGuE, SUNY at Buffalo 


Sectional Governors (July 1, 1962—June 30, 1965) 


Illinois, M. M. Davy, University of Illinois 

Iowa, J. J. L. HinricHseEn, lowa State University 

Louisiana-Mississippi, R. D. ANDERSON, Louisiana State University 

Maryland-D.C.- Virginia, M. GWENETH HumMpHREYS, Randolph-Macon Woman’s College 
Michigan, L. E. MEHLENBACHER, University of Detroit 

Minnesota, J. E. Harstrom, University of Minnesota, Duluth 

Philadelphia, D. W. WESTERN, Franklin and Marshall College 

Southern California, P. J. KELLY, University of California, Santa Barbara 

Texas, H. C. Parris, North Texas State University 
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Sectional Governors (July 1, 1963—June 30, 1966) 
Allegheny Mountain, Evan JOHNSON, JR., Pennsylvania State University 
Indiana, J. E. YARNELLE, Hanover College 
Kentucky, A. W. GOODMAN, University of Kentucky 
Metropolitan New York, J. N. EASTHAM, Queensborough Community College 
Nebraska, L. K. JacKson, University of Nebraska 
Northern California, InvinGc SuSSMAN, University of Santa Clara 
Oklahoma, GENE LEvy, University of Oklahoma 
Rocky Mountain, W. E. Briaes, University of Colorado 
Wisconsin, J. V. Fincu, Beloit College 


COMMITTEES OF THE ASSOCIATION 


Terms of office of members expire, except where otherwise noted, at the Annual Meeting in 
January following the last year of service listed below. For temporary committees, no terms of 
office are listed, since they are automatically discharged at the expiration of the President’s term 
of office which is the Annual Meeting in January, 1965. 


EXECUTIVE COMMITTEE 


R. H. Bine, Chairman (1963-1964); H. L. ALDER (1960-1964), F. A. FIcKEN (1962-1966), 
H. M. GenMAn (1963-1967), E. E. Morse (1964-1965), Mina S. REEs (1963-1964), R. L. WILDER 
(1964-1967), all ex officio. 


FINANCE COMMITTEE 


R. H. Brine, Chairman (1963-1964), ex officio; E. A. CAMERON (1962-1965), G. B. Price 
(1964-1967), H. L. ALDER (1960-1964), ex officio, H. M. GEHMAN (1963-1967), ex officio. 


COMMITTEE ON ADVISEMENT AND PERSONNEL 


J. S. Frame, Chairman (1964-1966); K. J. ARNOLD (1963-1965), B. H. CoLvin (1964-1966) 
E. A. Davis (1964-1966), C. R. PHELPs (1964-1966), W. H. Scumipt (1963-1965). 


COMMITTEE ON COOPERATIVE SUMMER SEMINARS 


R. J. WISNER, Chairman; E. A. CAMERON, SAMUEL GOLDBERG, Mark Kac, D. L. THOMSEN, 
Jr. 


COMMITTEE ON EARLE RAYMOND HEDRICK LECTURES 


R. H. BinG, Chairman (1962-1964); A. M. GLEASON (1963-1965), HANS RADEMACHER (1964- 
1966). 


COMMITTEE ON EDUCATIONAL MEDIA 


C. B. ALLENDOERFER, Chairman (1962-1964); L. W. CoHEN (1962-1964), R. C. FIsHER 
(1963-1965), B. H. GEeRE (1962-1964), J. H. HLavaty (1962-1964), BERNARD JACOBSON (1963- 
1965), P. S. Jones (1962-1964), RoBeRT Kauin (1963-1965), H. M. MacNEILLE (1962-1964), 
K. O. May (1962-1964), C. B. MorreEy, Jr. (1962-1964), R. A. Ros—enBAuM (1963-1965), M. H. 
STONE (1962-1964). 

Panel on Individual Lecturers: R. A. RosENBAUM, Chairman; R. C. Buck, L. W. Conen, 
BERNARD FRIEDMAN, R. D. JAmgs, C. O. OAKLEY (all 1963-1965). 

Panel on Programmed Learning: B. H. Gere, Chairman; H. W. ALEXANDER, R. T. HEMMER, 
RosBert KAtin, K. O. May, L. W. SmirH (all 1963-1965). 

Panel on the Calculus Course: H. M. MAcNEILLE, Chairman; R. C. Fisuer, P. R. HALMos, 
C. B. Morrey, JR., L. J. Pare, C. E. RicKart (all 1963-1965). 

Panel on the Pre-Service Training of Elementary Teachers: BERNARD JACOBSON, Chairman, 
N. J. Fine, J. H. Huavaty, J. L. KeEvtey, L. J. Ros—ENBauM, JoHN Wacner, F. B. WriGart (all 
1963-1965). 
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COMMITTEE ON HIGH SCHOOL CONTESTS 
Terms of office of members of this committee expire on August 31 of last year of service listed. 
C. T. SALKIND, Chairman (1963-1966); W. H. FAGERSTROM, Director, H. L. ALDER (1961- 
1964), J. M. Eart (1962-1965), W. H. Scumipt (1963-1966), R. G. STANTON (1962-1965), E. E. 
STROcK (1961-1964). 


COMMITTEE ON INSTITUTES 


E. A. CAMERON, Chairman (1963-1965); MARK Kac (1964-1966), WiLLiam H. L. MEYER 
(1963-1965), D. L. THomsEN, Jr. (1964-1966), A. D. WALLACE (1963-1965). 


COMMITTEE ON MEMBERSHIP 


Roy Dvusiscu, Chairman; M. M. Day, PauL Fone, B, W. Jones, HARTLEY RoGers, Jr., 
A. W. Tucker, H. M. GeuMAN, ex officio. 


COMMITTEE ON PUBLICATIONS 


R. P. Diworts, Chairman (1962-1964); R. P. Boas (1962-1964), C. W. Curtis (1962- 
1964), W. E. Fercuson (1962-1964), I. I. HrrscuMan, Jr. (1963-1965), R. D. James (1962- 
1964), K. O. May (1963-1965), IVAN NIVEN (1963-1965), H. J. Ryser (1963-1965), F. A. Ficken 
(1962-1966), ex officio, Roy DusiscH (1964-1968), ex officio, H. M. GEHMAN (1963-1967), ex 
officio. 

Subcommittee on Carus Monographs: IVAN NIVEN, Chairman (1963-1965); R. P. Boas (1962- 


1964), H. J. Ryser (1963-1965). 
Subcommittee on MAA Studies in Mathematics: C. W. Curtis, Chairman (1962-1964); 


R. D. JAmEs (1962-1964). 
Subcommittee on Slaught Papers and Miscellaneous Publications: I. I. Hrrscuman, Jr.., 


Chairman (1963-1965); W. E. FERGuson (1962-1964), K. O. May (1963-1965). 
Subcommittee on Expository Writing: R. P. Di.wortu, Chairman (1962-1964); C. W. Curtis 


(1962-1964), F. A. FICKEN (1962-1966), all ex officto. 
COMMITTEE ON SECONDARY SCHOOL LECTURERS 

C. O. OAKLEY, Chairman (1963-1965); R. N. Brapt (1962-1964), H. M. GELDER (1962-1964), 
I. C. GentRY (1964-1966), FRANK HAWTHORNE (1964-1966), Miss J. M. H1ILy (1962-1964), Max 
KRAMER (1964~1966). 

COMMITTEE ON SECTIONS 

P. B. Jonnson, Chairman (1961-1964), C. M. BRADEN (1963-1966), L. E, MEHLENBACHER 
(1963-1966), M. E. Munrok (1964-1967), Mrs. A. B. WALTCHER (1962-1965), RAOUL HAILPERN 
(1963-1967), ex officto. 


COMMITTEE ON THE AWARD FOR DISTINGUISHED SERVICE TO MATHEMATICS 


Mina S. REEs, Chairman (1962-1964); IVAN NIVEN (1963-1965), G. T. WHyBurN (1964- 
1966). 
COMMITTEE ON THE CHAUVENET PRIZE 
P. J. Davis, Chairman (1963-1965); E. F. BecKENBAcH (1964-1966), Irvinc KapLansKy 
(1964). 
COMMITTEE ON THE PUTNAM PRIZE COMPETITION 


G1aAN-Carto Rota, Chairman (1962-1964); L. E. Busu, Director (1963-1967), H. S. M. 
CoxETER (1963-1965), A. M. Garsia (1964-1966). 
COMMITTEE ON THE UNDERGRADUATE PROGRAM IN MATHEMATICS 


W. L. Duren, JR., Chairman (1963-1965); R. P. Boas (1963-1965), R. C. Buck (1963-1965), 
D. E. CaristiE (1963-1965), Roy DusiscH (1962-1964), SAMUEL EILENBERG (1963-1965), 
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Davip GALE (1962-1964), SAMUEL GOLDBERG (1963-1965), L. A. HENKIN (1962-1964), E. E. 
Moise (1962-1964), J. C. Moore (1962-1964), H. O. PoLLak (1963-1965), I. M. SINGER (1962- 
1964), A. W. TUCKER (1963-1965), R. J. WALKER (1959-1963). 

Advisory Group on Communications: A. W. Tucker, Chairman (1963-1965); J. D. BauM 
(1963-1965), D. E. Curistre (1963-1965), C. R. DEPRima (1963-1965), M. K. Fort, JR. (1963- 
1965), ROTHWELL STEPHENS (1963-1965). 

Panel on Mathematics for the Biological, Management and Social Sciences: SAMUEL GOLD- 
BERG, Chairman (1963-1966); Jos—EPH BERGER (1963-1966), RoBERT BusH (1963-1966), DAvip 
GALE (1962-1965), H. W. Kuan (1960-1965), T. D. STERLING (1962-1965), G. L. THOMPSON 
(1963-1966). R. M. THRALL (1963-1965), A. W. TUCKER (1963-1965), G. S. Watson (1960-1966). 

Panel on Pre-Graduate Training: R. P. Boas, Chairman (1963-1965); R. D. ANDERSON 
(1962-1964), D. E. Curistie (1963-1965), L. W. CoHEN (1959-1966), L. A. Dwicut (1964-1966), 
SAMUEL EILENBERG (1963-1965), G. E. Hay (1964-1966), L. A. HENKIN (1962-1965), SAMUEL 
Kar in (1962-1964), P. D. Lax (1962-1964), J. C. Moore (1959-1964), G. F. Srmmons (1964- 
1966), I. M. SINGER (1960-1965), GERALD WASHNITZER (1962-1964). 

Panel on Teacher Training: G. S. YounG, JRr., Chairman (1963-1966); E. G. BEGLE (1959- 
1964), Roy Dusiscn (1962-1965), Mary Fotsom (1963-1964), C. E. HARDGROVE (1963-1965), 
B. E. MEsSERVE (1962-1964), E. E. Moist (1963-1966), ROTHWELL STEPHENS (1959-1965). 

Panel on the Physical Sciences and Engineering: R. J. WALKER, Chairman (1959-1964); 
R. C. Buck (1963-1965), E. U. Conpon (1960-1964), C. R. DEPRima (1962-1965), C. A. DESOER 
(1959-1964), T. P. Pacmer (1960-1964), H. O. PoLLak (1959-1965), G. B. Price (1959-1964), 
M. H. Prorrer (1960-1964), A. H. Taus (1963-1965), G. M. WinG (1963-1965). 

Subcommittee on the General College Curriculum: W. L. DurEN, JR., Chairman (1964-1965); 
R. P. Boas, (1964-1965), Samuel Golderg (1964-1966), A. W. Tucker (1964-1965), R. J. Walker 
(1964), G. S. Youna, Jr. (1964-1966). 


COMMITTEE ON VISITING LECTURERS 
R. E. GasKELL, Chairman (1962-1964); R. D. BoswELL, Jr. (1964-1966), E. S. GRABLE 
(1963-1965), J. D. ManciLt (1963-1965), SEyMouR SCHUSTER (1962-1964), D. W. WESTERN 
(1962-1964), A. B. WILLcox (1963-1965). 
Jornt COMMITTEE ON A PUBLIC RELATIONS FILM 


B. W. Jones, Chairman; C. B. ALLENDOERFER, J. H. Hiavaty, R. E. K. Rourke. 


Joint COMMITTEE ON EMPLOYMENT OPPORTUNITIES 


Terms of office of members of this committee expire on February 28 of the last year of service 
listed. 
J. W. Wetne, Chairman (1961-1964, MAA); M. L. Curtis (1962-1965, AMS), J. P. LASALLE 
(1962-1965, SIAM). 
Joint COMMITTEE ON PLACES OF MEETINGS 


G. L. WALKER, Chairman; H. L. ALpER, H. M. Gruman, J. W. GREEN, all ex officio. 


Jomnt COMMITTEE ON THE GRADUATE PROGRAM IN MATHEMATICS 


C. E. Ricxart, Acting Chairman; David BLACKWELL, ELDON DYER, SAMUEL EILENBERG, 
M. K. Fort, Jr., P. D. Lax, IvAN Niven, A. D. WALLACE, G. T. WHYBURN. 


Jornt INTERIM CENTRAL COORDINATING COMMITTEE ON FILMS AND TELEVISION 


E. P. Vance, Chairman; A. M. CHANDLER, R. C, FISHER, J. H. HLavaty, M. GwEeNeTH 
Humpureys, H. M. MACNEILLz, H. D. RUDERMAN. 
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NOMINATING COMMITTEE FOR 1964 


R, D. ANDERSON, Chairman; PAUL EBERHART, VICTOR KLEE. 


PLANNING COMMITTEE FOR THE FIFTIETH ANNIVERSARY OF THE ASSOCIATION 


C. B. ALLENDOERFER, Chairman; H.L. ALpER, H. M. Geuman, F. L. Grirrin, C. A. Hutcs- 
INSON, E. J. MCSHANE, R. J. WALKER. 


REPRESENTATIVES OF THE ASSOCIATION 


On the AAAS Cooperative Committee on the Teaching of Mathematics and Science: 
HENRY VAN ENGEN (1963-1965). 
On the American Council on Education: 
H. L. ALDER, ex officio, R. H. Bie, ex officio. 
On the Conference Board of the Mathematical Sciences: 
H. L. ALDER, ex officio, R. H. BING, ex officio. 
On the Council of the American Association for the Advancement of Science: 
J. S. Frame (1963-1965), B. W. Jones (1962-1964). 
On the Governing Council of Mu Alpha Theta: 
G. B. Price (1964-1966). 
On the National Research Council: 
C. B. ALLENDOERFER (July 1, 1962-June 30, 1965). 
On the U. S. Commission on Mathematical Instruction: 
H. O. PoLiaxK (July 1, 1962—June 30, 1966,) R. J. WALKER (July 1, 1961-June 30, 1965). 


ACADEMIC MEMBERS ELECTED INTO THE ASSOCIATION 


In accordance with the amendments adopted at the business meeting of the Associa- 
tion at Stillwater on August 30, 1961, the Board of Governors at its meeting in Miami on 
January 24, 1964, elected to membership in the Association the fifth set of applicants for 
academic membership (for election of the other four sets, see pages 337-38 of the April 
1962, page 953 of the November 1962, pages 479-80 of the April 1963, and page 1044 of 
the November 1963 issues of this MONTHLY). Approval for election to membership was 


given to the following 37 applicants for academic membership. 


University of Akron 

University of Alberta 

Andrews University 

Brown University 

Bucknell University 

Central Michigan University 
Central Missouri State College 
Clarkson College of Technology 
Concordia College 

University of Dayton 

Eastern Illinois University 
Eastern New Mexico University 
Florida State University 
Frederick College 

Geneva College 

Hofstra University 

Loyola College 

Missouri School of Mines and Metallurgy 
Université de Montréal 


University of Nebraska 
University of Nevada 
University of Omaha 
University of Oregon 
Pace College 
University of Pittsburgh 
Rutgers, The State University 
San Diego State College 
Seton Hall University 
Southwestern at Memphis 
Stanford University 
College of Steubenville 
Susquehanna University 
Tennessee Agricultural and Industrial State 
University 
Tennessee Polytechnic Institute 
Texas A & M University 
Winthrop College 
University of Wyoming 
Henry L. ALDER, Secretary 


470 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


[April 


CALENDAR OF FUTURE MEETINGS 
Forty-fifth Summer Meeting, University of Massachusetts, Amherst, August 24~26, 


1964. 


Forty-eighth Annual Meeting, Denver-Hilton Hotel, Denver, Colorado, January 


28-30, 1965. 


The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY Mountain, Washington and Jef- 
ferson College, Washington, Pa., May 2, 
1964. 

ILLINoIs, Bradley University, Peoria, May 8-9, 
1964. 

INDIANA, Butler University, Indianapolis, May 
2, 1964. 

Iowa 

KANSAS 

KENTUCKY, University of Kentucky, Lexington, 
May 1-2, 1964. 

LovIsIANA-MississipPi, Biloxi, 
February 19-20, 1965. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 
Westinghouse Electric Corp., Friendship 
International Airport, Baltimore, Mary- 
land, May 2, 1964. 

METROPOLITAN NEw YORK 


Mississippi, 


MICHIGAN 

Minnesota, College of St. Thomas, St. Paul, 
May 9, 1964. 

MIssouRI 


NEBRASKA, University of Nebraska, Lincoln, 
May 2, 1964. 


NEw JERSEY, Rutgers, The State University, 
New Brunswick, November 7, 1964. 

NORTHEASTERN, Worcester Polytechnic Insti- 
tute, Worcester, Mass., November 28, 
1964. 

NORTHERN CALIFORNIA 

Ouro, University of Akron, May 9, 1964. 

OKLAHOMA 

PaciFic NORTHWEST, Washington State Uni- 
versity, Pullman, Washington, June 19, 
1964. 

PHILADELPHIA, Drexel Institute of Technology, 
Philadelphia, November 21, 1964. 

Rocky Mountain, Colorado College, Colorado 
Springs, Colorado, May 1-2, 1964. 

SOUTHEASTERN 

SOUTHERN CALIFORNIA 

SOUTHWESTERN 

TEXAS 

Upper New Yor«k State, New York State 
Education Department, Albany, May 16, 
1964. 

WISCONSIN, Wisconsin State College, White- 
water, May 2, 1964. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN MATHEMATICAL SOCIETY, Pullman, 
Washington, June 20, 1964. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, University of Maine, Orono, June 
22-26, 1964. 

ASSOCIATION FOR COMPUTING MACHINERY, 
Philadelphia, August 25-28, 1964. 

CENTRAL ASSOCIATION OF SCIENCE AND MATHE- 
MATICS TEACHERS, Detroit, November 
26-28, 1964. 


INSTITUTE OF MATHEMATICAL STATISTICS, 
Berne, Switzerland, September 14-16, 
1964. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Queen Elizabeth Hotel, Montreal, Canada, 
May 27-29, 1964. 

SOCIETY FOR INDUSTRIAL AND APPLIED M ATHE- 
MATICS, The Hotel Shoreham, Washington, 
D. C., May 11-14, 1964. 


New And Forthcoming Wiley Books 
Of Interest To Mathematicians 


MATHEMATICS FOR ELEMENTARY TEACHERS 


By RALPH CroucH, New Mexico State University, and GEORGE BALDWIN, Eastern 
New Mexico University. Designed for both the pre-service and in-service training of ele- 
mentary teachers, this book reflects the spirit of the new mathematics programs. The 
concepts introduced follow the same developmental sequence as that of the programs of 
grades 1 through 6. The number systems studied include the counting numbers, integers, 
rational numbers and the real numbers—and there is a special chapter on the modern 
concepts of geometry. 1964. In press. 


CONCEPTS OF REAL ANALYSIS 


By CHARLES A. HAYES, JR., University of California, Davis. A logically consistent de- 
velopment of the concepts that should precede any rigorous treatment of calculus, com- 
plex variable theory or general topology. The book critically examines some of the 
fundamental ideas and the techniques of proof of mathematical analysis—the concepts 
and proofs are formulated and studied in relatively concrete situations but with an eye 
to their generalization. 1964. In press. 


FUNCTIONS, LIMITS, AND CONTINUITY 


By PAULO RIBENBOIM, Queen’s University, Kingston, Ontario. Written to promote 
understanding rather than rote calculation, this book provides a sound basis for the 
study of mathematical analysis. All new ideas are thoroughly explained and related to 
intuition—by eliminating most of the applications usually found in calculus courses, 
the author focuses attention on the first principles of analysis which are the basis for 
further study. 1964. 140 pages. $5.95. 


LIMIT THEOREMS FOR CONVOLUTIONS 


By HARALD BERGSTROM, University of Gothenburg and Chalmers Institute of Tech- 
nology. Employing a new method, this book permits hitherto unrealized generalizations 
of the limit theorems to multi-dimensional problems. The limit theorems ate stated in 
a form that reveals connections between convergence in the Gaussian norm of a con- 
volution product and a corresponding sum. 1963. 347 pages. $15.00. 


THE ELEMENTS OF REAL ANALYSIS 


By ROBERT G. BARTLE, University of Illinois. A modern and rigorous presentation of 
the main results and techniques of real analysis. The author uses a modern geometric 
approach in order to make the material easier to understand and remember. The defini- 
tions used for limit of a sequence, continuous function, etc. are those used in topology. 
1964. Approx. 440 pages. Prob. $10.95. 


TENSOR ANALYSIS: Theory and Application to Geometry and Mechanics 
of Continua 


Second Edition 
By I. 8. SOKOLNIKOFF, University of California, Los Angeles. This book offers a lucid 
introduction to metric differential geometry, analytical mechanics, relativistic mechanics 
and the mechanics of continuous media. The new edition features an expansion of the 
material or applications, and an up-dated version of continua from a unified point of 
view. 1964. 361 pages. $9.75. 


JOHN WILEY & SONS, Inc. 605 Third Avenue, New York, N.Y., 10016 


A MODERN ALGEBRA FOR BIOLOGISTS 


Howard M. Nahikian with a Foreword by N. Rashevsky. This advanced textbook 
will fill an important need by providing the tools of mathematics in systematic 
perspective for biologists. Included are elements of set theory and applications of 
sets to biological models, theory of probability, information theory, and linear 
graphs. General algebraic systems are introduced, and matrix theory is applied to 
the solution of systems of linear algebraic equations, genetics, sociology, and other 
areas. 212 pages, index $10.00 


CONTINUED FRACTIONS 


A. Ya Khinchin. Designed for use as an expository text at Moscow University, the 
first English translation of this book will serve as an unconventional introduction 
to mathematics—basically of an elementary nature. The essentials needed for 
applications in probability theory, mechanics, and number theory are given, and 
the real-number system is constructed from continued fractions. The last chapter 
deals with the metric, or probability, theory of continued fractions. 

Cloth $5.00, Phoenix paperback $1.95 


THE UNIVERSITY OF CHICAGO PRESS 
Chicago and London 


HAVE YOU COMPLETED THE QUESTIONNAIRE OF THE 
MATHEMATICS AND STATISTICS SECTION OF THE 
NATIONAL REGISTER OF SCIENTIFIC AND 
TECHNICAL PERSONNEL? 


On behalf of the Mathematical Association of America and various other mathemati- 
cal organizations, the American Mathematical Society assembles and maintains a 
register of mathematicians, statisticians, and mathematical scientists. The mathematics 
register is a section of the National Register of Scientific and Technical Personnel, 
which is an official responsibility of the National Science Foundation. 


The main objective of the Register is to provide up-to-date information on the scien- 
tific manpower resources of the United States. It is also increasingly valuable to the 
scientific community as a source of statistical information. 


At the request of the National Science Foundation, the American Mathematical So- 
ciety has mailed the 1964 reporting forms to its section in the National Register. We 
are counting again on the fine cooperation accorded to the previous cycle of the Register 
by most of the mathematicians and mathematical scientists. 


If you receive a National Register questionnaire from the American Mathematical So- 
ciety, you are urged to fill it in now and send it to the Headquarters Offices of the 
Society at 190 Hope Street, Providence, Rhode Island 02906. 


If you have never received a questionnaire and believe you may be qualified for in- 
clusion in the Register, please send a note to that effect to the above address. 


Harry M. Gehman, Executive Director 
Mathematical Association of America 


mathematics— 


three incisive new books 
that examine 
some important aspects 


RANDOM ESSAYS ON 
MATHEMATICS, EDUCATION AND COMPUTERS 


by John G. Kemeny, Dartmouth College. Here is a collection of Professor 
Kemeny’s provocative essays—ranging in focus from mathematics to education and 
computers. Sometimes controversial, sometimes iconoclastic, but always perceptive 
and pertinent, Professor Kemeny trains his critical guns on such topics as “‘Experi- 
ences of a Mathematical Missonary,”’ ‘‘Mathematics Invades the Social Sciences,”’ 
and ‘“‘Mathematics and Culture.” His original insights into education include ‘‘The 
Well-Rounded Man vs. The Egg-Head,” “The Vanishing College Teacher,’ and 
“The 3X3 System.” The final section of this new book covers the area of computers, 
and includes ‘““Games of Life and Death,’ ““Machines as Extensions of Human 
Brains,” and “A Library for 2,000 A.D.” May 1964, approx. 192 pp., Text Pr. $4.95 


THE AXIOMATIC METHOD: 
AN INTRODUCTION TO MATHEMATICAL LOGIC 


by A. H. Lightstone, Carleton University, Canada. Written primarily for the 
student who has a working knowledge of the axiomatic approach, particularly as 
applied to modern abstract algebra, this new book studies both the mathematician’s 
and the logician’s approaches to the axiomatic method and demonstrates that they 
are indeed two aspects of the same thing. Divided into three parts, the first part sets 
up the usual language of mathematics and presents the basic notions required to con- 
struct the fundamental mathematical entity known as an algebraic system. Part II 
presents the usual approach to the axiomatic method—characterizing a family of 
algebraic systems, then establishing true propositions about each system. The final 
part introduces the basic notions of logic, and in a rigorous step-by-step method, 
goes on to establish the important Extended Completeness Theorem, showing 
that Part II and Part III are two aspects of the same thing in the sense that the 
theorems of a mathematical theory (considered in Part II) are precisely the logical 
consequences of a postulate-set (as defined in Part III). May 1964, approx. 280 pp., 
Text Pr. $15.95 


Announcing a new series: 


The Partial Differential Equations Series 


edited by Murray H. Protter, University of Caltfornia, Berkeley. Partial differ- 
ential equations play a central role in pure and applied mathematics. Both classical 
and modern mathematical analysis lean heavily on the rich theoretical findings of this 
subject for appropriate generalizations, And the physical sciences, engineering, and 
the social sciences are studied with its applications. Moreover, the advent of the com- 
puter has given impetus to the field since many problems, analytically unsolvable 
by old-fashioned methods of calculation, are now amenable to numerical treatment. 


The first volume in the series: 
GENERALIZED FUNCTIONS AND 
DIRECT OPERATIONAL METHODS, VOL. I 


by T. P. G. Liverrman, The George Washington University. Mathematics, 
science or engineering students gain from this new text an introduction to those 
bases of generalized function theory necessary to formulate and solve many linear 
problems. In an elementary, yet rigorous presentation, the text introduces the distri- 
butions of Laurent Schwartz and develops the Heaviside calculus for distributions 
carried on a half-line. These are then applied to prove an existence and uniqueness 
theorem, and to solve the initial value problem of linear constant coefficient differ- 
ential, integral and difference equations. April 1964, 320 pp., Text Pr. $10.50 


For approval copies, write: Box 903 


PRENTICE-HALL, INC., Englewood Cliffs, New Jersey 


MODERN BASIC MATHEMATICS 
Hobart C. Carter, Mary Washington College of the University 
of Virginia. Emphasizing theory rather than technique, this 


freshman text provides a secure mathematical background start- 

ing with an elementary introduction to set theory and mathe- 

I matical systems and concluding with chapters on polynomial 
A xX JS calculus, conic sections, and solid analytic geometry. Numerous 
exercises. Just published. 466 pp., illus., $6.50 


THE REAL NUMBER SYSTEM 


John M. H. Olmsted, Southern Illinois University. This monograph provides a full and 
well rounded treatment of the real number system from the axiomatic or descriptive 
approach of complete ordered fields. Although the coverage is comprehensive, the book 
demands no mote background than high school algebra. Numerous exercises and illustra- 
tive examples. 323 pp., ilus., $3.95 


ELEMENTARY CONCEPTS OF MODERN MATHEMATICS 

Flora Dinkines, University of Illinois. This text provides, on an elementary undergraduate 
level, an introduction to the theory of sets; mathematical logic; and groups, rings, and 
fields. Ready in September, 376 pp., illus., $5.50 (tent.) 


The three divisions of the text are available in separate paperback editions: Elementary 
Theory of Sets, 190 pp., illus., $1.95 (June). Introduction to Mathematical Logic, 
100 pp., $1.25 (July). Abstract Mathematical Systems, 90 pp., illus., $1.25 (July). 


Division of Meredith Publishing Company 


A ppleton-Century-Crofts 


440 Park Ave. S., N.Y., N.Y. 10016 


MATHEMATICS MAGAZINE 


A publication of the Mathematical Association of America 
Editor: Roy Dubisch, University of Washington 


Contents of issue for March-April 1964 


Information Theory ........... 0... cece eee eee eee Hartley Rogers, Jr. 
Matrices in Teaching Trigonometry ................. A, R. Amir-Moez 
An Application of Continuants ................... 0000 ee. S. L. Basin 


Open Problems of Interest in Applied Mathematics ...Henry Winthrop 


Six other articles, Problems and Solutions, Quickies and Trickies 


Published five times per year, bimonthly except July-August. Regular subscription 
rate: $3.00 per year. Special subscription rate for MAA members: $5.00 for two years. 
Orders with payment should be sent directly to: Mathematical Association of America, 
SUNY at Buffalo (University of Buffalo), Buffalo, New York 14214. If you are not 
familiar with MATHEMaTICS MAGAZINE, write for a sample copy. 


Outstanding Mathematics books «--.......-- 


STATISTICAL ANALYSIS Second Edition 


SAMUEL B. RICHMOND, Columbia University 


Just Published! In this modern treatment of the subject, statistics and sta- 
tistical analyses are considered as major tools in the decision-making process. 
Although no mathematical preparation beyond secondary school algebra is 
required, theoretical correctness has not been compromised, Recently devel- 
oped ideas involving Bayes’ theorem and subjective problems are discussed. 
Includes extensive illustrative problems and end-of-chapter glossaries of 
symbols, 2nd Ed., 1964. 633 pp., illus. $8.50 


TENSOR and VECTOR ANALYSIS 


With Applications to Differential Geometry 
C. E. SPRINGER, University of Oklahoma 


This lucid book presents an elementary and gradual development of tensor 
theory from which the traditional material of courses on vector analysis is 
deduced as a particular case. The approach is designed to bridge the gap 
between mere manipulation and broad understanding of an important seg- 
ment of both pure and applied mathematics. A knowledge of elementary 
calculus is assumed. 1962. 242 pp., illus. $7.50 


MATRICES 


WILLIAM VANN PARKER, Auburn University; and 
JAMES CLIFTON EAVES, University of Kentucky 


A class-tested, logical development of the theory of matrices which avoids 
the classical approach through the use of determinants. Book provides ample 
background material for the non-mathematics major, introducing the sub- 
ject through linear forms and systems of equations. Full use is made of the 
rank canonical matrix and the elementary transformation matrices. Partition- 
ing is used extensively to enhance and simplify the proofs. Discusses MURT 
techniques. 1960. 195 pp., illus. $7.50 


THE ANATOMY of MATHEMATICS 


R. B. KERSHNER, The Johns Hopkins University; and 
L. R. WILCOX, Illinois Institute of Technology 


This pioneering study serves a two-fold purpose: (1) as a treatise on the 
axiomatic method; (2) as a reference source for workers in sciences which 
increasingly employ the results and techniques of abstract mathematics. It 
offers a lucid introduction to the ideas and methods of modern mathematical 
research; makes readily accessible the terminologies and points of view which 
the axiomatic method entails. 1950. 416 pp., illus. $7.50 


The Ronald Press Company:::--- 


cece cece ec cece cc ecesesecces 15 East 26th Street / New York, N.Y. 


SNEW YORK AND LONDON] 


Berkeley Square House, London, W.1 


P) ACADEMIC PRESS MiEdbaiesate 


Computer Programming 
A Mixed Language Approach 


By MARVIN L. STEIN and WILLIAM D. MUNRO 
April 1964, 459 pp., $11.50 
Computer Programming is a textbook for senior college or early grad- 
uate level students, designed to give a complete course in the three lan- 
guages of computers—basic machine, symbolic machine, and problem- 
oriented. A unique feature is that it not only treats these three languages, 
but shows how they are interrelated and may be mixed in writing programs 
for a computer. It uses a real computer instead of a hypothetical example 
thereby giving a more comprehensive coverage that enables the student 
at the earliest opportunity to use a computer, yet have an understanding 
of both what he and it are doing. 


ACADEMIC PRESS TEXTBOOKS IN 


Foundations of General Topology 


By WILLIAM J. PERVIN 


April 1964, 209 pp., $7.95 

This book presents a comprehensive development of point-set topology. 

The material is pedagogically oriented and rigorously treated, enabling the 

graduate or advanced undergraduate with no previous background in 

topology to progress to an understanding of concepts from which modern 
research is now being conducted. 


An Introduction to Numerical Mathematies 


By EDUARD L, STIEFEL 
Translated from the German by Werner C. Rheinboldt 
1963, 286 pp., $6.75 


This textbook is a translation of Dr. Stiefel’s “Einfuehrung in die 
Numerische Mathematik.” The translation is of the second revised German 
edition which appeared in March 1963. The book’s format and scope are 
carefully geared to the level of junior or senior students in mathematics 
of science and engineering. The author stresses the algorithmic point of 
view throughout, and clearly demonstrates how a small number of basic 
algorithms are the fundamental building blocks of many modern computa- 
tional methods. 


Elements of Numerical Analysis 


By JAMES SINGER 
April 1964, 395 pp., $8.75 
The book is designed as an introductory text and reference work for 
junior undergraduate through first year graduate students in mathematics. 
It gives a coherent, systematic, and lucid treatment of classical or tradi- 
tional mathematical computation, explains how to obtain a numerical re- 
sult, and how to judge the reliability of that result. 


EXAMINATION COPIES ARE AVAILABLE UPON REQUEST. 
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SIGNIFICANT TEXTS FROM THE 
ALLYN AND BACON MATHEMATICS SERIES 


Coming in 1964—New Editions of Successful Texts 


CALCULUS WITH ANALYTIC GEOMETRY, Third Edition by RICHARD E. JOHNSON, 
University of Rochester, and FRED L. KIOKEMEISTER, Mt, Holyoke College. Significantly im- 
proved, and still maintains the balance between rigor and intuition which proved so useful in 
the previous editions. est. 736 pp. $10.95 list tent. 


INTRODUCTORY MATHEMATICAL ANALYSIS, Second Edition by EDGAR D. EAVES, 
University of Tennessee, and ROBERT L. WILSON, Ohio W esleyan University. Modern, compre- 
hensive, and understandable, the second edition introduces and uses the language of sets. 
est. 560 pp. $8.75 list tent. 


Coming in 1964—New Titles in THE ALLYN AND BACON SERIES IN 
ADVANCED MATHEMATICS, Irving Kaplansky, Consulting Editor, 
University of Chicago 


A SURVEY OF MATRIX THEORY AND MATRIX INEQUALITIES by marvin MARCUS 
and HENRYK MINC, both of the University of California, Santa Barbara. A concise, complete 
treatment, beginning at an elementary point and proceeding to topics of current research in- 
terest. est. 216 pp. $9.75 list tent. 


TOPOLOGY by sames pucunpg1, University of Southern California. An introduction to Set 
Theory and a comprehensive presentation of General Topology, featuring many examples. 
est. 422 pp. $10.95 list tent. 


New and Significant Mathematics Texts 


BASIC COLLEGE ALGEBRA by JULIAN D. MANCILL and MARIO 0. GONZALEZ, both of the 
University of Alabama, An elementary text that reflects the modern trends in mathematics, 
Features many exercises and problems. 458 pp. $6.75 list. 


ELEMENTS OF SET THEORY by verter w. zeuna, Naval Postgraduate School, and ROBERT 
L. JOHNSON, Colorado State College. Develops that portion of set theory necessary for an un- 
derstanding of the theory of cardinal numbers and illustrates a logical semi-axiomatic mathe- 
matical system. 194 pp. $6.50 list. 


LINEAR ALGEBRA: An Introductory Approach by cHARLES w. curRTIS, University of 
Oregon, Clear, stimulating treatment—follows the historical development of linear algebra. 
1963. 210 pp. $8.25 list. 


SET THEORY AND THE STRUCTURE OF ARITHMETIC by sosera LANnpIN and 
NORMAN T. HAMILTON, both of the University of Illinois. Provides a sound understanding 
of arithmetic and the real number system. Especially appropriate for future teachers. 264 pp. 
$7.75 list. 


VECTOR GEOMETRY by cisert dE B, ROBINSON, University of Toronto. Examines mod- 
ern algebra and geometry with the assumption that each is more complete with the other. 
176 pp. $6.95 list. 


For examination copies write to: Arthur B. Conant 


ALLYN AND BACON COLLEGE DIVISION 
150 Tremont Street, Boston 11, Massachusetts 


ADDISON 


- WESLEY 


: "PUBLISHING. 
_ COMPANY, INC. : 


| : 7 South Sicest: 
Reading» 


7 Massachusetts : 


BASIC CONCEPTS OF MATHEMATICS 
G. C. WEBBER and J. A. BROWN, University of Delaware 


Intended primarily for elementary and junior high school teachers, this 
text may be used in courses for prospective teachers, for in-service 
training, or as a reference work in modern mathematics. It is designed 
to provide considerable insight into numbers, their properties, and 
their applications. 328 pp, 66 illus (1963) $6.95 


THE ALGEBRAIC FOUNDATIONS OF MATHEMATICS 
R. A. BEAUMONT and R. S PIERCE 


University of Washington 


Concerned essentially with topics related to the principal number 
systems of mathematics, this text can be used to prepare students for 
a rigorous treatment of calculus or to introduce well-prepared liberal 
arts students and prospective or in-service teachers to some funda- 
mental mathematical ideas. The text emphasizes those topics which 
are basic for advanced studies in mathematics and of fundamental 


importance for all working mathematicians. 
486 pp, 44 illus (1963) $8.75 


A MODERN INTRODUCTION 
TO BASIC MATHEMATICS 


M. L. KEEDY, Purdue University 


This new undergraduate text will be of value to mathematics majors, 
to students seeking a terminal course in mathematics, and especially 
to prospective teachers. The principal aim of the book is to provide 
an early introduction to abstractions, proofs, and foundations, and to 
furnish experience with mathematical structure and proof without the 
need for a calculus prerequisite. 326 pp, 116 illus (1963) $7.75 


ELEMENTARY GEOMETRY 
FROM AN ADVANCED STANDPOINT 


E. E. Moise, Harvard University 


Intended primarily for use in a course for students who are planning 
to teach high school mathematics, or in an upper level geometry 
course in a standard liberal arts curriculum, this text presents ele- 
mentary geometry from a sophisticated point of view. Its purpose is 
to re-examine elementary geometry and provide a reformulation of 
some well-understood concepts. 419 pp, 428 illus (1963) $8.75 


INTRODUCTION TO PROJECTIVE GEOMETRY 
AND MODERN ALGEBRA 


R. A. ROSENBAUM, Wesleyan University 


This treatment of geometry and algebra is designed to bridge the gap 
between the usual intuitive introduction to calculus and the more rigor- 
ous and abstract treatment of advanced mathematics courses. It is 
primarily concerned with effecting a smooth transition from plausibility 
to proof, indicating at every stage the level of rigor. The text’s scope 
and emphasis will make it particularly valuable to prospective and 
in-service teachers. 344 pp, 100 illus (1963) $7.50 


THE NUMBER SYSTEMS: 
Foundations of Algebra and Analysis 


S. FEFERMAN, Stanford University 


This self-contained text is designed to be used flexibly at the upper 
division or beginning graduate level. It is intended as a complete 
treatment of all the basic number systems, as well as various sub- 
systems, and provides a logical transition from concrete and compu- 
tational mathematics to modern abstract mathematics. The treatment 
throughout is rigorous, but the development is constantly motivated. 

418 pp, 58 illus (1964) $8.75 


WRITE FOR APPROVAL COPIES 


Blais dell 


A COURSE IN MATHEMATICAL ANALYSIS 


Volume I, Introduction to Analysis, A New Approach to the 
Calculus with Analytic Geometry 


Volume I, Intermediate Analysis 

by Norman B. Haaser, University of Notre Dame; Joseph P. 
LaSalle, Research Institute for Advanced Studies; and Joseph A. 
Sullivan, Boston College 

These two volumes present elementary analysis both as mathe- 
matics and as an instrument of science in the spirit of contem- 
porary mathematics. 

Volume I begins with axioms for the real number system 
upon which the algebra, trigonometry, geometry, and calculus 
are based. Differential and integral calculus are given a careful 
introduction in which the emphasis is on understanding and 
fundamental ideas. 

Newly published, Volume II is intended for a second course 
in college mathematics as a natural generalization of plane 
geometry and of the calculus of real-valued functions of a single 
variable. It does not assume use of Volume I. 


Volume I, 1959. 719 pages. $8.75 
Volume II, 1964. 704 pages. $10.50 


TOPICS IN ALGEBRA 
by I. N. Herstein, University of Chicago 


This text presents the advanced undergraduate student basic al- 
gebraic systems from an abstract point of view. The topics 
covered are treated in some depth to establish the background 
to render the abstract ideas credible and natural. 


Spring. 384 pages. $8.50 


THEORY OF MATRICES IN 
NUMERICAL ANALYSIS 
by A. S. Householder, Oak Ridge National Laboratory 


This book develops the theory of matrices with special reference 
to those aspects which are most relevant to computational proc- 
esses. Among other things it shows the theory of norms provides 
error bounds. 


Spring. 272 pages. $6.50 


All prices and publication dates 
on forthcoming books are tentative. 


iti. Publishing Company 
WSEsy , 501 Madison Avenue, 
Fo" New York, N. Y. 10022 

A division of GINN & COMPANY 
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~ FROM 
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WESLEY 
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South Street 
o Reading 


— Massachusetts | 


STRUCTURE OF ALGEBRA 
V. H. HAAG, Franklin and Marshall College 


Designed to explain the mathematical ideas upon which elementary 
algebra is based, this text is primarily concerned with the develop- 
ment of the real number system and its subsystems. Ideas and under- 
standing are emphasized throughout, thus making the book particu- 
larly suitable for one-term freshman courses in which basic concepts 
are stressed—particularly those for prospective or in-service teachers. 

154 pp, 30 illus (1964) $5.00 


FUNDAMENTALS OF MODERN MATHEMATICS 
J. M. CALLOWAY, Kalamazoo College 


Assuming no mathematical prerequisite, this self-contained text is de- 
signed for a one-semester introductory course stressing ideas and 
understanding. A few basic ideas—set, function, limit, axiomatic 
development, and structure serve as unifying threads which, when 
used consistenily and significantly, illustrate the power and applica- 
bility of mathematics. 224 pp, 17 illus (1964) $7.00 


PRINCIPLES OF MODERN ALGEBRA 
J. E. WHITESITT, Montana State College 


Assuming a background of one year of college mathematics, this treat- 
ment of abstract algebra is designed primarily for prospective and 
in-service teachers but can also be used as an introductory text for 
mathematics majors. lis purpose is to introduce the subject of abstract 
algebra in a way that emphasizes the nature of the subject and the 
techniques of rigorous proof characteristic of modern mathematics. 
The topics treated are chosen from those felt to be most fundamental 
and at the same time most closely related to topics appearing in up- 
to-date high school texts. In Press 


ELEMENTARY LINEAR ALGEBRA 
J. R. MUNKRES 


Massachusetts Institute of Technology 


Designed as a supplement to a course in calculus or differential equa- 
tions, the purpose of this short text is to study the general system of 
linear equations in some detail. Using some ideas of modern linear 
algebra—vector spaces, subspaces, and linear independence of vec- 
tors—theorems are obtained about the consistency of a system of 
linear equations, and about the dimension of its set of solutions. In 
addition, determinants and linear independence of functions are also 
discussed. In Press 


A FIRST COURSE IN CALCULUS 
S. LANG, Columbia University 


This text is intended to teach the basic notions of derivative and in- 
tegral and the basic techniques and applications which accompany 
them. Written for the student, to give an immediate and pleasant 
access to the subject, it strikes a proper compromise between dwelling 
too much on special details and not giving enough technical exercises 
to acquire the desired familiarity with the subject. 

258 pp, 96 illus (1964) $6.75 


A SECOND COURSE IN CALCULUS 
S$. LANG 


Designed to follow the author’s A First Course in Calculus, this text is 
similar in tone and emphasis. After an opening chapter dealing with 
vectors, it separates naturally into two parts, dealing with functions of 
several variables and linear algebra, respectively. Since these are 
essentially independent, they may be studied in either order desired, 
each part requiring approximately one semester. In Press 


WRITE FOR APPROVAL COPIES 


NEW SPRING TITLES FROM MACMILLAN 


TOPICS IN HIGHER ANALYSIS 
By Harold K. Crowder and S. W. McCuskey, Case Institute of Technology 


An intermediate-level text for junior and senior courses in advanced calculus. Covers 
standard topics in analysis for students of science and engineering. Complex numbers and 
the associated calculus, as well as vectors and the associated calculus, are introduced 
early and used wherever essential]. Includes a substantial treatment of infinite series and 


improper integrals. Allendoerfer Advanced Series. Ready in May, approx. 561 pages, 
prob. $10.00 


INTRODUCTION TO PROBABILITY THEORY 


By James R. McCord, III, Massachusetts Institute of Technology, 
and Richard M. Moroney, Jr., Consulting Mathematician 


A truly concise introduction to probability theory which develops rapidly the basic con- 
cepts used in applications. Presupposes a good background in calculus. Maintains a clear 
distinction between intuitive ideas and mathematical results, and includes some 300 exer- 
cises and answers. Allendoerfer Mathematics Series. 1964, 256 pages, $6.50 


PROJECTIVE AND RELATED GEOMETRIES 
By Harry Levy, University of Illinois 


This text is designed for a year’s course in geometry for the undergraduate mathematics 
major or for the beginning graduate student with a minimal preparation in geometry. It 
adopts Klein’s formulation of geometry as the invariant theory of a given set under a given 
group of transformations and develops this point of view consistently and systematically. 
Allendoerfer Advanced Series. Ready in June, approx. 450 pages, prob. $11.00 


MODERN ALGEBRA WITH TRIGONOMETRY 
By John T. Moore, University of Florida 


Provides a careful and logical foundation for an intensive study of analytic geometry and 
calculus, but can also serve as the basis of a terminal course. The two principal ingredients 
of the text are the system of real numbers and the notion of a set. Answers to most odd- 
numbered problems are given in the rear of the book, while answers to even-numbered 
problems are available in a separate booklet to instructors adopting the text. Allendoerfer 
Undergraduate Series. Ready in April, approx. 300 pages, prob. $5.00 


INTERMEDIATE DIFFERENTIAL EQUATIONS, Second Edition 
By Earl D. Rainville, The University of Michigan 


This text presents a broad selection of topics in classical analysis at a level beyond the in- 
troductory course in differential equations and below the highly advanced treatises. This 
edition includes much new material, particularly on the hypergeometric and Fuchsian 


equations and on the equations of Bessel, Legendre, Hermite, and Laguerre. 1964, 319 
pages, $9.50 


FIRST COURSE IN NUMERICAL METHODS 
By Walter Jennings, United States Naval Postgraduate School 


Designed for a one-semester course in modem numerical methods, this book lays a solid 
foundation for future courses in numerical analysis, yet is broad enough in coverage to con- 
stitute a terminal course. It can be used in classes with either a digital computer or a desk 
calculator. Included are many illustrative examples and a wide variety of problems, both 
theoretical and numerical—many with answers. 1964, 249 pages, $7.50 


IBSTRACT ALGEBRA 
By W. E. Deskins, Michigan State University 


Makes deep-lying concepts and results of modern (and classical) algebra available to the 
student whose education may not have proceeded beyond college algebra. Features the 
central theme of factorization, utilizes a number-theoretic viewpoint, proceeds from the 
familiar to the abstract, stresses the importance of analogy in the development of mathe- 
matics, and includes numerous examples and heuristic discussions. Allendoerfer Advanced 
Series. Ready in April, approx. 624 pages, prob. $10.95 


MACMILLAN 60 Fifth Avenue, New York 10011 


Just Published ... 


INTERMEDIATE ALGEBRA, Third Edition 


By PAUL K. REES, Louisiana State University; and FRED W. SPARKS, Emeritus, Texas Technological 
College. 350 pages, $5.95. 


Intended for the student who has completed no more than one year of high school algebra. 
Presents the basic material essential for further work in mathematics. The approach is conserva- 
tive, but the new edition has a modern flavor. The format is entirely new, with two colors used 
throughout. Most chapters have been rewritten for a more rigorous axiomatic presentation. New 
chapters on Inequalities and Rational Integral Equations. 


FOUNDATIONS OF GEOMETRY 
By CLARENCE R. WYLIE, University of Utah. 350 pages, $8.50. 


Provides a sound elementary introduction to the foundation of conventional Euclidean Geome- 
try, the Euclidean Geometry of 4-dimensions, and Plane Hyperbolic Geometry. Extensive ma- 
terial is included on the axiomatic method, the characteristics of axiomatic systems, the relation 
of inductive and deductive reasoning, and the relation of mathematics to the physical sciences. 
The presentation is detailed and complete, and major portions should be accessible to the non- 
mathematician. 


Qim-> 


Forthcoming... 


PLANE TRIGONOMETRY WITH TABLES, Third Edition 
By E. RICHARD HEINEMAN, Texas Technological College. Available in June. 


This revision of a successful text emphasizes analytic trigonometry; however, complete coverage 
is given to the solution of triangles. Designed for courses at the college freshman or secondary 
school level, it is slanted toward the needs of students who will continue in mathematics, at 
least through calculus. Outstanding features of the book are the more than 120 “prove or dis- 
prove" problems and the time-saving device for teachers in making problem selections. 


HANDBOOK OF MATHEMATICAL TABLES AND FORMULAS 
Fourth Edition 


By RICHARD S. BURRINGTON, Chief Mathematician, Bureau of Naval Weapons, Navy Department, 
Washington, D.C. Available in July. 


A major revision of an outstanding handbook designed to meet the needs of students and 
workers in mathematics, engineering, physics, chemistry, science, and other fields. Provides 
accurate, up-to-date and quick reference to mathematical information. Includes both review and 
refresher material as well as a large collection of most frequently needed tables. New chapters 
or sections on Sets, Relations, Functions, Algebraic Structures, Boolean Algebra, Number Systems, 
Matrices, and Statistics. 
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GRAPH THEORY 
CLAUDE BERGE, Institut Henri Poincaré 


1. Introduction. Graph Theory has its origin in a great number of old prob- 
lems (in the work of Euler, Kirchhoff, ef al.) and in recent years its range has 
become vastly greater. We draw a graph each time we want to represent by 
points a number of individuals, cities, chemical substances, strategic positions, 
and to join certain pairs of them by arrows, symbolizing a definite relationship. 
These diagrams are used in different fields under different names: sociograms 
(psychology), simplexes (topology), electrical circuits (physics), communication 
or transportation networks (operational research), family trees, etc. Thanks to 
the process of abstraction, which is so characteristic of twentieth-century mathe- 
matics, the properties of all these diagrams have been systematically analysed 
and a uniform theory has arisen which is applicable to all these fields. 

Our aim here is to review some topics which are of particular interest 
today and are undergoing intensive development. We shall not deal with the 
problems of enumerating different kinds of graphs, this being considered as a 
part of Combinatorial Analysis. We shall just mention here, without giving 
proofs, certain delicate theorems which are the result of numerous researches, 
and we shall limit ourselves to finite graphs. 


2. General definitions. Let us consider an abstract set X, and a multi- 
valued function I, mapping X into X; that is by definition, a law which associ- 
ates to each element x«CX a set [xCX. We shall define a graph as the pair 
(X,I) consisting of the set X and the function I’. As an example, let X be a set 
of people, and if «CX, let P'x be the set of children of the individual x. The pair 
(X, I) defines a graph usually called the family tree. It is usually convenient 
to represent all the individuals by points, and if x is y’s father, to join them by 
an arrow going from point x to point y. 

Each time we have a graph, we shall think of such a representation; but, of 
course, set X may be infinite and, in fact, in no case shall we have recourse to a 
diagram for our reasonings. 

For a graph (X,T) an element of X is called a vertex while the pair (x, y) 
with yEI«x, is called an arc of the graph. In the following the set of the arcs 
of a graph will be designated by U, the arcs themselves being labelled u, v or w 
(with indices if necessary). One can see that the set of the arcs of a graph com- 
pletely determines the associated function I’, just as this multi-valued function 
determines the set U; consequently, it is equally valid to express a graph in the 
form G=(X,T) or in the form G=(X, U). 

A subgraph of a graph (X, IP) is by definition a graph of the form (A, Ts), 
where A CX, and where the function Ty is defined by 


Tux = Ixf\ A. 
A partial graph of (X,T) is by definition a graph of the form (X, A), where 
471 
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Ax CI’x for all x. A partial subgraph is by definition a graph of the form (A, Aa), 
where A CX, and where 


Aax C Tax (x € A). 


If we consider as an example the graph representing a road map of the United 
States: X is the set of the cities in the States, and (x, y) is an arc of U if a road 
of any sort goes from city x to city y; a map of the highways would be a partial 
graph, while a road map of the State of New York would be a subgraph. A map 
of the highways of the State of New York would be a partial subgraph. 

An arc whose initial vertex is x and whose terminal vertex is not x is said to 
be incident out from x; an arc tucident into x may be similarly defined. If A isa 
subset of the set of vertices, an arc u is said to be incident out from A if 


“u = (a, x), ac A, xe A. 


To complete the list of the most fundamental terms we shall use, let us define 
a path as a sequence (u, ue, - + - ,) of arcs in which the terminal vertex of each 
arc is the initial vertex of the following arc. The length of this path is the num- 
ber of arcs in the sequence. A circuit is a finite path in which the initial vertex 
coincides with the terminal vertex. 

A graph is strongly connected if for any two different vertices x and y there 
is a path going from x to y. As an example, let us consider a graph where X is a 
group of people and where (x, y)€ U when x can send a message directly to . 
Such a graph is called a communication network, and, if it is well organized, it 
must be possible for any individual to send a message to any other individual 
in the group, either directly or by successive retransmissions; in other words, 
the graph must be strongly connected. 

When a graph is not strongly connected, one can sub-divide it into several 
disjointed subgraphs which are strongly connected. To be more precise, given 
a vertex x, let us denote by B, the set of vertices y for which there exists a circuit 
passing through x and y; the subgraph generated by a set B, is called a strong 
component of the graph and it is obvious that the different strong components 
constitute a partition of X; that is: B,#~@, B,¥B, implies B,-\B,= 2, 
Uex B, = Xx. 

For some of the concepts we shall study here, we do not take into account 
the direction taken by the arrows of the graph, but only consider whether two 
vertices are joined together or not; in the unoriented theory, we shall not speak 
of arcs, paths, circuits, or strong components, and we must define corresponding 
concepts which do not imply an orientation. 

An edge (or a link) of the graph is by definition a set of two vertices x and y 
such that either yETx or xECTy. 

An edge will be denoted here by a Roman letter in heavy type: u, v, etc., 
and their set is written U. The set of all vertices joined to x (or “adjacent” to x) 
is written I'v, the Greek letter I’ being here in heavy type. A chain is a sequence 
of edges, each edge being attached to the preceding one by one extremity and 
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to the following one by the other. A cycle is a finite chain which starts and 
finishes at the same vertex. A graph is connected if there is a chain between every 
pair of distinct vertices; a strongly connected graph is connected, but the con- 
verse is not necessarily true. If the graph is not connected, one can subdivide 
it into several disjointed subgraphs which are connected; let us denote by C, 
the set of all vertices which can be joined to vertex x by a chain. The subgraph 
generated by a set C; is called a component of the graph and it is obvious that 
the different components constitute a partition of X. The components are easily 
recognisable since they are not linked together. Let us consider, for example, 
the graph of Fig. 1. 
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In this graph there are two components: { abcdefg } and {hi} ; there are 
three strong components: {ab}, {cdefg}, {hi}; there are fourteen arcs, but only 
twelve edges: for example, the two arcs (a, b) and (0, a) correspond to only one 
edge [a, b]. The edge (c, c) whose two extremities are the same vertex c, is called 
a loop. The chain formed by the sequence |d, c], [c, cl, [c, b], [b, a], is also writ- 
ten |d, c, c, b, a]. 


3. Internal stability number of a graph. Consider a graph G=(X,T). A set 
S is said to be internally stable if no two vertices of S are adjacent; in other words, 
if xe S implies [x(\S= @. The internal stability number of the graph G is de- 
fined to be the maximum number of elements of an internally stable set. We 
shall denote it by a(G). The determination of this number a(G) is a problem 
which has often recurred in the history of mathematics. 

Gauss set the following well-known problem: is tt possible to place eight queens 
on a chess board so that no one queen can be taken by any other? 

Consider a symmetric graph with 64 vertices representing the squares of the 
board and join vertex x to vertex y when the squares x and y are on the same 
rank or file or on the same diagonal: the Gauss problem reduces to that of find- 
ing a maximum internally stable set of this graph. This problem is not as simple 
as it may appear at first and, in fact, it took a whole century to find out that 
there are 92 solutions to it. We give one of them in Fig. 2. 
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Another well-known problem was set by Cayley: if you have fifteen school- 
girls, can you form 35 distinct triads in such a way that no two girls shall be to- 
gether in a triad more than once? 

To solve this problem, form a graph G whose vertices are the 455 possible 
triads, two triads being joined if they have two girls in common: then find a 
maximum internally stable set. 

A third problem was set by Shannon and occurs in Information Theory: a 
transmitter can send several signals and we know that certain given patrs of these 
can be confused at the receiving end; what is the maximum number of signals which 
can be used so that there is no possibility of confusion on reception? 

This reduces to finding a maximum internally stable set of a graph G, where 
two vertices are adjacent if they represent two signals liable to confusion. 

As a result of recent works, it is now rather easy to determine the internal 
stability number by means of the theory of Boolean operations. But in certain 
cases we need also theorems and several problems on internal stability remain 
unsolved. We shall just quote the following result: 


TuHrorem. If S is a subset of vertices, if p(S) denotes the number of uneven 
components of the subgraph generated by the set X —S, and n(S) denotes the number 
of elements of S, let us define 


t= max [p(S) — n(S)] 
scx 


then the internal stability number of the graph G verifies a(G) $4[n(X)+é]. 


4, External stability number. Given a graph G=(X,T), asubset T of vertices 
is said to be externally stable if 


«GT implies Te VT ¥ O. 


By definition the external stability number of the graph G is the minimum num- 
ber of elements of an externally stable set. The problem of determining this 
number is easier than the problem considered in the preceding paragraph. It also 
appears frequently; in a game of chess, for instance, what is the smallest number 
of queens which can be placed on the board so that every square is dominated 
by at least one of the queens? This reduces to the problem of finding a minimum 
externally stable set for a graph with 64 vertices (the squares on the board), and 
with an arc (x, y) each time squares x and y are on the same rank, or file or di- 
agonal. The external stability number of this graph is 5, as shown on Fig. 3. 

The problem of finding minimum externally stable sets of a graph can also 
be solved by means of the Boolean operations. 

For a graph G a subset S of vertices is called a kernel of the graph if S is both 
internally and externally stable; we have therefore: 


(1) «ES implies Tx OS = Q, 
(2) *x€&S implies Te VS ¥ OS. 
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From condition (1) we deduce that the kernel S is free from loops; and from 
condition (2) we deduce that S contains every vertex x for which ITx=@; 
further, the empty set is not a kernel. 
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The notion of a kernel was first introduced by von Neumann and Morgen- 
stern into the theory of games, under the name of “solution.” Suppose that 2 
players, whom we shall designate (1), (2),: +--+, (), can by their choice of 
action select a situation x from a set X; the situation a is said to be effectively 
preferred to the situation b, written a>), if there exists a set of players who judge 
a to be better than 0, and who can, if they so wish, make their point of view 
prevail; the relation > is not necessarily transitive. Let us now consider the 
graph (X, I), where I'x represents the set of situations which are effectively 
preferred to x. Let S be a kernel of the graph, if one exists. Von Neumann and 
Morgenstern proposed that the game be limited to the elements of S. Since S 
is internally stable, no one situation of S can be effectively preferred to an- 
other, which makes for a certain consistency; since S is externally stable to 
any situation x which is not in S, one can find a situation in S which is effec- 
tively preferred to x, so that x can immediately be discarded. 

Another case in which the concept of kernel is of great interest is the theory 
of nim type games: given a graph (X,T), and a selected vertex xo, two players 
(1) and (2) play in turn; player (1) first chooses a vertex x: from the set I'xo, 
then (2) chooses a vertex x2 from the set I'x1, then (1) chooses a vertex x3 from 
I'x2, etc. If a player selects a vertex x, such that 'x,= @, the game terminates; 
the player who chooses the last vertex x, wins, and his opponent loses. In honor 
of the familiar pastime of which this is a generalization, we shall call that game a 
nim type game, and the problem now arises of how to characterize the winning 
positions, that is to say, the vertices which ought to be chosen in order to win 
the game. 

It is obvious that if the graph (X,T) possesses a kernel S, and if a player 
chooses a vertex in S, this choice assures him of a win or a draw. In fact, if 
player (1) chooses x,€S, one has either 'x1= @, in which case he has won; or 
else his opponent will be forced to choose a vertex x2 in X —S, and then at the 
next move, player (1) again chooses a vertex x3 in S, and so on. Should the game 
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be terminated at some stage by one of the players choosing a vertex x, such that 
T'x,.= @, we have x,€S, and hence the winning player is necessarily (1). 
Two theorems must be quoted. A graph is symmetric if yET'x implies xETy. 


THEOREM 1. A symmeiric graph without loops possesses a kernel. 


THEOREM 2 (M. RicHarpson). If a graph has no circuits of uneven length, 
then tt possesses a kernel. 


5. Chromatic number of a graph. Given a positive integer p, a graph G is 
said to be p-chromatic if the vertices can be painted with distinct colors in 
such a way that no two adjacent vertices are of the same color. The smallest 
number p for which the graph is p-chromatic is called the chromatic number of 
the graph G and is written y(G). This concept appears in mathematical statistics 
(balanced incomplete block design) and in certain old combinatorial problems. 
Let us consider as an example this variant of the schoolgirls problem: fifteen 
schoolgirls whom we represent by the letters a, 0, ---,m, mn, 0, go for a walk 
each day in groups of three; is it possible to choose the groups so that on seven 
consecutive days no two girls walk together more than once? In the following 
table is the Cayley solution: 


SUNDAY MoNDAY TUESDAY WEDNESDAY ‘THURSDAY FRIDAY SATURDAY 
afk abe alm ado agn ahj act 
bgl cno bef bik bdj bmn bho 
chm djl deh cyl cek cdg dkm 
din ghk gio egm fmo eft eln 
ejo “jm jkn fhn hil klo fej 


Let us determine first a set of 35 triads such that no two of them have two 
girls in common (this is a problem we have already examined). To find out 
whether this set can be divided into 7 walks, let us construct a graph G whose 
vertices are the 35 chosen triads and whose edges join any two triads having one 
girl in common. If the chromatic number of this graph is y(G) =7, the seven 
colors used define the 7 walks; if y(G)>7, another set of 35 triads must be 
selected. 

The device for determining a chromatic number uses again the Boolean 
operations: the problem of coloring the vertices with » colors is equivalent to 
the problem of finding a partition of X into / internally stable sets; thus, con- 
struct an auxiliary graph with points x, x’, x’’, - - - representing the vertices of 
G and other points s, s’, s’’, -- + representing the maximal internally stable 
sets of G. Draw the arc (x, s) from a point x representing a vertex of G to a point 
s representing an internally stable set of G containing it. The minimum colora- 
tion of G will be defined by a minimum externally stable set of the auxiliary 
graph. A first result is: 


THEOREM 1 (KONIG). A graph is 2-chromatic (or bichromatic) tf and only «f i 
coniains no cycles of uneven length. 
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We show first that a graph (X, U) with no uneven cycles is bichromatic. 
We can suppose that the graph is connected (if not, we treat each component 
separately). We shall color the vertices according to the following rule: 1) An 
arbitrary vertex a is colored blue; 2) if a vertex x is colored blue, the vertices 
adjacent to it and not yet colored will be colored red, and if a vertex y is colored 
red, the vertices adjacent to it and not yet colored will be colored blue. 

Since the graph is connected, sooner or later every vertex will be colored; 
a vertex x cannot be colored both blue and red, for this would imply that vertex 
x and vertex @ are on a cycle of uneven length. The graph is therefore bi-chro- 
matic. 

Conversely, if a graph is bi-chromatic, it clearly cannot contain any cycles of 
uneven lengths, for it would not be possible to color the vertices of such a cycle 
with two colors according to the given rule. 


Consider a graph G and define g= maxzex (Ix). The number q is called the 
maximum degree of the graph. It is obvious that g-+1 colors are sufficient to color 
the graph; in other words, the graph G is (¢+1)-chromatic. In fact, if g=2, and 
if the graph consists of one cycle of uneven length, the coloration will require 
exactly g-+1=3 different colors; similarly, if the graph consists of g-+1 vertices 
each of which is joined to the other g vertices, we also need exactly g+-1 colors. 
We have: 


THEOREM 2 (Brooks). A graph G of maximum degree q is q-chromatic except 
an either of the two following cases: 

1) g=2, and one of the components of G 1s a cycle of uneven length; 

2) a component of G consists of q+1 vertices, each of which is joined to the 
other q vertices. 


Fic. 4 


The chromatic number of a graph is also related to one of the most puzzling 
of unsolved problems, namely the four-color problem: we want to color a map so 
that two countries having a strip of boundary in common must have different 
colors; is it true that every map can be colored with only four colors? Despite 
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many efforts, no one has ever found a map requiring more than four colors 
and it can be proved that such a map would have at least 480 countries on it. 
On the other hand, many people have proposed proofs that every map can be 
colored with four colors, but all these proofs have been erroneous. 

A given map defines a graph G in the following way: each vertex of G will 
represent a country and we shall draw it on the map inside the country it repre- 
sents; two vertices x and y will be joined if they represent adjacent countries on 
the map, and we shall draw the edge (x, y) completely inside the two countries 
involved (see Fig. 4). 

Notice that this graph G has a very special property: it can be drawn on a 
plane so that no edge will cross another. Any graph with this property is said 
to be planar; and any planar graph defines a class of maps. The four-color prob- 
lem now reduces to: is it true that a planar graph is 4-chromatic? One can easily 
prove the weaker result: 


THEOREM 3 (HEAWOOD). Every planar graph 1s 5-chromatte. 


For a graph G of any kind, it is often convenient to consider, in addition 
to its chromatic number, another coefficient called the chromatic index of G, 
which is by definition the minimum number of colors required to color the 
edges of G so that no two adjacent edges have the same color. 

The chromatic index of a graph G=(X, U) is the chromatic number of an 
auxiliary graph (U, I) defined in the following way: its vertices are the edges 
of G and vE Tu when the edges u and v are adjacent in the graph G. The prob- 
lem of finding the chromatic index is therefore associated with the study of the 
chromatic number, but usually it is much easier to solve. 

We find the problem of the chromatic index, for example, in the theory of 
the latin squares, invented by Euler. A latin square of order n is a square array 
of m numbers such that each one occurs exactly once in each row and once in 
each column; for instance, with 2=5, we have the solutions: 


1 2 3 5 123 4 5 
23 45 1 21 4 5 3 
3 4 5 1 2 3 4 5 1 2 
45 1 2 3 45 2 3 1 
5 1 2 3 4 5 3 12 4 


An important problem is: given a rectangular array of » numbers, with n 
columns and r<z rows, each number occurring once in each row and at most 
once in each column; is it possible to add »—r rows so that we obtain a latin 
square? Let us construct asimple graph with two sets of vertices, { 1, Xa, °° +) Xn } 
and { 4, Yo,c, yn} - vertex x; represents the 7th column, vertex y; represents 
number j, and we draw the edge (x;, y;) when the ith column does not contain 
the number j. This graph is bi-chromatic. If its chromatic index is 1 —r we shall 


1964] GRAPH THEORY 479 


color the edges with colors (r+1), (r+2),-° +, (m); if edge [x;, y;] is colored 
with color (Rk), we shall put the number j at the intersection of the zth column 
and the &th row: finally we shall obtain a latin square. An important result is: 


THEOREM 4. The chromatic index of a bt-chromatic graph 18 exactly the maxi- 
mum degree q=maxzex n(x). 


6. Matching of a graph. Given a graph (X, U) (without its orientations), a 
set of edges VCU is said to be a matching if two edges of V have no vertex in 
common. We are here concerned with the problem of constructing a matching 
with a maximum number of elements. 

One of the first problems of this type is that of distinct representatives: given 
a finite set S and a family of subsets (81, Se, - + + , Sz), find a k-tuple of elements 
(a1, do, -- + , @) such that a;ES; @=1, 2,---, k) and 1¥j implies that a;¥a;; 
such a k-tuple is called a system of distinct representatives of the family of subsets. 
This problem has been considered by D. Kénig and by P. Hall; it reduces to the 
matching problem if we draw a bi-chromatic graph whose vertices are, on the 
one side, the elements of S, and on the other, & arbitrary vertices 1, %2, - + ° , Xz; 
we shall join an element a of S to vertex x; if a belongs to the set S;. If the maxi- 
mum matching of this graph uses all x;, it will define a system of distinct 
representatives. The following well-known example illustrates this problem: in 
a co-ed college, each girl has m boy-friends, and each boy has m girl-friends; is 
it possible for every girl to dance simultaneously with one of her boy-friends, 
and every boy with one of his girl-friends? The answer is yes, as can easily be 
seen by means of graph theory. 

Another matching problem was that of the Battle of Britain: given a group 
of pilots and a number of planes, each requiring two pilots; for various reasons 
(language, abilities, etc.) certain pilots may not be paired off together. Deter- 
mine the maximum number of planes which can fly together at the same time. 
If we draw the graph whose vertices represent the pilots and whose edges repre- 
sent the compatibilities, we must now find a maximum matching. 

It is easy to see that a maximum matching of a graph G is a maximum in- 
ternally stable set for an auxiliary graph whose vertices are the edges of G; 
nevertheless, the matching problem is simpler and results in some very precise 
theorems. Let us say that a graph G is simple if it consists of two disjoint sets 
X and Y and a multivalued function I mapping X into Y. 


THEOREM 1 (P. HALL, improved by O. ORE). Jf Gis a simple graph, then the 
number of vertices in X that a maximum maiching must leave out 1s exactly: 


59 = max [n(A) — n(T'A)]. 
ACX 
This theorem has many applications in pure mathematics, particularly in 


algebra (Dilworth) and in the theory of doubly stochastic matrices (Birkhoff). 
The number of different maximum matchings has been studied by M. Hall. 
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THEOREM 2 (W. TUTTE, improved by C. BERGE). Given a maximum matching 
V, the number of vertices not incident with an edge in V 1s equal to the number & 
defined in the Theorem at the end of 3. 


Given a matching V, we shall say here that the edges of V are strong and 
that the edges of U—V are weak. An alternating chain is a chain which does not 
use the same edge twice and is such that for any two successive edges one is 
strong and the other is weak. A vertex x which is not adjacent to a strong edge 
is said to be neutral. If there exists an alternating chain going from one neutral 
point to another, the matching V will not be maximum, since by reversing all 
the strong and weak edges of this chain we shall obtain a matching greater than 
V. To elaborate further: 


THEOREM 3 (BERGE). A matching V is maximum if and only «tf there does not 
exist an alternating chain connecting a neutral point to another neutral point. 


7. Hamiltonian paths. Given a graph G=(X, TI), a path passing through 
each vertex once and only once is called a Hamiltonian path; a circuit passing 
through each vertex once and only once is a Hamiltonian circuit. A factor of 
graph G=(X,T) is a partial subgraph (X, A) such that n(Ax) =1 for all xe X. 

A Hamiltonian circuit is a factor, but the converse is not necessarily true: 
a factor can also consist of several circuits without any vertex in common. In 
the unoriented theory one can similarly define a Hamiltonian chain, a Hamul- 
tonian cycle and a semi-factor; for instance, a semi-factor is a partial subgraph in 
which each vertex is of degree 2. A graph without any semi-factor may possess 
a factor, and vice-versa; in Fig. 5 the first graph possesses one factor and 
no semi-factors and the second graph possesses one semi-factor and no factors. 


The problem of dividing a graph into semi-factors was first discussed by 
Petersen and stemmed from another problem in pure mathematics considered 
by Hilbert. The problem of finding a Hamiltonian chain appears very fre- 
quently: many mathematicians have been concerned with the problem of mov- 
ing a knight on a chess board so that it occupies each square once and only once. 
In Operational Research, the problem of the Hamiltonian path occurs when we 
have a number of tasks to perform, certain of which must take precedence over 
others, and when we try to determine the order of performance. 


THEOREM 1 (REDEI). If in a graph G=(X,T), every pair of vertices 1s joined 
by an arc in at least one direction, then there exists a Hamiltonian path. 
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One can deduce from this that if in a tournament each player is matched with 
all the others, it is possible to arrange them in such an order that each one is 
better than the following one. 


THEOREM 2 (Drrac). [f for a graph G=(X,T), without considering its orienta- 
tion, n(I'x— {x}) 2=3n(X) for all xCX, then there exists a Hamiltonian cycle. 


THEOREM 3. A necessary and sufficient condition for a graph (X,T) to possess 
a factor is that n(S) Sn(T'S) for all SCX. 


In fact, the determination of a factor reduces to the matching problem in the 
following way: given a graph G=(X,T), with X= { %1, te, - ++, Xn}, let us con- 
struct an auxiliary graph G’ with two sets of ” vertices {1 Yo,c, yn}, and 
| 24, Zo, Zn}. The points y; and 2; represent two copies of the ith vertex x; 
of G, and we draw the edge [¥;, z.| if an arc of G goes from x; to xz. If the maxi- 
mum matching of G’ contains edges, it defines a factor in graph G. 

Very often, the best way to construct a Hamiltonian circuit is to construct 
all the factors, and in order to do this, the Boolean operations are of great 
assistance. 


THEOREM 4 (PETERSEN, BAEBLER). Given a graph G and a number k>O such 
that every vertex of the graph is adjacent to exactly k edges; if k is even, the graphG 
possesses a semt-factor; if k 1s uneven, and tf for every subset S, with SAX, S¥Q, 
the number of edges linking S to X —S is greater than or equal to 2, then the graph 
possesses a semt-factor. 
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RETRACTIONS ONTO SPHERES 
R. H. BING, The University of Wisconsin and The Institute for Advanced Study 


Suppose that S is a 2-sphere in E*. It is known (Theorem 8-88 of [1]) that 
S separates E? into exactly two components and is the common boundary of 
each. We call the unbounded component Ext S and the bounded component 
Int S. 

In case S$ is round, it is obvious that there is a retraction of S-+-Ext S onto S. 
One which comes quickly to mind sends a point p of S+Ext S to the point 
where the segment from to the center of Int S intersects S. If the sphere is 
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wild, however, as the Alexander horned sphere illustrated on page 176 of [1], it 
is not so obvious that there is such a retraction. It is the purpose of this note to 
show that there is. 

If X is a subset of Y, a retraction r of Y onto X is a continuous transforma- 
tion of Y onto X such that 7 is the identity on X. A set X is called an AR (ab- 
solute retract) if whenever X is embedded as a closed set in a metric space Z, 
there is a retraction of Z onto X. It is called an ANR (absolute neighborhood 
retract) if whenever it is embedded as a closed set in a metric space Z, there is 
an open subset U of Z containing X and a retraction of U onto X. It is known 
(Theorem 2-36 of [1]) that Sis an ANR. 

Although Theorems 2—4 may be too deep for the beginner, Theorem 1 
should be accessible to those acquainted with such topology texts as [1]. 


THEOREM 1. Jf S1s a 2-sphere embedded in E®, there 1s a retraction of S+Ext S 
onto S. 


Proof. We would like to provide an elementary proof that effectively de- 
scribes the retraction so that one can visualize the retraction and have some 
idea as to where points are sent. 

Let N be a neighborhood of S such that there is a retraction r of N onto S. 
That there is such a retraction follows from the fact that S is an ANR. Perhaps 
this is the weak link in our effort to describe effectively the retraction but if one 
considers how one proves that S is an ANR from the Tietze extension theorem, 
one may be able to see where 7 sends points. In fact, since we are working in E? 
rather than in an abstract normal space, perhaps the reader can concoct an 
easier proof of the version of the Tietze extension theorem we need than that 
given in Section 2-7 of [1]. Such an easy proof is given in [3]. 

We suppose that WN is a bounded polyhedron and that Ext S—WN is con- 
nected. If this is not already the case, we could adjust the N considered in the 
previous paragraph to bring it about by boring holes in that N and whittling 
it down to size. We make no effort to keep N from having handles and in general 
it will. 

Let C be a large cube whose interior contains N. There is a retraction of 
FE3— Int C onto Bd C so if we can find a retraction of C—Int S onto S, the truth 
of Theorem 1 follows. 

Consider a triangulation of C—N. Let s1, s2, +++, Sa be the closed 3-sim- 
plexes (tetrahedra) of this triangulation. We suppose that the s’s are ordered 
so that s, has a 2-face on Bd C, s,-1 has a 2-face on Bd C+5,, Spe has a 2-face 
on Bd C+s,+5n-1, ° °°, and s; has a face on Bd C+5,+5,1+ +--+ +52. Note 
that if No denotes N and N; denotes Notsitset -- + +5;, then Ext S—N; is 
connected. 

Since Ext S—Nj_1 is connected, s; has a 2-face which does not belong to 
N,-1. Let f; be a particular such face of s;, and g; be a retraction of s; onto 
Bd s;—Int fy. 
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We now extend 7 to a retraction taking N; onto S. We do this starting at 
low dimensional faces of s; and proceeding one at a time until only f; is left. 
That we can do this follows from Lemma 6-42 of [1]. Denote the extended re- 
traction by 7’. Once 7 has been extended to take Bd s;—Int f; onto S, we define 
ry=ron No, 1=r'g1 on 1. We continue extending r in this fashion so that 72 takes 
Nez into S, 73 takes N3 onto S,---,and~7, takes N, onto S. 

We note that we did not use any properties of 2-spheres in Z? that are not 
equally true for (7—1)-spheres in £" so we have the following version of Theo- 
rem 1. 


THEOREM 2. For each (n—1)-sphere S in E* and each point p of Int S, there 
1s a retraction of E”— { bp} onto S. 


Theorem 2 can be generalized. Daniel R. McMillan made the interesting 
observation that we did not use the fact that the space into which S was em- 
bedded was £” and that we could have used a triangulated 2-manifold-with- 
boundary M instead of E*. The component U of M—S, whose closure is to be 
retracted onto S, would need to have a point removed before retracting unless 
U-Bd M0 or U is noncompact. By working a bit harder we could even remove 
the hypothesis that M can be triangulated. In place of M we could even use a 
pseudo-manifold. 

A set is called 7-connected if each continuous transformation of the bound- 
ary of an (4-+1)-cell into X can be extended to take the (¢-+1)-cell into X. Note 
that we did not use in the proof of Theorem 2 the fact that Sis an (n—1)-sphere 
but merely that it is an 7-connected (4=0, 1, ---,2—2) ANR. Hence we have 
the following 


THEOREM 3. Suppose that X 1s a closed subset of a compact n-manifold M 
such that X is an 1-connected (1=0,1,-+--,n—2) ANR. Then for each point p of 
a component U of M—X there 1s a retraction of U+-X — { pb} onto X. 


Proof. Let N be an open subset of M containing X such that there is a 
retraction 7) of N onto X and Bi, Bs, - +--+, Bm be a finite number of topological 
n-cells in U such that UCN+BitBeot +++ +Bn. 

Let gi be a map of Bd B; into X that agrees with 7»9 on N- Bd Bi. To prove 
that there is such a g1 we argue as follows: Regard X as embedded in a Hilbert 
cube H. Since X is an ANR there is an open subset Ni of H containing X anda 
retraction g’ of Ni onto X. It follows from the Tietze extension Theorem that 
there is a map g’”’ of Bd B, into H that agrees with 7) on N-Bd By. Let T bea 
triangulation of Bd B; of such small mesh that each simplex of T that intersects 
N-Bd B, lies in g’’—!(.Ny). Let g1=g’g’’ on each simplex of T in g’’-!(M1). Then 
g, may be extended to the other simplexes of T one at a time by starting at 
those of low dimension and using the fact that X is 1-connected (4=0,1,---, 
n—2). 
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Let ; be a point of Int By and gi bea retraction of By— { bi} onto Bd By. Let 
r, be the retraction of (X+U-N+B,) — {p1} onto X which is g/g: on Bi— {pr} 
and 7» elsewhere. 

Continuing as suggested in the last paragraph, we let p; be a point of Int B; 
and get a retraction 72 of (X +U-N+B,+B:) —({p:} | { bo}) onto X,---,and 
a retraction 7m of 


(X+U-N+ Bit Bot - +++ Bn) — ({pi} + {po} +--+ + {pnf) 
=X+U — ({pi} + {oo} +--+ + {omf) 


onto X. 

Let gi, gz, °* * , 9; be a sequence of points in U such that q; is the p of the 
statement of Theorem 3, each p; appears in the sequence, and each adjacent pair 
iy Qi41 lies on the interior of an m-simplex K; in U. By modifying 7m in Int Ki we 
obtain a retraction rmyi of X+U—({qa}+{as}+---+{g}) onto X. Elimi- 
nating the g’s one at a time and changing the 7’s we arrive at a retraction 
'm+j~1 of 


xX+U — {q} =X +U — {p} onto X. 


We can avoid using the hypothesis that M is compact by using a locally 
finite collection of B’s instead of a finite collection. If X is not compact we would 
embed the one-point-compactification of X in H to get the g’s. In fact, if U 
is not compact, we would not even need to remove a point p from U before re- 
tracting. However, we shall not pursue this further. 

If Sis a wild 2-sphere in E*, S+Int Sis called a crumpled cube. M. K. Fort, 
Jr. showed me a proof using the Side Approximation Theorem that a crumpled 
cube is an AR. The result generalizes as follows. 


THEOREM 4. If S is an (n—1)-sphere in E”, S+Int Sis an AR. 


This result follows from the fact that S-+Int S is the retract of a closed n- 
cell as shown in Theorem 2, an n-cell is an AR (Theorem 2-34 of [1]), and any 
retract of an AR is an AR. 

An alternate proof of Theorem 4 can be obtained by studying the homotopy 
connectedness properties of S+-Int S and applying the results on page 289 of [2]. 
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INVERSE RELATIONS AND COMBINATORIAL IDENTITIES 
JOHN RIORDAN, Bell Telephone Laboratories, Murray Hill, N. J. 


1. Introduction. The inverse relations considered here are typified by 


ya (etir= 5(")aA n= 0,1,+°- 
(1 
| xm = (y— 1)" = Do (ye) ys 


or in a form more suggestive of the Jacobian injunction “always invert,” by 


an(t) = (1b a) = =(7)# 


k 
(1a) 


w= SS —ye(") a(x). 


Such relations occur frequently in combinatorial analysis in a variety of con- 
texts. Each pair is associated with an identity, such as, in the present instance, 


: se Eeo(‘)(! 


with 6,, the Kronecker delta. (The sum, here as above, is taken over the full 
range of nonzero values of the summand, with the convention that (j) =0, k <0, 
and need not be indicated.) As will appear, these orthogonal combinatorial 
identities have wider implication than the associated pairs of relations from 
which they proceed. In particular, they imply other pairs of relations and other 
identities, and thus provide a guide line through the forest of these prolific en- 
tities. Unfortunately the guide is weak since what emerges is the usual em- 
barrassment of riches, with open paths in many directions. 

The object of this paper is to assemble a variety of old and new results on 
the subjects of the title. A study of the relations in equations (1), which despite 
appearances are worth extended attention, sets the stage for Stirling numbers, 
for relations associated with Legendre and Chebyshev polynomials, and for other 
results. 


2. The simplest inverse relations. It is convenient to begin with the pair of 
relations of equations (1) or (1a). Equation (2) follows from substitution of 
either into the other and equating coefficients of powers of the variable x or y. 
Since it is an orthogonality on the coefficients it follows that (1) and (1a) may be 
replaced by 


(1b) dn = =(") os, bn = Dy ayen(") a. 
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Moreover, sign factors may be moved at pleasure; a more symmetrical form is 


(1c) an = (1 ( 7) by, = Dc (") a 


Further, the orthogonality may be taken as associated with matrix multi- 
plication; the coefficients of the relations are associated with a matrix and its 
inverse. Thus equations (1b) are associated with matrices B={b,;} and 


Bus {8:5}, where 
1 1 
w= ("), Bi = (ye ( +); 
J J 


in fact, by (2), BB-!'=B-!B=T, with J the identity matrix. Both matrices are 
of triangular form, of finite or infinite extent. Thus the familiar arrays of co- 
efficients 


1 1 

1 1 —i 1 

1 2 1 1-2 i 
13 3 1 —-1 3-3 1 


ordinarily not regarded as mathematical objects become so by adding the 
brackets or braces indicating matrices. 
Next, 5nm=5mn, 80 (2) is the same as 


cs wa Bom (1)(3 


implying 
© n= 2(m ne Deo ("a 


the relations connecting binomial moments @,, and probabilities b,, and usually 
not related to (1). The arrays of coefficients are now 


111 1--:-: 1-1 1-—1--:- 
1 2 3 1-2 3 
1 3 1 —3 
1 1 


The triangle of coefficients has been rotated. 
Next, 
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n+p (7) 
2b Onm = On+p,m p> — {)rt 


which implies 

a (7) 
4 = be, bn = Do (—1)4# 
(4) a a Dye (P a 


Equations (4) have been used by L. Carlitz in [2]. It is worth noticing that the 
arrays of these coefficients are those for =0 with the first » columns removed; 
thus for p=1, they are 


1 1 

2 1 —2 1 

3.3 1 3-3 1 
4 6 4 1 —4 6-4 1 


These several points show the orthogonality condition, equation (2), to be 
prolific in consequences. Another variation follows from the matrix equation: 
BB =I, which implies (BB-!)?= B?B-? =I. .Writing B?= {b.,(p)}, we find 
that 


4 ; 
bul) = Dbalp— D(~) = pe), p=+1,+2,--- 


Hence no essentially new pair of inverse relations appears. 
Turn now to numbers introduced by I. Lah [6]; they are defined by 


(—2)n = Ly Lm(#), = (—x)(—#—1)-++(-#—n +1), 
whose inverse is (x)n= >, Lnz(—x)z So that Sam= >. LnuLm. But (see problem 


16 of Chapter 2 of [8]) 
Lm = ( yr) 
aan ki\k —1 


tm = ST arn 1) 
= _ De (— 1) ("7 ') (, 7 ) 


or, using (2) bam = (2!/m!)5n_1,m-1. This points the way to other modifications of 
(2), yielding more inverse relations; these are given bim=Saml'(n, m) if F(n, n) 
=1, F(n, m)# © for the range of 2 and m in question. 


and 
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3. Stirling numbers. The Stirling numbers of first kind, s(n, k), and second 
kind, S(m, k), are usually defined by the inverse relations 


(S) (t)n = Di s(n, k)wt, a = DI S(m, k) (x) 
with (x),=x(x—1) -- + («—n-+1). Hence, as is well known, 
(6) Sam = >, S(m, R)S(R, m) = >, S(n, k)s(k, m) 
and hence, as above, 

(5a) an = >, s(n, k)bp, bn = >. S(n, kag. 


All the parallel implications of (2) hold equally. The pair of relations, similar to 
(3), 


an = » s(k, n) dx, Dn = > S(R, 1) A, 


suggest a kind of moment, unfortunately nonexistent in probability and sta- 
tistics. The numbers associated with the powers of matrices have been studied, 
however, by E. T. Bellin [1]. 

One example of further possibilities now open is as follows. Take the basic 
pair as 


(5b) n(x) = >. S(n, k)x*, a” = >) s(n, k)az(x) 
and write 

(7) Qn("; 1) — Gn—i(%; 1) = an(*) 

so that 


an(a; 1) = ay(2) + dya(x) + <>» + an(e) = Do ot DS S(m, BD 
>, s(n, k)[an(%; 1) — an—1(%; 1)] 
= » [s(n, k) ~~ s(n, k + 1) Ja, (x; 1) 


is a new pair. Since, with a prime denoting a derivative, it follows from S(n, k) 


= S(n—1, RkR-1)+kS(n—1, Rk) that 


Qn(%) = %On-1(%) + xal_i(x), n=1,2,--- 


(8) 


“an 


it follows by (7) that 
(9) Q,(%;1) = 1 + wan_i(4; 1) + xad_1(x; 1), n=1,2,--- 


which implies a simple recurrence relation for the coefficients. 
This is readily generalized by writing 


n(x} 7) — An—1(%}3 9) = An(%37 _ 1), j = 1, 2, rr 
Then it is found similarly that ao(x; 7) =1, 
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, n+j-i . . 
(10) an(%3 7) = ( )+ ¢On—1("39) + wad _a(e;3j), m=1,2,--- 
Thus if 
(11) an(%;7) = >> nul 7) x*, j=1,2,--- 
k=0 
with Ano(j) = (nts), Aoo(J) = 1, Ont (J) = Ran—1,k( 7) +n—1,4-1(J); then 
k=0 
where 


bne(f) = > (4) se, k + 4). 


i=0 
Similar results follow from the introduction of polynomials 


On(#; 1) + en—1(%; 1) = a, (x) 


(13) | | | | 
On(%39) + an—-i(457) = an(a;7 — 1), j= 2,3,-°> 
Indeed 
| n+j-1 | | 
(14) an(%; 7) = (—1)>( 4 ) + %on—1(437) + xan (437) 


while Bax(j) = Dino (s(n, R+7), where 
(15) x” = D7 Bur(j)ox(a; 7). 
k=0 
Similar developments may be obtained for polynomials associated with 0,(x) 
= >" s(n, k)x*. 


4. Chebyshev polynomials. The Chebyshev polynomials 7,,(x)=cos 76, 
6=cos— x, are associated with a pair of inverse relations which may be written as 
follows 


(16) a, = D(") ona, bn = DY (—1)4 - eo 


n—k\ k 
It is assumed that both a, and 0, are null for negative indices. The orthogonality 


they imply is 
n— 27 n—-m—7 
Sno = E(-1yen(" ) ( ’) 


j/n—-m—-j\Y m—j 


EO eal 5) 


(17) 
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Indeed, if an = SY veken OnkOn—2ky ba = » Qksn OnkAn—2k then 
Omo = >» Anjb n—2j ,m—j = » An—25,m—j0 nj 


with 7 not greater than the smaller of m and 1/2. 
The first half of (17) has been proved simply and directly by H. W. Gould 
[4]. A direct proof of (16) may be given as follows. Write 


(18) bn(x) = >) (- 1) “(" 7 ‘) 2h 
ok <n k 

Then bo(x) =1, b1(x) =x=xbo(x), be(x) =x?—-2. For n=3, 4,--+-, it is easy to 
show that 
(19) bn(#) = wbn—(") — bna(2), n= 3,4,--- 
since 

nN n—k n—k n—-k—Ii 

= ke )=( k )+( k—1 

or 
(19a) Bn(a) = basi(a) + Pna(2), n= 2,3,++- 


while xb1(x) =be(x)-+2bo0(x), xbo(x) =b1(x). If x*= >) danba—o(x) then equation 
(19a) and its initial modifications imply 


nk = On—1,h + On—1,4—1, k < [n/2] 
Qonyn = 2d2n—1,n—1 
Gontisn = Aon,n + don ,n—-1 


with brackets indicating integral part. These are the familiar recurrences for 
binomial coefficients and, along with boundary conditions, they prove (16). 
It is worth noting that the alternative procedure of working from an(x) 
chan ()x"—2* is not so simple. 
The “rotated” form of (16) is 


(20) an = 2 (" vi ) Bn+2h, = 2 (— 1)* ne (" ° ‘) On+2k- 
If new polynomials b,(x; 1) are defined by 
(21) bn(x%; 1) — bn_e(x; 1) = bn(x) 
with 5,(x) the polynomial defined above (equation (18)), then 
bo(x%; 1) = bo(w) = 1, b1(4; 1) = b1(x) = 4, bo(a; 1) = be(x) + Bo(x) = x? — 1 


and, since 
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COC) 


(22) 
and 

ar = DI (7) bs) =>) ( ") [Bn—2n(%; 1) — ba—o—on(a; 1)] 
(23) 


~£[(2)-( 2) ae 


The polynomial b,(x; 1) is the Chebyshev polynomial U,(x/2) where U,(x) 
=sin(z+1)6/sin 0, cos 0=x. Extension of (21) to 


b,(%37) — bno("37) = ba(a37 — 1), j=2,3,-° 


leads to nothing interesting. On the other hand, Bn(x; 1)+Bn—2(x; 1) =ba(x) 
yields the pair 


+1 n+ 1 +1i-k 
(24) m= 2(") ) bana b= D (-(" , ) oa 


whose orthogonality relation is just (17) with 2 replaced by +1. Thus (24) 
may be generalized to 


a, = » (" + *) bn—2 


k 


—k 
a Dy ) ont p=0,1,2,-°:. 


Returning to (17), rewritten as 
ino = > —ayen(" I (" _ ”) + (" aa a) 
j m— J m—j— 1 
~2 _ ~j-1 
Eco DCG )+C5 2) 
m— j j j-1 
two identities may be screened out, namely 
(26) t= > (—ayen( YH) 
j=0 J m— J 
(27) er") = Daan) ’), 
Mm j=0 vi] m— j — 1 


(25) 


(17a) 
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The Chebyshev inverse relations given in (16) are an instance of the follow- 
ing, due to H. W. Gould [4] 


f(a) = D( 7) Fe + be — k) 


8) — + bk 
a 
F 1)* bk — k). 
@) = (yO) fe + be - 8 
For b= —2, in present notation (28) may be written 


n n — 2k 
An = Dn—3k; 1)* “—( ) on 
2 ( 9 . b= 2a Nk ™ 


and the corresponding orthogonal relation may be written 


b= Ener") (A) pa( mT 
Eo DUG CG =r) 


Then, if fam= dojmo (— 1) F179) ("72") with fro=1, far=2, it is found by recur- 


rence that 
—2m 3m — I 
tnm = fa-tym = fom = (—1) )=( ). 
m m 


Oe Eee OF) 


” Beoen() 27) 


m—-j—1 


Hence, 


It is worth noting that the first form of (29) may also be written 


0)-B-mOOWMCLY 
Cy Bema) 


an instance of the protean character of binomial identities. 


Or 


5. Associated Legendre polynomials. If P,(x) is a Legendre polynomial, the 
associated polynomial in question is 
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(30) gala) = (1 = 2)9P,(—*) = D( 7) a 


k 


What is its inverse? More precisely, if 
(31) a = D1 (— 1)" Bange (a) 


what are the coefficients Bx? 
Of the many recurrences for q,,(x), the following (cf. problem 15 of Chapter 7 
of [8]) is apt for present purposes: 


Qn (%) ~b xqn’ (x) = n"gns(*) 
with primes denoting derivatives. By (31) 
ner? + (n — Lye = DY (— 1)" Bra lgd (x) + wad’ (@)] = DL (—1)* Bak ge1(@) 
or >, (—1)"-4*6,_1an?qu(x) = D> (—1)"**Bark?qn1(x). Hence, 


n\? n\? 
Bur = (n/k)*Bn—1,4—1 = (") Bn—k,o = ( ') Bn—k 


with the last a definition. Using this in (31) yields 

n 2 
(31a) o = L(y (") bane). 
Then Bo=1 and since g,(0) =1 


n 2 
(32) 0= > (—1)"+ (") Bu—k y 


a recurrence which may be taken as a definition of the numbers. The first few 
values are 


n 0 1 2 3 4 5 6 7 
Bo 1 1 3 19 211 3651 90921 3091513 


It is tempting to suppose that (32) may be replaced by some simpler linear or 
quasi-linear recurrence like 


k 
> A;(1)Bn4j = 0, 


j=0 


where the A;(z) are polynomials in 2, but Professor Carlitz has proved (private 
communication) that the latter is impossible. The relations genj1(—1) =0 and 
Gon(— 1) =(—1)"G) lead, however, to 


(33) 1=> (—1)88-a( 2)", 


2k/ \ Rk 
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The numbers 8, appear in other notations in L. Carlitz [3], where they arise in 
the expansion 


1 gn 
To(2/z) 2 Bn 


with Jo(z) the Bessel function. Carlitz also gives the inverse relations 
n\? n\? 

4) wi) = C(F)a-ae, e = DD") aw 

which however have the same orthogonality as (30) and (31a), namely 


09 a BC") EC ( 1) EY 


To find a pair of inverses associated with Legendre polynomials involving 
only binomial coefficients, consider 7,(x) =(1+%)"gqu(x/(1+x)) =P,(1+2x). 


Then 
n(x) => (" ¥ ‘) (‘,) #=> (* r ‘) se(2) 


r=0 \ 2k k ro \ 2k 


s(#) = (") xk 


For simplicity, this may be examined for the related function 


(36) 


(37) pn(%) = > ("* ‘) ak , 
The recurrence for p,(x) is found to be 
pn(%) = (2 + %)pn—1(%) — pn—a(*), n= 2,3,--- 
while pi(x) = (2+)po(x) —1=1-+x. Using these as before, it is found that 
2k +1 2n 
(38) x = Di (—1)"4 = (, n ) pi(*) 


which is the inverse of (37). 


6. Generating functions. Exponential generating functions lead directly to 
a number of inverse relations with binomial coefficients. The simplest pair, Eq. 
(1b), is equivalent to exp xa=exp x(b+1), a*=a,, b"°=b,, exp x(a—1) =exp xd, 
with a, b umbral or Blissard variables. More generally the inverse relations 


(39) a, = >) ( ") Cr—eOey bn =D ( ") Yn“ 
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are equivalent to exp xa = exp(6+ c), exp xb = exp(a + vy), and it is necessary 
that exp(c+y) =1. Of course, a, b, c, y are all umbral. 

As a first example, take exp xc=(e'—1)i“! so that c*=c,=(n+1)—1. Then 
exp xy =t(e'—1)-!=exp Bt with B, a Bernoulli number (in the even suffix nota- 
tion). Then 


(40) => ( ") (n-k+1)-"h b= > ( ") By-v0 


are inverse relations. 
Next, consider 2 exp xa =exp x(b-+1)-+exp x(b—1) = (e*+e-*) exp xb. Then 
exp xy =2(e*+e-*)-!=exp x«E with EZ, a Euler number (£an41=0), and 


nN nN 
(41) Ln = x( ) Dn—2%, by, = » (") Foy dn—2k 


2k 


is an inverse pair. Its “rotated” form is 
n+ 24 n+ 24 
(42) a, = z( ) bess b, = >( ) Basan 
23 23 
For sums having only odd binomial coefficients the generating function rela- 
tion is exp xa =4(e*—e7*) exp xb = (1/2x) (e?—e-*)x exp xb and 


2x 


e* — 


exp xy = = exp xd, 
—F 


the last in a notation convenient for present purposes. The numbers d, appar- 
ently have no patronymic. The inverse relations are 


n n 
(43) an = » ( ) Bn—2r—1, en » ( 9 ) L2%4An—2k 


2k +1 


Now turn to an instance of the Lagrange theorem in the form 
co mn 
(44) f@ =f0) + du * Dr f' (22) e* | oxo 
n=] ° 


with w=ze-*, D=d/dx, and the prime denoting a derivative. Then, if f(z) 
=exp 2b, b"=b, 


nl /y — 1 n/{n 
Gn = D|f" (x)e"| 20 = b(d | n)r-} = > ( wba _ > ( wtb 
k=0 k r=0 \ R 
But, directly from (44), 
io ¢) gre nz 


exp 2b = by) + >, 


Qn, 
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which implies b,= >) (—1)"t#(")R*-'a,. The inverse pair 


(45) a= > ( ") wh, by = (— 1) ( ) kha, 


is an instance of the Abel inverses given by H. W. Gould [5]. Some examples 
of its use are as follows. 

Take f(z) =(1—2)—!, so that 6,=7!. But, with S(n, 2) a Stirling number of 
the second kind, A the difference operator, 


n! = n'S(n,n) = AO" = D5 (— ye (") nk Rk 
and by (45) 
n 
(46) n= z( ) nr 1-kR. Rl 


a relation appearing in [9]. 
Next, take f(z) =e-7(1—x)-!=exp 2D, with D, =A*0!, a displacement num- 
ber (=subfactorial). Then f’(z) = ze-*(1 —2)~? and 


=> (" , ') D¥[x(1 — x)-2] DH#(e-12) 
with both derivatives evaluated at x=0. Thus 
an = =(") ») been — {)*}* = (nm — 1)" 
the last by use of (46). Hence, by (45) 
(47) (w—-1)"= =(*) n”4-kk Dy, Di = dy —en(*) kn*(k — 1)*. 


The first of these appeared in [9], the second is due to H. J. Ryser [10]. 
Next take f(z) = exp xz, so that 0, =x"; then (45) becomes 


(48) a,=a,(x)= > ( ") wet gh = DS (—1) ( ") ka, (2). 


These are actually relations for enumerating cycle-free mappings or labeled 
forests of rooted trees; the coefficient of x* in a,(x) is the number of forests with 
n labeled points and & rooted trees, which is to say that a,(x) is the enumerator 
of labeled rooted forests with 2 labeled points by number of rooted trees. The 
reader may be reminded that R(y), the enumerator of rooted trees with all 
points labeled by number of points, satisfies the equation ze~?=y with z= R(y), 
and if 
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io) 


a(x, y) = Dy an(x)y"/n! 


n=] 


then a(x, y) =exp xR(y). Now 
a(1,y) = 2) an(1)y"/n! = exp R(y) = yR(y) = X (n + 1)" 1y"/n1. 
Hence by (48) 
nN nN 
(49) (n+ 1)" -X(7) k, 1= Dye ("Ye (k+ 1), 


The corresponding enumeration for labeled forests of (free) trees goes as 
follows. First, if A,(«x) is the enumerator of forests of trees with 2 labeled points 
by number of trees, then 


A(x, y) = 2) An(x)y"/n! = exp «[R(y) — R*(y)/2] 


n=l 
= expa(z— 29/2), 2=Ry), se*=y 
and if exp x(z—2?/2) = >> B,(x)z"/n! then 


(50) 


(51) By(s) = Y (-1) eT ork, 


Thus by (46) 
(52) A,(x)= ( ") Ww RB (2), Bal) = Yo (—1)2* ( ") kk An (2), 


The first of equations (52) is equivalent to a result of Alfred Rényi [7]; the 
second, its inverse, seems to be new. The result of Rényi just mentioned, in 
present notation, is as follows. Write 


An() = >» AnjX', B, (x) = Do Bast; 
then by the first of (52), and by (51) 
nN 1 J n—i 
53) An = n-I-kbB,, = — Y*(—1)k )ane i+ RI 
( ) j D( 7) kj a oe! 5) @onr Gj ) 
Thus A,»1=n"—? (the number of labeled trees with 1 points), 
An = n(n — 1)(n + 6)/2, Ang = n™-*(n — 1)(n — 2)(n? + 13” + 60)/8. 


On the other hand, the second half of (52), or 


nN 
Anti(*) = % >( ") Ti¢1An—z(2), T, = Rk-2 
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leads to 


n 
Anna =(") 
1 
Anne = 3(" 7 ) 
4 
n+2 n 
Ann— = 15 
ms ( 6 )+U) 
n+ 3 n+l n 
Ann-g = 105 15 5 
_ ("ese )+s(*) 


but there seems to be no simple general form. 
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THE NUMBER OF PARTITIONS OF A SET 
GIAN-CARLO ROTA, Massachusetts Institute of Technology 


Let S be a finite nonempty set with m elements. A partition of S is a family of 
disjoint subsets of S called “blocks” whose union is S. The number B, of dis- 
tinct partitions of S has been the object of several arithmetical and combina- 
torial investigations. The earliest occurrence in print of these numbers has never 
been traced; as expected, the numbers have been attributed to Euler, but an 
explicit reference to Euler has not been given, and Bell [7] doubts that it can 
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be found in Euler’s work. The properties of these numbers are periodically being 
rediscovered, as recently as 1962 (cf. [13]). Following Eric Temple Bell, we 
shall call them the exponential numbers. Bell [4, 5, 6, 7], used the notation ¢,; 
on the other hand, Jacques Touchard [29 and 30] used a, to celebrate the birth 
of his daughter Ann; Becker and Riordan [3] used B, in honor of Bell. We shall 
follow their choice. 

A great many problems of enumeration can be interpreted as counting the 
number of partitions of a finite set; for example, the number of rhyme schemes 
for n verses, the number of ways of distributing » distinct things into ” boxes 
(empty boxes permitted), the number of equivalence relations among 7 elements 
(cf. [8]), the number of decompositions of an integer into coprime factors when 
n distinct primes are concerned (cf. Bell [7]), the number of permutations of » 
elements with ordered cycles (cf. Riordan [27], page 77 ff.), the number of Borel 
fields over a set of elements (cf. Binet and Szekeres [8]), etc., etc. Exponential 
numbers occur frequently in probability, and their theory is closely related to 
that of the Poisson-Charlier polynomials (see below). 

Several explicit expressions for the exponential numbers are known, and can 
be found in [2, 3, 5, 6, 10, 13, 14, 15, 16, 22, 25, 29, 30, 32]. One of the simplest 
ways of describing the sequence B, is by its exponential generating function 


2° Br 


(1) > 


A hdd — eel , 


where we have set By=1 by convention. All known explicit formulas, however, 
except the one we shall derive, rely to a greater or lesser degree upon direct 
enumerations leading to nonimmediate recursions for the sequence B,. 

In this note we shall give a new formula for the exponential numbers (for- 
mula (4) below) which differs from the previous ones in that it relies least upon 
direct counting arguments, and which hinges instead upon some elementary con- 
siderations of a “functorial” nature. It is the author’s conviction that formula 
(4), which we derive below, is the natural description of the exponential num- 
bers. The basic idea is a general one, and can be applied to a variety of other 
combinatorial investigations. We shall see that it easily leads to quick deriva- 
tions of the properties of the By. 

Consider an auxiliary finite set U having u elements, u>0. We shall examine 
the structure of the set U*% of functions with domain S, a set with ” elements, 
and range a subset of U. The basic fact is that there are u* distinct such func- 
tions, as is evidenced by the most elementary of counting arguments. We shall 
now examine this set of functions in greater detail. 

To every function f: SU there is naturally associated a partition a of the 
set S, called the kernel of f, defined as follows. Two elements a and 0 of S are 
to belong to the same block of 7, if and only if f(a) =f(0). 

How many distinct functions are there with a given kernel 7? This question 
is easily answered. Indeed, let N(a) denote the number of distinct blocks of the 
partition 7. A function having kernel + must take distinct values on distinct 
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blocks of 7. Thus, such a function takes altogether N(m) distinct values, and the 
number of distinct such functions equals the number of one-to-one functions 
from a set of N(i) elements to the set U. Again, it is well known that such a 
number is u(u—1) ++ + (u—N(ar)+1) =(u) yum, and this expression is called the 
factorial power of the number u, with exponent N(z). 

Now, every function has a unique kernel. Therefore we have the following 
identity, valid for all integers u>0: 


(2) Dd, (4) ay = 4, 


where the sum on the left ranges over all partitions of w the set S. 

We now come to the main idea. Let V be the vector space over the reals 
consisting of all polynomials in the single variable u. Any sequence of poly- 
nomials of degrees 0, 1, 2, - - - , isa basis for this vector space, in particular, the 
sequence (u)o=1, (u)1, (uo, (u)3, °° +. Since a linear functional L on V is 
uniquely determined by assigning the values it takes on an arbitrary basis, 
there exists a unique linear functional Z on V such that 


L(1) = I, L((u)x) = |, k = 1, 2, \ 
Applying LZ to both sides of (2) we obtain 
(3) Dd, L((u)wer) = L(u"); 


but, by the definition of L, the left side simplifies to a sum of as many ones as 
there are partitions of the set S. In other words, (3) simplifies to 


(4) B,= L (u”) : 


This formula is the explicit expression for the exponential numbers which 
we wanted to establish. Let us see now how it can be used to derive the other 
properties of the exponential numbers. 

We begin by deriving the recursion formula for the numbers B,, 


(S) Bazi = >(*) By. 


n=mo \ 

Now, since u(u—1),=(#)asi, we have L(u(u—1),) =1=L((u),). Since the 
polynomials 1, (u), for »=2, 3,--- form a basis for the vector space V, it 
follows from the linearity of Z, that 
(6) L(up(u — 1)) = L(p(u)) 


for every polynomial p. In particular, for p(u) =(u+1)” we obtain 
L(untt) = L((u + 1)*), 


but this is precisely formula (5), as we wanted to show. 
Note that identity (6) for all polynomials » together with the initial condi- 
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tion L(1) =1 completely characterizes the linear functional L, as defined by (4), 
since the argument by which we have established (6) is reversible. We shall now 
use this fact in establishing the generating function (1) for the exponential num- 
bers. To this end, let g,/n! be the mth coefficient in the Taylor series expansion 
of e*-!; 


co 
yy an = ot, 


There exists a unique linear functional M on V such that M(u) =g,, and 
it will suffice to prove that L= M, to conclude that g,=B,. Now, 


ee 1 — M (e*“), 
where M(e*“) is defined as 


2. M(u") 
d l 
n=0 Nn 
Differentiating, we get 
a 
d 
(7) eve? 1 = M (< e*) = M (ue), 
ax 


whence M(e*t)) = M(ue™). Expanding the functions e+ and e“ into Taylor 
series in the variable x and comparing terms, we obtain M((u-+1)") = M(u"*}), 

But, since the polynomials u* form a basis for V, this implies at once prop- 
erty (6). Hence M=L. 

Note that differentiating under M, as we have done in (7), does not require 
any continuity properties of the functional M: it is “purely formal.” 

There is another, more amusing derivation of the generating function di- 
rectly from (4), which goes as follows: 


oa) B, oe) L n 
> —xao= >) w) an = Lev), 
n=0 n\ n= 


Now, set e?=1-++2, and expand (1+v)* by the binomial theorem: 


oo 


Bn = n =, L((t)a 
» = an = L(+ 00) = £( Stew) = AY 


n=O n n=( n l n=0 nN ! 


2 
=er=e—!, q.e.d. 


In this derivation, it may at first seem puzzling (as suggested by R. D. 
Schafer) that infinite sums have been commuted with L, without discussing 
any continuity properties of ZL. The puzzle is solved as soon as it is noticed that 
all appearances of the symbol L can be completely eliminated, and the whole 
derivation amounts to the proof of an infinite sequence of identities relating 
the coefficients of two Taylor series. The use of L is just a speedy way of estab- 
lishing these identities. 
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Next, we shall establish the remarkable formula of Dobinski [14]: 
9 Ro = 1 t* 27 3% An 
(8) af +otatyt 


We begin by noticing that the exponential series e= )).,1/k! can be 
trivially rewritten as e= > 7.) (k)n/k!, where nis any nonnegative integer. In view 
of the definition of the linear functional L, this gives 


1 2 (Ba 


€ k=0 k} 


Using again the fact that the polynomials (u), form a basis for the vector space 
V, and that the functional Z is linear, we infer at once that 


1 < k 
(9) L(p(w)) = — e®) 
€ k=0 k! 
for any polynomial p. Dobinski’s formula now follows by setting p(u) =u". 

Dobinski’s formula is particularly suited to the computation of B,, for large 
nm, by an application of the Euler-Maclaurin summation formula (cf. [16] and 
[25]). 

Identity (9) establishes an important property of the linear functional L, 
namely, that it is positive definite on the half-line [0, ©). We can therefore de- 
fine a sequence of orthogonal polynomials relative to L, and the properties of 
classical systems of orthogonal polynomials (cf. Szegé [28]) will apply to this 
set. Such a set of polynomials, we shall now prove, is 


(10) in(w) = (=) ( ") (W) nts 


where we use Touchard’s notation hj from [30]. 

We first note that (6) can be rewritten in more enlightening form by using 
operator notation. Let EZ: p(u)—p(u-+1) be the shift operator, let D: p(u) >’ (u) 
be the derivative, and let V: f(x)-—-f(1) be the linear functional consisting in 
evaluating a function at x=1. Then (6) can be rewritten for any integer k>0, 
by iteration, as 


L(E*p(u)) = L(p(u)V D'av), 


where we have used the fact that (u),= VD*x*. It follows from linearity if g is 
any polynomial, that 


L(g(E)p(u)) = L(p(u)Vg(D) x"). 


Now set g(x) = (1—*)/, giving g(Z) = (—1)#A’, the iterated difference operator. 
For this choice of g, we have evidently Vg(D)x"= (—1)*h;(x). Set p(u) =h,(u), 
and obtain 
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(—1) #*L(Athn(u)) = Lin(u)hj(u)). 


If 7>mn, Ah, vanishes identically, proving the orthogonality of the polynomials, 
and if j=, we get L(h,(u)?) =n!, which gives the normalizing factors. 

The polynomials h, are the special case of the Poisson-Charlier polynomials 
(cf. Szegé [28], p. 34) obtained by setting a=1, in Szegé’s notation. As re- 
marked by Touchard [30], they are particularly useful for computation of the 
exponential numbers by recursion. Formulas for the first seven polynomials are 
given by Touchard [30]. 

These examples suffice to give an idea of the use of formula (4), and to sup- 
port the contention that this formula gives the natural definition of the exponen- 
tial numbers. Formula (4) has been suggested by the Blissard calculus tech- 
niques so useful in enumerative analysis, (cf. Riordan [27], Ch. 2 Section 4); by 
the systematic use of linear functionals we can give a rigorous foundation to 
this calculus, as well as extend its uses in some directions. We hope to implement 
these contentions in a future publication. 


This work was begun under contract NSF-GP-149, continued under contract with the Office 
of Naval Research, and concluded while the author was a Fellow of the Sloan Foundation. The 
author wishes to thank the referee for several improvements in the text, and for valuable historical 
references. 

The following bibliography contains all publications known to the author which study the 
exponential numbers. He will greatly appreciate any suggestions of omitted works. 


References 


1. C. A. Aitken, Edinburgh Math. Notes, 28 (1933) 18-33. 

2. F. Anderegg, Problem 129, this MonTHLy, 8 (1901) 54. 

3. H. W. Becker and John Riordan, The arithmetic of Bell and Stirling numbers, Amer. J. 
Math., 70 (1934) 385-394. 

4, Eric Temple Bell, Exponential polynomials, Ann. of Math., 35 (1934) 258-277. 


5. , Exponential numbers, Trans. Amer. Math. Soc., 41 (1934) 411-419. 
6. , Exponential numbers, this MONTHLY, 41 (1934) 411-419. 
7. , The iterated exponential integers, Ana. of Math., 39 (1938) 539-557. 


8. E. F. Binet and G. Szekeres, On Borel fields over finite sets, Ann. Math. Stat., 29 (1957) 
494-498, 

9. Garrett Birkhoff, Lattice theory, Amer. Math. Soc., 1948, rev. ed. 

10. Ugo Broggi, Rendiconti dell’ Istituto Lombardo di Scienze e Lettere, 2nd series, 66 (1933) 
196-202. 

11. E. Catalan, Note sur une équation aux différences finies, J. Math. Pures Appl., 3 (1838) 
§08-516. 

12. Ernesto Cesaro, Nouvelles Annales des Mathématiques, 4 (1885) 39. 

13. Martin Cohn, Shiman Even, Karl Menger, Jr., and Philip K. Hooper, On the number of 
partitionings of a set of ” distinct objects, this MONTHLY, 69 (1962) 782-785. 

14. G. Dobinski, Grunert’s Archiv, 61 (1877) 333-336. 

15. Maurice d’Ocagne, Sur une classe de nombres remarquables, Amer. J. Math., 9 (1886) 
353-380. 

16. Leo F. Epstein, A function related to the series e**, J. Math. Phys., 18 (1939) 153-173. 

17. P. Epstein, Archiv der Mathematik und Physik, 8 (1904-05) 329-330. 

18. I. M. H. Etherington, Nonassociative powers and a functional equation, Math. Gaz., 21 
(1937) 36-39. 


504 ON THE SPANS OF DERIVATIVES OF POLYNOMIALS [May 


19. Glover, Tables of applied mathematics, Ann Arbor, 1923. 
20. A. Krug, Archiv der Mathematik und Physik, 9 (1905) 189-191. 
21. E. Lucas, Théorie des nombres, vol. 1, Gauthier Villars, Paris, 1891. 
22. N.S. Mendelsohn, Problem 4340, this MONTHLY, 56 (1949) 187. 
, Applications of combinatorial formulae to generalizations of Wilson’s theorem, 
Canad. J. Math.,1 (1947) 328-336. 

24. Silvio Minetola, Principii di Analisi Combinatoria, Giornale di Matematiche, 45 (1907) 
333-366. 

25. Leo Moser and Max Wyman, An asymptotic formula for the Bell numbers, Trans. Roy. 
Soc. Canada, Sect. III, 49 (1955) 49-54. 

26. E. Netto, Lehrbuch der Kombinatorik, Teubner, Leipzig, 1901. 

27. John Riordan, An introduction to combinatorial analysis, Wiley, New York, 1958. 

28. Gabor Szegé, Orthogonal polynomials, Revised edition, Amer. Math. Soc., 1959. 

29. Jacques Touchard, Propriétés arithmétiques de certains nombres récurrents, Ann. Soc. 
Sci., Bruxelles, A 53 (1933) 21-31. 

30. , Nombres exponentiels et nombres de Bernoulli, Canad. J. Math., 8 (1956) 305- 
320. 

31. William Allen Whitworth, Choice and chance, Cambridge, Deighton, Bell and Co., 1901 
(reprinted by Stechert). 

32, G. T. Williams, Numbers generated by the function e**"!, this MonTHLy, 52 (1945) 323- 
327. 

Additional references are to be found in the master’s thesis of F. Finlayson, University of 
Alberta, 1955. 


ON THE SPANS OF DERIVATIVES OF POLYNOMIALS 
RAPHAEL M. ROBINSON, University of California, Berkeley 


1. Introduction. By the span of a polynomial all of whose roots are real, we 
shall mean the difference between its largest and smallest roots. We are inter- 
ested in the following problem: Jf the span of a polynomial f(x) of degree n with 
real roots 1s given, how 1s the span of its k-th derivative maximized? It will be suff- 
cient to consider polynomials f(x) =x"+ - ++ all of whose roots lie in the inter- 
val —1sxS1. Then all of the roots of f(x) lie in the same interval, and we 
try to maximize the difference between its largest and smallest roots. 

We shall suppose throughout that RkSn—2, so that f(x) will have more 
than one root. On the other hand, we see that the problem is trivial if nm 22k-+-2. 
For in this case, we may put k-++1 roots of f(x) at each end point x= +1. Then 
f(x) will have a root at each end point, and will therefore have span 2. If 
n>2k+2, some of the roots of f(x) are arbitrary, whereas for »=2k+2 the 
span of f(x) is maximized only for f(x) = («—1)**!(«+1)**), 

Thus the nontrivial cases of the problem are those with k+2SnS2k+1. 
We shall show in Section 2 that in these cases the span of f(x) can be maximized 
only when all of the roots of f(x) are at the end points x= +1. 
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It remains to decide how many roots of f(x) should lie at each end. The obvi- 
ous conjecture is that if 7 =2m then f(x) should have m roots at each end point 
x= +1, and that if »=2m-+1 then there should be m roots at one end and m+1 
at the other. The evidence for this conjecture is overwhelming, but I have not 
found a complete proof. In 1961, I verified the conjecture numerically for n $25 
and all kSn—2, using the IBM 704 computer at the Computer Center of the 
University of California, Berkeley. In every case, the spans of the derivatives 
increased to a maximum as the multiplicities of the roots of f(x) at the two end 
points became more nearly equal. Also, a proof in some special cases is given in 
Section 4. I hope that this note will stimulate someone to give a complete proof 
of the conjecture. 


2. The main result. Suppose that all but one of the roots of f(x) are given, 
in the interval —1<x<1, and consider where the last root @ should be chosen 
in this interval to maximize the span of f(x). Thus 


f(x) = (« — a)g(x), 
where the roots of g(x) are given, and so 
f(x) = (% — a)g® (x) + kg® (x). 
If we introduce the auxiliary function 
kg) (x) 
g*) (4) 


we see that the 7— roots of f(x) are just the roots of (x) =a, together with 
the common roots of g(x) and g@- (x). The latter roots are independent of a. 
The common roots of g(x) and g@-(x) are of course the multiple roots of 
g@-D (x), Since all the roots of g(x) are real, we see that these are just the roots 
of g(x) which have multiplicity greater than k. 

It is shown in Section 3 that unless ¢(x) reduces to the form ¢(x)=Ax+C, 
then the largest root of ¢(x) =a is an increasing strictly convex function of a, 
whereas the smallest root is increasing and strictly concave. 

Since the roots of f(x) are just the roots of @(«) =a together perhaps with 
some roots independent of a, we see that in all cases the largest root u of f(x) 
is a convex function of a, and the smallest root v is concave, in the wide sense. 
The span u—v of f(x) is therefore a convex function of a. Hence for —1Sa31, 
the maximum value of the span can certainly be attained for a= +1. 

Indeed, the maximum span can be attained only at one or both of these 
points, unless the span is independent of a. This can happen only if both uw and 
v are linear functions of a. Since # and v cannot both be solutions of 4x-+C=a, 
the only possibility is that both u and v are independent of a, which means that 
u and v are roots of g(x) of multiplicity greater than &. Putting a=1 shows that 
we must have u=1; similarly, a= —1 yields v= —1. Thus g(x) has more than k 
roots at each end point. In particular, 7 22k+2, so that we have a trivial case. 


o(e) = 2+ 
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Applying this argument to each root of f(x) in turn shows that, except in 
the trivial cases, the span of f(x) can be maximized only when all of the roots of 
f(x) are at the end points x= +1. 


3. The auxiliary function. For the function ¢(x) introduced in Section 2, 
the equation $(x) =a has equally many roots for all values of a, and we wish to 
study the dependence of these roots on a. Notice that the only poles of (x) are at 
co and at those roots of g(x) which are not roots of g*-(«). Such a root must 
be a simple root of g™(x), since the roots of g#-)(x) are all real. It follows that 
all the poles of ¢(x) are simple. 

We now compute the principal parts of (x) at the poles. Near © we have 


k(bxr-* -4- - + +) nt 
g(x) = x -- ——________—_- = ates 
(n — k)bxv 14+ .-- n—k 
If cis a root of g(x) which is not a root of g“— (x), then near x=c we have 
kg*-1)(¢) +- . 8 gl) (¢) k 
66) = a 
gO A+++ gO Be 


The residue is seen to be negative. Indeed, since h(x) = g“-(x) is a polynomial 
which has only real roots, we see that it can have only positive maxima and 
negative minima. Thus h(x) and h’’(x) always have opposite signs at the roots of 
h'(x) which are not roots of h(x). In other words, g@-(c) and g@t(c) must have 
opposite signs. 

It follows that ¢(x) has the form 


o(x) = Ax — Dd) +, 
rl VY — Cy 
where A>0 and B,>0 for r=1,---,s. If s=0, then d(x) =Ax+C. Now sup- 
pose that s>0, and assume 1. <0@.< +--+ <c;. We have 
o(x) = A+ ¢'(*) = 
y Goo aor 25 oS 
Thus ¢/(x)>0, where defined, and hence ¢(x) increases from — © to © in 
each of the intervals (— ©, cx), (¢1, C2), °° * , (Cet, Cs), (Cz, ©). Hence (x) as- 


sumes every value s+1 times. Also, notice that ¢’’(«) <0 for x>c, and $’’(x) >0 
for «<c. Thus the function (x) is strictly concave for «> c, and strictly con- 
vex for x<c,. It follows that the largest root of ¢(x) =a is an increasing strictly 
convex function of a, and that the smallest root is increasing and strictly con- 
cave. 


4. Some special cases. We have shown that in the nontrivial cases, where 
k+2Sn52k+1, the span of f(x) can be maximized only for 


f(%) = (# — 1)?(@ + 1)4, 
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where p+q=n. We would like to show that » and q should be taken as nearly 
equal as possible. 

We start with a remark that applies to both the trivial and nontrivial cases. 
For f(x) of the above form, the largest root of f(x) increases from —1 to 1 as 
p increases from 0 to k+1, and remains equal to 1 for larger p. Also, the smallest 
root of f(x) remains equal to —1 until » reaches n—k—1, and then increases 
to 1 as p increases to m. These results follow readily from Section 2 by moving 
the roots one at a time continuously from —1 to 1. 

Thus for the trivial cases n 2=2k+2, the span increases with p until p reaches 
k-+1, remains at 2 until p reaches »—k—1, and then decreases again. For the 
nontrivial cases k+-2Sn52k+1, the span increases until p reaches n—k—1 
and decreases beyond k+1, but its behaviour for »—k—1SpSk-+1 is uncer- 
tain, since both the largest and smallest roots of f(x) increase. However, the 
case n=2k-+1 is completely resolved: the span is maximized when f(x) has k 
roots at one end and &+1 at the other. 

For two other cases, k=n—2 and k=n-—3, the desired result can be ob- 
tained by calculations which are elementary but somewhat lengthy. We give 
a brief summary of the conclusions. Considering the function f(x) displayed 
above, expanding, differentiating, and making the substitutions 


a 2 Z8, t=x-— , 
n 
we find that 

2f-) (4) 1 — )? 
———— =p — 

n! n—I1 
op) gt 

n! n—1 (7 — 1)(m — 2) 


Looking first at the quadratic, we see that 


1 —_ 2 1/2 
[Span of f-(x)] = 2/ =) | 
— 


which is larger the nearer \ is to 0. The maximum is attained for \=0 when n 
is even, and for \= +1/n” when is odd. Hence, dropping the condition that 
the roots of f(x) lie in the interval —1Sx3S1, we see that 


Gop if m is even, 
UN — 
S(m + 1)1/? 


nN 


[Maximum Span of f (n-2) (x) | = 
if # is odd, 


for the class of polynomials f(x) of degree » and span S. 
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Turning now to the cubic, we see that it has three real roots for —(n—2)/n 
<=\S(n—2)/n. Using the trigonometric solution, it is not hard to show that 


[Span of f(-2)( )] = 2(——)" E : {_— (“—) 1h] 
pan ot f x)| = yd cos 3 aresin DONT DP 


for —(n—2)/nSNS(n—2)/n. The only possible values of \ which we have ex- 
cluded are +1, and in these cases the span is 0. Thus the span is larger the 
closer A is to 0, and so 


[Maximum Span of f@~%)(z)| 


3 1/2 
s( ) if ~ is even, 
n— 1 


S[3(m + 1)]*? 1, 2 Les 
—___—_—_—_———. cos E arcsin | if # is odd, 
3 (n — 2)(m + 1)!” 


for the class of polynomials of degree m and span S. 


n 
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In a recent paper [1], L. Harper discussed the following problem. Given a 
cube in ~ dimensions, how shall the integers from 0 to 2"—1 be assigned to the 
vertices of this z-cube in such a way as to minimize the sum, over all neighbor- 
ing pairs of vertices, of the absolute value of the difference of the numbers as- 
signed to each vertex? He proved that one can do no better than to consider the 
n-cube as the set of 2” n-tuples of 0’s and 1’s, and assign to the vertex labelled 
by an -tuple the integer whose binary expansion is that 2-tuple (although there 
are other assignments that are as good). This problem arose from the following 
problem in coding theory: assign u-tuples of zero and one to the numbers from 
0 to 2*—1 in such a way as to minimize the average absolute numerical error 
made due to all single errors which arise in transmission of the binary words. 
Using symbols from a k-letier alphabet instead of from a two letter alphabet, the 
problem becomes one of minimizing the sum of the absolute values of the 
differences of the numbers assigned to all pairs of neighboring vertices. Two 
vertices are called neighboring if they agree in all but one coordinate. Here the 
numbers from 0 to &*—1 are to be assigned. The proper generalizations of 
Harper’s results are proved in this paper. We shall also reprove Harper’s theo- 
rem. 
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THEOREM. Let S be a finite set: S: = {X4, rey Xm}. Let f bea function valued 
0 or 1 on pairs of objects of S with the properties f(x, y) =f(y, x), f(x, x) =0. Let g 
be a function on S such that we have the set equality: }0,---,m—1 
= | 2(x1), g (x2), sy g(Xm) }. Then 
Li fs x3) | g(x;) ™ g(%;) | = ¥ » f(%, y). 
k=0 g(%)sk 
g(y)>k 
z yes 


Proof. We define another function 


{" peeunees: 


h,(a, b) += 
Ha, B) 0 otherwise 


SY pe») = TX YK talola), oly))fley, 9) 


k=0 g(x) sk k=0 z,yES 
g(y)>k 


Hl 


Lo f(% 9) b> hn(g(), g(y)) (since i.(g(x), g(*)) = 0) 


z, yes 


D S(x,y) b> hy(g(x), g(y)) (since f(a, y) = f(y, #)) 


zy 


Dy f(*, y) b> [i(g(x), g(y)) + In(g(y), g(x))] 


unordered 
pairs (z,y) 
rHy 


Dd f(x, 9)T(x, 9), 
unordered 
pairs (z,y) 

ay 


I 


where 


m—1 


T(x, y) = Dy [x(g(x), (y)) + Ian(e(y), 2(x))J. 


k=0 


Consider the case g(x) <g(y). Then 
m—1 
> h.(g(x), g(y)) = (the number of k’s such that g(x) S k < g(y)) 
ke=0 


= g(y) — g(). 
Similarly, Dovid he(g(y), g(x)) =0 since for no & is g(y) $k <g(x). Thus T(x, y) 


= g(y) — g(x) if a(x) <g(y). Since T(x, y) is symmetric in x and y, T(x, vy) = T(y, x) 


= g(x) —g(y), if g(x) <g(y). Thus, T(x, y)=|g(y) —g(«)| if g(x) xg) T(x, ») 
= | 2(y) — g(x) | if xy, since g is one to one. 
This gives us the result of the theorem. 
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Coro.uary. If the hypothesis of the theorem holds, and «f 1n addition, for each 
xES, dives f(x, y)=C, where C does not depend upon x, then: 


LX Ie x) | g(a) — g(a) | = = a f(a, y) 
g(y)>k 


->( D~ f(*, 9) — DD f(s, »)) 


k=0 \g(a)sk g(x) sk 
vES o(y)sk 
m—l1 m—1 
=D(i+ehC- dD f(x,y) 
k=0 k=0 g(a) sk 
g(y) sk 


C(m)(m + 1) ml 
= —2)7 Di f(x, 9) 
k=0 unordered 
pairs (2,y) 
wy 
g(x)sk 
g(y) sk 


where 
C(m)(m + 1 
C= Comyn +) and Cp= >, fix, 4). 
2 unordered 
pairs (z,y) 
g(x)sk 
gy) sk 
xy 
Now we return to our problem. S is the set of vertices (a1,°° +, Qn) a: 
=(0, 1,---, 1; We see that f((a1, +--+, an), (b1,°°-, bn)) =1 if and only if 
(a1, °°°,@n) and (bi, ---, bn) differ in exactly one component. The corollary 


holds since >_, f(x, y)= > "yl; If f(x, vy) =1 we call x and y neighbors. Also g(x) 
is the number we assign to the vertex x. 

If we consider g the process of numbering the vertices in the order 0,1,---, 
m—1 (i.e., labeling a vertex 0, then labeling another vertex 1, ---) then the 
quantity C, we call the connectedness of the set of numbered (labeled) vertices 


after the first R-+1 vertices have been numbered 0,---, &. If our assignment 
g maximizes C, for k=0,---, m-—1, that is, 
Cra » f(x, y) 
unordered 
pairs (z,y) 
zES’ 


ves’ 
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for any set S’ of R+1 points, then )Jic; f(x;, x4) | g(x;) — g(2;) | is minimized. I 
shall find assignments g which maximize C,; for k=0, - - -, m—1 in the problem 
I am considering. 

As a first lemma, we do the case of two dimensions; the general case is made 
to depend on this case. It is convenient and even necessary in the induction 
hypothesis contained in the proof below to prove the result for rectangles. 


Lema. In a rectangle with m rows and n columns of latitce points with mSn, 
we minimize the sum of the absolute values of the differences of the numbers assigned 
to neighboring vertices by numbering the “first”? row completely (4n arbitrary 
fashion), then the “second” row, etc. Which row is “first,” which ts “second,” ... 
4s chosen in arbitrary fashion. These are the only assignments that minimize the 
sum of absolute values of differences (with the understanding that in the case m=n 
we include the additional assignments from the symmetry of rotating the square by 
90°). 


We prove this by Harper’s argument, showing that the above method of 
numbering maximizes connectedness after N lattice points have been numbered, 
N=0,-:--:, mn. We induce first on #, then on m, the cases »=1, and the case 
m=1 being trivial. 

We may move all the points in S= {lattice points which have been numbered 
(assume S maximizes connectedness) } as far to the left and top as possible. This 
does not decrease connectedness (e.g. moving points to the left keeps row con- 
nectedness the same and maximizes connectedness between rows as now the 
connectedness between two rows is the minimum of the number of points in S 
in each of the two rows). 

If the top row is filled, we proceed by induction on the (m—1) by rectangle 
left, since the top row contributes $2(m—1)+(N —12) to the total connectedness 
regardless of where the remaining N—n points in S are placed. Since we moved 
points as far to the top as possible, the first row has more points in S than 
any other row. Suppose 7,=the number of points in (S/\(the first row)). Then 
all N numbered points must lie in an m by mi rectangle. In particular all N points 
lie in the m by (x—1) rectangle excluding the last column, since we may assume 
ni<n. If n=m we use the induction on m for the same n: n1=m, m1=n-—1, Le., 
ni=n, m'<m. This says we maximize connectedness in the remaining m by 
(1 —1) figure by numbering by columns, which process is symmetric to the num- 
bering by rows in the original m by m square. 

If n>m, then n—12m and we maximize connectedness by numbering row 
by row in the m by n—1 figure. Thus without decreasing connectedness we 
change S to the Figure 1, where x«’s mark the numbered points, g=the number 
of rows which contain numbered points, 2,=the number of points which are 
numbered in the last numbered row; then 2,21. 

If n,Sq—1, we move the 2, numbered points in the last numbered row to 
the first g—1 rows in the last column. The original contribution to connected- 
ness of the 2, points was 3(m,)(wg—1)+n,(g—1). Their contribution in their 
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changed position is $n,(m,—1)+,(n—1), which is a greater contribution 
since 2>m=4q. 


Fic. 1. Partially numbered rectangle 


If 2g>q—1, we move (q—1) of the points in the last row to the first g—1 
rows in the last column. This changes their contribution to connectedness from 
2¢-D@-2)+@-1)@-1) + @—- 1I(m, — ¢ + 1) to ¥(¢ — 1)(q — 2) 
+(q—1)(1—1), which is at least as large, since n—12n,. The new position is 
a case already covered since the first row is completely numbered. 

Thus we have shown that row by row numbering maximizes connectedness 
at every stage. I now show this is the only numbering that does this within a 
permutation of the rows (except, of course, for column by column in the case 
m=mn). In such a numbering the first 2 points numbered must occupy a row (or 
possibly a column in case m=n), since in this way each point has (n—1) con- 
nections, and this is the only way any point can have as many as (n—1) con- 
nections. Assume the first 1-7 numbered points must occupy 7 rows to maximize 
connectedness. Then the next » numbered points must maximize connected- 
ness in the remaining (m—7) by m rectangle since the first in points contribute 
connectedness $2(2)(m—1)+4n(2)(¢—1)+(2)(”) to the connectedness of the 
(+1) points, regardless of where the last 1 of the (+1) points are placed. 
Thus, the last of the (¢+1)n points must occupy a row, and the first ({+1)n 
points occupy (+1) rows. Hence, a numbering which maximizes connectedness 
at every stage must occupy 7 rows (or columns if m=7) with the first 7(~) num- 
bered points, and must, therefore, be row by row (or possibly column by column 
if m=n) numbering. 

We are now ready to prove the theorem of this paper. 


THEOREM 1. The class of assignments of numbers to vertices of a rectangular 
parallelepiped of lattice points (a1, a2, +++, Qn) in n-dimensions of sides l;, |, 
Zle- ++ 2ly, where 0Sa;S1,, 1SiSn, which minimize the sum of the absolute 
values of the difference of the numbers assigned to neighboring vertices (two vertices 
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agreeing in all but one coordinate being called neighbors) 1s exhausted by assignments 
of the following type: for any fixed 1 such that 1;=1,, we number the points 
(Q1,° °°, Qn) such that a;=m(1); the order in which these points are numbered 1s 
governed by induction on n. Then we number the points (a1,-+ +, Gn) such that 
a,;=7(2), etc., where 7 is a permutation of 0,1,°--, i. 


Proof. The case n=2 is the lemma. Thus, we assume 2 2 3. Consider the lat- 
tice { (a1, -++,@,))a;=0,1,---,1,72=1,-°---, nhs heh -++ 2],. Let S=set 
of (a1, °° +, @,) which have been numbered. Assume S maximizes connected- 
ness. 

If we consider a;=constant we have an (7 —1)-dimensional figure, where, by 
induction on , we achieve maximum connectedness by numbering the (”—2) 
dimensional hyperplanes of the hyperplane a;=constant one by one; that is, we 
first number the longest row in the hyperplane a;=constant, then the largest 
rectangle, then the largest rectangular parallelepiped, etc. Recursively, this 
numbering of the hyperplane a;=constant is described as follows: 


(a1, my Qn) & S; b; = Qi, bn = Qny bn = Qn—-1, °° "4 bj41 = j+1, 


b; <a; (b1,---,b,) ES forgj=i,---,nG=n:b = ai, ba < an). 


Changing the original numbering of the hyperplane a;=constant to the “rec- 
tangular” numbering described for each of a;=0,--- , 1; (we shall denote this 
operation by R;) maximizes connectedness in each hyperplane a;=constant. It 
also maximizes connectedness between the hyperplanes a;=c, and a;= Ce, since 
after the operation R; the connectedness between these two hyperplanes is the 
minimum over c=, ¢, of (S(\the hyperplane a;=c), which is the most it could 
possibly be, still keeping the number of points in (S(\hyperplane (a;=constant 
=c)) the same for c=0,--- , J;, Hence the operation R; on S does not decrease 
connectedness. 

Define i= > xes (ith component of X). We now apply the operations 
Ri, Ro, Rs, ° ++, Raj Ri, Re, Rs, +++, Ra; Ri, Ro, - ++ to S in that order, one 
after the other. Each operation does not decrease connectedness. > jn never in- 
creases under the operations Ry, -- - , Ra, since R, leaves the points of S in the 
same nth dimension hyperplanes (hyperplanes: nth component = constant). And 
the operations R; move points to the lowest possible mth dimension hyperplane 
keeping them in the same ith dimension hyperplane. Since >), has only a finite 
number of possible values, then after some number of operations, >i, never 
changes. This means that the R; operations no longer shift position to lower nth 
dimension hyperplanes; thus, the first step in each R; operations becomes to 
move points to the lowest possible (7—1)th dimension hyperplane keeping 
them in the same mth and ith hyperplanes. Therefore, after the stage where yon 
never changes, >.,-1 never increases. Then after more operations > n—1 never 
changes. After this point, > on-2 never increases. Finally Som sey >i never 
change, which means that we leave every point in the same mth dimension 
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hyperplane,..., and the same 1st dimension hyperplane. Thus, we do not 
move points. Therefore, after a finite number of operations, we have rectangu- 
larized S in each hyperplane a;=0,---,1; (@=1,---+, 7). 


Hence, at this point we may assume 
(Ce Qn) ES, by = Gi, On = Gn, + + +, Ofg1 = Aj41, 0; < a; => (1, + JES 
fortz=1,°--,a;7 =1,---, nm. 


Let (a1, - + +, Qn) be the point in S with the highest mth component, highest 
(n—1)th component (of points with the same mth component), etc. If a,22, 
(a4, °° +) An) CS (4, le, + + +, Ina, On—1) EC S=(since n23)(h, + + +, Ina, On—-2) 
EC S=>(a1, °° +, Gna, On—2) ES, a:=0,- °°, 0:5; ¢0=1,--°, 2-1. 

Therefore, (a point of S of nth component =a,,)=all points of nth component 
(x, —2) are in S. But (a1, ° ++, Gn)ECS= (a1, +++, Gna, IES, 1=2, +--+, On 
=any point (a, --°, @n) with a,Sa,—2 is in S. 

If w,=0, our configuration is in (1—1) dimensions and is covered by induc- 
tion. If Qn =1, (a4, ht, se ty bn—1y An —1)E S>((b1, “ety bn—1, An,—-1)ES if 
bn1<ln—-1 OF Dn-r=In-1, bn-z<In_2, etc.). Therefore, the only points with nth 
component a@,—1 which need not necessarily be in S are (2, le, + + + , In-1, Qn—1) 
with 1=a,+1, sy he 

If for someit=1,--+-,2—1 we have a;=1,, then (h, le, - + + , Int, Qn —- 1) ES, 
so that hyperplanes: mth component 0, 1, +--+ ,a,—1, are completely full. Since 
the hyperplane: mth component =a, is rectangularized and it contains the rest 
of the points of S, S is rectangularized in m dimensions, which we were trying 
to show maximized connectedness. 

If a;<l, for all c=1, - +--+, 2-1, we may convert the point (a1, °°: , Qn) 
which contributes connectedness ai+ - +--+ -+a, to the point (61, kh, I, ++: , 
In—1y On —1), where Bi=1-+max {x| (x, lo, °°, Ina, O,—1)ES}. (Note that if 
B,=1-+4, the hyperplane: nth component =a, —1 is completely full and we are 
through as in the preceding paragraph.) Now (a, hl, +++, Int, x -1) ES Ai 
>1+a,. Thus (61, le, - ++, Int, @n—1) adds connectedness 8i-+le+ + + + lat 
+a,—-Loartlt «++ th_stan>atast +--+: +a, Hence, we have in- 
creased connectedness, a contradiction. This proves that no method of numbering 
is better than hyperplane by hyperplane numbering. 

To show that numbering hyperplane by hyperplane is not merely as good as 
but actually better than any other method, we just have to show that the only 
way to maximize connectedness in numbering hl, - - + J,41 points is to number 
an entire hyperplane. For, after showing this we may use the same induction 
agreement used with the two-dimensional rectangle. 


Suppose S is a configuration of J, - + - /,-1 points which maximizes connected- 
ness, but is zof a hyperplane. We have already shown that after applying a 
finite series of the operations Ri, ---, Rn; Ri, ---,then Sis “rectangularized” ; 


in this case S becomes the hyperplane nth component =0. Thus, at some stage 
of the operations S changes from a nonhyperplane to a hyperplane. Thus, &; 
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turns a nonhyperplane configuration S which maximizes connectedness into a 
hyperplane S’ with the same connectedness (S’ is not orthogonal to the 7 axis, 
since R; moves points). Thus R; does not increase connectedness in the (n—1) 
dimensional hyperplane He: 7th component = constant, C. But after R; we have 
that S’\H¢ is an (m—2) dimensional hyperplane of I, - + + Ujealiga > + + Ina 
points. By induction on 2, this is the only way to maximize connectedness in 
He, so that before R;, S.\He was an (n—2)-dimensional hyperplane. The only 
way to maximize connectedness is that S is to line up these 1; (n—2)-dimen- 
sional hyperplanes. But thisisan (7 — 1)-dimensional hyperplane, contradicting the 
supposition that S is not a hyperplane. This completes the proof of Theorem 1. 

By the theorem, we readily show that the number of ways we can number 
the lattice { (a1, sey a,)|a;=0, -++,m—i1;j-1,---, n} to minimize the 
sum of absolute errors of pairs of neighboring vertices is 

(mm!) (1) I (m1) TI (n — jy), 
j=0 

Also, the minimum sum obtained is (1/6)(m"—1)m"(m+1). And as in [1], the 
average sum over all assignments is (1/6)”(m—1)(m)"(m"+1). 

Similarly, we generalize Harper’s maximization theorem. 


THEOREM 2. The notation as in Theorem 1, the sum of the absolute differences 
4s maximized by the following process: in the case of the square we take any n 
mutually disjoint (no 1’s in the same position) permutation matrices. We number 
the n poinis (where 1 appears in the 1st permutation matrix) randomly. Then we 
number the n points (where 1 appears in the 2nd permutation matrix) randomly, 
etc. We do the same in n dimensions, except that here “ones of the permutation 
matrix” are replaced by “a configuration of m"— points of which any two agree in 
at most (n—2) components.” 


Proof. We find such a configuration by taking an (z—1)-dimensional such 
configuration in the first hyperplane, an (1—1)-dimensional such configuration 
which has no-points in common with the first hyperplane configuration in the 
second hyperplane, etc. Thus an m-dimensional ,configuration consists of m 
mutually disjoint (7—1)-dimensional configurations. Thus, we have no con- 
nectedness after the first m"~! points have been numbered, k(k—1)n-m@-)/2 
connections after the first k(m)*—! points have been numbered. This minimizes 
connectedness at each stage of the numbering and hence achieves a maximum. 

Remarks. There are [(m—)!]™x (the number of Latin n-dimensional hyper- 
chessboards of side m) such numberings. Here the number of “Latin chess- 


boards” means the number of mappings f of {(a,---, an) |ai=0, -++,m—t1; 
a=1,--°:, n} onto {0, cy m—1}, with the condition: f((a1, °° +, @n)) 
= f((a1, do, °° * , Qs, 0, Gist, °° * , Qn)) implies a;=b, for 1=1, ---, 2. We as- 
sign the number (m"™f((a,--°-, Qn)) +tg((a1,--+, @Ga)) to the point 


(a1, - °°, @n), where the only condition on the function g is the set equality 
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{ g(a, me ty an)) | f((ar, m8 sy An)) = i} = {0, 1, m8 fy me) —_™ 1} when 
4=0,---, m-—1. Note that there is at least one Latin chessboard, e.g.: 
Ff((Qa, + ° +, Qn)) = Gi-+de+ +--+ +a, (mod m). It can be easily shown that we 


minimize connectedness parallel to the i-axis by distributing the points of S as 
evenly as possible among the m*“! pencils parallel to the t-axis. The assignments 
h((d1, * + +, Gn)) =m" *f((a1, -- +, Qn)) +e((a1, - ++, Gn)) are exactly those as- 
signments which do this for alltz=1,---, 7. 

The maximum value attained is (1/6)n(m?—1)m?"-!. Thus the minimum 
assignment is 1/mth the average assignment, asymptotically as m or m gets large, 
whereas the average assignment is (m/m-+1)th of the maximum assignment as 
m gets large. 
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Editorial Note. In this Montruiy 70 (1963) 706-711, A. A. Blank asked 
whether 7/8 may be the minimal area of a star-shaped domain within which a 
unit segment can be turned through 360°. C. S. Ogilvy has called attention to a 
demonstration by R. J. Walker (Pi Mu Epsilon Journal, 1 (1952) 275) that a 
unit segment can be turned through 360° in a five-pointed star with area ap- 
proximately three quarters of 7/8. 
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Epitep By J. H. Curtiss, University of Miami 


Material for this department should be sent to J. H. Curtiss, 
University of Miami, Coral Gables 46, Florida 


A VISUAL DISPLAY OF SOME PROPERTIES OF THE DISTRIBUTION OF PRIMES 


M. L. Stern, S. M. ULAM, AND M. B. WELLS, University of California, 
Los Alamos Scientific Laboratory, Los Alamos, New Mexico 


Suppose we number the lattice points in the plane by a single sequence, e.g. 
Fig. 1 by starting at (0, 0) and proceeding counterclockwise in a spiral so that 
(0, 0)—1, (1, 0) 2, (1, 1)>3, (0, 1) 4, (—1, 1) 35, (—1, 0) 6, (—1, —1)>7, 
(0, —1)8, (1, —1)9, (2, —1)10, (2, 0) 11, (2, 1)12, (2, 2)-13, etc. 
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Consider the set P of those lattice points whose single index becomes a prime. 
Under our correspondence, points of P located on straight lines have indices 
which ultimately consist of values of a quadratic form. This is easily seen be- 
cause the third differences between neighboring points on a straight line are 0 
and after a finite number of indices which vary linearly have been passed, the 
progression becomes truly quadratic. 


Fic. 1 


The set P appears to exhibit a strongly nonrandom appearance (i.e. a 
different appearance from randomly chosen sets whose densities are like those 
of primes; that is, asymptotically log n/n). This is due, of course, to the fact 
that some lines corresponding to quadratic forms which are factorable are devoid 
of primes; some other quadratic forms are rich in primes. A glance at a picture 
showing the set P reveals many such lines. It is a property of the visual brain 
which allows one to discover such lines at once and also notice many other 
peculiarities of distribution of points in two dimensions. In a visualization of a 
one-dimensional sequence this is not so much the case. (Perhaps an acoustic 
interpretation would be more suggestive?) 

In addition to the well-known Euler form: y?+-y+41, one could observe 
instantly many other prime-rich forms. One line rather prominent in Fig. 1 in the 
lower half of the picture has numbers of the form 4x?+-170x-+1847; as pointed 
out by the referee, this is reducible into Euler’s form by putting y=2x-+-42. 
(Under the enumeration above, the horizontal, vertical or diagonal straight lines 
correspond to quadratic forms, which have a leading term 4x?.) We have tried 
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other “Peano numberings” of the lattice points. For example, (Fig. 2) for lattice 
points in the positive quadrant: 


(0, 0) +1, (0, 1) > 2, (1, 1) 3, (1,0) > 4 
(0, 2) > 5, (1, 2) > 6; (2, 2) +7, (2, 1) > 8, (2, 0) > 9, etc. 


. ro | . “wl a . . . 
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The successive points on the principal lines will ultimately have coordinates 
given by quadratic forms with leading term 1-x?. Or, (Fig. 3) for points in the 
upper half plane: 


(0, 0) _ 1, (—1, 0) _ 2; (—1, 1) — 3, (0, 1) — 4 
(1,1) 5, (1, 0) > 6, (—2, 0) > 7, (-—2,1) > 8 
(—2, 2) — 9, (—1, 2) — 10, (0, 2) — 11, (1, 2) — 12 

(2, 2) - 13, (2,1) — 14, (2, 0) > 15 and so on. 

There, the principal straight lines correspond to forms with the term 2x?. 
The obvious questions, e.g.: Is the distribution of points of P asymptotically 

symmetric in every angle from the origin? Are there lines containing infinitely 
many primes? What is the asymptotic density of points on lines (e.g. are there 


pairs of nonfactorable lines with different asymptotic densities) ? etc. seem to be 
hardly answerable with the present knowledge of the distribution of primes. 


Fic. 4 


We have observed many nonfactorable but, so to say, “almost factorable” 
lines, i.e. lines extremely poor in primes. We should add, as a curiosity, that as 
we displayed similarly the set Z of lucky numbers (see [1]), in (Fig. 4) (the num- 
bering of lattice points in this case is by a “discontinuous spiral,” i.e. as in (Fig. 
3) but going through both half planes) ; it appears again that there is a great deal 
of “structure”; in particular, some of the principal lines are manifest. This is 
much more surprising, of course, since there is no obvious multiplicative prop- 
erty of the set of luckies and no relation which is rigorous between the divisibil- 
ity of quadratic forms and the definition of the sieve determining the lucky 
numbers. 
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The first observation of the properties of the P set was made on a few hun- 
dred points by hand. On the electronic computing machine “Maniac II” in 
Los Alamos we have been able to use a scope attached to the machine, which 
can display up to 65,000 points obtained as a result of calculation. This is then 
photographed and our pictures show a few of the results. We have magnetic 
tapes containing tables of primes up to ninety million. After discovering the 
quadratic forms which seem to be rich in primes up to n= 100,000 or so, we then 
investigated primes up to ten million for such forms (see [2]). A few of the sta- 
tistics are given below: 

For primes in the Euler form n=x?+-x*%+41 we found the ratio 7 of these to 
all numbers of this form-” up to 10,000,000 to be r=.475---. 

(1) For the form »=4x?+170x+1847 there are 727 primes in the first 1560 

for numbers of this form (1 $2 < 10,000,000) (7 = .466). 

(2) For n=4x?+4x+59 yieldsr=.437->--. 

(3) For n=2x?+4x+117 (the “rare” form) r=.050---. 

(A reason for rarity is that for no prime p <29 is divisibility by p excluded) 

(4) The quadratic form n=x?+x-+1 is rich in “luckies.” Up to numbers 

n=300,000 r=.29---, 


This work was performed under the auspices of the U. S. Atomic Energy Commission. 
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ON THE MEAN VALUES OF INTEGRAL FUNCTIONS AND THEIR DERIVATIVES 
DEFINED BY DIRICHLET SERIES 


J. S. Gupta, Indian Institute of Technology, Kanpur, India 


1. Consider the Dirichlet series f(s) = >), a,e%9, where Nngi>An, 120, 
limp sco An = ©, S=o+it and 


log n 
(1.1) lim sup = 0. 


hi © nr 


Let o, and oq be the abscissa of convergence and the abscissa of absolute con- 
vergence, respectively, of f(s). Let ¢,= © then oa, will also be infinite, since ac- 
cording to a known result ({1], p. 4) a Dirichlet series which satisfies (1.1) has 
its abscissa of convergence equal to its abscissa of absolute convergence and 
therefore f(s) represents an integral function. 

We define the mean values of f(s) as 


1 r r 
I,(c) = Io, f) = lim zd |9e + it) | dt, (7 > 0), 
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and that of f™(s), the mth derivative of f(s), as 
1 Tr r 
I,(o,f™) = lim —| | f™(6 + it) | di. 
Too 2T _—7T 


A few properties of I,(7) for r=2 are investigated in this paper. 


2. THEOREM 1. I2(0) increases steadily with o and log I2(o) 1s a convex func- 
tion of o. 


Proof. We have 
1 T 
Ix(c) = him ad, |10 |2dé. 
Now 


| f(s) |? = > Ame ttt) dm > Gne ott) dn 
n=1 


m=] 
oo 
= » | an |2e2aAn +- > », Am Ane? Amt rndtitQm—rn) | 
n=] Msn 


the series on the right being absolutely convergent and uniformly convergent in 
any finite f-range. Hence we may integrate term by term and obtain 


1 T 00 2 sin T(Am — An) 
_ 2d¢ = n | 2627” line? mbna) ——________ . 
7 _ fo dla |e + 2s Di amine Te = d) 


The factor involving T is bounded for all JT, m and n so that the double series 
converges uniformly with respect to T, and each term tends to zero as To. 
Hence the sum tends to zero as T tends to infinity and thus we get 


io) 


1 T 
(2.2) lim — J | f(s) [2de = D> | a, |2e2>. 
Too 27 —T 


n=l 


The fact that J2(7) is steadily increasing is then obvious from (2.2). To prove 

convexity of log J2(¢), we have 
a? I,(0) If! («) — (If (0)? 
* (og In(o)) = HOO = GO” 
Oc? I3(c) 

and by Schwarz’s inequality 


(Iz (c))? = ( > 2Nn | On et) 


n=l 


o> | Oy emere> | ly "4dne”) 


= I,(c)Ig¢’ (oc). 


IIA 


Hence the result. 
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THEOREM 2. Jf I2(o, f’) ts the mean value of f'(s), the first derwative of f(s), 
then fora>0O, 


1 /logl 2 
(2.3) 1(0, f’) = — (et) Ix(0). 
2? o 
Proof. We have 
1 T 
I2(o,f!) = lim OF _ Te + it) |?de 
7! flo + it) — flo — ¢) + i)? 
= lim —— lin. ——_—____________— } di 
T—+0 2 _p| «0 eo 
T . _ _ . 2 
= tim 2” tim {ine riol — net 9 + Oly h 
T+0o 2 —7T «—0 €o 
1 T 
(2.4) = lim — lim 


T+0 2T —-7T «0 


eo? 


| {lferi + | f(o(1—) +i) |? 2] fot) | | f(o1—9) +7) | 4. 


Now, from Schwarz’s inequality, we have 


sf alse +10 | | f(o(t — ©) + it)| de 


{2 


< af lie + it) Far fot — «) + it) Pat _ 


Using this inequality in (2.4) and taking the limit outside the integral, 
which is justified since all the integrals are uniformly convergent, we get 


I2(o, f’) > lim (a — (Ia(o(1 — aan * 


€o 
Let 
log I2(c) 
o(o) = ——— ; 
C 
then ¢(¢) is an increasing function of o. Therefore 
erP(o)/2 — ela-er)p(o)/2) 2 
I2(o, f’) 2 lim {jt = {4h(c)er#(o)/2} 2 
e—0 €o 
1 f/logl 2 
= CE) I2(c). 
2? o 


Hence the result. 
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THEOREM 3. If f(s) = > 02, ane be an integral function of order p(0<p<), 
lower order d, type r and lower type v, then 


sup log log I2(c) —p 


1) lim 
( ) o— 0 inf o A 
. .. sup logi2(¢)  2r 
Gi) lim .§  ————-= __.. 
eo int err 2v 
Proof. We have 
1 . 
(2.5) I2(c) = lim —| | flo + ad) [2dt S { M(o)}?, 
T > 0 2T —T 


where M(ce) is the l.u.b. of | f(o+it) |, (— 0 <t<o), when @ is constant less 
than o,. 
Also, from (2.2), 


(2.6) Ix(c) = > | a, |e» = {u(o)}?, 


nel 


evo) is the maximum term of rank N(o), for Re (s)=g, in 


where p(a) = | av) 

the series for f(s). 
We get, from (2.5) and (2.6), 

(2.7) {u(o)}? S In(c) S {M(o)}?. 


Since for functions of finite order log u(¢) ~log M(ce), it follows, from (2.7)» 
that 


(2.8) log { Io(c)} 1/2? ~ log M(c). 
The results in (i) and (ii) now follow easily from (2.8) since 

sup loglog M(c) pp 

m re eeeemcecemnee = SES 

C—> 0 inf oC 
and 

sup log M(c) + 

m —__—_——_ =, 

c— © inf ere Vv 
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A FORMULA FOR THE DERIVATIVES OF TCHEBYCHEF 
POLYNOMIALS OF THE SECOND KIND 


E. J. Scott, University of Illinois, Urbana 


Recently, in [1], a formula for the derivatives of Legendre polynomials was 
derived. It is the purpose of this note to obtain an analogous formula for the 
derivatives of Tchebychef polynomials of the second kind by making use of 
properties of the Gegenbauer polynomials. The formula for derivatives of 
Legendre polynomials and partition formulas for P&*”?(«) and P&t?(«) 
(k=0, 1, 2,--+-), in terms of Legendre and Tchebychef polynomials of the 
second kind, fall out as a consequence. 

When a= the Jacobi polynomial P{°*(x) is termed an ultraspherical or 
Gegenbauer polynomial and defined as follows (see [2]): 

(1) P(e) = TA + 3) (m+ 2a) POPU Sg 
T(2)) T(w#+2-+ 3) 

If \=i, PO”)(x) =P, (x), the Legendre polynomials, whereas \=1 yields 
P(x) = U,(x), the Tchebychef polynomials of the second kind. When \=0, the 
polynomial P(x) vanishes identically for 721 and equals 1 for n=0. 

A generating function for the Gegenbauer polynomials is 


(2) P(e) = (1 — Qt +f). 
n==(0 
In addition, we have (see [2 ]) 
d 
(3) — Prii(t) = 2Pa (2), 


A direct consequence of (3) is the formula 


dé a) k 4k) 
(4) a2 Prse(*) = 2AA+ 1)A4+2)°°>AtR—-1)Pa (x). 


We examine two special, but important cases. Consider P&* (x) for \=3. 
In view of (2) and the generating function for the Legendre polynomials, we 
have 


= 21/242 or 2k+1 
PP s) = [1-2 t fy Oy = | > iP.) | 


n==() r==0 


Equating the coefficients of t” gives the expression 


(k-+-1/2) 
(5) Pa (x) = > P,,(#) Pig() se P igus a(%), 
tyttet ++ +tep+ in 
where the ordered set of indices 71, t2, + «+ , dex41; assume the values of all permu- 


tations of all sets of 2k+1 nonnegative integers having a sum equal to 2. 
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Thus for \=4, equation (4) becomes 


k 


(0) > Paia(t) =1-3-5---(2k—1) Pala) Pa (a) + +» Parnaal®)s 


tyttiots + ++ten4.=n 


which is the formula derived in [1]. 
When \=1, we have similarly 


or) co k+1 
YP. (a) = [GQ — 20 + yo] = |x (U0) | 
n=0 pos) 


where U,(x) is the Tchebychef polynomial of the second kind. Equating the 
coefficients of i”, we obtain 


(k+-1) 


(7) Pr (x) = » U;,() U;,(2) mo CEACOE 
tyttet s+ + +tR pn 
Here, 11, 72, + +, te41 constitute an ordered set of indices which take on the 


values of all permutations of all sets of k+1 nonnegative integers whose sum is 
n. In this case, therefore, equation (4) becomes 


k 


(8) ae Unzu(x) = 2"! > U 3,(%)Ui(") + + + Uigy (4). 
tyttot > + ++ip41=72 
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EXTENSIONS OF LINEAR TRANSFORMATIONS 


HERBERT A. GINDLER, University of Pittsburgh 


Let X and Y be normed linear spaces with completions X and Y respec- 
tively. We denote by [X, Y] the class of all linear transformations A for which 
the domain of A is all of X, the range of A is a subset of Y and A is continuous. 
If AE |X, Y], we study the relationship between the state of A, as defined by 
A. E. Taylor [1; p. 235], and the state of A, the unique continuous extension of 
A to the completions of X and Y. All the implications in this respect are stated 
in Theorem 1 and examples are given to show that no further results can be 
obtained without additional hypotheses. 


THEOREM 1. Let X and Y be normed linear spaces with completions X and Y 
respectively. Suppose AG[X, Y] and let A in [X, ¥] be the unique continuous 
extension of A to all of X. Then 

(a) R(A), the range of A, is dense in Y if and only if R(A), the range of A, is 
dense in Y: 
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(b) A-! exists and ts continuous if and only tf A-! exists and is continuous; 
(c) if A-1 does not exist, A-1 does not exist; 

(d) if A-1 exists and is continuous, R(A) 4s closed; 

(e) if A-1 exists and R(A) is closed, A-} is continuous. 


Proof. The proof of part (a) of the theorem is essentially topological. First 
we observe that a subset of Y is dense in V if and only if it is also dense in V. 

Now suppose that R(A) is dense in Y. Then, since R(A)DR(A) and R(A) 
is dense in Y, it follows that R(A) is also dense in Y. Conversely, suppose that 
R(A) is dense in Y. Since every point in R(A) is obtained as a limit of elements 
of R(A), it follows that R(A) is dense in Y. By the observation of the previous 
paragraph, R(A) is dense in Y. This proves part (a) of the theorem. 

If A— exists and is continuous, then there exists m>0 such that | Ax|| /\\x\| 
>m for all nonzero vectors xX. If #€X then, by the definition of X, there 
exists a a sequence {xn} CX with lim,..x*,=4#, and limz.. AX, = Ax by the 
definition of A. Hence, || Al] /|| a =limn +0 | Axal| /l| a] 2m for each nonzero 
vector £@X. This implies that A-! exists and is continuous. Conversely, if 
A- exists and is continuous, then, since A is a restriction of A, it follows that 
A! exists and is continuous. 

Part (c) of the theorem follows from the fact that A extends A while parts 
(d) and (e) follow readily from well-known properties of bounded linear oper- 
ators on Banach spaces. [1; Theorems 4.2-E and 4.2-H ]. 

The theorem just proved can be used to make a state diagram for A and A 
of the theorem. 

To define the state of a linear transformation A, the range R(A) is classified 
according to the following possibilities: 

I. R(A)=Y 
II. R(A) dense in Y but R(A)#Y, 

III. R(A) not dense in Y; 
while the inverse of A is classified according as: 

1. A has a continuous inverse, 

2. A has a discontinuous inverse, 

3. A has no inverse. 

All possible combinations consisting of a roman numeral together with an 
arabic numeral for a subscript constitute the 9 possible states for the operator 
A. Thus we write A GI, A is classified II]1, or the state of A is IIl1, whenever 
the range of A is not dense in Y but A has a continuous inverse. Similar state- 
ments can be made using the other states as well. 

If A and B are linear transformations, the state of the pair (A, B) is the 
ordered pair of states of A and B, respectively. 

The state diagram is a device conceived by A. E. Taylor for displaying sys- 
tematically the relationships between the states of two operators. The diagram 
consists of nine columns—one for each of the nine possible states for A. Similarly, 
each row is labeled on the left by one of the nine states for A. A letter—a, b, c, d 
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or e—is placed at the intersection of a row and column if that pair of states 
cannot occur for A and A by virtue of the designated part of the Theorem 1. 
For example, the letter “a” is placed in the 7th column (labeled IIIi) and 4th 
row (labeled II3) because part (a) of Theorem 1 shows that A cannot have the 
property that its range is not dense in Y if the range of A is dense in Y. Thus, 
each square in the state diagram represents a state of the pair (A, A). (See 
Taylor [1, p. 236].) Examples will be given to show that each of the blank 
squares represents a pair of states which can actually occur. Hence, one can 
determine which pairs of states can occur by examining the appropriate square 
in the diagram. 


Tuer State DiAGRAM FoR A IN [X, Y] ann 4, rts Continvous EXTENSION 
TO THE COMPLETIONS OF X AND Y, 


Ill, a a a a a a b 
m | a | «a |at{atat{atitosot| fe. 
m | a {|a{atati{ata*tit iif|of{s 
mi} os | | |os ff [| a@fatda- 
mi of |e. | so | |e | aflat|a- 
m]@¢folfos |a@ioi{o|a«fo«efa. 
r/o | | |os | | | @ fala 
4} nl o fe |e | os | e | « | @ | @ | a 
5} [| o | o | | 56 | o | a | a | a 
I, I, I; Il; II, Il; Ih III, IT], 

— 
A 


Examples will now be given to show that all the blank squares in the state 
diagram represent states which can actually occur. 

There are seven blank squares for which A and A are in the same state. 
Examples for these situations can be obtained as follows. Let X and Y be any 
two Banach spaces and let A in [X, Y] be in the desired state. Then X= X, 
Y=Y and A=A so that the states for A and A are the same. Of course, states 
(Ie, Iz) and (1],, II,) cannot be obtained in this way because of Theorem 1 (d) 
and (e). 

To see that (Iz, I 2) can occur, suppose that X and Y are any two Banach 
spaces and suppose A is any element of [X, Y] which is classified IIz2. Now 
choose Y= R(A) and A in [X, Y] with A=. Clearly A and A have the desired 
states. In a completely analogous fashion (I3, IIs) can be obtained. 
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By choosing any Banach space Y, letting X be a dense subspace not equal 
to Y, and letting Ax =x for all xX, one gets AC [X, Y] and A is classified I], 
while A is the identity on Y; so A is classified Ij. 

To obtain the remaining examples we make use of the sequence spaces. 

Let X be the subspace of (¢o) for which &+0 for at most finitely many 
different values of k. X is a dense subspace of (co). If x= {&}@X and if 
y= {nx} €Y, where Y may be X, (co) or 1~, define Ax=y by 9, =& —2&x41 for 
k=1, 2,---. In order to show that R(A)=(co), we solve the equations 7 
== £,—2&,.1 for &41 obtaining 


1 1 1 
(1) tah (Smt om t+ +m). 
If {In} € (co) and if «>0, then there exists a positive integer N such that 
| 72 <(e/2) for all uz >WN. Letting M=supiensy | nal we see that 
1 1 1 
pe TT Se notes + tN 


DkE-N+1 


+ 


1 
a 


| Ee1| Ss 


1 1 
+ |p to tom 


1 i . 
<zlal+ [en mwNn+—- 
Take £=0 and choose K so large that 1/2 <e/2" MN. Then, for all R2K, 
1 € € € 
| fia <p UNM + < Zt y é. 


We conclude that, for &£:=0 and &4: given by equation (1), the sequence 
1} €(co) provided only that the sequence {ne} €(co). This shows that R(A) 
(co). The reverse inclusion follows directly from the definition of A. Also, from 
(1) with 7,=0 for all k, we see that Ax =0 if and only if 


1 1 
r= A(t yg) 


where &, is arbitrary. If & +0, these vectors do not belong to the domain of A, 
so that A—! exists. But A! cannot be continuous in view of part (b) of Theorem 
1. Moreover, if {nx} CX, there exists a positive integer N such that 7,=0 if 
k>WN. Letting &=m-+2ne+ - ++ +2%—yy in (1), we see that &41=0 if k>WN, 
so that {é, €X. These facts permit us to produce three more examples. If 
V=X, we have Y=X=(co) and the state for A is Iz while the state for A is Is. 
If Y= (co), the state for A remains unchanged but the state for A is II. Choosing 
Y=1,, provides an example of (II Iz, IIIs). 

To obtain an example of the pair of states (IIs, I;) let X be the subspace of 
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le for which & 40 for at most finitely many values of 2, and let Y=. Define 
Ax=y by me =&r41 for R=1, 2,--+, where x= {&} EX and y= {nn} Ele. If x 
is any vector for which &=0 if k#¥1, then Ax=0. Also, the range of A is X. 
Hence, A is classified IIs. One readily verifies that A is classified Ik. 

Let X and Y be as in the preceding paragraph and define Ax=y by 


2*—1 1k 
me = a Ey + 20 fo + 2 *Eg +++ 2 bea 
for R=1, 2,+-+.Wehave X=k and A has the same form as A except A acts 


on J. Setting 4,=0 for all k, one sees that Ax =0 implies &,= —21-*§, for R22 
and & arbitrary. Since these vectors are not in X but are in Jy, it follows that 
A- exists but A~! does not. To see that the range of A, hence the range of A, 
is dense in Js, let uz in J, be the vector (0, ---,0,1,0,---,0) (with 1 in the &th 
place) and let x,=(0, +--+, 0, 2*-!, —2*-1, 0, - - - , 0) where the nonzero entries 
are in the (k+1)st and (k+2)nd places. We have Ax,=u, for R=1, 2,---, 
from which it follows that R(A) is dense in Jz. It can also be shown that y= {nx} 
with nox1=0, Nx =2'-* for R=1, 2, +--+ is not in the range of A. These results 
combined with part (b) of Theorem 3.1 show that A is classified II, while A 
is classified II;. By choosing Y to be the range of A one obtains the states 
(Iz, II;). This completes the promised set of examples. 


The author wishes to express his indebtedness to Professor Angus E. Taylor for his help and 
encouragement during the preparation of this paper. 
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A THREE-POINT PROPERTY IN STRAIGHT LINE SPACES 


RAYMOND W. FREESE, St. Louis University 


Let S denote a metric space in which each pair of points is joined by a unique 
metric segment. We define a subset M of S as possessing the double isosceles 
property provided that two connecting segments of every isosceles triple belong 
to M, Marr and Stamey ([1]) have shown the following 


THEOREM. Let M be a closed, connected subset of a Euclidean or hyperbolic 
space. If M has the double tsosceles property, then M 1s convex. 


The purpose of this note is to prove that this theorem is valid in a slightly 
wider class of spaces, namely straight line spaces (i.e., finitely compact, convex, 
externally convex metric spaces in which the linearity of two of the four triples 
of a quadruple implies the linearity of the remaining two). In the following, the 
background of [1] and [2] are assumed. 

To show the corresponding version of the above theorem, we need the fol- 
lowing result. 
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Lemma. Let M bea closed and connected subset of a straight line space with x, y 
two arbitrary but distinct points of M. Let L denote the set of all points t of the space 
such that xt=ty, where xt denotes the distance of x, t. If M has the double isosceles 
property, then given any point 2 common to L and M such that S(x, 2) and S(y, z) 
are both contained in M, etther there exists a 2’ of M such that x2! =-ye' <xz= yz 
or the segment joining x, y lies in M. 


Proof. Let 2 be any point common to LZ and M, z not in S(x, y). For each 
point p of S(x, z) we may assume py2 px, for in the contrary case there exists a 
point p’ of S(p, x) distinct from ~ such that p’y= p’x which proves the lemma. 
Similarly it may be assumed for points g of S(y, 2) that gx 2qy. 

Let s denote a point of S(z, y) with 2%s+y and hence s#x. Then zs <2x. 
Again, since segments are connected sets and the metric is continuous, there 
exists a point w of S(x, z) such that xw=ws. Since M has the double isosceles 
property, two of the segments joining x, w, s lie in MZ. Hence S(x, s) is contained 
in M or S(w, s) is contained in M. If S(w, s) is contained in M, then since 
sxzsy and wy2wx, there exists a point u of S(w, s) and hence of M such that 
ux=uy and ws=wu-+us. Then ws<wz-+zs follows from metric betweenness 
transitivities of the space and hence wu <wez or us <sz. However, wu <wez implies 
xu<xz while us<sz implies yu<-+yz. Accordingly xu=yu<xz=yz. If S(x, s) is 
contained in M, the same result follows with x replacing w, which completes the 
proof. 

It is then clear that, since the space is finitely compact, extending the method 
of proof used in [1] yields the following theorem: 


THEOREM. Let M be a closed, connected subset of a straight line space. If M has 
the double isosceles property, then M 1s convex. 
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A DIFFERENTIAL EQUATION 
P. R. P. Rao, Indian School of Mines, Dhanbad, India. 


The differential equation 


(1) y' (x) = 2, fila) y"(a), 

where 7 is any positive integer, is a very general one, special cases of which are 
the linear equation, Bernoulli’s equation, Riccati’s equation, and Abel’s equa- 
tion of the first kind. We present a transformation below, which under certain 
conditions (see (4)) reduces (1) to an equation in which the variables are sepa- 
rable. We also show that certain other ordinary nonlinear differential equations 
of the first order can be transformed to the form typified by (1) by suitable 
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transformations on the dependent variable y alone. It is assumed that fr_1 and 
fn are twice differentiable, that f; («=0, 1,---+,#—2) are differentiable, and 
that f, >0. 

Substituting y=vu—f,»s/nfn, we obtain from (1) for »24 


(2) fi, val = U(x) + uJ (x) + > fav G(x) a + fav & , 


where, we have put 


n—-1—j 


U(x) = > (=1) a appr + Fn) fafa — frat); 


(3) I(x) = (+ > (=) in fae”) fy, 


G(x) = x ay? nea, 


Assuming that U0, on the interval on which U>0, we define v by fru" = U, 
and obtain 


1—l/n 


UT ~~ J(x) 


Ba +O i ake | U —1/nf, U’, 


j=l 


(3.1) 
fiv'G, = U''G,. 


Hence, if ~—1 constants, C, exist, such that 


(4) 1/nf, U' — (0% > (<1) in fat) U = cu", 
j=l 
r{/n—I1 
GU = Cr, r=2,3,:++,n—2, 


then we obtain from (2) the following equation in which the variables are 
separable: 
2—n __1—1/n 


(5) w=(f. U1 — Cut Co ++ + Cra +4’). 


We may note that (2) is valid for 7=2, 3, if the third term on its right side 
is taken equal to zero, and for »=1 if the last two terms on its right side are 
taken equal to zero. Thus, for 2=2, 3, U and C, are given by the first equation 
of (3) and the first equation of (4) respectively, and we need to take C2, C3, -: > 
each equal to zero to arrive at (5). When x=1, the first equation of (3) gives 
U(=(fo/fi)’), and in this case it is convenient to take v=exp(Jfidx), and hence 
C1, C2 +++ each equal to zero to arrive at the separable form u’ = (1/v) (fo/f1)’. 

The reduction of (1) to (5) shows that under certain conditions, the trans- 
formation y=vu-+F reduces an ordinary nonlinear differential equation of the 
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first order to one in which the variables are separable, provided that the non- 
linearity of the differential equation is due only to the presence of y* with n> 1. 
But the nonlinearity of an equation y’=f(x, y) may be due also to the presence 
of y-” or yt!/", where 7 is a positive integer, and 1/n is -+ or — consistently. 
What follows below indicates that, through suitable substitutions made on y, 
these nonlinearities can be transformed to the earlier one: 

Case (i): If the equation under study is 


(6) y'(x) = folx) + fala)y(x) + fo(a)y (a) + + + + faila)y (a), 
where 7 is any positive integer, y=1/w transforms (6) to 
(6.1) —w = fiw + fow? + fow? + --- + fagiw™?, 


which is typified by (1). 
Case (ii): If the equation under study is 


(7) yy’ (x) = fo(x) + fi(x)y(a) + fo(a)y"/2(a) + + + + + fa(a)yt/(x), 


the substitution y=w", where L is the least common multiple of 2, 3,---,7, 
transforms (7) to 


(7.1) Lw’ = fiw + SS fw ltLir + fow't, 


yu? 


an equation typified by (6), which can be transformed to the form (1) by w=1/u. 
If, on the other hand, the given equation is 


(8) y' (x) = folx) + fila)y(a) + fala)y*9(a) P+ + + fale) (a), 
then y=w7# transforms (8) to 
(8.1) —Lw' = fiw + fowl” + ST fawhtiebie 


r=2 


which is typified by (1). 
Another case of interest is provided by the equation 


9) yl (a) = fola) + A@ ya) +O f@r(a), 


where the a’s are each less than n, a positive integer. Substituting y=u-", we 
obtain from (9) 


(9.1) —nu' = fiat four + DO) faurt-a, 
i=? 
which is typified by (1). We conclude by citing two examples: 
Example (a). Let y’=fotfiy+ >". fi, where b;=./qi, bi, Qi are integers 
prime to each other, the q, are all positive, the /,; are all positive or all negative, 
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and | b:| <q;. Substituting y=w", where L=qigogs - - * Qn, we obtain from the 
given equation 


Lw’ = fiw + fow! = + fowhterh +... + fywiten Lh, 


where c;=Lb;. Now c;+1—Z are all negative integers, and so is 1—Z. Hence 
this equation is typified by (6), and therefore can be transformed to the form 
(1). For instance, if y’=fotfiytfey?/*+fey3/4, the equation in w is 12w’=f,w 
+f,w-?+fow?+fow-!!, which by the substitution w=1/t, becomes —12/’ =fit 
+fat4 t+fat® +fot'. 

Example (b). Let y’=fotfiytfoy?/*+fsy"!*, where p/q, r/s are proper frac- 
tions, and p, g, 7, Ss are positive integers. The substitution y=u-® transforms the 
given equation to —qsu’ =fiu+foutt*(1-?) + fay tt as—" + foyttas, which is typified 
by (1). 


The author is grateful to the referee for his comments. 


ON THE METRIZABILITY OF INVERTIBLE SPACES 


WILL1AM J. Gray, University of Alabama 


DEFINITION. A topological space (X, t) is invertible iff UEt,U#@= there 
exists an onto homeomorphism h: X—>X such that h(X — U) CU; hts an tnverting 
homeomorphism for U. 

In [1] (where invertible spaces were introduced) and [2] it is shown, among 
other things, that if there exists UCt, UX%M@, with property P, where P is a 
separation property 7;, 7=0, 1, 2, normality, or regularity, then X has property 
P. Here we show that if P is metrizability, then X is metrizable. 


THEOREM. If (X, ¢) 4s an invertible space containing an open meirizable subset 
UA, then X is metrizable. 


Proof. Since U is T; and regular (T3), so is X. Choose xG U. By regularity 
we have V, W open in X such that xE©VCVCWCWCU. Let h be an invert- 
ing homeomorphism for V and 8=U;2, B; be a o-discrete base for U, where each 
B; is a discrete family of open subsets of U (see [3]). (An element of 6 is an 
open set which belongs to at least one of the B;). Define 


C;= {BOV; BE B;} y= UC; 
t=1 
D;= {BNW; BE B;} 5= UD, 
t=] 
As={FUQ)NAX-V;CEC} a=Ul[AUD] 
t=1 


y and 6 are o-discrete bases for V and W, respectively. We plan to show that 
ais a o-locally finite base for CX, ?). 
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To show that a@ is abase, take xC.S, S openin X. lfxEGX—V, h(x) ChS)NV. 
We have CEy such that h(x)ECCACS)OV. Then xEGh-(C) CSNh-"(V) CS. 
Hence xE€h-H(ONX-VChUC) CS. lf xEVCW, xECSOW=Ffor some DES, 
xEDCSOAWCS. 

To show that a@ is a o-locally finite base, take x©X. We consider cases. 

Case 1. If xe X—W, we have h(x) EV, and SC V open, h(x) ES such that 
S\C# @ for at most one CEC; for each 1. Then x€h-(S), and h-1,S) Nh71(C) 
#@ for at most one CEC;,, for each 7. If xEW, (8) AX —W can intersect 
at most one member of A*\UD,. If x€@W, choose an open set TCU, x€T, 
TI\B# @ for at most one BC B, for each 7. Then h-1(S)(\T intersects at most 
two members of A, D,, for each 1. 

Case 2. If xE V, we have SCW open, xCS, SAOD#@ for at most one 
DED; for each t. Then xE SOV, and the last set can intersect at most one 
member of AD, for each 1. 

Case 3. If eG W— V, h(x) € Vwe have S open, h(x) ES such that SAC# @ 
for at most one CEC; for each 1. Then xGh-(S) and h-4S)\Oh-1(C) ¥ @ for 
at most one CEC; for each 1. Furthermore, we have T7CW open, x€T, and 
TI\DA@ for at most one DED;. Then h-1(4S)(\T intersects no more than two 
members of A,/D; for each 12. 

Since X has a o-locally finite base, and is 73, X is metrizable. 
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ON A GENERAL AREA-PERIMETER RELATION FOR 
TWO-DIMENSIONAL LATTICES 


JosErH HAMMER, University of Sydney 


Edward A. Bender has proved in [1] that any convex domain D whose area 
A(D) is greater than its half perimeter S(D), that is 


(1) A(D) > S(D), 


contains a lattice point. 
In this note we shall prove a more general theorem. 


THEOREM. If 

(2) A(D) > rS(D), 

where r 1s any positive integer, then D contains r lattice points. 
To prove this, we shall use the following lemma. 


LemMA. Any convex domain D whose area A(D) is greater than n-times its 
half perimeter S(D), where n is any positive integer, can be divided into n convex 
domains, such that each area 1s greater than the corresponding half perimeter. 
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We prove it by induction. It is trivial for 7=1. Supposing it to be true until 
n=k, we show it is true for ~=k-+1. By the inductive hypothesis we have 
(3) A(D) > (k + 1)S(D). 

Let us cut the domain into two parts (Fig. 1), with areas <A;(D) 
=A(D)/(k+1) and A2,(D)=kA(D)/(k+1). From (3) 


1 
(4) A,(D) = parr A(D) > S(D) 


-dg(D) 
h(D) 


Fic. 1 


But (Fig. 1) 
(5) S(D) > $[h(D) + c(D)] = S:(D) 
since the domain is convex. Therefore (4) becomes 4:(D)>S,(D). Similarly, 
by (5) 

A2(D) > RS(D) > k4[le(D) + c(D)] = BS2(D). 
But, by supposition, A2(D) can be divided into 2 parts in the required way. Thus 
our statement is true for any 2. By applying this lemma to Bender’s theorem 
we prove our theorem. 
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OPAQUE SETS OF DEGREE a 
R. E. D. Jones, University of Wichita and The Boeing Company 


A set of points in the closed unit square of the Cartesian plane is said to be 
opaque if the set casts a shadow in every direction. Thus if we write 
Q={(«, y):0SxS1, 0<ysi}, a subset A of Q is opaque if and only if every 
straight line LZ satisfying LQ @ also satisfies LNA#¥@. 

The set consisting of the union of the two diagonals of Q is opaque and has 
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linear measure 24/2. The following example shows that there are linearly meas- 
urable opaque sets with linear measure less than 2+/2. 

Example. Let f(P) be the sum of the distances from P to each of the points 
(0, 1), (1, 1) and (1, 0). The minimum value of this function is 


The set consisting of the three closed line segments connecting P and (0, 1), 
P and (1, 1), P and (1, 0) and the closed line segment connecting (0, 0) and 
(4, 4) is opaque and has linear measure /2+3-/6. 

In his thesis the author has shown that the linear measure of a linearly meas- 
urable opaque set must be at least two. This improves the previously known 
bound of 7/2 (cf. [1]). It is not known whether or not there exists a linearly 
measurable opaque set with linear measure » such that 2Sp<V/2+~7/6/2. 

Three properties of opaque sets which follow easily from the definition are: 

1). If A is an opaque set, then the derived set of A, A’= { pb: p is a limit 
point of A \ is an opaque set. 

2). If A is a closed opaque set then there is a set BCA such that B 1s a per- 
fect opaque set. 

3). If A, are nested closed opaque sets, then f), A, is an opaque set. 

Properties 2) and 3) do not necessarily hold if the set A in 2) is not closed 
and the sets A, in 3) are not closed. 

We will write Q° for the interior of the closed unit square, that is, Q° 

= {(x, y):0<x<1,0<y<1)}. If Bis any set or ordinal number, | B| will denote 
its cardinal number. 

If ACQ and a is a nonzero cardinal number, we say that A is opaque of de- 
gree a in case (i) A is an opaque set, and (ii) if Z is any line which intersects Q°, 
then | LOA| =a. 

The sets O— O° and Q are opaque sets of degree two and ¢ respectively. It is 
clear that there are no opaque sets of degree one or of degree greater than c. The 
following theorem establishes the existence of opaque sets of degree a for any 
cardinal number a between two and c. 


THEOREM. For any cardinal number a, such that 2 Sa Sc, there exists an opaque 
set, A, of degree a. 


Proof. The set A will be defined by transfinite induction. There are c lines 
which intersect 0°; well-order the set of these lines to form a transfinite sequence, 
Ty, Ie, +++, Ly, +++, with the additional property that 


U Lz 
B<y 


for any line L, of the sequence. Suppose AgCLg/\Q has been defined for all 
B<v+y such that Ls contains exactly a points of Uses As and at most @ points of 
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Us<y Ag are collinear. If ZL, contains exactly a points of Use, Ag, let A,= @. If 
L, contains 9 points of Use, As, with 7 <a, then let A, be a subset of L,\Q such 


that 
4 ( U As) 
Bsy 


and such that at most @ points of Us<, Ag are collinear. Then the set 


A= U Ag, B= {1,2,---,y,-°:} 
BEB 


is an opaque set of degree a. 

To complete the proof we need only show that for any yEB, ly <c, there 
exist points in L,(\Q which satisfy the conditions of the construction. 

First suppose a= is a positive integer greater than or equal to two. Let pv 
be the cardinality of all possible n-tuples, whose entries are elements of Uge, Ag. 
Then pv is greater than or equal to the cardinality of the set of distinct lines, each 
containing m points of Use, Ag. From the ordering of the sequence 


Ly, Le, +++, Lys, U Ag = ly|u<e. 


If |Usey Ag| is not finite then v= |Usey Ag|"=|Usey Ag| <c while if |Use, As| 
is finite so is vy. Hence at most v points of L,(\Q will not satisfy the conditions of 
the construction; therefore the construction is valid for any finite a. 

If a is an infinite cardinal number, a<c, we may choose any a@ points of 


LYNQ for Ay. Since if | LA (Use, As)| Sa, then | LA(Uge, As)| Se. 
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TOTAL VARIATION AND UNIFORM CONVERGENCE 
Davin A. SANCHEZ, University of Chicago 


As is well known, given a real valued function f(x), ax, the total varia- 
tion V? (f) of the function is a finitely additive interval function on the set of all 
intervals belonging to the domain of the function. Less well-known is the fact 
that the total variation is a lower semicontinuous functional; i.e., given f,,(x), 
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n=1,2,-+-+, converging pointwise to f(x) for aSx Sb, then 


V (f) S lim inf V (fn). 


n— co a 


For a proof of this and other properties of the total variation see [1]. 

By restricting ourselves to the class consisting of functions f(x), —° <x<o, 
of bounded variation, we obtain a similar result. Suppose that f,(”),7=1,2,---, 
converge pointwise to f(x), —°<x<«. Then since V2.(f)<, given an 
arbitrary e>0 we may choose an interval [—k, k], k=k(e)>0, such that 
V2. (f)—es V*,z (f). The desired lower semicontinuity follows from the previous 
result. 

Suppose now that we consider the class K consisting of functions f(x), 
— «0 <x < 0, of bounded variation. Then we shall distinguish two types of con- 
vergence in K: 

1) Uniform convergence on — ® <x< om, 

2) Uniform convergence on every compact subset of — © <x<, but non- 

uniform convergence on —» <x< 0, 
The following examples show the possible behavior of the total variation with 
respect to these two modes of convergence. 

Example 1. Let fa(x) =x—n if nSxSn+1/2n, f,(x) = —x-+n if n+1/2nSx 
<n-+1/n, f,(x) =0 otherwise, n=1, 2,---, and let f(x) =0, —-»7 <x< oo. The 
convergence is of type 1), and furthermore 


V (f) = lim V (f,). 


Hence in this case the total variation is convergent. 

Example 2. Let fn(x)=x—2-"k if n+2-"kSxSn+2-"k+2-"-1, f(x) 
=—x~t+2-"(k+1) if n+2-"k+2-"1SxSn+2-(k+1), f(x) =0 otherwise, 
k=0, 1,--:, 27-1, n=1, 2,---, and let f(x) =0, —2w <x< 0, The con- 
vergence is of type 1), and 


V (f) = 0 < liminf V (fa) = 1. 


Example 3. Let fa(x)=0 if xSn, fr(x)=x—n if nSxSn+1, fi (x) =1 if 
n+isx, n=1, 2,---, and let f(x)=0, —»~ <x<o. The convergence is of 
type 2), and 


0 


V (f) = 0<liminf V (f,) = 1. 


We will now show that convergence of type 2) in K, and convergence of the 
total variation imply that the convergence is of type 1). 
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THEOREM. Let f,(x), n=1, 2,---, be of bounded variation in —0 <x< 0, 
Suppose thai the f,(x) converge uniformly on every compact set to f(x), of bounded 
variation in —-»<x< 0, and in addition limnse V~o(fn)=V~o(f). Then the 
fn(x) converge uniformly to f(x) on — 0 <x< om, 


Proof. Since f(x) is of bounded variation, we may choose k= k(e) >0 so large 
that Vis2.(f)<e for arbitrary e€>0. By convergence of the total variation 
we see that | V2..(fn) -V2.(f)| <e if m is large enough. By lower semicon- 
tinuity of the total variation we know that —e<V*, (f,)—V". (f) for a 
large enough, and it follows that there exists a positive integer Ni such that 
n> WN, implies Visizx (fn) <4. 

Since the convergence is uniform on —kSxSk, we know that there exists 
a positive integer Nz such that n>N2z and x€[—8&, k] implies |f,(x) —f(«)| <e. 
Then for n>N=max (M, N2) and xE[k, ©) we have | fn (2) —f(x)| <6e, and 
a similar result holds for xE(— », —k]. But e>0 was arbitrary, and k depends 
only on f(x), so we may assert the convergence is uniform on — 0 <x< 0, 


CoROLLARY 1. The conclusion of the theorem holds tf the condition: “Given 
arbitrary e>0, there exists a positive tnteger M and a constant k>O such that 
Vietze (fn) <efor 2 > M” is substituted for the condition “limn +o V2 (fn) = V2 (f).” 


Coro.uaRy 2. The conclusion of the theorem holds if the condition “lity. Vo (fn 
— f)=0” is substituted for the condition: “limn so V2 « (fn) = V° o(f).” 


Proof. Since V2, (fn) -V2. (Gf) S$ V2.4 Gn—f), and the right hand expression 
can be made as small as desired for m large enough, it follows that 
lim supn+o Ven (fn) S V2 (f). But this implies that lim,.. V2. (fn) = V2. (f) 
and the desired result follows. 


Reference 
1. L, Cesari, Variation, Multiplicity, and Semicontinuity, this MoNTHLY, 65 (1958) 317-332. 


A GENERALIZED INEQUALITY 


NATHAN ALTSHILLER Court, University of Oklahoma 
1. THEOREM. If a, B are two angles such that 0<a<BS/2, we have 


sin a a 


sin @ B ) 

Proof. On the x-axis OX mark the points A, B, X, so that OA=a, OB=8, 
OX =7/2; draw the perpendiculars AC=sin a, BD=sin 8, XL=1, on the same 
side of OX (Fig. 1). 

If J is the point of intersection of the lines AC, OD, we have 


(2) AI:BD =OA:0OB, or AlI:sin@ = a8. 


(1) 


Now the points O, C, D, L, lie on the curve y=sin x, which in the first quadrant - 
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is convex; hence the point J lies between A and C, and therefore AC>AJ. Thus 
if in (2) we replace AI by AC=sin a, we obtain (1). 
Observe that the formula (1), put in the form 


sina  sinf 
> 
a B 


shows that f(a) =sin a/a is a diminishing function in the first quadrant. 


(3) 


Fic. 2 


2. A special case. If in (3) we put B=7/2, the formula becomes 


sin @ 2 


64 Tv 


(4) 


This formula finds applications in the theory of functions. See, for instance, 
E. C. Titchmarsh, Theory of Functions, Oxford, 1932, p. 7. Einar Hille, Analytic 
Functions, Ginn and Co., New York, 1958, vol. 1, p. 248. 


3. A geometrical inequality. The inequality (1) remains valid if its four 
terms are multiplied by 2. The terms 2 sin a, 2 sin 8 may be interpreted as being 
the chords of the arcs 2a, 28, respectively, in the same circle. 

Geometrically this amounts to adjoining to the first quadrant of the Fig. 2 
its reflection in the x-axis. We have the following result: 

Given two unequal chords of a circle, the value of the ratio of the shorter chord to 
the longer is greater than the value of the ratio of the minor arcs subtended respec- 
tively by the given chords. 

The proposition remains valid if one of the two chords is a diameter of the 
given circle. 

Furthermore, the proposition is applicable to two chords of a sphere or two 
chords of two equal spheres, and the minor arcs subtended by the chords on the 
great circles passing through those chords. 
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ELEMENTARY PROOFS FOR THE EQUIVALENCE OF 
FERMAT’S PRINCIPLE AND SNELL’S LAW 


MICHAEL GOLomB, Purdue University 


In a recent SMSG monograph by Beckenbach and Bellman [1] Fermat’s 
minimum time principle for the path of a reflected ray of light is verified by 
means of an elementary inequality, and also by the well-known geometric con- 
struction ascribed to Heron. For the path of a refracted ray the authors state 
that verification of the minimum time principle does not seem to be obtainable 
in a similar fashion and that recourse must be made to the differential calculus. 
Below we give an arithmetic and a geometric proof for the law of refraction 
which are of a similar character to those given in [1] for the law of reflection. 

Suppose that a plane F divides two homogeneous media M,; and Mz: of a 
different optical density so that in M, light rays travel with velocity v7; and in 
M, they travel with velocity ve. Fermat’s principle says that the path of a ray 
from a point P; in M, to a point Pe in Me is such that it consumes less time 
than any other path connecting P; and P». It is clear that only those paths need 
to be considered which lie in a plane G perpendicular to F and which consist of 
two line segments P10, OP2 with QE FAG. Make FOG the x axis of a Cartesian 
coordinate system and let (x1, 41), (xe, ye), (x, 0) be the coordinates of Pi, Ps, Q, 
respectively, with x1 <%2, yi >0, y2<0. The problem is to minimize the function 


1 2 2 1 2 2 
i(x) = — Vi (e— a) + 9} + — Vi (Ha — #) + yo}. 


Let 61, 62 be any real numbers. Then, by Cauchy’s inequality, 


+ (a; — a) sin 8; + y; cos 8; S V/{ (a; — 2)’ + yi} (i = 1, 2). 
Therefore 
(~ — #1) sin 0; -+ yicos@; (42 — %) sin 62 — ye Cos Oe 
(1) (x) 2 + 
V4 V2 
If we now require that 
sin @, = v4 
(2) == 
sin Oo V9 


then the lower bound in (1) is independent of x, and it is attained for x =x*, i.e. 
t(x*) is the minimum time for any path, if equality holds in (1) for x=x*. This 
is the case if and only if 


. 9 X—- X11 9 V1 
51 0, = —_— OD? COS) FO)! eee 
6) V{(@ — a1)? + 93} Vi (% — a1)? + y3} 
Xq —- X — 
sin 0. = : Cos 64 = sh 


V{ (a2 — 2)? + y2} Vi (e2 — 2)? + y2} 
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It is seen that as x varies in (3) from x; to x2, sin 6; increases monotonically from 
0 to w= (x2—x1)/v/ { (%9—21)?+-37} and sin 62 decreases monotonically from 
Ue = (X2—%1)/V/ { (9 — 41)? +-48 } to 0. Thus there is exactly one set of values 
x=x* O,=07, 6.=08*, with 11 <x* <x, 0O< Oe <arcsin m1, and 0 <6 <arc sin te, 
for which (2) and (3) are satisfied. If Ox denotes the point (x*, 0) then by (3) 6# 
is the angle between P,Q, and the normal to F (4=1, 2), and (2) expresses Snell’s 
law of refraction. 


Fic. 1 


The following geometric proof goes back to Huygens [2]. Referring to the 
Figure (with v1 >ve and x>x*), let SQ be parallel to PiQx, SP: and RiQ, per- 
pendicular to PiQx, and R2Q perpendicular to P20. Then 

Ri0 sind 


— — 
eee SS eee 


R2Q« sin 65" V9 


Hence, if | AB| denotes the time to traverse the segment AB, 
| RiQ| = | RxQs| 
and 
| Pidx| + | QxP2| = | SRi| + | RiQ| — | RaQe| + | QxPo| 
|SQ| + | RePo| 
| PiQ| + | OPs|. 


IA 
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Equality holds here if and only if Q=Q,. In a similar way one obtains this in- 
equality for x<x*. Thus the minimum time property of the path P1Q0,.UQ,P2 
is proved. 
References 
1. E. Beckenbach and R. Bellman, An Introduction to Inequalities, New Mathematical 


Library, Random House, New York, 1961. 
2. C. Huygens, Treatise on Light, translated by S. P. Thompson, Dover, New York, 1962. 


A GEOMETRIC PROOF OF THE EQUIVALENCE OF FERMAT’S 
PRINCIPLE AND SNELL’S LAW 


DANIEL PEDOE, Purdue University 


Let J be the line separating the media, and let P,Q*P, be the actual path of 
the ray according to Snell’s Law, where sin 61/sin 62=v:/v2. We wish to show 
that for any other point Q on the line 


P,Q/1 + P2Q/v2 > P1Q*/v1 + P2Q*/v2, 


so that the time taken for traversing the actual path is a minimum. Draw the 
circle through the points Pi, Q* and Ps, and let the perpendicular to / through 
O* intersect this circle again at the point A. Then we note that AP,=2RK sin hh, 
and AP.,=2R sin 62, where R is the radius of the circle P,Q*P.2. Therefore 
AP;/AP2=1/v2; that is, AP; =k/v, and AP,=k/m, where & is a constant. 


Applying the theorem of Ptolemy to the four concyclic points P1, Q*, P: and 
A, we have the equality 


P,P,- AQ* = P,O*- AP» +- P.Q*- AP,, 
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whereas if Q is any point +(Q* on the line /J, the extension of the Ptolemy theo- 
rem which arises naturally by inverting the triangle inequality [1] gives the 
inequality 


P,P,-AQ < PiQ- AP, + P2Q: APi. 
If we substitute for AP; and AP2, we obtain the equality 
k(P10*/01 + P2Q*/v2) = PiP2: AQ*, 
and the inequality 
k(P10/01 + P2Q/ve) > PiP2: AQ. 


Hence the Fermat principle of minimum time is established for a ray which 
satisfies Snell’s Law, since AQ>AQ*. 


Reference 
1. D. Pedoe, Circles, Pergamon, London, 1957. 


ON THE RIEMANN INTEGRAL IN TWO DIMENSIONS 


SoLoMON Marcus, University of Bucharest 


A subdivision of an interval I consists of a finite number of intervals having 
at most edges or vertices in common, whose union is J. 

In dealing with Riemann type of integrals on a two dimensional compact 
interval J, the norm of a subdivision o of J is available in at least two manners: 
(a) If | J| 4 is the area of the interval J, then the norm |o|4 is the maximum 

J\4 for any J of o; (b) if | J|s=maximum side length of J, then the norm 

| s is the maximum of | J| s for all J of o. A limit taken as |o| s—0 is weaker 
than a limit as |o| 4-0, since any statement true for all o such that lola<d 
will be true for all o such that |o| s<-~<d (see [1], pp. 102-103). 

It is well known that the norm customary in the theory of the Riemann 
integral in two dimensions is the norm |o| s, but no explanation of this fact is 
given. The avoidance of |o|4 can be justified as follows. If the norm lola is 
used, then the theorem “A continuous function on I is Riemann integrable on I” 
will not be true. To prove this, let J be the unit square and let o, be the sub- 
division formed by equidistant parallels to the x-axis. For instance, 3 is con- 
stituted by the segments (x, y) with OSx<1 and y=0, 1/3, 2/3, 1. Consider 
now the function f(x, y) =x. If o, consists of the intervals Ji, Jo, +++ ,Ji, +++) Sn 
then, by choosing (&;, 4;) EJ; (17S), we obtain the Riemann sum 


Sen = Df (Ei, ni)* | Sila = > & Js\a. 


1=1 


Now consider a number & such that 0<£<1 and, for each 7 Sm and for each 
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n, put &;=& The corresponding Riemann sums are then equal to &: | I | A} we 
have 

lim |on|4=0 and lim 8, =€&-|J|a. 

tI © wi © 
But the result is a function of &; thus, f is not integrable on J. 

If, instead of |o|4, the norm |¢|s is used, then the property of uniform 
continuity yields Riemann integrability immediately. On the other hand, for 
the subdivisions o, considered above we have, for each n, lon| s=1; thus, 
| on| 0 as N—> ©, 

It would be interesting to make a systematic investigation of the integral 
defined with the norm |o| 4. 

No essential modification arises when, instead of the norm |o|s, we use the 
norm |o|p=the maximum of | J| p for all J of o, where | J| p is the diameter of 
J. These two norms can be considered as equivalent, since |¢,|s—0 implies 
|on| >—0 and conversely. 


Reference 


1. T. H. Hildebrandt, Introduction to the Theory of Integration, Academic Press, New York, 
London, 1963. 


ANOTHER APPROACH TO THE ALTERNATING SUBGROUP 
OF THE SYMMETRIC GROUP 


CLiFFoRD E. WEIL, Princeton University 
Let o be a permutation of (1, me, nt, and define ¢(c) by 
o(j) — a(t) 
$(c) = Il T 7a vat. 
lsi<jsn | (J) — a(i) | 


The number ¢(c) may also be expressed in the following ways: 
1) if 7 is any permutation of 1, mee, nt, then 


a(r(j)) — a(r(i))_ 
aera) | o(r(J)) — o(r(a)) | 
2) if k is the number of times that 1S7<j<n implies o(j) <o(z), then 
d(o) = (—1)*. 


From 2) it is seen that ¢ maps S,—the group of all permutations of { 1,---, n} 
—into the set { 1, —1 i. We show now that ¢@ is a homomorphism into the multi- 
plicative group { 1, -1}. Ifo andr are in S,, and if (7) =(—1)4, then 


¢(7) = 
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o(r(j)) — o(r(i)) 
tsicien | o(r(j)) — o(r(@)) | 
-| o(r(j)) — o(r@) ll o(r(j)) — o(r(i)) 


rergy | a(r(f)) — o(r(3)) | rere) | o(r(7)) — o(r(3)) | 
t<j <j 


d(c OT) = 


_ } a(r(j)) — o(r()) i a(r(z)) — o(r()) ] (—1) 


rweray | o(tQ)) — o(r()) [IL meray | o@r@) — or G)) | 
<j t<Jj 


_ | a(r(j)) — (7) | a(r(j)) — a(r(2)) (1) 


rwerg) | a(t) — o(r@) [dL wera | or) — or) | 
i<j i<i 


_ x(r(j)) — alr) 
r(i)<r(j) | a(7(j)) — a(7(%)) | 
o(c) (7). 


The alternating subgroup A, of S, is the kernel of the homomorphism. Thus 
A, is a normal subgroup. The permutations in A, are called even; the others 
are called odd. That is, if o is even, then ¢(c) =1, and if @ is odd, ¢(¢) = —1. 
Since ¢ is a homomorphism, the composition of two even permutations is even, 
of two odd permutations is even, and of an odd permutation and an even permu- 
tation is odd. For 1=2 it is easy to construct a permutation o for which ¢(¢) 
= —1. From properties of homomorphisms, the number of even permutations 1s 
half the number of permutations in Sy. 


(7) 


I 


CONTOUR INTEGRATION FOR RATIONAL FUNCTIONS 


ERWIN Just AND NORMAN SCHAUMBERGER, Bronx Community College 
of The City University of New York 


Let P(Z) and Q(Z) be polynomials (in the complex variable z) of degrees m 
and respectively with lead coefficients a and b respectively. If C is a simple 
closed path containing the poles of P(z)/Q(z) in its interior, it is known that 


J [ P(z)/O(z)|dz = 2ria/b iin—m = 1, 
c 
and 
J [P(z)/O(z)|dz = 0 ifn —m = 2, 
c 


(where the integral is taken along C in the positive sense). The purpose of this 
note is to present a simple proof of these assertions. 

It is assumed that P(z) and Q(z) have no zeros in common. If the zeros 2; 
of Q(z) occur with multiplicity 7; @=1, 2,--.-, 7), then the decomposition of 
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P(z)/Q(z) into partial fractions yields 


P(2)/O(2) = 2D Aw/(e — 2)" 


t=1 k=l 


from which it follows that 


lim 2P@)/Q@) = > A, 


t==1 


where it is to be observed that Aw is the residue of P(z)/Q(z) with respect to the 
pole z;. It follows that if nm 2m-+2, then 


f [P(z)/O(z)]dz = 2ri > Ay = 2ri lim 2P(z)/O(z) = 0. 
C 


jul | z|—> 


On the other hand, if »=m-+1, then 


f P@/so@las = Ini >) An = 2ri lim 2P(z)/O(z) = 2ria/bd. 
C t=1 | z]—> 00 
It may be noted, further, that if m2n then P(z)/O(z) = F(z) +R(z)/Q(z), where 
F(z) is a polynomial and R(z) is a polynomial of degree n—1. Since F(z) has no 
poles fc[P(z)/Q(z) ]dz= fc[R(z)/O(z) |dz, and the latter integral has already 
been considered. 
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MATHEMATICS FOR THE ELEMENTARY EDUCATION MAJOR 
AT THE UNIVERSITY OF MARYLAND 


HELEN L. GARSTENS, University of Maryland 


Every student of the University of Maryland preparing to teach at the ele- 
mentary level fulfills a requirement of eight hours of mathematics. These eight 
hours constitute a one year course (four hours per semester) and are taken in 
addition to the customarily provided methods course in arithmetic. The course 
was conceived, prepared and written by the staff of the University of Maryland 
Mathematics Project. The whole activity received the fullest cooperation from 
the College of Education and the Department of Mathematics of the Univer- 
sity, in addition to the support of the National Science Foundation. 
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The philosophy underlying the course does not provide simply for the pres- 
entation and memorization of a large mass of material to familiarize the student 
with the mathematics beginning to appear in the elementary texts of today. To 
be sure, it is hoped that each student will reach a level of competence such that 
he will be able to read with discrimination present-day texts. This level of com- 
petence is meant to be achieved, however, by a better understanding of the 
foundations of the mathematics he will be expected to teach, by fostering an 
appreciation of how mathematics is developed, by providing experiences in de- 
veloping deductive mathematical systems, by creating a classroom atmosphere 
in which the student participates in the process of determining the direction 
which the investigations will take, by presenting logical techniques which yield 
clues for establishing proofs. The mathematics around which these goals are 
draped is taken from the study of number theory and elements of geometry, 
since these studies underlie computation and measurement which form the essen- 
tial body of mathematical knowledge pursued in grades K-6. 

Two texts have been prepared for the course: Mathematics for the Elementary 
School Teacher, Book I (which deals primarily with the development of number 
systems), and Book II (which considers topics in geometry). The chapter head- 
ings for the texts follow: 

Book I. I. Induction and Deduction; IJ. The System of Natural Numbers; 
III. Mathematical Systems; IV. Groups and Fields; V. The System of Integers; 
VI. The System of Rational Numbers; VII. Topics in Number Theory. 

Book II. I. Sets of Points; II. Additional Topics in Logic; III. Congruence; 
IV. Linear and Angle Measure; V. Area and Volume; VI. Similarity; VII. Graphs 
on a Plane. 

No listing of chapter headings can possibly indicate anything more than the 
skeleton on which the flesh of the course is shaped. It is not the goal of the Mary- 
land course to develop creative mathematicians, but, rather, to prepare teachers 
who will be able to identify mathematical potential among their pupils, and will 
provide an atmosphere in which this potential can flourish. It is hoped that the 
teachers who have experienced this year of mathematics will not require their 
pupils to memorize a myriad of unrelated rules, but, rather, seek patterns and 
make generalizations which will facilitate achievement of the target activities 
for K-6. 

In line with this attitude, the students are not presented with a series of 
proofs which they are called upon to reproduce periodically. Rather, the stress 
is placed on “letting the student in” on how one goes about searching for clues 
to establish a conjecture, surmised as a result of experimentation or intuition. 
The little example of a deductive system, based on the Peano Axioms, used to 
develop certain properties of the system of natural numbers is a stunning experi- 
ence for a beginning student not highly motivated in the study of mathematics. 
Almost one hundred per cent of the students who enter the course think it is 
“natural” for 2+7 to be equal to 7+2. They would not be so ready to ascribe 
the property of commutativity under addition to any two irrational numbers. 
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In this situation, they would insist on some sort of demonstration of why this 
should happen. They are unaware, however, of the structure underlying the sys- 
tem of natural numbers and attribute all manner of properties to these numbers 
on the basis of “common sense.” Unfortunately, their “common sense” also 
leads them to the “obvious” conclusion that there are half as many odd numbers 
as there are natural numbers! 

Once the student realizes how productive an arithmetic one can engage in, 
when one may use a number system whose structure is that of a field, then 
motivation is high for the subsequent development of the system of integers 
and that of rationals. Since an integer is defined as an equivalence class of 
ordered pairs of natural numbers, the students are not sure whether the system 
will have an additive identity, or, if it exists, what form it will take. Instead of 
stating the theorem: “The additive identity for the system of integers is (n, 1),” 
and following this with a series of steps in a synthetic proof, the student is en- 
couraged to guess, try out his guess, make intelligent changes as a result of ex- 
perimentation, or, possibly, assume the existence of the additive identity and 
attempt algebraically to find its form. Once a conjecture is made as to the pos- 
sible form of the additive identity if it exists, the student proceeds to an analysis 
which provides clues for the steps required to make a deductive proof. The 
length or detail of the analysis depends upon the needs of the individual student. 
A reconsideration of the steps taken provides the clues for writing the proof. 

Similarly, deductive systems are developed in the geometry as often as the 
material permits for this level of student. Many of the facts studied in Book II 
are familiar to those students who have taken a course in geometry in the 
secondary school. Frequently the facts were accepted as a result of single ex- 
periments, or because of their intuitive appeal. Theorems for which proofs were 
given became the gospel. Of the hundreds of students who have taken the 
Maryland course, none realized the nature and function of the axioms. The axi- 
oms were accepted as “true” because they seemed to fit in with the students’ 
experiences in the physical world. The possibility that a preliminary definition 
might be modified if this modification led to significant generalization, is a 
thought which is at first shocking to the student. To dispel this untrue charac- 
terization of the rigidity of mathematics is one of the goals of the course in 
geometry. 

The topics selected for the course in geometry are those which are basic to 
the understanding of direct and indirect measurement. Since the study of meas- 
urement in the Maryland course is based upon the concept of congruence, the 
topic of congruence is developed without dependence upon the notion of a 
measure. A congruence is a one-to-one correspondence characterized by a set of 
axioms. Every effort is made to keep the language consistent. Thus, there is a 
distinction between the statements that two line segments are congruent, and 
two line segments are equal. 

The notion that measurement is approximate is developed so that the stu- 
dent realizes that the approximation is inherent in the nature of measurement, 
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and does not depend upon the fact that the observer may not have 20-20 vision! 
The difference between the measure of a triangle (its perimeter), and the meas- 
ure of a triangular region (its area), is a distinction new to the students. The 
failure to differentiate between a triangle and its region results in having the 
students define the perimeter as “the distance around the triangle.” 

The geometry course is one which is newly developed and with which the 
staff of the University of Maryland Mathematics Project has had only two years 
of experience. Its content is therefore not as definitive as that of Book I with 
which there has been six years of experimentation. Many more units were writ- 
ten than it has been found possible to teach in the time allotted. Consequently, 
it is hoped that a third text will eventually be written. 

No formal evaluation of the effects of the study of this course upon the 
teaching of mathematics in the elementary level has been made. There is, how- 
ever, the enthusiasm of the students, their successful completion of the course, 
and the gratifying reports of the professors supervising the student teachers. 


CHARACTERISTICS AND SERVICE LOADS OF MATHEMATICS 
AND SCIENCE TEACHERS 


DonaLpD J. DESSART, University of Tennessee 


Concurrent with numerous efforts to improve the secondary school mathe- 
matics and science curriculums and the subject matter backgrounds of teachers 
comes a timely report on characteristics and teaching loads of science and 
mathematics teachers. (See [1].) This survey conducted by the American Asso- 
ciation for the Advancement of Science and the National Association of State 
Directors of Teacher Education and Certification, with the support of the Na- 
tional Science Foundation, revealed that much effort is still needed to attain 
standards of teacher preparation recommended by the Cooperative Committee 
on the Teaching of Science and Mathematics. 

In the area of mathematics teacher preparation, the Cooperative Committee 
recommended 30 undergraduate and 15 graduate semester hours of college work. 
The survey showed that nearly four out of ten mathematics teachers in grades 
7-8 had less than 9 semester hours of college mathematics, and that teachers 
with this minimal training were teaching 34 per cent of the 7th and 8th grade 
mathematics classes. In each of the three other categories ((a) 9-17 hours; 
(b) 18-29 hours; and (c) 30 or more hours) were two teachers out of ten. 

The situation in grades 9-12 was much better. At this level nearly four out 
of ten mathematics teachers had 30 or more semester hours of college credit, 
which was considerably better than the situation in physics where about one 
out of ten teachers had comparable training. At the lowest level of training, less 
than 9 hours, fell about one out of ten of the mathematics teachers and nearly 
three out of ten physics teachers. 
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The sample studied in the survey was selected to represent all teachers of 
science and mathematics in public and private secondary schools of the United 
States during the spring of 1961. The U.S. Registry of Junior and Senior High 
School Science and Mathematics Teaching Personnel of the National Science 
Teachers Association was used to obtain a sample of 3957 teachers, about 3 per 
cent of the Registry. Of this sample, 3012 returned questionnaires. The number 
of mathematics teachers was 1782. 

Findings for the entire sample of science and mathematics teachers revealed 
that: 

1. Salaries ranged from below $3000 to over $10,000 with the median salary 
falling in the $5000—-$5449 category. 

2. The average workweek was 45 hours in which 23 were spent in teaching; 
17 were devoted to preparation for teaching, paper grading, study hall super- 
vision, athletics, dramatics, and band; and 5 were dissipated in bus duty and 
lunch room supervision. 

3. About one out of five teachers had participated in at least one NSF insti- 
tute. 

4. Seventy per cent of classes were taught by full time teachers of the par- 
ticular science or mathematics subject; 24 per cent by teachers who gave most 
of their time to the particular subject; and only six per cent were taught by 
teachers who gave most of their time to subjects unrelated to science or mathe- 
matics. 

An examination of the statistics which applied to mathematics teachers in 
particular showed that: 

a. Sixty-three per cent of teachers who taught mathematics but no other 
science were men, and seventy-five per cent of teachers who taught sciences as 
well as mathematics were men. 

b. Teachers with only one or two classes in a particular subject were assumed 
to be devoting most of their teaching time to other classes. In mathematics only 
12 per cent of the classes were taught by such teachers, whereas in physics this 
figure was 63 per cent. The statistics for chemistry, biology, and general science 
were 45, 30, and 25 per cent, respectively. 

c. Of all the secondary school mathematics teachers the largest percentage, 
59 per cent, taught mathematics at only the 9th to 12th grade levels, 24 per cent 
taught mathematics at only the 7th and 8th grade levels, and the smallest per- 
centage, 16 per cent, taught mathematics at both levels. 

d. Of all 7th and 8th grade mathematics classes, 34 per cent were taught by 
teachers who had less than 9 semester hours of college mathematics, 19 per cent 
by teachers who had 9-17 hours, 26 per cent by teachers who had 18-29 hours, 
and 21 per cent by teachers who had 30 or more hours. 

e. Of all 9-12th grade mathematics classes, 11 per cent were taught by 
teachers who had less than 9 semester hours of college mathematics, 12 per cent 
by teachers who had 9-17 hours, 32 per cent by teachers who had 18-29 hours, 
and 45 per cent by teachers who had 30 or more hours. 
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f. In grades 9-12, almost half of the teachers of mathematics, chemistry, or 
physics received their bachelor’s degrees since 1950, while about two-thirds of 
the teachers of mathematics 7-8 or biology received their degrees since 1950. 

A very encouraging set of statistics revealed that among teachers who re- 
ceived their bachelor’s degrees before 1950, 18 per cent of the mathematics 7-8 
teachers and 34 per cent of the mathematics 9-12 teachers had taken mathe- 
matics courses since 1950. Among the teachers with bachelor’s degrees taken 
during 1950-61, 20 per cent of the mathematics 7-8 teachers and 34 per cent of 
the mathematics 9-12 teachers had taken courses in their subjects since receiv- 
ing their degrees. Undoubtedly, the National Science Foundation Summer Instt- 
tute Program and Academic Year Institute Program had contributed to this 
commendable situation. 

In addition to the continuation of National Science Foundation programs to 
maintain and improve the quality of teachers in the secondary school, there 
should be an increased effort to insure that prospective secondary school teach- 
ers receive adequate preparation in mathematics before beginning their teaching 
careers. For many secondary school teachers the decision to teach mathematics 
is often made after the completion of bachelor’s degree work, rather than before, 
with the result that their mathematics work is done as inservice or summer 
study. Such a situation would seem to indicate that colleges and universities 
need to expend considerably more effort in attracting and encouraging high 
quality students to mathematics teaching as a career, while these people are 
still undergraduates. 


Reference 


1. Secondary School Science and Mathematics Teachers: Characteristics and Service Loads, 
U. S. Government Printing Office, Washington, D. C., 1963, 35 cents. 


CAREER CHOICES 


“The Future Teacher,” a publication of the National Commission on Teacher 
Education and Professional Standards reports for the second year the career 
choices of 2620 finalists in the 1963 National Honor Society Scholarship Con- 
test. The 1963 contest was the sixth consecutive contest in which teaching out- 
ranked all other professions in the eyes of the superior high school seniors. 
Science was the only field which interested more boys than did teaching. It was 
the second choice for girls. Percentage of career choices were as follows: teach- 
ing, 22%; science, 18%; medicine, 11%; engineering, 10%; mathematics, 8%; 
government, 5%; law, 5%; communications, 3%. 

Other choices indicated that 10% were undecided and smaller numbers desig- 
nated arts, business, ministry, psychology, social work, nursing, sociology, and 
dentistry. 
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SCIENCE TALENT SEARCH 


On January 29, 1964 Science Service announced the names of the forty most 
prominent student scientists from the nation’s high school seniors, as determined 
in the 23rd annual Science Talent Search. The forty students were chosen from 
among 3141 completely qualified entrants. There were ten girls and thirty 
boys from thirty-eight schools and thirty-six communities in seventeen states. 
The two schools with two winners were in New York at Forest Hills High 
School, and Erasmus Hall High School in Brooklyn. Requirements included 
taking the science aptitude examinations and writing a research report on an 
individual science project. School records and faculty recommendations were 
also taken into consideration. 

Among the forty winners nine chose projects in mathematics. There was a 
tenth with a project in computer mathematics. Still another winner indicates 
that she wants to become a teacher of mathematics or science when her educa- 
tion is complete. Her topic for the science talent research was in the field of bac- 
teriology. A copy of the honors and winners list of the Science Talent Search 
may be obtained by sending a stamped (ten cents) large envelope, self-addressed, 
to Science Service, 1719 N Street, N.W., Washington, D. C. 20036. 


PROBLEMS AND SOLUTIONS 


EDITED BY E. P. STARKE, Bloomfield College 


COLLABORATING EpiTors: J. BARLAZ, Rutgers—The State University; A. E. s.1vVINGSTON, 
University of Alberta; L. CArLitz, Duke University; H. S. M. Coxeter, University of 
Toronto; H. Eves, University of Maine; and A. Wimansky, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department 
should be sent to E. P. Starke, Bloomfield College, Bloomfield, N. J. Proposers of problems are 
urged to enclose any solutions or information that will assist the editors. Ordinarily, problems 
in well-known textbooks and results in generally accessible sources are not appropriate for this 
Department. No solutions (other than proposers’) should be sent to Professor Starke. 


ELEMENTARY PROBLEMS 


All solutions of Elementary Problems should be sent to A. E. Livingston, Dept. of Math., Unt- 
versity of Alberta, Edmonton, Alberta, Canada. To facilitate their consideration, solutions for 
Elementary Problems in this issue should be submitted on separate, signed sheets and should 
be mailed before August 31, 1964. 


E 1691. Proposed by the late Harry Langman, Clarkson College of Technology 


In the following skeleton long division each dash represents a digit and the 
eight-digit block under the brace represents a repetend. Given that the dividend 
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is a multiple of three, reconstruct the division and show that it is unique. 


—_ een @ ome Cee ee ed — — — 


— se so 


E 1692. Proposed by Roy Feinman, Rutgers University 

Let A and B be sets containing m and n elements respectively, with 1 SmSn. 
How many relations are there from A to B whose domain is A and whose range 
is BP 


E 1693. Proposed by F. J. Servedio, Iona College, New Rochelle, N. Y. 

Given three concurrent circles such that their other three points of inter- 
section are collinear, prove that their centers are concyclic with the point of 
concurrency. 


E 1694. Proposed by Omar Khayyam, Jr., University of California at Berkeley 
Let R, r, P, p respectively represent the circumradius, inradius, perimeter, 
and perimeter of the orthic triangle of a given acute triangle. Prove that 


P/p=R/r. 


E 1695. Proposed by J. B. Reynolds, Sugar Run, Pa. 

If the trisectors of the exterior angles of a triangle are drawn so that those 
adjacent to each side intersect, prove that the intersections are vertices of an 
equilateral triangle. 
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E 1696. Proposed by D. I. A. Cohen, Princeton University, and Ralph Green- 
berg, Unwersity of Pennsylvania 

Prove that a polynomial P(x) which assumes real values for real « and imagi- 
nary values for imaginary x must be linear. 


E 1697. Proposed by Harley Flanders, Purdue University 
Let 27S”<2't! and OSkSn-—2'. Show that the binomial coefficients () 
and ("3") have the same parity. 


E 1698. Proposed by D. L. Silverman, National Security Agency, Fort Meade, 
Md. 
10 


10 
Solve the equation 984+ >> ¢2= | p:, where the p; are primes. 
k=1 


k= 


E 1699. Proposed by Azriel Rosenfeld, Yeshiva University 


Let a1, °°+-°,@, and 0;,+-+-,06, be permutations of 1, +++, 2. Prove that: 
(1) aitbi, > ++, @n+6, can be incongruent modulo x if and only if 2 is odd, 
(2) didi, + + + , Gnd, Can never be incongruent modulo n if n>2. 


E 1700. Proposed by Jon Petersen, Saskatchewan Power Corporation, Regina, 
Saskatchewan 


n 
Given that To=1, Tnai= > Trl n—kr. Express 7, as a function of n. 
k=1 


SOLUTIONS 
Explanation of the Magistrate’s Decision 


E 1611 [1963, 757]. Proposed by Peter Ungar, Courant Institute, New York 
University 

Magistrate: How do you know he had been speeding? 

Officer: His car skidded 30 ft. with all four wheels locked, going up a 30° 
slope. I later made a test on the road in front of this courthouse, which is paved 
with the same material. I slammed on the brakes of the defendant’s car at 60 
mph and it skidded to a halt also in exactly 30 ft. But this road is level. Obvi- 
ously he had greatly exceeded the speed limit of 60 mph going up the hill. 

Magistrate (after consulting his slide rule): The charge of speeding is dis- 
missed. 

Explain the magistrate’s decision. 


I. Solution by A. M. Glicksman, High School of Science, Bronx, New York. 
If acar of weight W, coefficient of friction u, and initial speed vo skids a distance 
d along a level road, then uWd = Wvp/2g, and u=v5/2gd. Now if this car skids 
the same distance d up a like road of incline @, its initial speed v is determined by 


Wv?/2g = (uW cos 6 + W sin @)d. 


Solving for v and eliminating u we obtain v= (uo? cos 6+2gd sin @)1/?. Substitut- 
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ing vp = 88 ft/sec, 9=30°, g=32.2 ft/sec?, d= 30 ft, we find v= 87.6 ft/sec= 59.7 
mi/hr, which is below the speed limit. 


Il. Solution by Anton Glaser and Ralph Rush, Ogoniz Campus of The Penn- 
syluania State University. lf the defendant’s speed was (88-+x) ft/sec, then 


(88 ++ x)? = (88)7(/3/2) + 30g. 
Since x is negative for g<33, the defendant was not speeding. 


III. Solution by Rory Thompson, San Diego State College. To stop in 30 ft. 
from 60 mi/hr, the officer would have withstood a deceleration of at least (88 
ft/sec)?2/(60 ft) =129 ft/sec? +4 g’s. However, no coefficient of sliding friction 
is anywhere near 4, to say nothing of the effect on the driver. Therefore the 
officer was lying. 


IV. Solution by an unnamed student. Politics. 


Also solved by A. N. Aheart, Merrill Barnebey, Walter Bluger, Brother T. Brendon, Jay 
Burch, A. C. Claus, D. I. A. Cohen and S. P. Cohen (jointly), R. J. Eckert and G. A. Marxman 
(jointly), Michael Fried, Michael Goldberg, A. G. Grace, Jr., R. J. Herbert and D. T. Kexel and 
P. J. Welsh (jointly), R. H. Hines, Jr., J. E. Homer, Jr., R. A. Katz, R. N. Kesarwani, E. E. 
Kinerk, J. F. Leetch, Charles Lewis, D. C. B. Marsh, Morris Morduchow, P. R. Nolan, J. M. 
Pasachoff, Jon Petersen, Stanton Philipp, V. S. Poythress, E. H. Primoff, Anatol Rapoport, Peter 
Saltz, Perry Scheinok, John Shaw, Larry Shields, Kenneth Siler, D. L. Silverman, W. M. Stone, 
G. O. Temple, Simon Vatriquant, W. K. Viertel, and the proposer. 


The Mistaken Professor 
E 1612 [1963, 758]. Proposed by C. S. Ogilvy, Hamilton College 


The exam question was: If xy =4, find d?y/dx? and d*x/dy?. The student found 
d*y/dx? correctly; he then wrote down its reciprocal and labeled that d*x/dy?— 
and it was right. The professor claimed that this was just luck, and that it could 
not happen with any other function. Was the professor right? 


Solution by E. S. Eby, U. S. Navy Underwater Sound Laboratory, New London, 
Connecticut. The condition (d2y/dx?) (d2x/dy?) =1 leads to the differential equa- 
tion (d?y/dx?)2+-(dy/dx)? =0, whose general solution is (x+a)(y+0) =4. Except 
for a translation, the professor was right. 


Also solved by A. N. Aheart, Frank Alden and Ann Bowlus (jointly), Merrill Barnebey, E. R. 
Barnes, Jerry Bebernes, P. L. Chessin, R. J. Cormier, R. J. Egbert, J. M. Elkin, J. A. Faucher, 
Michael Goldberg, F. L. Griffin, R. H. Hines, Jr., Erwin Just and Norman Schaumberger (jointly), 
R. A. Katz, T. S. Keck, Max Klicker, J. D. E. Konhauser, G. F. Lowerre, Robert Maas, D. C. B. 
Marsh, Morris Morduchow, W. I. Nissen, Jr., P. R. Nolan, M. J. Pascual, Richard Pavelle, Jon 
Petersen, Stanton Philipp, V. S. Poythress, E. H. Primoff, Lawrence Ringenberg, Alan Rosenberg, 
Lester Rubenfeld, M. S. R. K. Sastry, Perry Scheinok, D. L. Silverman, W. M. Stone, R. M. 
Summerville, D. T. Teodoro, H. W. Vayo, Andy Vince, Raymond Whitney, K. C. Williams, K. L. 
Yocom, and the proposer. 

This is essentially Problem E 1046 [1953, 480], where it is pointed out that, in general, 
dy/dx™ and d™x/dy* are reciprocals if (x-+a)(y+b) = (n!)7@-», 
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Traveling Around a Circuit 


E 1613 [1963, 758]. Proposed by F. M. Sioson, University of Hawaii 

Towns 7; (¢@=1, 2, -- + ,) are cyclically connected by a one-way road, thus 
forming an m-gon. There are m means of transportation, 71, M2, ° + * , Mn, avail- 
able, and under the 7th means of transportation a mile is traveled in a; minutes. 
If one starts from town T; and goes around the circuit using the different means 
of transportation 1, m2, - + + , mM, consecutively, changing transportations only 
after each town, the circuit is completed in >.*., a;—2a; hours. Find the length 
of the circuit. 


Solution by EL. L. Magnuson, HRB-Singer, Inc., State College, Pa. Let d; be 
the distance from town T; to the next town. A start from every town provides 
a system of linear equations in the ~ unknowns di, dz, -- +, dy. In matrix 
notation these equations can be written as 


G1 Ge°**Qn dy 60(A — 2a) 
Gn G1*** An-1|| de 60(A — 2a.) 


dy, a3°*:a@ dn 60(A — 2an) 


where A = > as. The sum of all rows reveals that the length of the circuit, didi, 
is equal to 60(m—2) miles. 

Also solved by D. A. Breault, D. I. A. Cohen, Michael Fried, Michael Goldberg, R. J. Herbert 
and D. T. Kefel and P. J. Welsh (jointly), Stephen Hoffman, Erwin Just and Norman Schaum- 
berger (jointly), Kenneth Kramer, Loren C. Larsen, D. C. B. Marsh, Stephen Montague, J. W. 
Moon, P. N. Muller, P. R. Nolan, F. D. Parker, Jon Petersen, Stanton Philipp, E. H. Primoff, 
Perry Scheinok, Rory Thompson, Simon Vatriquant, Gary Venter, Andy Vince, Julius Vogel, 
K. S. Williams, K. L. Yocom, and the proposer. 

The proposer pointed out that the special case n =3 of this problem appears in College Algebra 
by F. D. Perez and V. A. Tan (Manila: Macaraig Pub. Co., 1948). 


A Projection of a Conic 


E 1614 [1963, 758]. Proposed by R. T. Hood, Franklin College, Franklin, 
Indiana 

A plane is intersected by a right circular cone and its axis. The resulting 
conic is projected onto a plane perpendicular to the axis. Show that the axis 
passes through a focus of the projected conic. 


Solution by the proposer. Using both cartesian and polar coordinates, the 
equations of the cone and plane may be taken as g=mr and g=ax-+b. The pro- 
jection of the conic on the xy-plane is then mr=ax-+-b. Converting fully to polar 
coordinates we have 


r = b/(m — acos8), 


which is a conic with focus at the origin. This conic is an ellipse, parabola, or 
hyperbola according as a<m, a=m, or a>m. 
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Also solved by Walter Bluger, W. G. Brady, Michael Goldberg, Loren C. Larson, D. C. B. 
Marsh, C. S. Ogilvy, Jon Petersen, Perry Scheinok, and Simon Vatriquant. 
All solutions were analytic except that of Ogilvy. 


An Isometric Mapping 


E 1615 [1963, 758]. Proposed by M. W. Pownall, Colgate University 

Define the distance between two integers 7 and j to be d(4, j) = |i— j| . Show 
that any one-to-one mapping of the set of integers onto itself which preserves 
the relation d(4, 7) Sk, for some fixed positive integer &, is an isometry. 


Solution by the proposer. An interval of length k in the set of integers may 
be characterized as a maximal collection in which each pair has distance Sk. 
The integers 7, j are consecutive if and only if there exist two intervals lh, J2, 
each of length k, such that O\J2= {4, j \, Since the given mapping must permute 
the intervals of length k, it must preserve consecutiveness, and the theorem 
follows. 


Also solved by D. I. A. Cohen, W. D. Jackson, Loren C. Larsen, Robert Maas, D. C. B. 
Marsh, Jon Petersen, D. L. Silverman, Andy Vince, and Raymond Whitney. 


A Triangle Inequality Involving the Altitudes 


E 1616 [1963, 7 58]. Proposed by Leonard Carlitz, Duke University 

Show that in an acute triangle, ti+he2+h3S3(R-+r), where the h; are the 
altitudes, R the circumradius, and 7 the inradius, and show that the equality 
sign holds only in the case of an equilateral triangle. 


I. Solution by A. N. Aheart, West Virginia State College. Denote the angle 
bisectors of the triangle by hi, fs, ¢3. Clearly hit+hethsSh+t.+t:, with equality 
if and only if the triangle is equilateral. Now in Problem E 1573 [1964, 93] it is 
shown that éi:+/.+/3 never exceeds three times the sum d of the (signed) dis- 
tances of the circumcenter from the three sides of the triangle, with equality if 
and only if the triangle is equilateral. But Carnot’s Theorem (see Altshiller- 
Court, College Geometry, 2nd ed., p. 83) states that d= R-+-r. The desired result 
now follows. 


II. Solution by W. J. Blundon, Memorial University of Newfoundland. Let 
H be the orthocenter of the triangle A142A3 and let Hi, H2, H3 be the feet of the 
altitudes through Ai, As, As respectively. It is well known (see Johnson, Modern 
Geometry, p. 191) that }(A;H=2(R++r). Since the triangle is acute, H is an 
interior point and we may apply the Erdés-Mordell Theorem to the point H, 
obtaining >)A;,H22)>/HH;, with equality only for an equilateral triangle. 
Thus 


Yh; = >> AH + DS AG; S (3/2) > AH = 3(R +0), 
with equality if and only if the triangle is equilateral. 
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Also solved by J. W. Baldwin, Leon Bankoff, Michael Goldberg, Franz Leuenberger, Andrzej 
Makowski, D. C. B. Marsh, M. Perisastri, Stanton Philipp, P. D. Thomas, and the proposer. 

Leuenberger had earlier (Einige Dreieckungsleichungen, Elemente der Mathematik, 13 (1958), 
121-6)proved that >/4;<9R/2. Since 27 SR, the inequality of problem E 1616 is stronger. 


A Quadrilateral Inequality 


E 1617 [1963, 758]. Proposed by J. I. Nassar, Socony Mobil O1l Company, 
Inc., Paulsboro, New Jersey 

Let A, B, C, D be any four points in the plane, and let PQ be the line seg- 
ment joining the midpoints of BC and AD. Show that | AB— CD| <2PQSAB 
-+CD, where one of the equalities holds if and only if AB is parallel to (or col- 
linear with) CD. 


I. Solution by H. L. Chow, New Vork University. Join P, Q to M, the mid- 
point of AC. Then 2PM=AB, 20M=CD. Therefore 


AB+CD = 2(PM + QM) 2 2P0, 
| AB —CD| =2|PM—QM| S 2P¢. 


One of the equalities holds if and only if M falls on PQ, that is, if and only if 
AB is parallel to CD. 


II. Solution by M. J. Pascual, Watervliet Arsenal, New York. Denoting the 
vector from A to B by AB we find that 


PO = AB+ (DA + BC)/2, 
and, by a different route, we find 
PO = DC + (AD+CB)/2. 
Hence PO=(AB—CD)/2, and since 
|\4B| — |CD| < |4B—CD| < | 4B] + | CD, 


with equality holding if and only if AB and CD either coincide or are parallel, 
the result follows. Since the above proof does not depend upon the points being 
coplanar, this restriction is unnecessary. 


III. Solution by Stanton Philipp, Seal Beach, California. Let A, B, C, D be 
represented by the complex numbers a, 0, c, d in the complex plane. Then the 
statement to be proved reduces to 


I|}ao-5| —|c-a4|| s|@-8)-C-@%| s |a-d] +l[e-a], 
with one equality if and only if AB is parallel to or collinear with CD. But this 


follows immediately from the triangle inequality for complex numbers and its 
known corollaries. 
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Also solved by W. M. Angel, W. R. Boland, Leonard Carlitz, D. I. A. Cohen, Ragnar Dybvik, 
Michael Fried, Michael Goldberg, Stephen Hoffman, J. E. Jean, Jr., W. H. Jurney, Kenneth 
Kramer, Loren C. Larson, C. D. B. Marsh, P. R. Nolan, Jon Petersen, V. S. Poythress, Perry 
Scheinok, Rory Thompson, Simon Vatriquant, Andy Vince, Charles Wexler, and the proposer. 


Integers Less Than z and Prime to x 


E 1618 [1963, 759]. Proposed by Ralph Greenberg, University of Pennsylvania 
Find all integers 2 such that the ¢() integers less than m and prime to ” are: 
(a) relatively prime in pairs, (b) in arithmetic progression. 


Solution by D. C. B. Marsh, Colorado School of Mines. (a) Let p be the small- 
est prime not dividing 2. Then m satisfies the conditions of the problem if and 
only if p? tn. If 2/n, then n=1 (trivially) or 3; if 2|” but 3}n, then n=2 (trivi- 
ally), 4, or 8; if (2)(3)|n but 5/”, then n=6, 12, 18, or 24; if (2)(3)(5)| but 
7{n, then ~=30. Bertrand’s conjecture may be used to show that no othern 
exists. Therefore 1=1, 2, 3, 4, 6, 8, 12, 18, 24, 30. 

(b) With 1S” and (1, 2) =1, we consider only arithmetic progressions of the 
form 1, 1+d, 1+2d,--+- and obtain in a manner similar to that used in (a): 
n=1, 6, any odd prime, any positive integral power of 2. 

Also solved by K. F. Bailie, Leonard Carlitz, D. I. A. Cohen, D. M. Danvers, Michael Fried, 


Jon Petersen, Stanton Philipp, N. R. G. Rao, H. J. Ricardo, D. L. Silverman, A. M. Vaidya, and 
the proposer. 


A Matrix Similar to Its Negative 


E 1619 [1963, 759]. Proposed by H. Kestelman, University College, London 

Let f be any function with integer values and A any n by m matrix whose 
(r, s)th element is zero whenever f(r) +/(s) is even. Prove that A and —A are 
similar. 


Solution by D. C. B. Marsh, Colorado School of Mines. Consider the diagonal 
n by m matrix P with p;;= —1 if f(j) is even and p;;= +1 if fU) is odd; P=P-}. 
For A=(a,.), PAP = (PprsPss). Now if f(r) and f(s) are of opposite parity, 
PirPss= —1 and ),,d,sPs5= —Qrs; While if f(r) and f(s) are of like parity, a,,=0 
and );,OrsPss =0= —d,.. Thus P14 P= —A, proving that A and —A are similar. 


Also solved by Leonard Carlitz, Loren C. Larson, E. L. Magnuson, Jon Petersen, and the 
proposer. 


An Insoluble Diophantine Equation 


E 1620 [1963, 759]. Proposed by D. L. Silverman, Beverly Hills, California 
Solve «§=4y(«y-+2?) in nonzero integers x, y, 2. 


Solution by W. J. Blundon, Memorial University of Newfoundland. Putting 
2xy+2?=n and eliminating y we have x*+-24!=~7?, which has no solution in non- 
zero integers (see Niven and Zuckerman, An Introduction to the Theory of Num- 
bers, John Wiley and Sons, Inc., pp. 100—2). 
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Also solved by Joseph Arkin, J. W. Baldwin, Leonard Carlitz, M. L. Chachere, J. A. H. 
Hunter, J. E. Jean, Jr., Erwin Just and Norman Schaumberger (jointly), Frank Kocher, R. D. 
Leitch, Viktors Linis, E. L. Magnuson, D. C. B. Marsh, W. I. Nissen, Jr., Jon Petersen, Stanton 
Philipp, N. R. G. Rao, C. S. Stuckey, G. C. Thompson, Simon Vatriquant, Andy Vince, Ron 
Wilder, K. L. Yocom, Aleksandras Zujus, and the proposer. 


ADVANCED PROBLEMS 
All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State Univer- 
sity, New Brunswick, N. J. Solutions of Advanced Problems in this issue should be submitted 
on separate, signed sheets and should be mailed before November 30, 1964. 


5200. Proposed by T. J. Head, Iowa State University 

If a group G is the set theoretic union of a family of proper normal sub- 
groups each two of which have only the identity in common, then G is abelian. 
(Abelian groups which are such unions were described by J. W. Young in: On 
the partitions of a group and the resulting classification, Bull. Amer. Math. Soc., 
33 (1927), 453-461.) 


5201. Proposed by A. Wilansky, Lehigh University 

On p. 181 of Banach’s book, an isomorphism between c and ¢p is given: these 
are the spaces of convergent and null sequences. Show that no such isomorphism 
(continuous or not) can be given by a matrix map {xn} Ec | > Onde } CE Cp. 


5202. Proposed by David R. Hayes, Duke University 
Let K be a field, let 2 be a positive integer and let { hija: 151,7,k <n} bea 
set of 23 elements of K. Show that the system of 2? equations 


XiX; = Dy hag Xs lsi,jsn 


k= 
has at most 2+1 solutions in K. 


5203. Proposed by D. J. Newman, Yeshiva University and L. A. Shepp, Bell 
Telephone Laboratories 
Is 72.1 (1/n) sin (x/2) a bounded function of x on the whole line? 


5204. Proposed by Ralph Greenberg, University of Pennsylvania 
Let a be an integer >1, and let qi, g, - - - be a sequence of integers satisfy- 
ing dn41>2gn for n=1, 2,---. Prove that []7, (1+1/a™) is irrational. 


5205. Proposed by James Duemmel, Malmstrom Air Force Base, Montana 

For a nontrivial linear space X (over the real or the complex field) with 
algebraic dual X’, let T(X, M’) denote the weak topology generated on X by 
the subspace M’ of X’. Is there a pair (X, M’) such that T(X, M’) is the dis- 
crete topology? 
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5206. Proposed by Robert Spira, Duke Uniersity 
Show that >02_. (—1)™(%) log m is an increasing function of n. 


5207. Proposed by H. S. Shapiro, New York Unwersity, and D. J. Newman, 
Yeshiva University 

Let P(z), O(z) be polynomials with complex coefficients and degree not ex- 
ceeding 2. Show that 


P(s) 
Q(z) 


5208. Proposed by L. Carlitz, Duke University 
Let v(m) denote the number of divisors of 7 and let R21. Show that 


5 fy" yy 


n=] 


Max {2 


[2] S1 


= $(s) Il A,(p~*), 


where the product is taken over all primes p, and A;z(x) is defined by means of 
Ao(x)=1, (A(x) +1)*=xA*(x), where, after expansion A*(x) is replaced by 


SOLUTIONS OF ADVANCED PROBLEMS 


Local Compactness under Open Mapping 


5056 [1962, 926; 1963, 1017]. Proposed by C. W. Kohls and M. E. Mahowald, 
Syracuse University 

In the book Topology by J. G. Hocking and G. S. Young, a space is defined 
to be locally compact if each point belongs to an open set whose closure is com- 
pact. On page 72, it is asserted that local compactness is invariant under open 
mappings. Give an example to show that this need not be the case if the spaces 
involved are not Hausdorff spaces. 


III. Solution by P. S. Schnare, Louisiana State University in New Orleans. 
While the previous solutions do satisfy the problem as stated, they are not in 
fact counterexamples of the theorem given by Hocking and Young. Overlooked 
is the convention (Topology, p. 13) that “mapping” means “continuous func- 
tion.” The functions in the published solutions are not continuous. The follow- 
ing example avoids this defect. 

Let X=U7_, An, where 4,= { (0, 1),---,(%, n)}, with basis consisting of 
sets B such that for some x, BCA, and (n, 1)€B. X is locally compact (since 
for each , A, is an open-closed compact set) and TJ». Let Y=N with topology 

={ACY:A=@ or 1€A}. Vis T> but not locally compact, since the closure 
of every (nonempty) open subset of Y is the whole space, which is not compact. 
However, the function f: XY defined by f(”, m) =m is continuous, open and 
surjective. (In fact f is a local homeomorphism of X onto Y.) 
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Exponential Iterates 


5098 [1963, 445]. Proposed by Richard M. Dudley, University of California, 
Berkeley 

Let expi(z) =exp(z) and exp,4i(z) =exp(exp,(z)), m=1, 2,---. Show that 
there exists a nonconstant entire function f of one complex variable such that 
for each positive integer m there exists an entire function f, such that f(z) 


= expn(fn(2)). 


I. Solution by the proposer. We define entire functions fnn(z), w=1,2,--+,m 
=1,2,---,, with finn(s) =exp(fmia(z)), m=1,---, 2-1, as follows. Let 
fu(z) =exp(z). Given finz(z) for mSkSn with | f1(0) —fx()| >1 for 1SkSn, 
choose a positive integer b, large enough so that frn(z)-+27b,70 for | z| <n. 
Using the power series for any branch of log(fna(z) + 27,1) valid for | z| <n, we 
can find a polynomial P,(g) such that 


| exp (Pa(z)) — fan(2) — 2rbnt | 
is so small for | 2| <n that 
| €XPr (P.()) — fntit—r,n(2) | < 1/2” 


for |z| Su, r=2,---, , and | exp,(P,(0)) —expa(Pa(4))| >1. Set frsin4i(s) 
= P,(z) and fimn4i(2) = CXPnti_-m(Pa(z)) for m<n+1. 

Now, for fixed m, the sequence {fmna(z) sn converges uniformly on every 
disk; its limit f,, is therefore an entire function. By continuity, we have fn(z) 
=exp(fmii(z)), m=1, 2,---, and | f:(0) —fi()| >1. Thus none of the fm is 
constant and hence any f,, satisfies our requirements since fim(z) = expn(fn+m(2)), 
for all positive integers m and 2. 


II. Solution by I. N. Baker, Imperial College of Science and Technology, Lon- 
don, England. Such functions arise in the theory of iterations in connection with 
functional equations studied by Schréder (Mathematische Annalen 1870), 
Koenigs (Annales de l’Fcole Normale Supérieure (3) Suppl. 1884), Poincaré 
(Sur une classe nouvelle de transcendantes uniformes, Oeuvres, vol. 4) and 
others. In H. Kneser, Reele analytische Lésungen der Gleichung ¢(¢(x)) =e? 
und verwandte Funktional-gleichungen, J. reine u. angew. Math., 187 (1950), 
56-67, we find the function f(z), denoted x—!(z) by Kneser, with the properties: 
(i) f(z) is entire, (ii) f(0) =c, where c=0.3181 - - - +i(1.3372 - --) is a solution 
of e*=c, (iii) f’(0)=1, (iv) f(cz)=exp{f(z)}. It follows that f(z) =exp f(z/c) 
=€XDn { f(z/c")}, so that f(z) solves our problem with f, (2) =f(z/c”). The growth 
of f(z) is faster than that of any exp,(z). The property (iv) may be used to 
define “fractional iterates” of exp(z), e.g. expio(z) =f { cll2f-1(g) } , at least in 
the neighborhood of c, although these fractional iterates are never entire func- 
tions [Baker, Math. Annalen, 129 (1955), 174-180, and Math. Zeitschrift, 69 
(1958) 147]. 


Also solved by George M. Bergman. 
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Solutions of an Old Equation 


5101 [1963, 571]. Proposed by K. Mahler, The University, Manchester, Eng- 
land 

If m and v are algebraic numbers satisfying m" =n", mn(n—1)(m—1)(m—n) 
(0, prove that two coprime rational integers # and k exist such that 


m = (h/k)HO-®, n= (k/h)VO™, — h(h — k) 0. 


If, in addition, m and v are algebraic integers, show that h or k may be chosen 
equal to 1. 


Solution by Robert Breusch, Amherst College. The equation m=n™/" with 
m, n, and therefore m/n algebraic, 20, n1, implies, by Gelfond’s theorem, 
that m/n is rational. Thus m/n=k/h, where k and h are nonzero rational inte- 
gers, kh, (k, h)=1. We may assume that at least one of A, F is positive. 

It follows that m/n=n™!""!, k/h=n@-/*, thus 


= (k/h) hl -*), m = (k/h)n = (h/k)BI he) | 


Assume that k—h>0O (and thus that k>0). If m and n are algebraic integers, 
then n'-*=(k/h)* is also an algebraic integer, and thus a rational integer. If 
h>0O, this means necessarily that h=1. If h<0, this means that //k is a rational 
integer and thus that k=1. 


Also solved by Emil Grosswald, Alvin Hausner and Solomon Hurwitz, Oswald Wyler, and the 
proposer. 

Editorial Note. For Gelfond’s theorem, see LeVeque, Topics in Number Theory, v. II, p. 198. 
For a related discussion see A. Hausner, Algebraic number fields and m™=n™, this MONTHLY, 68 
(1961) 856-862. Makowski cites a similar problem solved in Wiskundige Opgaven met de Oplossin- 
gen, 20. no. § (1959), 30-31. 


Roots of sin x=x 


5102 [1936, 571]. Proposed by R. P. Boas, Jr., and W. R. Mann, North- 
western University 

The equation sin x=x clearly has no real roots other than x=0. Does it 
have any complex roots? 


I. Solution by J. J. Roseman, New York University. Picard’s theorem gives 
an easy affirmative answer and, in fact, provides the following stronger result: 

The function f(z) =z—sin zg takes every complex value an infinite number of 
times. 

For, suppose there exists a complex number, a, which is taken at most a 
finite number of times by f(z). Then, by Picard’s theorem, a+-27 is taken an 
infinite number of times. Let {f,} be an infinite sequence of distinct numbers 
such that f(fn)=,—sin f2=a+27. Set [,=2r+w,. Then, 27+Wz—sin Wa 
=a+2r or f(w,)=Wa—sin w,=a. Thus, f(z) takes a an infinite number of times 
in contradiction of the hypothesis. The proof is complete. 
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II. Solution by R. P. Boas, Jr., Northwestern University. The equation has an 
infinity of complex roots. For, f(z) =271 sin z—1 is an even entire function of 
order 1; hence f(z?) is an entire function of order 4. As an entire function of non- 
integral order, it has an infinity of zeros. 


III. Solution by L. Carlitz, Duke University. Let P(x) be any polynomial (of 
degree ~) and assume that the function $(x) = P(x) —sin x has only a finite num- 
ber of zeros. Since $(x) is an entire function of order 1, it follows from Hada- 
mard’s theorem that (x) = F(x) -e4*, where F(x) is a polynomial and’ A is a con- 
stant. Differentiating 1-++1 times we get 


sin «© = Gi(x)-e4* or cos x% = G(x) -e4%, 


where Gi, G2 are polynomials. Since the left member has infinitely many zeros 
while the right member has at most a finite number, we have a contradiction. It 
follows that the equation sin x= P(x) has infinitely many complex zeros. 


Also solved by George Bergman, W. H. Bonney, J. J. Bowers, S. Chowla, John H. E. Cohn’ 
M. S. Demos, D. Z. Djokovié, H. E. Fettis, G. J. Giaccai, Ralph Greenberg, Emil Grosswald’ 
J. Koekoek, L. J. Lange, LeRoy A. MacColl, K. W. Miller, J. S. Muldowney, C. Stanley Ogilvy’ 
C. D. Olds, H. A. D. Paris, Walter Penney, J. D. Pryce, S. L. Segal, Andreas Thuswaldner, James 
S. W. Wong, and J. A. Zilber. 


Editorial Note. G. H. Hardy [Mess. of Math. V.XXXI (1902), 161-165] solved the problem 
and gave the approximation 


xm + (2n+3)a4+t-log (4n+1)a, n=1,2,--+. 


The first ten complex solutions were calculated by Hillman and Salzer [Phil. Mag., 7 (34), 575 
(1943), 5-49] to six decimals. These results are also listed in the Applied Math Series #37., Tables 
of Functions and on Zeros of Functions, of the National Bureau of Standards (November 1954). 
A more general result is proved by L. S. Pontryagin, On zeros of some transcendental functions, 
Akad. Nauk SSSR., Ser. Mat. 6, (1942) 115-134, (Amer. Math. Soc. Transl. 1 (1955) 95-110). 


Matrix Iteration with Polynomial Elements 


5103 [1963, 572]. Proposed by D. S. Mitrinovié, Belgrade, Yugoslavia 
Determine integers a, b, c, d such that the matrix equation 


(° *) _ (: (R) an 

c od C(k) D(k) 

holds for all positive integral k if A, B, C, D are polynomials in k. Can the result 
be generalized for matrices of order n? 


Solution by T. I. Seadman, Boeing Research Laboratories, Seattle, Washington. 
We will find all quadruples of integers {a, b, ¢, d} such that there are poly- 
nomials { A(R), B(k), Ck), D(k)} for which the stated matrix equation holds 
for k=1,2,-->. 

Generalizing immediately to the mth order case (and ignoring for the moment 
the requirement that the entries be integers), let I/=((a,;)) be an Xn matrix 
and P a matrix such that J=PMP- is in Jordan canonical form. If M* 
= ((A.;(k))) where the A;; are polynomials then J*=(PMP-'!)*=PM*P—' also 
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has polynomial entries. Considering any block B of J with diagonal terms \ we 
have a corresponding block B* of J* with diagonal terms \*, so \ must be 0 or 1 
to obtain a polynomial in k. Computation shows that, conversely, if \=0, 1 
then the entries in B* are polynomials in k; therefore a matrix has the stated 
property if and only if all its eigenvalues are zero or one. Its characteristic equa- 
tion then has the form 


0=(A—1)rrr = > 1)" ) ae 


for some r=0,---, 2. Writing the characteristic equation in terms of the 
entries {a;} and equating coefficients (taking r=0, -- -,# in turn) gives n+1 
sets of conditions each of which must then be solved as Diophantine equations. 

In particular, in the 2X2 case, with r=2, the conditions become a+d=2, 
ad —bc=1 and the set of integral solutions is given by 


(" + uvw — uy ) 
uw? 1 — wow 
where u, v, w are arbitrary integers. Here A(k)=(a—1)k+1, B(R) =bk, CCR) 


=ck, D(k) = (d—1)k+1. The case r=0 leads to nilpotent matrices while r=1 is 
also trivial, giving matrices that are idempotent. 


Also solved by J. L. Brenner, L. Carlitz, G. A. Heuer, J. D. Pryce, J. E. Shockley, R. Sibson, 
Jr., and the proposer. 

Editorial Note. Carlitz (omitting the trivial case where M itself is nilpotent) gives the result 
in the form: The stated condition is satisfied if and only if M is of the form M=I-+N where I 
is the identity matrix and N is nilpotent. 


Subsets in a Lattice 


5104 [1963, 572]. Proposed by Paul Sally, Jr., Boston College 

Consider the lattice LZ of points in Z, having integer valued coordinates. We 
define a line in L to be a line in EZ, which contains points of Z and is parallel 
to one of the coordinate axes. A set SCL is called admissible if it is bounded, 
and if every line which intersects S contains at least two points of S. A set 
NCL is called null if every line which intersects NV contains an even number of 
points of NV. Clearly every null set is an admissible set. 


Prove (or disprove): Every nonempty admissible set contains a nonempty 
subset which is a null set. 


Solution by George Bergman, Harvard University. For n=2 the assertion is 
true. For let us pick any poCS, and then, for each 1>0, pick p; distinct from 
bi but having the same first coordinate as the latter if 7 is odd, the same 
second coordinate if 7 is even. Eventually we must pick a pfxa=pm, m<n. As- 
sume , the first point to duplicate a preceding point. It is easy to show that if 
m and nm are of the same parity, Pm, Pmai, °° * , Pa-1 form a null set, while if the 
parities are different, fmii, °- °°, Pn—1 do. 
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For 2=3 the assertion is false. The set S represented in the figure by suc- 
cessive cross-sections is a counterexample. In the diagram, whenever two points 


in the same plane of cross-section are the only points of S on some line, the 
segment between them is darkened. When this is the case, any admissible subset 
of S containing one must contain the other. 

We can similarly imagine the two points marked 1 as joined by a link per- 
pendicular to the planes of cross-section, and each of the points of S in the first 
section as linked in the same way to one point above. Similarly, the two points 
marked 2, and the three pairs of points in analogous positions are linked. 

The result is that S is entirely connected, and hence is a minimal admissible 
set. But it is not itself null, for the line through the points marked * has three 
points of S. 

Counterexamples for any »>3 can be constructed from this one. 


Also solved by the proposer whose counterexample (for »=3) involves 24 points. He con- 
jectures that this is the minimal number of points in an admissible set which does not contain a 
nonempty null subset. 


Semi-simple Unital Module 


5105 [1963, 572]. Proposed by Harley Flanders, Purdue University 

Let A be a ring with unit element and M a unital A-module. Suppose that 
for each submodule WN satisfying 0<N, there is a submodule P such that 
M=N+P, P< WM. Is M then semi-simple? (See Bourbaki, Algébre, Ch. 8, p. 36, 
exercise 4.) 


Solution by E. R. Gentile, Buenos Atres, Argentina. The statement is not true 
without an additional requirement. Indeed, under the given condition we prove 
that M is semi-simple if and only if M is Artinian. 

Let M be Artinian and let V, 0<.N, be a submodule. Choose then a minimal 
submodule P of M with the property M=N-+P. If 0< NOP, there is a sub- 
module H<M such that NOAP+H=M. We have P=PVM=P(\(NOP+4H) 
=N(\P+POH. Consequently M=N+P=N+NOPtPOH=N+PO08H. 
The minimality of P implies (since PVHSP<M) that P-\H=P, whence 
PCH. It follows that M= N(\P+H =H, a contradiction. Therefore 0= N(\P; 
from this, the semi-simplicity of M/ is clear. The converse is trivial. 


Also solved by M. J. Greenberg, and by E. J. Taft. 
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Intersection of Algebraic Curves 


5106 [1963, 572]. Proposed by Fred Suvorov, Princeton, N. J. 

Let S be the projective plane over the complex numbers. Show that any 
finite set of points in S can be obtained as the complete intersection of two 
(possibly reducible) algebraic curves. 


Solution by the proposer. Let Po, ---, P, be a finite set of distinct points in 
the projective plane S. The case »=0 is trivial, so we suppose 721. Choose 
homogeneous coordinates (x, y, 2) so that Po is the point (0, 1, 0) and the line 


z=0 contains none of the points Pi, ---, Pa. 
Then P;,---, P, lie in the affine plane g=1 with affine coordinates (x, y). 
Let a1, ---, a, be the set of distinct abscissas of the points Pi,---, Pr. It is 


well known that one may pass a curve y=f(x), where f is a polynomial, through 
a finite number of points with distinct abscissas. Thus we can find a finite set 


of polynomials fi(x), ---, fs(~), (where s is the largest number of points P, 
having the same abscissa) such that the points (a,, f;(a:)), for +=1,---, 7, 
j=1,+--+,s are precisely the points Pi, ---,P,, although some P; may occur 


several times. Make each f; of degree at least 2. 
Now if Ci, C2 are the closures in S of the affine curves defined by 


Il —-f@)=0; TI @-a) =0, 


j=1 t=1 


then Ci(/\C, is precisely the set of points Po, ---, Pn. 


Automorphisms of a Cyclic Group 


5107 [1963, 572]. Proposed by Andrew Zachariou, Athens Greece 
Find the conditions under which the group of automorphisms of a cyclic 
group of finite order is itself a cyclic group. 


Solution by John Stout, senior, Manhattan College. Let the order of the cyclic 
group be m. In additive notation, write the elements of the group as 1, 2,3,---, 
m=0 (mod m). A given endomorphism is uniquely determined by the map of 
1:1—4a, 2— 2a, etc., and will be an automorphism iff (“if and only if”) 
ja=ka (mod m) implies 7=k (mod m), i.e. a is relatively prime to m. Thus the 
group of automorphisms can be represented as the multiplicative group modulo 
m of the ¢(m) positive integers less than and relatively prime to m. Now this 
group will be cyclic iff it contains a generator element a such that the set 
a, a®,+> ++, at™=1 (mod m) contains all the elements of the automorphism 
group, and this will be true iff a#*=1 (mod m) implies 7=k (mod ¢(m)), ie. a 
is a primitive root of m. Finally, there exists a primitive root mod m iff m has 
one of the values: 1, 2, 4, p°, 268 where p is an odd prime and f is a positive 
integer. 


Also solved by George Bergman, W. H. Bonney, Robert Bowen, L. Carlitz, John H. E. Cohn, 
M. E. Dieckman, D. Z. Djokovié, Bruce Erickson, J. S. Frame, R. W. Gilmer, Jr., M. L. Glasser, 
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A. R. Krishna, Ruth J. Little, A. E. Livingston, C. R. MacCluer, H. A. D. Paris, W. C. Water- 
house, and Oswald Wyler. 

Editorial Note. Paris notes that a suggestion of the solution is given in Burnside, Theory of 
Groups, section 88, p. 114. 


Banach Spaces with Common Basis 


5108 [1963, 572]. Proposed by Albert Wilansky, Lehigh University 

Give an example of two Banach spaces X, Y such that the set X(\Y con- 
tains a sequence B which is a basis for each space but not a basis for X/\Y as 
a normed space with the norm px+ py; px, py being the norms of X, Y. 


Solution by J. D. Pryce, Newcastle, England. The following example relies on 
the fact that any infinite dimensional separable Banach space has a Hamel base 
of cardinality c. 

Let X be (J?) and Yo be (/'). These are separable Banach spaces with a basis. 
Let (x,), (yn) denote the usual basis elements in X, Yo, respectively, and let 
M, N be the subspaces consisting of (finite) linear combinations of the basis 
elements. By an argument involving Zorn’s lemma or equivalent, one can show 
there exists a linear (but not necessarily topological) isomorphism of Yo onto X, 
such that y, maps to x, for each . Let Y be X, furnished with the norm carried 
over from Yo by the isomorphism. Now N maps onto M, and for all u in M, 
pbx (u) Spr(u), for u is of form Ay-x1-+ - + +> +A,°%, and 


px(u) = (Do ]as|2)2 S DAL] = pr(w). 


It follows that each sequence in M which is Cauchy (py) is Cauchy (px). Now 
each g in X is uniquely expressible in the form 


z= >) A,-#, (with respect to py). 
r=] 
This, since its partial sums are a Cauchy sequence in M, is also convergent 
with respect to px to an element y. (Neither 2 nor y in general lying in M.) 
Now we cannot have y= for every 2, else the closed graph theorem would show 
that px and py were equivalent, hence (J?) and (J!) would be linearly homeo- 
morphic, which is not so. 
Accordingly, consider a z for which yg; it is easy to see that no infinite sum 
of basis elements can converge to z in the norm px+ py. 


Editorial Note. For a sufficient condition that the basis be a basis for X/\Y see A. Wilansky, 
Functional Analysis, Blaisdell Press, 1964, Section 11.4, problem 40. 


Cycle Structure of an Infinite Permutation 


5109 [1963, 572]. Proposed by M. S. Klamkin, State University of New York 
at Buffalo 


Given the infinite permutation 
(| 2 3 4 5 6 7 8 9 10-.-- ) 
12 4 3 5 7 6 8 10 12... 
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where the second row is formed by taking in order from the natural numbers, 
1 odd, 2 even, 3 odd, -- - , 2m even, 2%-+1 odd, - - -. What is the cycle struc- 
ture of this permutation? 


Solution by George Bergman, Harvard University. Let I, designate the set of 
n integers {i| tn(n—1) <isSin(n+1) i. Examination of the given permutation 
shows that it acts on J, by the law: i—-2i—u,, where u,=4n? if m is even, 
Un =4(n?-+1) if n is odd. The “pivot” of this action is u,; u, is fixed, numbers 
of J,, less than u, are decreased, numbers of J, greater than u, are increased. 

But we see that even the greatest integer in J, is not increased as far as 
tn4i1, and even the least integer in J,41 is not decreased as far as uz; hence the 
interval J,= {| Un Si<Un41} is sent into itself. This J, contains 2[7/2]+1 ele- 
ments. Let us represent them by the integers 0 through 2[/2], writing 7 for 
Uat+j. Then the action of our permutation is: j-2j for7S [2/2], j—-2j—-2[n/2] 
—1 otherwise. In other words, the elements of J, are permuted exactly as the 
residue classes (mod 2[”/2]+1) are permuted under multiplication by 2. 

The nature of the permutation is as follows: for each divisor d of 2[”/2]+1, 
the elements i=u,+/j of J, such that (2[”/2]+1, j)=d, form a cycle of order 
f((2[n/2]+1)/d), where f(%) is the least m such that | 2™—1. This number- 
theoretic function is described in standard texts. For example, let »=15, 
J,= {i| 113 <i<128}, represented by {| 0<j<15}. The permutation for these 
integers is 


(Ce ee en aw) 
2 4 6 8 10 12 14 1 3 5 7 9 11 137° 


The cycles are given by: 

d=1: (12 4 8), (7 14 13 11) ~ (114 115 117 121), (120, 127, 126, 124) 
d=3: (3 612 9)~ (116, 119, 125, 122) 

d=5: (5 10) ~ (118 123) 

d 15: (0) ~ (113), fixed. 


f takes on every integral value (for f(2"—1) =m); therefore all cycles are 
finite, and there are infinitely many cycles of every finite order. 


Also solved by L. Carlitz, Donald Liss, P. Catherine Varga, and Oswald Wyler. 


Improper Integral 


5110 [1963, 573]. Proposed by L. Carlitz, Duke University 
Show that 


f( cos 8 yo = ‘ane ({1—x| < 1) 
ie \x cos 60 + 7sin 0 7 a(x — 1)” (j1+2| < 1), 


where R(v) > —1. 
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Solution by M. R. Spiegel, Rensselaer Polytechnic Institute, Hartford. We 
prove the extended result that the given integral equals m(x+1)~” if R{x}>0 
and m(x—1)-’ if R{x} <0. To do this let w=cos 6/(x cos 6-+4 sin 8). Then the 


given integral equals 
g iw'dw 
co (1 — x?)w? + 2xw — 1 


where C is the circle | w—1/2x| =1/2 ‘ traversed in the clockwise or counter- 
clockwise directions according as R{x} >0 or R{x} <0, respectively. (Actually, 
this integral is improper at w=0 corresponding to 6= +47 in the given integral. 
However, no difficulty is involved as can be seen by indenting C so that w=0 
lies outside C and applying appropriate limiting procedures together with the 
restriction R{v}>—1.) 

The above integrand has simple poles at w=1/(x-+1) and 1/(x—1), respec- 
tively. If R{x}>0 only the former lies inside C while if Rk {x} <0 only the latter 
lies inside C. Then applying the residue theorem we obtain the above stated 
result. 


Also solved by C. M. Becker, D. Z. Djokovié, M. L. Glasser, Emil Grosswald, J. Koekoek, 
R. E. Shafer, Oswald Wyler, and the proposer. 
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Lie Algebras. By Nathan Jacobson. Interscience Publishers, Wiley, New York, 
1962. ix +331 pp., $10.50. 


Since Hochschild (Bull. Amer. Math. Soc., 69 (1963) 37-39) has given such 
a thorough review of the material in Jacobson’s book, I shall not discuss its 
substance at any length, but shall confine myself instead to the role the book 
should play both in our graduate education and as a source of learning the 
subject on the part of a professional mathematician. 

As for the subject matter, suffice it to say that Jacobson gives a very com- 
plete discussion of the structure theory, representation theory and automor- 
phisms of Lie algebras, with the emphasis almost totally on the split case. One 
finds a wealth of material covering the usual topics and, very often, a wide range 
of unusual ones. 
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Let us return to the question of the impact of the book. To my mind the book 
fulfills its two purposes—education of the beginner and the experienced one—to 
perfection. A person knowing nothing about Lie algebras when he picks up the 
book will, by the time he finishes it, have been brought close to the current re- 
search areas in the purely algebraic parts of the theory. (Very little is said about 
Lie groups or the interrelation of Lie algebras with analysis.) The development 
is thorough, in many places novel, devoid of twists and gimmicks, and should 
offer very little difficulty to anyone well-acquainted with linear transformations. 
It is the only source that I know which starts the reader at absolute scratch, 
takes him in a coherent, motivated way through Lie algebras, and finally drops 
him off at a point where he can speak with some intelligence and authority on 
the subject. The book should be ideally suited for a second year graduate 
course; in fact it was used as a text at the University of Chicago with what seems 
to have been great success. 

If the book has any drawbacks—and which book does not?—the most seri- 
ous, in my opinion (and what to others may be one of its great virtues) is that 
there is a certain uniformity and sameness in the approach to many of the 
theorems. Also there probably should be more stress laid on the innumerable high 
spots enjoyed by the subject. 

Professor Jacobson deserves the thanks of all of us for having made the 
beautiful subject matter of Lie algebras so readily available to a wide public, 
both to the sophisticated old-timer and to the budding young student. 

J. N. HERsTEIN, University of Chicago 


An Introduction to the Theory of Stationary Random Functions. By A. M. Yaglom. 
Translated from a revised version by Richard A. Silverman. Prentice-Hall, 
1962. xiii-+235 pp. $7.95. 


A probabilistic process is stationary if it is time dependent but impervious 
to a simultaneous identical shift of the time parameter in all random variables 
constituting the process. The importance of stationary processes in general 
probability is comparable, e.g., to states of equilibrium in general thermo- 
dynamics. Stationary processes are studied intensively because they are acces- 
sible to detailed treatment by Fourier Analysis and, consequently, can be ap- 
plied readily to problems in physics, engineering and information theory. The 
book is a readable monograph which will appeal to students and readers of vari- 
ous interests. Also, a brief but important appendix by D. B. Lowdenslager re- 
ports on “Some recent developments.” 

S. BocHNER, Princeton University 


The Calculus, a Genetic Approach. By Otto Toeplitz. University of Chicago 
Press, 1963. xiv-+192 pp. $6.50. 


The German edition of this book, edited by Koethe, was published by 
Springer in 1949, nine years after the death of its author. Toeplitz, a victim of 
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Nazi persecution, had written the notes for the work over a period of years, 
starting in the mid-twenties. It was his aim to make the basic concepts of the 
calculus come to life by showing how and why they arose, and how they changed 
over a period of two and a half millennia. The appearance of this book on the 
American scene is fortunate; it can serve as a welcome antidote to many of the 
introductory texts published in recent years. The student reared exclusively on 
these texts must gain the impression that calculus is an antiseptically wrapped 
package, “untouched by human hands” (or minds), logically very pure, and, like 
very pure food, somewhat dull. This book is neither dull, nor logically pure. It 
is easy to point out gaps and inconsistencies: the limit of a sequence is fully 
defined, the limit of a function not at all; differentials, essentially undefined, are 
used without inhibition; the function-of-a-function rule gets a relatively so- 
phisticated treatment (even though the existence of the final derivative is as- 
sumed without proof), while the derivatives of inverse functions are disposed of 
with a reference to Leibniz; in the definition of the definite integral, only values 
of the function at the endpoints of the subintervals are considered; theorem 1 
on page 64 might imply the existence of fodx/(1—x); etc. But all of this is 
relatively immaterial. In fact, Toeplitz probably intended to write the first 
volume of this work at the level of rigor customary and possible in the late 18th 
century, with just a few excursions into more modern reasoning. (The projected 
second volume did not materialize.) 

The English version of the book contains four chapters. Chapter I, The 
Nature of the Infinite Process, is in the reviewer’s opinion, the best part of the 
book. It is a superb account of the development of the concept of a real number, 
beginning with the Greek discovery of incommensurables, and culminating in 
a discussion of infinite sequences. Chapter II, The Definite Integral, is also very 
well written. Particularly interesting are the section on Archimedes’ squaring 
of the parabola, and the excellent critique of Cavalieri’s reasoning. Chapter ITI, 
Differential And Integral Calculus, is less inspired. Most of it is a somewhat un- 
satisfactory exposition of standard material on differentiation and integration 
techniques. Exceptions are the fascinating sections on Napier, and on the 
Leibniz-Newton controversy. Chapter IV, Application To Problems Of Motion, 
starts with a slightly confusing section on “velocity and acceleration.” Then it 
leads, with detours over vibrational motion, to a concise and very readable treat- 
ment of planetary motion. 

There are about sixty exercises, many of them only loosely connected with 
the text, almost all of them interesting and challenging; some of them are really 
quite beyond the scope of the text. The translation by Luise Lange is on the 
whole faithful to the original German. It is probably unavoidable that some of 
the flavor of the original should get lost in any translation; but the reviewer 
regrets that for instance, on page 2, the powerfully descriptive “Abgrund des 
Unendlichen” (“abyss of the infinite”) appears as the pedestrian “antinomy of 
the infinite.” The English edition is somewhat marred by a considerable number 
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of nontrivial misprints, and by a crowding of formulas into too little space. The 

book can be highly recommended for independent study, or as supplementary 

reading suggested to classes in introductory (or even advanced) calculus. 
RoBERT BreuscuH, Amherst College 


Operational Calculus and Generalized Functions. By A. Erdélyi. Holt, Rinehart 
and Winston, New York, 1962. viii+103 pp. $2.75. 


This book is one of the volumes in the publisher’s Athena Series (under the 
editorship of Edwin Hewitt) and gives a brief introduction to the theory of con- 
volution quotients as developed by the Polish mathematician Jan Mikusifski. 

It should be well-known by now that operational calculus based on the 
widely taught Laplace transformation theory is insufficient to take care of the 
delta “function” or other so-called “impulse functions” which cannot really be 
called functions in any usual sense of the word. Since Heaviside introduced his 
operational methods at the turn of the century, a number of attempts have been 
made to devise an operational calculus which would be satisfactory and, espe- 
cially, which would allow some rigorous justification for obviously valid results 
found by Heaviside’s ingenious methods. 

Mikusifiski has made a notable contribution in his theory and it is most 
appropriate to have this new and brief introduction to the theory. There can be, 
however, no substitute for Mikusifiski’s own masterpiece Operational Calculus 
(1953) published in an English translation by Pergamon in 1959, but Professor 
Erdélyi’s book is an admirable introduction to the simpler parts of the theory. 
Generally speaking, the chapters in Erdélyi’s book follow the order of topics in 
roughly the first half of Mikusitiski’s book, except that the extended material 
on electrical circuits, networks, statics of beams, and other such topics has been 
omitted, or condensed. 

The book is well-written and has a convenient index of notations. In a future 
edition the word “sifting” should appear in the index. The reviewer found only 
a few minor typographical errors. There are 126 problems with answers, hints, 
or further references for three-fourths of them. The problems vary from manipu- 
latory exercises to worthwhile theorem-proving. It is all quite adequate for an 
introductory graduate course. 

A glowing account of Mikusitiski’s work was given by Hans Freudenthal in 
his paper Operators—from Heaviside to Mikusivski, Simon Stevin, 33 (1956) 
3-19 (Dutch). A thoughtful review by Jacob Korevaar, Math. Rev., 22 (1961) 
#5854, will indicate the still controversial nature of the contending theories of 
operational calculus. Indeed, expounders of the Mikusifiski theory proudly 
say that it is time for mathematicians to drive out the Laplace transformation. 
Because of all of this it is very pleasing to have an inexpensive and brief intro- 
duction to the Mikusifski theory. 


H. W. Goutp, West Virginia University 
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The Language of Mathematics. By Frank Land. Doubleday and Company, Inc., 
Garden City, New York, 1963. 264 pp. $4.95. 


This is an American edition of a book originally published in England in 
1960. Though not quite as pretty as the English edition, it represents a fine 
piece of book making, with over 300 elegantly executed illustrations—many in 
two colors. The preface gives an explanation of the British coinage system and 
its conversion to the American system. The author, who is a Professor of Educa- 
tion at the University of Hull, writes with delightful charm and real insight into 
the esthetics and the pedagogy of elementary mathematics. The book seems to 
have two excellent uses: (1) for the general nonmathematical reader who would 
like to learn pleasantly about arithmetic, mensuration, elementary algebra and 
geometry, and statistics; (2) for the teacher of high school mathematics who is 
looking for enrichment material to supplement class presentations. The inter- 
esting underlying history of the various topics is meritoriously handled. There 
are a few simple exercises scattered through the book. 

HowarRp EvEs, University of Maine 


Mathematics: The Man-made Universe. By S. K. Stein. W. H. Freeman and 
Company, San Francisco, 1963. xiii +316 pp. $6.50. 


We have here an excellent “introduction to the spirit of mathematics,” ideal 
for either the student or the general reader of mathematics, and a good book for 
a college course in mathematics appreciation, a teachers institute, or source 
material for lectures and for mathematics clubs. The material, even when very 
familiar, is handled in a lively way; and, though based on quite meager pre- 
requisites, it does not avoid getting to the meat of the matter. The exercise 
lists at the ends of the seventeen chapters are copious, well chosen, and often 
challenging. Some readers may feel that the material too strongly favors work 
with numbers and pays too little attention to other areas of mathematics. 

HowARD EvEs, University of Maine 


Matrix Algebra for Social Scientists. By Paul Horst. Holt, Rinehart, Winston, 
New York, 1963. xxi+517 pp. $10.00. 


Mathematicians, and all others who are troubled by incorrect statements, 
muddled thought, and maddening tedium, will do well to shun this book. The 
author takes more than 300 pages to do very little more than introduce the 
student to the multiplication of matrices and to an Everest of terminology. Pro- 
fessor (of psychology) Horst claims that he has adopted this “leisurely pace” 
and departed from “the traditional approach of the mathematician” because 
that approach “has negatively conditioned many students to the study of 
mathematics.” Readers of this MONTHLY may further be interested to learn 
that “... mathematicians not infrequently become confused when they at- 
tempt to use the transpose in the solution of problems,” that “the multiplication 
of supermatrices is simple in principle, but in practical applications even com- 
petent mathematicians are easily confused,” and so on and on. 
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The last 200 pages are devoted to topics the author feels to be especially 
useful in the social sciences, and more particularly in multiple regression analy- 
sis, factor analysis, and analysis of variance: orthogonality, rank, special decom- 
positions, generalized inverses and linear equations. Computational directions, 
with machine solutions in mind, are given in painstaking detail. Some of this 
might possibly be helpful to a social scientist. 

I. H. Rose, Hunter College 


Mathematical Models in the Social Sciences. By John G. Kemeny and J. Laurie 
Snell. Ginn and Company, Boston, 1962. vii +145 pp. $6.00. 


This elegantly written, slim, but highly compact volume is to be applauded. 
It is refreshing to find mathematical authors not unwilling to devote a little 
space to illuminating discussion of the mathematics they are about to develop. 
After an excellent introductory chapter on methodology, the authors proceed 
in the following eight chapters to treat problems of preference rankings, ecology, 
market stability, conformity, stabilization of money flow, population growth, 
service time, organization theory and optimal scheduling. The mathematical 
tools employed include axiomatic techniques, excerpts from real variable and 
differential equation theory, Markov chains, probability theory, queueing theory, 
graph theory, and dynamic programming. 

Little or no knowledge of the social sciences involved is expected or needed, 
but the authors presuppose a mathematical background of a year of calculus 
and a semester of “finite” mathematics, and suggest this text and background 
as a (two year) minimal undergraduate course for social scientists desiring to 
do theoretical work. Let us, however, be realistic. Students with this limited 
background would have to be exceptionally talented mathematically to do any- 
thing worthwhile with the text. Even students with more maturity and appreci- 
able prior knowledge of the mathematical tools listed above had better be a cut 
above the mediocre if they are to benefit from the book. 

Indeed, this, to me, is where the value of the book to mathematics majors 
lies: In an honors or seminar course, or in a mathematics club project, or in an 
elective course for properly chosen students, it would serve admirably to intro- 
duce the student to bold, imaginative, original, creative mathematics—an intro- 
duction we generally postpone far too long. The exercises are stimulating, and 
include larger-scale projects that will afford even the best student ample 
opportunity to exercise his ability and originality to the utmost. 

I. H. Rose, Hunter College 


Theorte der analytischen Funktionen einer komplexen Verdnderlichen. By Hein- 
rich Behnke and Friedrich Sommer. 2nd Ed. Springer Verlag, Berlin, 1962. 
xii +603 pp. DM 74.00. 


The first edition (1955) of this work was not reviewed in this MONTHLY, 
so that it is appropriate to acknowledge the appearance of the revision. The 
authors have given a comprehensive treatment of the classical theory of func- 
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tions of a complex variable in their first three chapters. The remaining three 
chapters deal with conformal mapping, with concrete Riemann surfaces as 
carriers of analytic functions, and with functions and differentials on compact 
Riemann surfaces. The noncompact case is treated in a final section. 

Frequently, throughout the volume, the authors cite relevant literature con- 
taining extensions as well as substantiation of the quoted results. Advantage is 
taken of many opportunities to give brief introductions to related fields—vector 
spaces, elementary lattice theory, etc. The topology of surfaces is dealt with in 
an appendix to Chapter IV, and the treatment consists in a clear but intuitive 
discussion of the classification of compact orientable surfaces. 

Behnke and Sommer emphasize expansion theorems. For example, the 
Weierstrass and Mittag-Leffler developments, in the third chapter, are a bit 
more general than ordinarily found in texts: the region of existence of a holo- 
morphic or meromorphic function is an arbitrary region of the plane, and the 
prescribed zeros or poles are subject merely to the restriction that these points 
shall not cluster in the interior. That such a region is precisely the domain of 
holomorphy or meromorphy of some (suitable) function is also proved. These 
results, as well as the Runge theorem, are then extended in the last chapter to 
arbitrary noncompact Riemann surfaces. 

The second edition contains some clarifications over the earlier one. In par- 
ticular, the topology of plane sets is treated in the more general setting of metric 
spaces, the theory of normal families has been revised, and the introduction of 
Riemann surfaces has been rewritten. Additional minor improvements have also 
been made. Worth imitating is the notation “f” for the inverse function to f; 
this was already a feature of the first edition. 

There seem to be few misprints, and these appear trivial. The last two chap- 
ters provide an excellent motivational basis for the abstract treatment of Rie- 
mann surfaces customary currently. However, I missed a reference to “Rie- 
niann Surfaces” by L. V. Ahlfors and L. Sario (Princeton, 1960). (Some works 
that appeared later than that book were included in the bibliographic notes to 
the second edition.) 

The book gives a fresh and up-to-date account of its field. While it has no 
exercises, there is much that will challenge the critical reader. The work will be 
of value to every mathematician with an interest in complex function theory. 

ERNEST C. SCHLESSINGER, Connecticut College 


Readings in Mathematical Programming. By S. Vajda. Wiley, New York, 1962. 
viii +130 pp. $4.25. 


This volume is the second edition of Readings 1n Linear Programming, Wiley, 
1958. The new title reflects recent developments in the fields which have become 
generally associated with linear programming. The first edition contained three 
chapters on theory and twenty-one chapters each devoted to a small example 
problem. The best known examples (Caterer Problem, Trim Loss Problem, etc.) 
are all included. The additions to the new edition are three chapters on integer 
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programming and two each on dynamic programming and quadratic program- 
ming. Solutions to the few problems in the volume are now included as well. 

The reviewer has found the first edition useful as required independent read- 
ing in linear programming courses. The additional material is helpful but most 
students will not be able to assimilate it independently. The pure integer pro- 
gramming problem formulated in Chapter XXV requires only five equations in 
the formulation of the model rather than the ten which the author uses. Neither 
does the author caution that the mixed integer algorithm illustrated in Chapter 
XXVI need not terminate in a finite number of steps. 

The author should have extended himself somewhat more in revising the 
bibliography; there are only eight additions and a number of relevant texts are 
not cited. In spite of this fact, the beginner who is interested in applications 
will find this a useful book to consult. 

ROBERT L. GRAVES, University of Chicago 


Generalized Analytic Functions. By I. N. Vekua. Moscow, 1959. Translation. 
Addison-Wesley, Reading, Mass., 1962. xxix-+668 pp. $14.75. 


A generalized analytic function is a complex-valued function w(g) which 
satisfies an equation of the form (1) Lw=0w/02+A (z)w+B(z)H=0. This defini- 
tion is equivalent to that of a pseudo-analytic function (of the first kind) given 
by L. Bers. Except for Lecture Notes by Bers (Theory of Pseudo-analytic Func- 
tions, New York University, 1952), the present book is, as far as I know, the 
only one in the mathematical literature dealing with generalized analytic func- 
tions (GAF). It contains a wealth of material, mostly known but partially new. 
The book consists of two parts. Part I develops the mathematical theory of 
GAF. In Chapter I a theory of integral operators is developed. In Chapter II a 
positive quadratic form in two variables is reduced to a canonical form 
A(dx?-++-dy?), and this is later used to show that any first order elliptic system 
of two equations (in two independent variables) can be reduced to the form 
Lw=F, Thus the theory of GAF can be used in studying this elliptic system. 
Chapter III develops for GAF a general theory similar to that of the classical 
theory of analytic functions (the Cauchy integral formula, Taylor and Laurent 
expansions, etc.). Finally, Chapter IV deals with boundary value problems for 
GAF, the boundary condition being of the form Re[A(z)w(z)]=y(z). Part II 
gives applications to problems of the infinitesimal bending of surfaces (Chapter 
V) and the membrane theory of shells (Chapter VI). 

One of the most important characteristics of the book is that the assumptions 
made on the coefficients of the equations are very weak (thus, in (1), A and B 
are only assumed to belong to L?, p>2). This in part is responsible for the rather 
heavy nature of the analysis which underlies the material of the book. These 
weak assumptions are not only motivated by the mathematical interest but 
also by physical applications. 

The richness of material in the book should make it an excellent reference 
book, but a reader who is interested only in getting a brief and concise idea 
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about the basic facts of GAF may find himself lost in the bulk of material espe- 
cially since 129 pages of hard analysis precede the introduction of the GAF. 
A knowledge of Lebesgue integration and the elements of functional analysis 
is presupposed. 
AVNER FRIEDMAN, Northwestern University 


Advances in Computers, Vol. 3. Edited by Francis L. Alt and Morris Rubinoff. 
Academic Press, New York, 1962. xiii+361 pp. $12.00. 


This book contains several long articles which describe some important cur- 
rent applications of analog and digital computers. The authors have culled the 
pertinent recent publications and have provided the reader with an evaluation 
of the more significant developments. 

Here, briefly, are some of the highlights. 


1. The Computation of Satellite Orbit Trajectories by Samuel D. Conte. 


In conjunction with treating several methods for the determination of orbits, 
the author has an excellent discussion of the use of numerical computations with 
these methods. 


2. Multtprogramming by E. F. Codd. 


Multiprogramming is the concurrent use of a digital computer on two or 
more problems. The author presents the subject matter in a clear concise man- 
ner, carrying the reader from a discussion of the basic concepts to the hardware 
implementation. Problems of scheduling, storage allocation and queueing are 
discussed with emphasis on realistic and optimal techniques for programming 
several systems like the IBM 7030 “Stretch,” RM400, Gamma 60, and Atlas. 

The article can be read by people with no prior knowledge of the subject, 
but can also broaden the understanding of those who have some awareness of 
multiprogramming. 


3. Recent Developments in Nonlinear Programming by Philip Wolfe. 


At the present time there is extensive activity by several investigators who 
are applying both analog and digital computers to the following problem, usu- 
ally called the optimization problem. Given a real valued function of several 
parameters with equality or inequality constraints, find the values of the param- 
eters for which the function is an extremum (maximum or minimum). To per- 
form this task the computer must be programmed so that each change of param- 
eters, subject to the constraints, increases (decreases) the function of which a 
maximum (minimum) is being sought. 

This is a simple programming procedure. The primary difficulty comes be- 
cause we cannot be certain when we find an extremum if it is the largest maxi- 
mum or smallest minimum. Related questions are (1) “How many extrema are 
there?” and (2) “Where should we look in the parameter space for them?” 
These questions remain largely unanswered at the present time. 
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The author of this paper discusses an important subclass of the general 
optimization problem, namely that in which both the function and constraints 
are expressed as nonlinear algebraic equations. He has used a geometric ap- 
proach to assist the reader in understanding each method. I commend the author 
for the clarity and conciseness of his discussion. 


4. Alternating Direction Implicit Methods by Garrett Birkhoff, Richard S. Varga, 
and David Young. 


This paper describes some techniques which may be used to solve elliptic and 
parabolic partial differential equations. Unfortunately, I must apologize to the 
authors and reader because my lack of experience in this field prevents me from 
assessing properly the value of these methods. Because of the stature of the 
authors, however, I would suggest that this article is probably useful to inter- 
ested readers. 


5. Combined Analog-Digital Techniques in Simulation by Harold K. Skramstad. 


Of the two devices the analog computer is faster, more easily programmed, 
and provides solutions in a form more rapidly analyzed by engineers. The digital 
computer is more accurate and can be programmed to perform more mathemati- 
cal operations. A hybrid computer is one which combines analog and digital 
operations and provides a versatility in solving problems not found in the analog 
or digital computer alone. 

There is increasing activity in the development of hybrid computers. My 
own opinion is that this will mark the most significant advance in scientific com- 
putation in the present decade. In particular I see this computer spurring work 
in the optimization of systems. 

The author describes with thoroughness and clarity the several techniques 
for hybridization which have already been pursued with success. His paper is 
essential reading for those who would like to know the structure of the computer 
likely to be in use five years hence. 


6. Information Technology and the Law by Reed C. Lawlor. 


This paper describes how the computer can be used for (1) documentation of 
particular legal points and (2) estimation of the probability of a favorable deci- 
sion, based upon pertinent factors in a case. Property 1 is a cataloguing opera- 
tion which is routine in a conceptual sense. Property 2 requires a priori weight- 
ing of factors and is strongly dependent upon the judgment of the programmer. 

The article makes for entertaining and easy reading. 

In summary this book should be read by anyone interested in current de- 
velopments in computers. Except for the last one on law, however, the articles 
require effort on the part of the reader. 

LEON LEVINE, Scientific Data Systems 
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Ecrits et Mémoires Mathématiques d’ Fuariste Galois. Edition critique intégrale 
de ses manuscrits et publications. Edited by R. Vourgne et J. P Azra. 
Gauthier-Villars, Paris, 1962. xxii+541 pp. $16.50. 


It is a strange fact that until now there has been no complete and critical 
edition of the manuscripts, studies, fragments and correspondence of such a 
giant of modern mathematics as Evariste Galois. Part of the reason may be 
found in the peculiar prudery of some biographers who serve more as censors 
than historians. This is probably the reason why Galois’ fuming statements 
against the French Academy of Science, written in the Sainte-Pélagie prison, 
did not appear in print until a couple of years ago. 

“This book includes all we have left of Evariste Galois, memoirs, articles, 
studies, scratch notes and letters. We have tried to make it look a little like 
their author.” (Foreword) The many facsimiles are valuable and interesting; 
they include excerpts from his scientific writings up till the letters from the last 
fateful night before the duel. But there are also amusing pages of doodling, draw- 
ings, impertinent remarks, and repetitions of his beloved’s name, Stephanie. 
These pages are peculiarly reminiscent of the notes of Abel, greatly admired by 
Galois. 

In short, this is a book of great value which should be included in every 
mathematical library. 

OYSTEIN ORE, Yale University 


Theory and Design of Digital Machines. By Thomas C. Bartee, Irwin L. Lebow, 
and Irving S. Reed. McGraw-Hill, New York, 1962. ix-+322 pp. $11.50. 


The authors have obviously written this book for use as a text to be used for 
senior or graduate level course work (as is mentioned in the inside jacket cover 
preface). I believe that because of the format in which this book is written and 
because of the authoritative material contained therein, it is equally useful as 
a self-teaching or reference text for mathematicians, programmers, and engi- 
neers in the field. 

By defining the basic components and the fundamental algebraic techniques 
used in elementary computer design and the logical functions (gates) the authors 
establish the basic aspects of computer design in the early chapters of this book. 
In the later chapters a more exhaustive approach is presented for the expansion 
of the algebraic techniques for circuit design. Discussions of both the general 
purpose computer and the special purpose computer provide the reader with a 
look at actual computer system design requirements, especially of the computer 
control functions. 

The authors have presented a systematic approach to the logical design of 
digital machines which seems fundamental both to the design engineer and to 
the mathematician-programmer. 

Leon LEVINE, Scientific Data Systems 
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Introduction to Differentiable Manifolds. By Serge Lang. Interscience, New York, 
1962. vi+126 pp. $7.00. 


There are two aspects of this book that strike the reader immediately. The 
first is that the book begins with the basic definitions of categories, functors, 
and natural transformations. The second is that manifolds as here defined are 
locally homeomorphic to Banach spaces. We would like to comment on both of 
these aspects before turning to a discussion of the specific contents of the book. 

Category theory is playing a role in modern mathematics analogous to that 
played by set theory fifty to a hundred years ago. Roughly speaking, set theory 
began as a descriptive theory. Then, as its universal applicability was realized, 
and as more powerful set theoretical methods developed, it became a prescrip- 
tive theory, until, by now, its prescriptives have become so intrinsic to mathe- 
matics that they tend to be accepted merely as descriptions. 

Category theory is just beginning to enter into the prescriptive stage of this 
sequence. When it was invented some eighteen years ago by Ejilenberg and 
MacLane (Trans. A. M.S. 58 (1945) 231-295), it was almost purely descriptive, 
and its usefulness seemed restricted to algebraic topology and a few special 
topics in algebra. However, about ten years ago, it was found that there were 
quite reasonable ways to introduce additional structure into general categories, 
principally through the use of related notions of universal mapping problems, 
adjoint functors and representable functors. These ideas have been most dra- 
matically exploited by Grothendieck in a series of papers mainly related to alge- 
braic geometry. The methods and prescriptions laid down by him seem, how- 
ever, to be universally applicable, and one can expect that in the near future they 
will completely revolutionize the presentation of abstract mathematics, even 
of set theory itself. In the terminology of Kuhn (The Structure of Scientific 
Revolution, University of Chicago Press, 1962), there has been a change in the 
paradigms of mathematics. 

Lang’s book is the first in differential geometry to take advantage of these 
developments. One finds them in the universal mapping properties characteriz- 
ing submanifolds (p. 19), kernels and cokernels of vector bundle morphisms 
(p. 43), and fibre products or pullbacks (p. 23 and p. 38). The only really sig- 
nificant use of functors is in the construction of associated bundles (p. 47). The 
use of category theory, then, is rather minimal but it is probably as much as— 
if not more than—contemporary differential geometric traffic will bear. A sys- 
tematic study of differentiable manifolds from the standpoint of category theory 
will include a good deal more than is found in this slim volume. For example, 
what about (generalized) direct limits of manifolds? 

We now turn to the second innovation of the book, that of considering locally 
Banachian manifolds. From this standpoint the book can be considered, in 
terminology and spirit, as a continuation of Chapters 8 and 10 of Dieudonné, 
Foundations of Modern Analysis (Academic Press, 1960). Chapter 8 is essen- 
tially the prerequisite for Lang and, in fact, both books are enriched by a con- 
current reading. 
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Infinite dimensional manifolds were first formally considered by J. Eells 
(see references in Lang), and the observation that most of the elementary theory 
generalizes easily is due to him. He is also responsible for the only significant 
examples, function spaces, and the only deep theorem, a generalization of 
Alexander-Poincaré duality. These results probably provide a sufficient motiva- 
tion for treating the infinite dimensional case ab initio, aside from the fact that 
such a treatment forces proofs to be as natural and coordinate free as possible— 
a desirable end in itself. Also, it is possible that an infinite dimensional manifold 
with a distinguished two-form (or perhaps a one-form) is the natural habitat of 
a quantum field theory. 

Finally, we turn to the specific contents of the book. Chapter I deals with 
the necessary category and calculus preliminaries, the latter being closely re- 
lated to Dieudonné, Chapters 7 and 8. 

Chapter IT gives the basic definitions of manifolds, differentiable morphisms, 
etc. The definition of the tangent space on page 20 is marred by a serious mis- 
print. Presumably the defining sentence should read “The equivalence classes 
of such triples form a set called the tangent space of X at x ---.” There is also 
an unfortunate set-theoretical quibble in that, as defined, the equivalence classes 
are proper classes and hence too large to be elements of anything. An alternative 
definition without this defect is given on page 64. The chapter concludes with a 
discussion of partitions of unity. It might be pointed out that the locally com- 
pact manifolds dealt with first are exactly the finite-dimensional manifolds. The 
most general case treated is that of locally Hilbertian manifolds. There is a brief 
appendix on manifolds with boundary. 

Chapter III discusses vector bundles but not general differentiable fibre 
spaces. The fundamental construction introduced is that of the pullback of a 
bundle over a morphism. Exact sequences of bundles are discussed in a rather 
strange, noncategorical way, presumably because the category of Banach spaces 
does not have nice exactness properties. The only examples are the tangent 
bundle, the normal bundle of an immersed submanifold and bundles constructed 
from them by applying functors to get associated bundles. There is a misprint 
in the discussion of these on page 47 where L(E, E’) should read L(E’, £). 

Chapter IV treats vector fields, the existence of flows, the exponential map 
and tubular neighborhoods. The main innovation is in the use of sprays, the 
exposition being credited to Palais. The reader will probably find it helpful to 
read Appendix 2 of Lang and Chapter 10 of Dieudonné while reading this 
chapter. 

Chapter V discusses differential forms, the bracket of vector fields, the ex- 
terior derivative and the Poincaré lemma in a more or less standard way. The 
relation between the exterior derivative and the bracket operation is interest- 
ingly clarified in terms of differentiable functors. 

Chapter VI proves the Frobenius theorems in full generality as in Dieu- 
donné except that the use of vector bundles greatly simplifies the notation. 

Chapter VII shows that Riemannian metrics exist on locally Hilbertian 
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manifolds. The orthogonal group of a Hilbert space is called the Hilbert group 
and it is shown that a Riemannian metric on a bundle is equivalent to a reduc- 
tion of the group of the bundle to the Hilbert group. Finally there are two appli- 
cations, one to straightening tubular neighborhoods and the other giving a nice 
derivation of the geodesic spray determined by a Riemannian metric. 

One is brought to the threshold of differential geometry, but unfortunately, 
except for a short appendix on Hilbert spaces, the book ends here. It would have 
been nice to have a discussion of some examples of manifolds in this sense or a 
proof, for example, that the geodesics constructed from the geodesic spray have 
stationary length. The style of the book is as condensed as a research paper and 
it does not even contain problems hinting at all of the auxiliary results that 
should appear in a complete discussion of the subject, even within its own frame- 
work. It seems highly unlikely that anyone who is not already familiar with 
differential geometry will get much from reading this book. Nevertheless, the 
paradigms have changed and the subject will never be the same again. No course 
in differential geometry can afford to neglect the viewpoint and the material 
of this book and, in fact, with sufficient geometrical padding it could be the 
basis for a very interesting series of lectures. 

Joun W. Gray, University of Illinois 


For more recent significant results see R. S. Palais, Morse theory on Hilbert Manifolds, 
Topology, 2 (1963) 299-340. 


BRIEF MENTION 


The Fibonacci Quarterly. The official Journal of the Fibonacci Association, vol. 1, no. 1. 

This new journal is “devoted to the study of integers with special properties.” The 
editors hope for reader participation from mathematics teachers and students at all 
levels. 


Deuxitme Congres de L’ Association Frangatse de Calcul et de Traitement de L’ Information. 
A.F.C.A.L.T.I. Gauthier-Villars, Paris, 1962. 524 pp. 


Analytic Geometry and Calculus, 2nd ed. By Lyman M. Kells. Prentice-Hall, Englewood 
Cliffs, N. J., 1963. 656 pp. $8.75. 


Optical Character Recognition. By G. L. Fischer, Jr., D. K. Pollock, B. Radock, and 
M. E. Stevens. Spartan Books, Washington D. C., 1962. viii+412 pp. $10.00. 


Tables of Normalized Associated Legendre Polynomials. By S. L. Belousov. Translated 
from the Russian by D. E. Brown. Vol. 18 in Mathematical tables series. Pergamon 
Press, New York, 1962. 379 pp. $20.00. 


Philosophy of Science. Edited by Bernard Baumrin. The Delaware Seminar. Vol. 1, 
1961-1962. Wiley, New York, 1963. 370 pp. $9.75. 
Sixteen papers are grouped under the following headings: I. Two Basic Distinctions, 
II. Scientific Explanation and Prediction, III. Philosophical Aspects of the Foundation 
of Mathematics, IV. Philosophical Aspects of Biology, V. Philosophical Aspects of the 
Social Sciences, VI. Philosophical Aspects of Physics. 


NEWS AND NOTICES 
EpiteEp By RAouL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Raoul Hailpern, Associate Secretary, Mathematical Association of America, SUNY 
at Buffalo (University of Buffalo), Buffalo, New York 14214. Items must be submitted at 
least two months before publication can take place. 


PERSONAL ITEMS 


Professor E. A. Cameron, University of North Carolina, represented the Association 
at the inauguration of Donald C. Dearborn as President of Catawba College on Feb- 
ruary 20. 

Dr. Mariano Garcia, Jr., University of Puerto Rico, represented the Association at 
the installation of Lawrence C. Wanlass as First President of the College of the Virgin 
Islands on April 11. 

Dean Earl Walden, New Mexico State University, represented the Association at a 
convocation and subsequent events inaugurating the Seventy-Fifth Anniversary of the 
University of New Mexico on February 25-28. 

Dr. Abolghassem Ghaffari, National Bureau of Standards, Washington, D. C., has 
accepted a position as Aerospace Scientist with the National Aeronautics and Space 
Administration, Greenbelt, Maryland. 

Professor S. A. Jennings, University of British Columbia, has been appointed Pro- 
fessor and Head of the Department of Mathematics at the University of Victoria. 

Dr. Julius Lieblein, David Taylor Model Basin, Washington, D. C., has accepted a 
position as Mathematical Statistician in the Office of the Assistant Postmaster General 
for Finance, Post Office Department, Washington, D. C. 

Professor Morris Marden, Chairman of the Mathematics Department, has been ap- 
pointed University of Wisconsin-Milwaukee Distinguished Professor. 

Mr. Winston Riley, III, CEIR, London, England, has been appointed Manager of 
management science at CEIR’s research and computing center, Arlington, Virginia. 

Professor C. F. Stephens, State University College of New York at Geneseo, has been 
appointed Acting Chairman of the Mathematics Department. 

Associate Professor H. E. Taylor, Florida State University, Tallahassee, has been 
appointed Acting Chairman of the Mathematics Department. 


Professor O. L. Dustheimer, Youngstown University, died on April 2, 1963. He was 
a charter member of the Association. 

Professor Emeritus C. H. Lehmann, Cooper Union, died on December 31, 1963. He 
was a member of the Association for 46 years. 

Professor F. H. Miller, Cooper Union, died on January 11, 1964. He was a member of 
the Association for 38 years. 


UNIVERSITY OF MONTREAL—SEMINAIRE DE MATHEMATIQUES SUPERIEURES 


Under the sponsorship of the North Atlantic Treaty Organization (NATO) and the 
Canadian Mathematical Congress, the third session of the University of Montreal 
SEMINAIRE DE MATHEMATIQUES SUPERIEURES will be held next summer 
from July 6 to August 14, 1964. The program will include five main courses: Professor 
Jean Dieudonné, Institut des Hautes Etudes Scientifiques, Paris, “Fondement de la 
géométrie algébrique moderne”; Professor Beno Eckmann, Ecole Polytechnique Fédérale, 
Zurich, “Homotopie et cohomologie”; Professor Peter Hilton, Cornell University, Ithaca, 
“Catégories non-abéliennes”; Professor Geoffrey Fox, Université de Montréal, “Intégra- 
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tion dans les groupes topologiques”; Professor Paulo Ribenboim, Queen’s University, 
Kingston, “Théorie des valuations.” Apart from these courses, the program will include 
a certain number of lectures given by guest speakers. Registrants may make application 
for financial assistance to cover travel and living expenses. To obtain full information and 
registration forms, write to: Department of Mathematics, University of Montreal, 
P. O. Box 6128, Montréal, Québec, Canada. 


ARLINGTON STATE COLLEGE 


A three-week conference on the teaching of relativity at the undergraduate level 
will be held between June 15 and July 3, 1964, at Arlington State College with financial 
support from the National Science Foundation. It is intended for college teachers inter- 
ested in the basic ideas and principles of special and general relativity and their incor- 
poration into physics, mathematics, and engineering courses. The program will consist 
of lectures, discussions, problems, projects and possibly some experimental work. Most of 
the lectures will be given by members or visiting members of the Southwest Center for 
Advanced Studies in Dallas, among them Michel Cahen, Wolfgang Rindler, Ivor Robin- 
son and Joseph Weinberg. There will be stipends and travel allowances for the partici- 
pants. A selected group of participants will act as discussion leaders and assistants at the 
conference. These will attend a one-week preliminary conference starting June 8. 

Arlington State College is located in northern Texas, about halfway between Dallas 
and Fort Worth. All buildings involved are modern and fully air-conditioned’ There are 
lakes and recreational areas nearby. 

Further information should be requested immediately from the conference director, 
Dr. Jason Ellis, Department of Physics, Arlington State College, Arlington, Texas. 


UNIVERSITY OF OKLAHOMA 


The annual national conference of the Advanced Placement Program in Mathe- 
matics will be held at the University of Oklahoma on June 25-27. Further information 
may be obtained by writing to the Mathematics Department, University of Oklahoma, 
Norman, Oklahoma. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


NOVEMBER MEETING OF THE NEW JERSEY SECTION 


The eighth annual meeting of the New Jersey Section of the Mathematical Associa- 
tion of America was held at the Lawrenceville School, Lawrenceville, New Jersey, on 
November 2, 1963. Dr. Sheldon S. Myers, Chairman of the Section, presided at the 
morning and afternoon sessions. Ninety-seven persons attended the meeting, including 
fifty-six members of the Association. 

At the business meeting, Professor Robert M. Walter of Douglass College, was elected 
Chairman of the Section (November 1964) and Professor Joshua Barlaz of Rutgers— 
The State University was elected Member-at-Large of the Executive Committee (No- 
vember 1966). Reports were given by Miss Janet Dunning, Chairman of the High 
School Contest Committee; Dr. H. O. Pollak, Governor of the Section; Professor F. A. 
Varrichio, Secretary-Treasurer; and Professor John Reckzeh, Chairman of the Speak- 
er’s Bureau. 

At the morning session the following papers were presented: 
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1. Changes in Twentieth Century Algebraic Activity by Professor Earl J. Taft, Rutgers—The 
State University, introduced by the Chairman. 

Algebraic investigations up to the early part of the twentieth century centered around con- 
crete questions in group theory, linear algebra, algebraic number theory and algebraic geometry. 
Then the emphasis shifted to the postulational development of abstract systems such as groups, 
integral domains and modules. During the last three or four decades, algebra has developed both 
inside and outside this classical framework. For example, homological algebra and universal 
algebra arose inside it, and topological algebra and categorical algebra outside. The development 
has been marked by connections of various algebraic disciplines with each other and with other 
mathematical disciplines which inspired them. 


2. Numerical Analysis vs. Mathematics by Dr. R. W. Hamming, Bell Telephone Laboratories, 
Incorporated. (By invitation.) 

The purpose of this talk is to show by examples that the standards, tastes, aims and objec- 
tives of Numerical Analysis are very different from those of Mathematics, and that mathematical 
rigor is often less relevant than choosing a reasonable model. 


At the afternoon session the following paper was presented: 


The Role of Calculus in Secondary School by Professor Albert A. Blank, New York University. 
(By invitation.) 

The universal adoption of calculus as the capstone of the secondary curriculum is probably 
only a matter of time. When it is appreciated that the twelfth year student of mathematics is 
probably better motivated and more capable than the typical college freshman, much of the argu- 
ment against the adoption of calculus loses its force. In many schools the elimination of the weak 
seventh and eighth grade traditional course provides the extra time needed for preparing the 
ground. We may expect great improvements in the training of teachers and the preparation of stu- 
dents for further work in mathematics and science to ensue. 


As part of the program a discussion followed Professor Blank’s paper. Doctor Marion 
G. Epstein of Educational Testing Service, Doctor R. W. Hamming of Bell Laboratories, 
Inc., and Mr. Peter J. Kiernan of the Lawrenceville School commented on Calculus in 


Secondary School. 
F. A. VARRICHIO, Secretary 


SPECIAL DECEMBER MEETING OF THE OHIO SECTION 


A special meeting of the Ohio Section of the Mathematical Association of America 
was held at Denison University, Granville, Ohio, on Saturday, December 7, 1963. There 
were seventy-four persons registered in attendance, including sixty-eight members of 
the Association. Professor Charles E. Capel, Chairman of the Section presided at the 
morning session and Professor Robert Roberts, of the Program Committee presided in 
the afternoon. 

No formal papers were presented at the sessions, which were devoted to general dis- 
cussion on three subjects: 1) the freshman-level undergraduate curriculum, 2) teacher 
training and certification, and 3) revision of the by-laws of the Ohio Section. Professor 
David Lipsich, of The University of Cincinnati made the opening statement and led the 
discussion on the first subject, Professor Clarence Heinke of Capital University on the 
second and Professor Charles Capel of Miami University on the third. 

FOSTER BROOKS, Secretary 


THE EMPLOYMENT REGISTER 


The Mathematical Sciences Employment Register, established by the American 
Mathematical Society, the Mathematical Association of America, and the Society for 
Industrial and Applied Mathematics, will be maintained at the Summer Meeting at the 
University of Massachusetts, Amherst, Massachusetts on August 25, 26 and 27, 1964. 
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The Register will be conducted from 9:00 a.m. to 5:00 P.M. on each of these three days. 

There is no charge for registration, either to job applicants or to employers, except 
when the late registration fee for employers is applicable. Provision will be made for 
anonymity of applicants upon request and upon payment of $3.00 to defray the cost 
involved in handling anonymous listings. 

Job applicants and employers who wish to be listed will please write to the Employ- 
ment Register, 190 Hope Street, Providence, Rhode Island 02906 for application forms 
or for position description forms, These forms must be completed and returned to 
Providence not later than July 15, 1964, in order to be included in the listings at the 
Summer Meeting in Amherst. Position Description forms which arrive after this closing 
date, but before August 10 will be included in the register at the meeting for a late regis- 
tration fee of $3.00. The printed listings will be available for distribution both during 
and after the meeting. 

It is essential that applicants and employers register at the Employment Register 
Desk promptly upon arrival at the meeting to facilitate the arrangement of appoint- 
ments. 


PROPOSED AMENDMENT TO THE BY-LAWS OF THE MAA 


Increasing costs of administering the Association have necessitated an increase in 
the annual dues of the Association from $5 to $6, as recommended by the Board of 
Governors at its meeting on January 24, 1964, at the University of Miami. The Associa- 
tion incurred a deficit in 1962. The surplus in 1963 was due to some nonrecurring credits, 
deferment of payment of several substantial bills to 1964 which would normally have 
been paid in 1963, and to no charge being made for distribution to the Association’s 
membership of the ComMBINED MEMBERSHIP List, which is distributed only every other 
year (such a charge occurred in 1962 and will again occur in 1964). The cost of adminis- 
tering the Association is expected to increase further by the need for engaging the serv- 
ices of a professional auditor and legal counsel and for providing for certain insurance 
benefits for clerical employees of the Association. While the Association receives over- 
head on its grants from NSF, this overhead is compensation only for the additional 
expenses incurred in administering these projects; it does not cover the increase in gen- 
eral Association activities brought about indirectly by these projects. The Association 
has also been asked to make certain unanticipated payments to NSF in connection with 
these NSF-sponsored programs. The budget for 1964 anticipates a deficit of $20,000. 

Consequently, at the business meeting of the Association to be held at the University 
of Massachusetts in Amherst, Massachusetts, August 25, 1964, a motion will be made to 
amend Article VII, Section 2, as follows: 

The annual dues of each ordinary member shall be six dollars ($6), including a sub- 
scription to the official journal. 


Henry L. ALDER, Secretary 


THE CHAUVENET PRIZE 


The Board of Governors at its meeting on January 24, 1964, at the University of 
Miami voted to adopt the following regulations governing the Association’s Award of 
the Chauvenet Prize. 

1. The Chauvenet Prize is to be awarded at the Annual Meeting in January of the 
Mathematical Association of America. The prize is to be $100, together with a certificate, 
and is to be awarded to a member of the Association for a noteworthy paper published in 
English, such as will come within the range of profitable reading for members of the 
Association. The purpose of the prize is to stimulate the writing of expository works by 
American scholars. 

2. Ordinarily, the award is to be made for material published during the calendar 
year beginning January 1 two years prior to the time of the award. However, if deemed 
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APPOINTMENT OF MAA REPRESENTATIVES 


The Board of Governors has approved a plan whereby MAA Representatives shall 
be appointed in all universities and colleges, including junior colleges, in the United 
States and Canada. Responsibility for appointment of these representatives has been 
assigned to the Section Chairmen. The Buffalo office of the Association has requested 
appointment of these representatives from each Section Chairman by June 15. He will 
send a list of all MAA Representatives appointed within his Section to the Buffalo office. 

The procedure for selecting MAA Representatives in each Section is left to the officers 
of the Section. The following procedures are suggested: 

a. Some Sections may find it suitable to have nominations made to the Section 
Chairman by the Section Nominating Committee or Section Membership Committee, 
others by assigning this responsibility to the Section officers. 

b. If the chairman of the mathematics department is a member of the MAA, an- 
other suggestion is that the Section Chairman request him to nominate a representative 
for the institution, preferably someone other than himself. (The reasons for this should 
be obvious from the description of the duties of the representative as listed below. On 
the other hand, there may be cases where the department chairman would be the only 
appropriate person, obviously so if he is the only MAA member in the department.) 

c. If the chairman of the mathematics department is not a member of the MAA, it 
is suggested that a direct approach be made to some MAA member, asking him to serve 
as MAA Representative. If no one in the department is an MAA member, every effort 
(including personal contact) should be made to remedy the situation. 

The duties of the MAA Representatives are outlined as follows: 

The primary purpose of the MAA Representative is to provide members and pros- 
pective members with current information on the activities of the Association and to se- 
cure new MAA members from both faculty and students. The methods used to achieve 
this are largely left to each representative, but it should be emphasized that the MAA 
is not interested in increasing its membership just for the sake of size and that no “high- 
pressure” membership campaigns are contemplated. It is known, however, that many 
persons are not members of the MAA who would benefit from membership and who, in 
turn, would benefit the MAA. 

It is suggested that the MAA Representative make an annual personal invitation 
to the members of the staff to join the MAA, with special attention to new staff members. 
Students (both graduate and undergraduate) should be made aware of the opportunity 
to join the MAA through notices and announcements. Additional contacts can be 
made through publicizing sectional and national meetings and by assisting in arrange- 
ments to maximize attendance at Section meetings by, for example, arranging group 
transportation when needed. 

It is suggested that MAA Representatives in each Section meet at the time of Section 
meetings. They might be addressed by the Sectional Governor on matters considered 
by the Board of Governors. 

Every effort will be made by the Buffalo office and the Section officers to provide the 
MAA Representatives with information which might be of interest to them. 

Henry L. ALpER, Secretary 
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REPORT OF THE TREASURER FOR THE YEAR 1963 


Following is a summary of the report of Professor H. M. Gehman as Treasurer of the 
Association for the year 1963. The complete report has been approved by the Finance 
Committee and accepted by vote of the Board of Governors. Any member of the Associ- 
tion who wishes a copy of the complete report of the Treasurer may obtain one by writing 
to the Buffalo office of the Association. 

Because of a change in the way in which NSF is handling grant payments, it is diffi- 
cult to compare this report with those for previous years. In brief the assets of the 
Association have decreased during 1963, but the liabilities have also decreased by a cor- 
responding amount. 

The funds held by the Association for its own use and for publication purposes have 
all increased with one exception. The balance in the Dunkel Fund is smaller due to the 
cost of printing MAA Studies Volume II. 

A donor who prefers to remain anonymous has established a new fund whose income 
is unrestricted but will probably be used for publication purposes. Several smaller con- 
tributions received during the year have been added to the General Fund. 


January December 
1, 1963 31, 1963 
ASSETS OF THE ASSOCIATION 


M & T Trust Company, checking account............. 2... $225,097 $ 96,624 
M & T Trust Company, special account................... — 33,199 
Savings ACCOUNES. . 2... cece cece ete eee eens 17,179 — 

Securities at market values... 0.0... 0.0... cece eens 396,873 216,934 


$639 , 149 $346,757 
FUNDS OF THE ASSOCIATION 


Current Fund............... 0. eee ce cece eee eee eens $ 734 $ 4,944 
MATHEMATICS MAGAZINE........0 0.0.00 cece eens 2,727 150 
Carus Fund...... 0.0... eee tent ene een eas 49 ,479 57,204 
Chace Fund....... 0.0... cc cece ee eee eens 9,325 11,324 
Houck Fund........ 0... cc ee eee enn ees 8,436 9 ,040 
Chauvenet Fund...........0 0... ccc cece ee nee eens 2,876 2,974 
Dunkel Fund... ..... 0.0... cc cc eee teen eee nnes 24 ,233 21,897 
Anonymous Fund........... 00. c cc eee cee eee teen eens — 4,237 
General Fund. .... 0.0... 0. ccc cc eee eect e eee 121,341 163,778 


$219,151 $275,548 


Visiting Lecturers........ 00. ccc ee eee teen neees 65,051 19 ,236 
Secondary School Lecturers... 0.0.0.0... 0c cece eee eee ene 72,978 7,940 
CUPM... ccc ee ene e en teen e enn nees 272,793 3,796 
High School Contests... 0.0... ccc cc ee ee eens 874 4,620 
Production of Films......... 0000. c ccc ee cee tenes 215 690 
Educational Media... 0.0.0... ccc ccc eens 8,087 — 

Cooperative Summer Seminars. .......... 00.00 cee eee eeeee — 1,728 
NSF grants... 0.0... ccc eee ee eee n een n eens — 33,199 


$639,149 $346,757 
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CALENDAR OF FUTURE MEETINGS 
Forty-fifth Summer Meeting, University of Massachusetts, Amherst, August 24— 


26, 1964. 


Forty-eighth Annual Meeting, Denver-Hilton Hotel, Denver, Colorado, January 28~ 


30, 1965. 


The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY MOUNTAIN 

ILLinors, Southern Illinois University, Carbon- 
dale, May 14-15, 1965. 

INDIANA 

Iowa 

KANSAS 

KENTUCKY 

LOvISsIANA-MIssIssIPP!, Biloxi, 
February 19-20, 1965. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw York 

MICHIGAN 

MINNESOTA 

MIssourRI 

NEBRASKA 

NEw JERSEY, Rutgers, The State University, 
New Brunswick, November 7, 1964. 


Mississippi, 


NORTHEASTERN, Worcester Polytechnic Insti- 
tute, Worcester, Mass., Nov. 28, 1964. 

NORTHERN CALIFORNIA, College of San Mateo, 
February 6, 1965. 

OHIO 

OKLAHOMA 

PaciFic NORTHWEST, Washington State Uni- 
versity, Pullman, Washington, June 19, 
1964. 

PHILADELPHIA, Drexel Institute of Technology, 
Philadelphia, November 21, 1964. 

Rocky MOUNTAIN 

SOUTHEASTERN 

SOUTHERN CALIFORNIA 

SOUTHWESTERN 

TEXAS 

Upper NEw York STATE 

WISCONSIN 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN MATHEMATICAL SOCIETY, Pullman, 
WASHINGTON, June 20, 1964. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, University of Maine, Orono, June 
22-26, 1964. 

ASSOCIATION FOR COMPUTING MACHINERY, 
Philadelphia, August 25-28, 1964. 

CENTRAL ASSOCIATION OF SCIENCE AND MATHE- 
MATICS TEACHERS, Detroit, November 26— 
28, 1964. 


INSTITUTE OF MATHEMATICAL STATISTICS, 
Berne, Switzerland, September 14-16, 
1964. 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Seattle, Washington, July 1, 1964. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Hotel Leamington, Minneapolis, October 
7-9, 1964, 


ADDISON 


PUBLISHING 
COMPANY, INC. 
South Street 

- - Reading 


- Massachusetts | 


CALCULUS WITH ANALYTIC GEOMETRY: 
A First Course 
M. H. PROTTER and C. B. MORREY, JR., University of California 


This first volume of an introductory, two-volume work deals primarily 
with analytic geometry and functions of one variable. To make it par- 
ticularly attractive to students of science and engineering, the pace 
has been adjusted by devoting considerable attention to elementary 
topics, by providing additional illustrative examples, and by adding 
intuitive explanations of many of the fundamental concepts. However, 
definitions and theorems are stated with care and precision, and the 
proofs of many theorems are given in full. 

572 pp., 403 illus., $8.75 


MODERN MATHEMATICAL ANALYSIS 
M. H. PROTTER and C. B. MORREY, JR. 


A continuation of the above volume, this text displays a similar tone 
and emphasis and deals with linear algebra and differential equations 
as well as with vectors and functions of several variables. Of special 
interest, besides the extensive treatments of linear algebra and differen- 
tial equations, are a vigorous discussion of change of variables in a 
multiple integral and a new method for treating Green's and Stokes’ 
theorems. Also included is a chapter on Fourier series. 

c. 800 pp., 290 illus., $10.75 


COLLEGE CALCULUS WITH ANALYTIC GEOMETRY 
M. H. PROTTER and C. B. MORREY, JR. 


Designed for a three-semester introductory course, this text is a 
short version of the two-volume work described above. The organiza- 
tion and emphasis are the same, but the content is limited to analytic 
geometry, calculus, and linear algebra. 

897 pp., 548 illus., $11.50 


ESSENTIALS OF ALGEBRA AND TRIGONOMETRY 
F. H. YOUNG, Oregon Siate University 


The primary aim of this modern and concise text is to bridge the 
gap between traditional secondary mathematics and a_ university 
course in analytic geometry and calculus. The emphasis is on the 
number systems and their properties, little stress being placed on 
strictly mechanical aspects. Of special interest are the chapters deal- 
ing with matrices and determinants and the logic and techniques of 
proving theorems. c. 160 pp., 61 illus., $5.00 


LINEAR ALGEBRA 
G. HADLEY, University of Chicago 


This text presents an introduction to linear algebra for those who 
desire a rigorous but not abstract treatment of the subject. Its purpose 
is to provide a knowledge of this important material for those with a 
limited mathematical background. The subject matter is developed 
from an elementary point of view rather than from an axiomatic 
approach, and emphasis is placed on giving the reader a good intui- 
tive understanding of the material. 

290 pp., 45 illus., $7.95 


ELEMENTS OF DIFFERENTIAL EQUATIONS 
W. KAPLAN, University of Michigan 


This text is an adaptation of the author’s Ordinary Differential Equa- 
tions. It is designed for a one-semester first course in differential 
equations for students of science and engineering, as well as for 
mathematics majors, and covers the essential elementary topics. Al- 
though the emphasis throughout is on the gaining of insight and 
understanding, problem-solving is not neglected, and many exercises 
are included, In general, physical examples are utilized, both as illus- 
trations of the mathematical methods and as aids to understanding 
these methods. 

In Press 


WRITE FOR APPROVAL COPIES 


COMBINATORIAL MATHEMATICS — 


BY HERBERT J. RYSER, SYRACUSE UNIVERSITY 
(CARUS MONOGRAPH #14) 


. . . investigates the mathematical theory of the discrete. This subject began 
long ago and many of the early problems were studied primarily for their 
recreational or aesthetic appeal. But today combinatorial mathematics is recog- 
nized as a lively branch of modern algebra with important applications in pure 
and applied science. The main topics discussed by the author include an analysis 
of elementary concepts, the principles of inclusion and exclusion, recurrence 
relations, Ramsey’s theorem, systems of distinct representatives, matrices of 
zeros and ones, orthogonal Latin squares, finite projective planes, Hadamard 
matrices, combinatorial designs, and difference sets. The Monograph makes 
readily available a wealth of material that is scattered in a variety of sources. 
General structure theorems are emphasized throughout. The proofs of a number 
of the theorems are new and every effort is made to interrelate and unify the 
vatied topics under consideration. The Monograph also describes some of the 
major unsolved problems and contains a sizeable bibliography of the current 
literature. 


Each member of the Association may purchase one copy of this Carus Mono- 
gtaph at the special price of $2.00. Orders should be addressed to: 


Mathematical Association of America 
SUNY at Buffalo (University of Buffalo) 
Buffalo, New York 14214 


Additional copies of Monograph 14 for members and copies for non- 
members may be purchased at $4.00 from: 


JOHN WILEY AND. SONS 
605 Third Avenue 
New York, New York 10016 


Authoritative new books in mathematics 


INTRODUCTION TO HIGHER ALGEBRA 
Edited by A. Mostowski and Professor M. Stark, Polish Academy of Science 
(International Series of Monographs on Pure and Applied Mathematics, 


Vol. 37) 


An especially thorough exposition of modern algebraic methods, including: 
combinatorial problems; determinants; vector spaces and linear equations; 
polynomials in one variable; rings of rational polynomials; algebraic and 
transcendental numbers; the theory of elimination; quadratic and hermit- 
ian forms; and properties of matrices and quadratic forms. 


474 pages 


A Pergamon Press Book 


$6.50 
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A COURSE OF MATHEMATICS 
FOR ENGINEERS AND SCIENTISTS 


Volume 4 


by B. H. Chirgwin, and C. Plumpton, Queen 
Mary College, England 


The newest volume in an integrated seven- 
volume series of basic texts for students and 
practicing engineers and scientists. Generalizes 
and develops the techniques of Vector Anal- 
ysis, Differential Equations, Special Functions, 
Differential Equations of Field Lines and Level 
Surfaces, and Matrices. Numerous exercises and 
examples provide applications to physical prob- 
lems. A feature of these texts is the clarity with 
which the ideas and methods of mathematics 
are explained and related to practical applica- 
tions in science and engineering. Bibliography. 
353 pages <A Pergamon Press Book $5.00 


THE THEORY OF SPACE TIME AND 
GRAVITATION 
9nd Revised Edition 


by V. Fock, Leningrad University, U.S.S.R. 
Academy of Sciences 


“ an addition to the literature of first-rate 
importance.” 
—Proceedings of the Physical Society 


An improved and up-to-date version of this 
distinguished work dealing with both special 
and general relativity theory. In addition to 
its theoretical formulations, the book provides 
a great number of concrete applications of gen- 
eral relativity. 

Covers: The Theory of Relativity in Tensor 
Form. General Tensor Analysis. A Formulation 
of Relativity Theory in Arbitrary Co-ordinates. 
The Principles of the Theory of Gravitation. 


448 pages A Pergamon Press Book $15.00 


TOPOLOGICAL METHODS IN THE 
THEORY OF NONLINEAR 
INTEGRAL EQUATIONS 

by M. A. Krasnosel'skii . 


(International Series of Monographs in Pure 
and Applied Mathematics, Volume 45) 

This author’s lucid geometrical arguments, now 
brought together in one volume, form a dis- 
tinctive contribution to the visualization and 
solution of non-linear integral equations. Fully 
develops the general theory of nonlinear opera- 
tor equations. 

Covers: Nonlinear Operators. The Rotation of 
a Vector Field. Existence Theorems. Problems 
Conceming Eigenfunctions. Eigenfunctions of 
Positive Operators. Variational Methods. Bibli- 
ography. Subject Index. 

395 pages A Pergamon Press Book $10.00 


AN INTRODUCTORY COURSE OF 
MATHEMATICS AND 

THEORETICAL MECHANICS 

Volume 3: Theoretical Mechanics 

by C. Plumpton, Queen Mary College, London, 
and W. A. Tomkys, Belle Vue Boys’ Grammar 
School, England 

An introduction to theoretical mechanics, using 
vector methods and the calculus, as required. 
Many illustrative examples are provided and 
the problems are arranged in order of increas- 
ing difficulty. 

Covers: The Fundamental Concepts of Theo- 
retical Mechanics. Systems of Coplanar Forces 
Acting on a Particle. The Kinematics of a Par- 
ticle Moving in a Straight Line. Projectiles. 
Relative Motion. The Moment of a Force. 
Centres of Gravity. The Dynamics of a Particle. 
Friction. Conservation of Energy. The Impact 
of Elastic Bodies. Power. 


370 pages A Pergamon Press Book $4.00 
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A paperback series of lucid expository works on important topics in mathematics, 
written by well-known research mathematicians. These inexpensive monographs 
deal with subjects not usually treated in detail in standard mathematics courses 
and are, in every respect, admirably suitable supplementary reading for under- 
graduate and graduate students. $1.95 each 


NUMBERS: RATIONAL AND IRRATIONAL 
by Ivan Niven 


WHAT IS CALCULUS ABOUT? 
by W. W. Sawyer 


AN INTRODUCTION TO INEQUALITIES 
by Edwin Beckenbach and Richard Bellman 


GEOMETRIC INEQUALITIES 
by N. D. Kazarinoff 


THE LORE OF LARGE NUMBERS 
by Philip J. Davis 


USES OF INFINITY 
by Leo Zippin 
GEOMETRIC TRANSFORMATIONS 
by I. M. Yaglom 


CONTINUED FRACTIONS 
by C. D. Olds 


GRAPHS AND THEIR USES 
by Oystein Ore 


HUNGARIAN PROBLEM BOOKS I and II 
translated by Elvira Rapaport 


EPISODES FROM THE EARLY 
HISTORY OF MATHEMATICS 
by Asger Aaboe 


In preparation . . . GROUPS AND THEIR GRAPHS 
by I. Grossman and W. Magnus 
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ORDINARY DIFFERENTIAL EQUATIONS 
by Garrett Birkhoff, Harvard University, and Gian-Carlo 
Rota, Massachusetts Institute of Technology 


This provides a bridge between the elementary theory of dif- 
ferential equations and the study of advanced techniques. As a 
special feature, a variety of functions of mathematical physics 
is studied by means of the differential equations they satisfy. 


1962. 310 pages. $9.50 


ANALYTIC FUNCTION THEORY, Volumes I and II 
by Einar Hille, Yale University 


Volume I, while stressing diversity of method, emphasizes the 
historical and conceptual continuity of analytic function theory. 
The coverage of the field of complex function theory is con- 
tinued and completed as Volume II supplements and develops 
the ideas set forth in Volume I. 

Volume I, 1959. 308 pages. $9.50 


Volume I, 1962. 512 pages. $10.50 


INTRODUCTION TO MECHANICS OF CONTINUA 


by William Prager, Brown University 


Serving as a foundation for advanced courses, this authoritative 
text presents typical problems and methods of mechanics of 
continua. 

1961. 280 pages. $9.50 
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Five mathematics publications from 
Prentice-Hall designed to provide a working 
knowledge of modern mathematics 


I. 


MATHEMATICAL MODELS IN PHYSICAL SCIENCES 


Edited by Stefan Drobot, The Ohio State University. An outstanding book com- 
piling the Proceedings of the Conference at the University of Notre Dame in 
1962, sponsored by the National Science Foundations. Some of the topics 
discussed are: Macroscopic vs. Microscopic Models @ Asymptotology ® Prob- 
lems of a Gas of Hard Elastic Spheres (Abstract) @ Stochastic Approach to 
Problems of Cosmology ® Mathematical Models in Statistical Mechanics (Ab- 
pi ® and On Constraints in Continuous Field. 1963, 193 pages, Text Price 
3.75 


LECTURES ON DIFFERENTIAL GEOMETRY 


by Shlomo Sternberg, Harvard University. An exciting new work for research 
mathematicians and students, treating various selected topics in differential 
geometry. It assumes a knowledge of modern algebra and point set topology 
as well as some amount of elementary analysis. Discussed are Algebraic Pre- 
liminaries @ Differentiable Manifolds @ Integral Calculus on Manifolds @ The 
Calculus of Variations @ Lie Groups @ Differential Geometry of Euclidean 
Space and The Geometry of G-Structures. June 1964, approx. 368 pages, 
Text Price $12.00 


RANDOM ESSAYS ON MATHEMATICS, 
EDUCATION AND COMPUTERS 


by John G. Kemeny, Dartmouth College. A collection of provocative essays, 
ranging in focus from mathematics to education and computers. Topics dis- 
cussed are: Experiences of a Mathematical Missionary ® Mathematics Invades 
the Social Sciences @© Mathematics in Culture @ The Well-Rounded Man vs. 
the Egg-Head @ The Vanishing College Teacher © The 3 X 3 System ® 
Games of Life and Death @ Machines as Extensions of Human Brains ® and 
A Library for 2,000 A.D. May 1964, approx. 192 pages, Text Price $4.95 


ARITHMETIC: ITS STRUCTURE AND CONCEPTS, 
SECOND EDITION, 1964 


by Francis J. Mueller. A balanced blend of modern and traditional mathematics, 
distinguishing carefully between mathematics as a science and mathematics as 
a tool. Dr. Mueller incorporates such modern mathematics approaches as dis- 
tinction between number and numeral, emphasis upon the properties of num- 
bers, operations explained in set terms, geometric figures as sets of points. Con- 
cepts and algorithms are explained fully and clearly, with numerous line draw- 
ings and solved problems. April 1964, 370 pages, Text Price $7.95 


MATHEMATICAL INDUCTION 


by Bevan K. Youse, Emory University. A comprehensive treatment of mathemati- 
cal induction for college students, high school teachers of mathematics, and 
senior level high school students. This new book covers the well-ordering prop- 
erty in detail and uses it in the proof of the First Principles of Induction. It states 
and proves several variations of the induction principle not normally stated in 
elementary texts. April 1964, 64 pages, Text Price $2.95 


For approval copies, write: Box 903 


PRENTICE-HALL, INC., Englewood Cliffs, New Jersey 


h Noteworthy McGraw-Hill Books 


MATHEMATICAL METHODS IN 
RELIABILITY ENGINEERING 


By NORMAN H. ROBERTS, University of Wash- 
ington. 320 pages, $12.50. 


Provides the fundamental mathematical and 
analytical tools which are the basis for reli- 
ability engineering. These include statistics, 
the rudiments of set theory and Boolean alge- 
bra, simple model theory, and a few subsidiary 
topics in analysis. 


SETS, EVENTS, AND SWITCHING 


By PAUL E. PFEIFFER, Rice University. McGraw- 
Hill Monographs in Modern Engineering 
Science. 144 pages, $4.95. 


Introduces the student to the foundation of the 
algebra of sets, switching algebra, and parts 
of probability theory for the engineer. Aims 
to provide a course at the junior or senior level 
which lays a firm foundation for the application 
of probability theory to physical and other 
problems. 


FOUNDATIONS OF GEOMETRY 


By CLARENCE R. WYLIE, University of Utah. 
350 pages, $8.50. 


Provides a sound elementary introduction to 
the foundation of conventional Euclidean Ge- 
ometry, the Euclidean Geometry of 4-dimen- 
sions, and Plane Hyperbolic Geometry. Exten- 
sive material is included on the axiomatic 
method, the characteristics of axiomatic sys- 
tems, the relation of inductive and deductive 
reasoning, and the relation of mathematics to 
the physical sciences. 


FUNDAMENTAL STRUCTURES OF ALGEBRA 


By GEORGE D. MOSTOW, Yale University; J. H. 
SAMPSON and JEAN-PIERRE MEYER, both of 
Johns Hopkins University. 588 pages, $8.95. 


Presents in one volume all of the modern alge- 
bra required for students entering undergradu- 
ate science and engineering studies. The early 
chapters are designed for students with no 
math training beyond high school. Basic con- 
cepts of algebra are developed systematically 
through an axiomatic approach. 


AN INTRODUCTION TO INFORMATION 
THEORY 


By F. M. REZA, Syracuse University. McGraw- 
Hill Series in Electrical and Electronic Engi- 
neering. 496 pages, $14.00. 


Constitutes a nucleus for a fundamental study 
of communications systems—including all tele- 
communication equipment, computers and nu- 
merous other devices employed for the transmil- 
tal and processing of information in any form. 


PLANE TRIGONOMETRY WITH TABLES, 
Third Edition 


By E. RICHARD HEINEMAN, Texas Techno- 
logical College. Available in June. 


This revision of a successful text emphasizes 
analytic trigonometry; however complete coy- 
erage is given to the solution of triangles. 
Designed for college freshmen or secondary 
school courses, it is slanted toward the needs 
of students who will continue in mathematics, 
at least through calculus. 


EXAMINATION COPIES AVAILABLE ON REQUEST 


MecGraw-Hilt Book Company 


340 WEST 42nd STREET / NEW YORK, N. Y. 10036 


NEW AND RECENT TEXTS AND REFERENCES FROM MACMILLAN 


ABSTRACT ALGEBRA 


By W. E. Deskins, Michigan State University 


Makes deep-lying concepts and results of modern (and classical) algebra available to the stu- 
dent whose education may not have proceeded beyond college algebra. Features the central 
theme of factorization, utilizes a number-theoretic viewpoint, proceeds from the familiar to the 
abstract, stresses the importance of analogy in the development of mathematics, and includes 
numerous examples and heuristic discussions. Allendoerfer Advanced Series. 1964, approx. 
624 pages, prob. $10.95 


REAL ANALYSIS 
By H. L. Royden, Stanford University 


For the graduate course in real variables. Applies a distinctly modern approach to the classi- 
cal theory of functions, to general topology and the general theory of Banach spaces, and to 
abstract treatments of measure and integration. 1963, 300 pages, $9.00 


THEORY OF NUMBERS, Second Edition 


By B. M. Stewart, Michigan State University 


Largely rewritten and reorganized to fill better the need for a one- or two-term course in num- 
ber theory of modern algebra. 1964, 400 pages, $8.50 


METHODS IN NUMERICAL ANALYSIS, Second Edition 


By Kaj L. Nielsen, Battelle Memorial Institute 


The new edition of a practical text for a one-term course for engineers and others who need to 
use desk calculators and wish to prepare to use large-scale computers. Develops the classical 
numerical analysis with a minimum of mathematical background. Includes a new chapter on 
linear programming. 1964, 428 pages, $9.00 


TRIGONOMETRY AND THE ELEMENTARY TRANSCENDENTAL 
FUNCTIONS 


By Tomlinson Fort, Emory University 


A concise, mathematically sound introduction to trigonometry for students with an algebra 
background. Considers all conventional topics, but builds a firm foundation for the later study 
of calculus and other advanced analysis courses. Allendoerfer Undergraduate Series. 1963, 224 
pages, $5.25 


ARITHMETIC FOR COLLEGES, Third Edition 
By the late Harold D. Larsen and by H. Glenn Ludlow, Indiana University 


A new edition of a highly successful text already used in over 100 schools. Ideal for prospec- 
tive elementary school teachers or for refresher courses in basic, pre-algebra mathematics. In 
this edition, changes have been made in the treatment of Attic numerals, the Roman system of 
notation, the excess of nines, and the clarification of the complementary method of subtraction. 
Material has been added on the prime numbers and on rounding off of numbers. Practice tests 
are included. 1963, 336 pages, $5.95 


SPECIAL FUNCTIONS 
By Earl D. Rainville, The University of Michigan 


Emphasizes functions frequently encountered in engineering, physical, and chemical applica- 
tions. Special treatment is given to both hypergeometric and generating functions, the latter 
receiving the most comprehensive attention yet available in book form. 1960, 377 pages, $12.50 
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BIRKHOFF’S AXIOMS FOR SPACE GEOMETRY 
ROLAND BROSSARD, Université de Montréal 


1. Introduction. The motivation for this study is a definition of euclidean 
geometry leaving open the possibility of extension to higher dimensional spaces, 
based on the intuitive ideas concerning the use of graduated rulers and pro- 
tractors. In fact, the only essential change in the Birkhoff’s presentation is a 
weakening in the protractor axiom; this weakening allows the geometry of three- 
dimensional space to be constructible. 

The system of axioms is based on “coordinate functions”; they are intui- 
tively conceived as “applications” of a long graduated ruler to the lines, and as 
“applications” of a protractor to the plane bundles of half-lines. Distance, 
angular measure, and the betweenness relation are defined in terms of coordinate 
functions. The axioms are formulated in such a way as to exhibit a certain 
symmetry between the properties of coordinate functions for the elements of 
the lines and the properties of coordinate functions for the elements of the 
bundles, the main difference consisting in the value-rings. 


2. Primitive notions. Points are abstract undefined objects. Primitive terms 
are: point, line, coordinate function of a line, half-line, bundle of half-lines, and 
coordinate function of a bundle of half-lines. 


3. Axioms on points, lines, and coordinates of the points of the lines. Certain 
subclasses of points are called lines. The axioms on the lines are: 


Ly. There exist at least two distinct points. 

Lo. If A and B are two distinct points, then there exists one and only one line 
containing A and B., 

L3. There exist points not all on the same line. 


A set of points is said to be collinear if this set is a subset of a line. Two sets 
are collinear if the union of these two sets is collinear. Coordinate functions on 
the lines are introduced by the following axiom. 


Cli. There exists associated with each line L, a nonempty class X of one-to- 
one mappings x of L onto the field R of real numbers. If x;1s a member of X and 
if x; 1s any one-to-one mapping of L onto R, then x; 1s a member of X tf and only 
if for all ACL and for all BEL. 


| w:(A) — «(B)| = | (A) — «(B)| . 


The elements of X are called coordinate functions of L. The distance between 
two points A and B, denoted AB (or BA) is defined to be the unique nonnega- 
tive number | «(A) —x(B)| where x is an arbitrary member of X. The point B 
is between the points A and C if A, B, and C belong to the same line and either 
*(A)<x(B)<x(C) or else «(C)<x(B)<x(A). We shall now show that this 
betweenness relation is defined independently of the coordinate function con- 
sidered on the line containing the points A, B, and C. 
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If B is between A and C with respect to a coordinate function x; then 
(3.1) 2,(A) < «,(B) < #,(C) or else (3.2) x,(C) < x(B) < «,(A). 


Let x; be an arbitrary coordinate function for the same line. Axiom Cli implies 
that 


(3.3) «;(A) — x,(B) = 2;(A) — «,;(B) or else 
(3.4) x;(A) — x,(B) = «,(B) — «,(A), 
(3.5) «;(A) — x,(C) = x;(A) — x,(C) or else 
(3.6) x;(A) — «i(C) = x,(C) — (A), 
(3.7) «,(B) — «,(C) = x;(B) — #;(C) or else 
(3.8) x;(B) — x(C) = %(C) — «;(B). 


If (3.1) is valid then all left members of (3.3), (3.4), (3.5), (3.6), (3.7), (3.8) are 
negative and if (3.2) is valid the same left members are all positive. Equations 
(3.3), (3.5), and (3.7) are valid or else equations (3.4), (3.6), and (3.8) are valid 
because any two equations in a group implies the third one. Consequently with 
respect to x;, B is also between A and C. 

For collinear points A, B, C the point B is between the points A and C if and 
only if AB+BC=AC. If O and A are two distinct points of a line, we call half- 
line OA with end-point O the set of points P on that line such that O is not be- 
tween A and P. In speaking of a half-line OA, the first element of the ordered 
couple (O, A) will always represent the end-point. If A and B are distinct points, 
the set of points containing A, B, and all the points between A and B is called 
a segment. The distance AB is called the length of the segment AB. A segment 
without its end-points is an interval. 

M is the mid-point of the segment AB if M is an element of this segment 
and if AM= MB. If x is a coordinate function for the line AB then there exists 
on that line a point M defined by the relation 


(A) + «(B) © 


“(M) = ; 


We can easily verify that M is between A and B (i.e., M belongs to the seg- 
ment AB), and that AM=MB. Consequently every segment has a mid-point. 
There is only one mid-point because if M and M’ are two mid-points of the seg- 
ment AB, then A+B, Mand M’ belong to the line AB, AM=MB, AM'= M'B 
and there exists a coordinate function x for the line AB such that 


«(A) — «(M) «“(M) — «(B) 


and 
x(A) — «(M’) = «(M’) — x(B); 
consequently «(M’) —x(M) =x(M)—x(M"), «(M)=x(M"), and M= M’. 


I 
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4, Axioms on bundles and coordinates of the half-lines of the bundles. Cer- 
tain subclasses of the class of all half-lines with the same end-point are called 
bundles. The common endpoint O of the elements of a bundle is called the vertex 
of the bundle; the notation B, will be used for a bundle of vertex O. An angle is 
an unordered couple of half-lines with the same end-point O; the point O is 
called the vertex of the angle, and the half-lines the szdes of the angle. An angle 
is straight if the sides are distinct and collinear. The axiom on the bundle is: 


By. Jf 1 and m are two noncollinear half-lines with the same end-point O, then 
there exists one and only one bundle B, containing these half-lines. 


The axiom on the coordinate functions of the bundles is: 


CB. There exists, associated with each bundle B,, a nonempty class ® of one- 
to-one mappings @ of B, onto the equivalence classes of real numbers modulo 2r. 
If 6; 1s a member of ® and tf o; 1s any one-to-one mapping of B, onto the equivalence 
classes of real numbers modulo 27, then ; 1s a member of ® tf and only tf for all 
LEB, and for all mE B, 


| o:(2) — $(m)| = | bi) — o,(m)|, 
where |:(l) —o:(m) | =|¢;(2) —¢;(m)| stands for 
oi(2) — di(m) = (4:2) — ¢;(m)) (modulo 27) 
or 
oi(2) — bi(m) = (¢i(m) — $;(2)) (modulo 27). 


The elements of ® are called coordinate functions of B,. If x denotes a real 
number, we shall denote by [x] the equivalence class modulo 27 containing x, 
and we shall denote by 4 the real number of the class [y] such that 0S <2r. 
And «=y will mean x=y (modulo 27). 

Let /, m be an angle belonging to a bundle B,; the measure of the angle /, m 
with respect to B,, denoted Zlm, is the minimum of the two real numbers 
d(l) —d(m), 6(m) —d(l) where ¢ is a coordinate function associated to the bundle 
B,. ZAOB is independent of the coordinate function used to obtain it. If A, O, B 
are three distinct points, we write ZAOB for Z (half-line OA) (half-line OB); 
the measure being calculated in a bundle B, containing the half-lines OA and 
OB. We shall prove in the next section that the measure of an angle is inde- 
pendent of the bundle B, in which this angle is embedded. 


5. The continuity axiom and the similarity axiom. 

Continuity Axiom. Jf B, ts a bundle of vertex O, and if A, B are distinct 
nonvertex points of noncollinear half-lines of the bundle, then to every point P on the 
segment AB, there exists a half-line OC of B, containing P such that 


[ZAOP + ZPOB] = [ZAOB]. 
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Conversely if a half-line OC of the bundle B, is such that |ZAOC+ ZCOB| 
=| ZAOB| then there exists a point P belonging simultaneously to the halfline 
OC and to the segment AB. 


Fic. 1 


For an angle defined by two noncollinear half-lines OA and OB, axiom B, 
implies that there exists only one bundle B, containing this angle; therefore 
Z AOB is uniquely defined. If OA and OB coincide, the class of bundles contain- 
ing the angle AOB may have more than one element, but in that case the meas- 
ure of this angle is zero whatever the considered bundle of the class. We shall 
now show that the measure of a straight angle is 7 whatever the bundle in which 
this straight angle is embedded. 

If an angle AOP has z for measure then the half-line OA is distinct from the 
half-line OP (otherwise ZAOP=0). If this angle AOP with measure 7 is not a 
straight angle then there exists a point B on the line AP, not on the line OA, 
such that P is between A and B (Fig. 1), and in the unique bundle B, contain- 
ing the half-lines OA, OB, OP the continuity axiom implies that [ZAOP 
+ ZPOB|=[ZAOB], that is to say, 


(5.1) [r] + [|Z POB] = [ZAOB]. 


But ZPOB#0 for the points A, O, P are not collinear. Furthermore 2 POB¥7, 
for if ZPOB=7 then from (5.1) we have ZAOB=r+ ZPOB=r+7=27T=0 
and OA coincides with OB. Consequently (5.1) is contradictory and if an angle, 
with respect to a bundle containing this angle, has 7 for measure then this 
angle is a straight angle. 

Let AOB be a straight angle and let B, be an arbitrary bundle containing this 
angle. Then for an arbitrary admissible coordinate function ¢ for B, we have 
either (i) 0S@(OA) <7 or else (ii) tS@(OA) <2. In case (i) let OC be the 
unique element of B, such that ¢(OC)=#¢(OA)+ [mr]; then (OC) —¢(O4A) 
=(OA)+[r]—¢(OA) = [], the angle AOC having, with respect to B., m for 
measure is a straight angle, and consequently the angle AOB, being equal to 
the angle AOC, also has 7 for measure. Similarly, in case (ii) let OD be the 
unique element of B, such that ¢(OD)=¢(OA)-— [7]; then ¢(OA)—#(OD) 
= (OA) —(¢(OA) — [x]) = [rr], the angle AOD is straight, and the angle AOB 
has also 7 for measure. 
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This completes the proof that the measure of an angle is independent of the 
bundle in which it can be contained. Furthermore we have proved the follow- 
ing theorem concerning the measure of straight angles. 


THEOREM 1. The measure of an angle 1s 1 tf and only if this angle ts straight. 


We shall now consider properties of the bundles and their coordinate func- 
tions. 


THEOREM 2. If 6C® and wf $1 1s any mapping of B, into the equivalence classes 
of real numbers modulo 27, then d,€® if and only if there exist e=|[+1], and 6 
such that for every LEB, o(l) = €d(l) +6. 


Proof. Sufficiency is obvious. To prove necessity suppose that ¢:C®. Be- 
cause ¢ is one-to-one there exist half-lines m, m in B, such that $(m) = [0], 
b(n) = [a]. Let ¢:(m) =6. Then 


$(n) — di(m) = + (¢(n) — o(m)) = + [x] = [nr], 
and so 
(5.2) oi(m) = [r] + 8. 
For any /€B, we have 
oi) — dim) = + (6D — 4(m)), 
SO 
ad =edD) +6 a= [+1]. 


Let S={i/e=1}, T= {lle=—1}. We obviously have m@SNT, and from 
(5.2), nESOT. Let CS and l’/ET. Then dill’) —d1(l’”’”) = o(l’) +6+ (1) —8 
=(1')+¢(l’). But we also have either 


di’) — d:0") = 60’) — 02") 
or 
oil’) — o10”) = — 67’) + 62’). 


In the first case we get 24(1’’) = [0], 6(2) = [0] or [x], =m or n, and IES; 
in the second case 1l’@ 7. Hence, either S or T contains all the elements of B, 
and ¢; is uniformly [1] or [—1]. This proves the theorem. 

The intuitive content is clear. Two coordinate functions for a bundle are 
related in such a way that one can be deduced from the other by a rotation of 
the protractor (graduated from 0 to 27) or an inversion of the protractor fol- 
lowed by a rotation. The corresponding proposition for coordinate functions on 
the lines is also true; the proof is almost the same. 


CoROLLARY 1. If m and n are two noncollinear half-lines of a bundle Bo, then 
there exists one and only one coordinate function such that d(m) =0 and (n) <a. 
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Proof. Let ¢:1G®. A necessary and sufficient condition for ¢ is that for some 
e and 0 


o(l) = edilZ) + 8 
with 
(5.3) {0] = edi(m) + 8, 
p(n) = epi(n) + 8. 
Eliminating 6 gives 
b(n) = e(di(n) — gilm)). 


Since m and u are noncollinear, $1(7) —¢:(m) ¥ [0] or [a], and hence there is a 
unique choice of e= [+1] such that ¢1(”) <7. From (5.3), @ is then also uniquely 
determined. 

We can here observe that the measurement of angles can be conceived 
intuitively as being obtained in the usual way, that is to say, application of a 
protractor (plain or half-disk) in such a way that one side of the angle coincides 
with the zero of the protractor and such that the other side corresponds to a 
number less than 7 (the measure of the angle). 


Coro.uaRy 2. If 1, m, n are distinct elements of a bundle, and tf | and n are 
collinear, then Zlm+ Zmn=r. 


For if ¢@ is the unique coordinate function such that f(l) =0 and 6(m) <r, 
then @(n)=7 and Zlm+ Zmn=rT. 


Corouuary 3. If lis a half-line of a bundle B, and if ais a positive real number 
less than w and different from zero, then there exist two and only two distinct half- 
lines m, n such that Zlm= Ziln=a. 


Proof. If ¢ is a coordinate function for B, such that ¢(7) =0 then there exist 
half-lines m and n such that ¢(m) = —¢(n) = [a]. Half-lines m and m have the 
required properties. 

A triangle is an unordered set of three distinct points. The points are the 
vertices of the triangle. The three segments defined by the vertices of a triangle 
are the sides of the triangle. The three angles defined by the sides of a triangle 
are the angles of the triangle. In the context of triangles, for instance a triangle 
ABC, the measure of an angle, say angle A BC with vertex B, will be denoted 25 
instead of Z ABC. Two triangles are similar if the vertices can be labelled 
A, B, Cand A’, B’, C’ in such a way that 


(a) AB/A'B! = BC/B'C' = CA/C'A’, 
(b) LA=ZA', ZB= ZB, LC= LC. 


The constant ratio in (a) is called factor of proportionality. A triangle is proper if 
the vertices are noncollinear. 
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SIMILARITY Axiom. If two triangles ABC and A'B'C’' are such that AB/A’B’ 
= BC/B'C’ and ZB= ZB’, then they are similar. 


6. Theorems on triangles. 
THEOREM 4. If two proper triangles ABC and A'B’C’ are such that ZA= ZA’ 
and ZB= ZB’, then they are similar. 


THEOREM 5. If ABC 1s a proper triangle, then the sides AB and AC have equal 
length tf and only 1f ZB= ZC. 


The proof of Theorem 4 and Theorem 5 can be found in [1]. 


LemMMaA 1. Let 1 be an element of a bundle B, and let a, B be two numbers between 
zero and +. If m 1s a half-line of By such that Zlm=a, then there exists a half-line 
n of B, with the following properties: (a) Zln=f, (b) forall points ACm and for 
all points BEn such that A¥B the segment AB has a point P 1n common with the 
unique line containing the half-line 1. 


Proof. Let ¢ be a coordinate function such that (J) = [0] and ¢(m) = [a]. 
Let 2 be a member of B, such that $(n) =[—£]. 
Case 1:a+8<7a. We have 


(o(m) — o(2)) + (62 — o(n)) = om) — 6(n), 


i.e. [a] +(—({—-8])) =[a]—[-8], and Zlm+ Zln= Zmn. 
Case 2:a+6>7. Let [1 be the half-line of B, collinear with 1; 6 = [a]. 
Then 


(o(2) — o(m)) + (6(2) — 62) = ((2) — o(m)), 


we. (fe]— lal) +(L-8) - fe) = [-8-2]=2r-(@+8)], 22 -(e+6)] <7, 
and Zilm+ Zin= Zmn. 

In both cases, the continuity axiom implies the desired result. 

Case 3: If at+$S=7, then Theorem 1 implies that O is between A and B, 


THEorEn 6. If the triangles ABC and A'B'C' are such that AB/A'B’' = BC/B'C' 
= CA/C’A', then they are similar. 


Proof. Case 1: A, B, and C are not collinear. Let By, be a bundle of vertex 
A’ containing the half-lines A’B’ and A’C’. Let 1 be a member of By- such that 
(a) Z1(A’'C’)= ZBAC, (b) the segment B’B’’, where B” is on / and A’B” 
= A’B’, has a point P in common with the line A’C” (the existence of / is a con- 
sequence of Lemma 1). The triangles ABC and A’B’’C’ are similar (similarity 
axiom). Consequently 


AB/A'B" = BC/B"C! = CA/C'A'’ = k = CA/C'A' = BC/B'C’ = AB/A'P, 
and C’B’=C’B". The triangles B’A’B” and B’C’B” are isosceles and by Theo- 
rem 5 ZA'B'’P= ZA'B"P, ZC B'P= ZC'B" P. 

If the collinear points A’, P, C’ are distinct, one of them is between the two 
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others, and the continuity axiom implies that ZA’B’C’= ZA’'B"C’ (eg. if P 
is between A’ and C’ then 


[ZA'B'P + ZPB'C] =[ZA'B'C'] and [ZA4'B’P + ZPB'C] =[ZA'B"C, 


so that ZA’B’C’= ZA'B"C’). If P coincides with A’ or with B’ the same is 
obviously true. This proves that the triangles ABC and A’B’C’ are similar. 
We observe that if A, B, and C are not collinear, then A’, B’, and C’ are also not 
collinear. 


Fic. 2 


Case 2: A, B, and C are collinear. In this case, A’, B’, and C’ are also col- 
linear. As A, B, and Care distinct, one of them, say B, is between the two others. 
It is sufficient to prove that the corresponding point B’ is between A’ and C’. 
Remembering that for collinear points A’, B’, C’, the point B’ is between the 
points A’ and C’ if and only if A’B’+B’C'’=C’A’, we can see by the relations 


AB BC AB + BC AC 


NC 
oe eee SS eee 


AB BC AB H+BC AMC’ 
that if B’ were not between A’ and C’ we would have a contradiction. 
THEOREM 7. The sum of the measures of the angles of a triangle 1s equal to m. 


Proof. We consider first the case where the triangle is a proper triangle with 
vertices A, B, and C. Let A’, B’, C’ be the midpoints of the segments BC, CA, 
and AB respectively. 

By multiple applications of the continuity axiom, we obtain: 

1) A’ between B and C implies the existence of a point £ on line AA’ and 
on line BB’ between B and B’; 

2) B’ between A and C implies the existence of a point Z’ on line BB’ and 
on line AA’ between A and A’; ABC being a proper triangle, E= E’; 
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3) A’ between B and C implies the existence of a point D on line AA’ and 
on line C’B’ between C’ and B’; 

4) C’ between A and B implies the existence of a point D’ on line AE and 
on line C’B’ between A and £; again ABC being a proper triangle, D=D’. 
Furthermore £ between A and A’ and D between A and E imply that D is 
between A and A’. Then 


[Z AB'C’ + ZA'B'C'] = [ZAB'A’] 


le., ZAB'C’+ ZA'B'C’= LAB'C’ (for ZAB'C'’<a, and ZA’B'C'<zx), but 
ZLAB‘'A'’+ ZA'B’C=a7 and consequently ZAB’C’+ ZA'B'C'’+ ZA'B'C=r. 
The triangles ABC, AB’C’, A’BC’, and A’B’C’ being similar, 


LABIC'= ZC, ZLA'BIC' = ZB, 
LA'B'C= LA, LA+ZB4+2C=r. 


To complete the proof, we observe that if the triangle is not proper, then 
one angle has for measure 7 and the two others have for measure zero. 

As in [1] congruence of triangles is defined by similarity together with a fac- 
tor of proportionality k equal to one. 

Two distinct lines having a point in common determine six angles with 
nonnull measures. Two have zw for measure and we can easily show that the four 
remaining ones form two sets, each set consisting of two distinct angles with the 
same measure. I’wo distinct lines having a point in common are said to be 
perpendicular if the four angles with measures different from zero and different 
from m have the same measure i.e., 7/2. 


Lemma 2. If L is a line and P is a point not on L, then there exists one and 
only one line containing P and perpendicular to L. 


Proof. Let A be an arbitrary point of ZL. There exists one and only one bundle 
of vertex A containing the lines L and AP. We shall denote this bundle by Ba. 
Let l’ be the unique half-line of Bu, distinct from AP, such that ZJ]'= Z1(AP) 
where / is one of the half-lines with end-point A, determined by the line L and 
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the point A. There exists on J’ a point P’ such that A P’=AP. Lemma 1 implies 
that the segment PP’ has a point J in common with the line L. 


Fic. 4 


If [4A, then the proper triangles API and AP’/ are congruent and ZAJP 
= ZAIP'=7/2 and PP’ is perpendicular to L. If [=A, then PP’ is also per- 
pendicular to Z. Furthermore, this perpendicular is unique because if there were 
to exist another perpendicular Pl’ to L the sum of the measures of the angles 


of the triangle PII’ would be greater than 7. 
A triangle is right-angled if one of its angles has measure 7/2. 


Lemna 3. If a triangle ABC is right-angled at A, then the unique perpendicular 
from A to the line defined by the vertices B and C meets this line in a point D between 


B and C. 


Fic. 5 


Proof. If D coincides with B or with C, then the triangle would have two 
angles with measure 7/2. If B were between D and C, we would have 
[ZDAB+2/2]=[ZDAC], so that ZDAC>-7/2; the right-angled triangle 
DAC has then for sum of measures of its angles a number greater than 7, which 
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is a contradiction. In the same way, C cannot be between B and D, and D is 
between B and C. 


THEOREM 8. If a triangle ABC 1s such that ZA=m/2, then (AB)?+(AC)? 
= (BC)?. 


Proof. Let AD be the unique perpendicular from A to BC (Fig. 5). The tri- 
angles CAD and CBA are similar (Theorem 4), and 


(6.1) CD/AC = AC/BC. 


In the same way the triangles ABD and CBA are similar, and as D is between 
B and C, we have 


(6.2) (BC — CD)/AB = AB/BC. 

The elimination of CD between (6.1) and (6.2) gives the desired relation. 
Coro.uary 3. If A, B, and C are distinct points, then 

(6.3) AB+ BC 2 AC. 


The equality holds 1f and only tf the points A, B, C are collinear with B between 
A and C. 


Proof. lf A, B, and C are collinear, then AB+BC2AC. The equality holds 
if and only if B is between A and C. If A, B, and C are not collinear, let B’ be 
the point of intersection of the unique perpendicular from B to AC with AC. 
Then Theorem 8 implies AB>AB’, BC>B’C, and AB+BC>AB’'+B’C2AC 
(B’ being between A and C or not). If A, B, C were not collinear and if AB+BC 
= AC, then we would have a contradiction. 


CorRo.LuARY 4. Distance on the set of all points 1s a metric on this set, that ts to 
say, AB=BA, AB+BCZ2AC, AB20, and AB=0 “@f and only if A=B. 


7. Parallel lines, and the concept of plane. A plane is defined to be the class 
of all points belonging to the half-lines of a bundle B,; this class will be denoted 
by {B.}. 


THEOREM 9. If two distinct points of a line are in a plane, then the whole line 
4s in the plane. 


Proof. We know by the continuity axiom that if two distinct points P and B 
belong to a plane (Fig. 1), the points of the segment PB belong to the plane. 
If A is a point of the line PB not on the segment PB, then P is between A and 
B or B is between A and P; let P be between A and B. Then the half-lines.OA 
and OB, where O is the vertex of the bundle B, defining the plane, belong to a 
unique bundle B,, and the continuity axiom implies that the half-line OP is a 
member of B,. Then B,=B,, and the line AB is in the plane {B,}. 

We shall now prove that a plane is uniquely determined by three non- 
collinear points. The proof will be preceded by two lemmas. 
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Lemna 4. If two bundles B, and By are such that O4O’," if there exists a point 
A such that A 1s not on the line OO’, and if A, O, O'S {Bo} (\ | Bor } , then the planes 
{Bo} and {By} coincide. 


le ks 


A 


Fic. 6 


Proof. Let X be a point of { Bor } ,i.e., a point of a half-line of B... We want to 
prove that X also belongs to {B.}. As the points of the lines OO’, OA, and AO’ 
belong to {Bo}, it is sufficient to show the existence of two distinct points of 
the line O’X which belong to {B,}. As O’ already belongs to {B.}, it remains 
to prove the existence of another point of O’X belonging to {Bo}. 

Let @ be the coordinate function for B, such that ¢(O’0) =¢(h) = [0] and 
(O’A) =o(h) = [a], a<a. Then if we denote by J/ and J the distinct half-lines 
of O'X with vertex O’, A(iz ) or o(/2) is between 0 and w (otherwise, X belongs to 
the line OO’ and XE { Bot). Let o(l/ ) = [6], <a, then either a is between 0 and 
8, or else B is between 0 and a (otherwise a= so that X is on the line O’A and 
XE {B,}). Let a be between 0 and 8, then 


([6] — [a]) + fe] — [o]) = Ce] — [o)), 


1.€., 
(ls) — 6(2)) + (C2) — 60) = (US) — 604), 


so that [ Z//h+ Zhh]=[ Z1{1,]. The continuity axiom implies that there exist 
points B, C, Donk, hk, and lf respectively which are collinear. As B, CE {Bo}, 
D is the required point, XE {B,}, and {B,}C{B,}. Similarly if 8 is between 0 
and a, {B,}C{B,}. By symmetry {B.}C{ Bo}. 
If two lines of a plane have no point in common, then they are parallel. 
LemMa 5. If B, 1s a bundle, P 1s a point of {Bo} different from O, and Lisa 


line defined by a half-line of B, not containing P, then there exists one and only one 
line in" {Bo} containing P and parallel to L. 


1964| BIRKHOFF’S AXIOMS FOR SPACE GEOMETRY 605 


The proof of this lemma can be found in [1]. 


THEOREM 10. Two planes coincide tf and only tf they have three noncollinear 
points in common. 


Proof. Let B, and By be two bundles such that the three noncollinear points 
A, B, Cbelong to {B.}{B}. We shall prove that if XE {B.}, then XE {Bo}. 
Suppose that X€ {Bor} so that X belongs to a half-line 1; of B,,. At least one 
of the three points A, B, C, say A, is not on the line / containing ],. Let L be a 
line in {Bo } containing A and parallel to J. If B and C are not on L, then the 
lines AB and AC meet / in two distinct points U and V (Fig. 7); as U, VE {Bo}, 
then X © | Bo}. If B or C, say B, is on L then C is not on LZ and the lines AC 
and BC meet 1 in two distinct points V and W. V and W being in {B,}, 
XE{B,}. In the same way {B.}C{B.}, and {Bo} ={B,-}. 


Fic. 7 


The results of Lemmas 2 and 5 can now be formulated in a more general 
form as follows: 


THEOREM 11. In a plane, from a given point not on a given line there extsts one 
and only one perpendicular to that line, and from a given point not on a given line, 
there exists one and only one parallel to that line. 


The following theorem is an immediate consequence of the continuity axiom. 


THEOREM 12. If three distinct points A, B, and C do not lie on the same line, 
and if D and E are two points such that C 1s between B and D, and E 1s between 
A and C, then there exists between A and Ba point F such that D, E, F lte on the 
same line. 
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8. 3-dimensional euclidean space. The following axiom is now added to the 
structure. 


S. There exists a point not on a given plane. 


The 3-dimensional euclidean space is introduced as defined by O. Veblen 
in [4]. A set of four noncoplanar points is called a tetrahedron whose faces are 
the interior of the triangles defined by the elements of the tetrahedron (the 
interior of a proper triangle A BC is defined to be the class of points P between X 
and Y, where X and Y belong to different intervals defined by the points A, B, 
and C). A 3-space ABCD is the set of all points collinear with any two points of 
the faces of the tetrahedron ABCD. 

Except for the Axiom X, the remaining eleven axioms given in [4] are 
either a property of real numbers, a consequence of a definition given here, or 
one element of the following list of axioms and theorems: Ly, L2, Ls, S, Theorem 
11, and Theorem 12. The Axiom X says that all points belong to the same 3- 
space. We have then in [4] the proof of the following property concerning 
categoricity: 


THEOREM 13. If M, and Mz are two models of a given 3-space, then they are 
4somor phic. 


I wish to acknowledge my indebtedness to the referee. I owe to him in particular the present 
formulation of Theorem 2 and its corollaries. 
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ON THE INEQUALITY OF KANTOROVICH 
E. F. BECKENBACH, University of California, Los Angeles 


1, Introduction. For any positive numbers (x) =(*1, %2,°° + » %a), #>1, and 
positive weights (a) = (ay, 2, * + *,Q@n), D1 &:=1, we define the mean of order 
ft, — 0 <t<~o, of the numbers (x) with weights (a) by 


Missa) = (3 ai) 


i=] 


for ¢ finite and +0, and otherwise by 
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M(x; 0) = I] x’, 


t=1 


n 
M_.(x; a) = min x, 
t=1 


M(x; a) = max Xi. 
i=1 

The familiar harmonic, geometric, and arithmetic means are included as 
the special cases = —1, 0, and 1, respectively. 

It is easy to show that lim:._. Mi(x; a) =M_.(x; a), limi... Mi(x; @) 
= M(x; a), and it readily follows from I’Hospital’s rule that 

lim M,("; a) = Mo(x; a). 
t—0 
Thus M,(x; a) is a continuous function of ¢ in the closed interval [— 2, o]. 

If all the x; are equal, x;=%xo for i=1, 2,---, ”, then we have M(x; @) 
= Xp for all t; otherwise, as is well known [4, p. 17; 11, p. 26], M(x; @) is a strictly 
increasing function of ¢. In particular, this statement implies the classical in- 
equality between the geometric mean Mo(x; a) and the arithmetic mean 
M,(x, a), namely Mo(x; a) S Mi(x, a), with equality if and only if all the x; 
are equal. 

In the present paper we are concerned with lower and upper bounds of the 
ratio M,(x; a)/M,(«; a), for arbitrary 7 and s, — © Sr<sS ~, and for positive 
x; subject to certain additional constraints. 

Lower bounds are discussed in Section 2. It follows from the monotonicity 
property of M,(x; a), mentioned above, that we have 


M,(x; a) 


=1 forr<s, 
M,(x; a) 


with equality if and only if all the x; are equal. We do not, however, assume 
the validity of this result; rather, it appears as a special case (the Corollary to 
Theorem 1) of a general inequality that is established below, in which some of 
the x; are fixed, x;=c¢;, 1=1, 2, - ++, m, and others are allowed to vary freely, 
0<x,< 0, i=m+1,m+2,+---,n. The proof of Theorem 1 implies a new and, 
in the author’s estimation, illuminating derivation of the much-proved [5, p. 54] 
inequality between the geometric mean and the arithmetic mean. 

In Section 3 we turn to a consideration of upper bounds. If the positive 
variables x; are not further constrained, so that the ratio of the largest to the 
smallest x, is not bounded, then neither is the ratio M,(x; a) /M,(x; a) bounded. 
Accordingly, for given positive numbers A, B, with 0<A <B, we consider vari- 
ables x; constrained by 


(1) 0< ASx; SB, 4=1,2,---,%. 
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This is a reasonable restriction in many applied problems. 

For numbers x; subject to the above constraint (1), and for r= —1, s=1, the 
inequality of Kantorovich [14, 15] gives an upper bound to the mean-value 
ratio, namely 


Mi(wya) — (A+B)? 
M_i(x;a) 4AB 


Numerous proofs of the inequality of Kantorovich have been given, and the 
inequality has been generalized in various ways (see the bibliography at the 
end of this paper). In particular, an upper bound, including that of Kantorovich 
as a special case, has been obtained by Cargo and Shisha [6] for arbitrary finite 
r<s. 

If, now, some of the x, are fixed, say x;=c;, ASc;SB,1=1,2,--+-,m,and 
only the rest allowed to vary, then new upper bounds, usually more restrictive 
than those of Kantorovich and Cargo-Shisha, can be expected. Such upper 
bounds, including those of Kantorovich and Cargo-Shisha as special cases, are 
established in Section 3. 

The methods of the present paper can be applied to yield analogous exten- 
sions of the inequalities of Hélder and Minkowski, as we shall show elsewhere. 


2. Lower bound. Letting the symbol M,(c, x; a) denote the mean of order t 
and weights (a) of the vector (¢1, C2, + * * 5 Cm; Xm4i1y Xm42) °° * » Xn), We now estab- 
lish the following result. 


THEOREM 1. Let there be given positive weights (a) = (ai, Q2,°**, Qn); 
>, a;=1, n>1, and positive numbers (c)=(Q, C2, °*°*, Cm), 1Sm<n. For 
any positive numbers (x) = (Xm41) Xm42) °° * » Xn), and any indices rand s, — © Sr 


<sS mw, we have 


M.(c, 5a) | M.(¢, 6} a) 


(2) == “~ J 
M,(c, 45 av) M,(c, C3; a) 
where, except for the combination r= — ©, s= , each component ¢;, j=m+1, 
m+2,---+,n, of (€) 1s given by 
m , 
min ¢;, r=— ©, S finiie, 
t=1 
m 1/(s—r) 
§ 
| » Qi; 
- - t=1 e 
(3) é; = € = 4 |————— rand s finite, 
m 
r 
Ail; 
i=1 
m 


max ¢;, y finite, s = ©, 
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and where, for r= — © and s= ~, each component ¢é; of (é) 1s arbitrary, j=m-+1, 
m+2,:--+,n, subject only to 

™ ™ 
(4) min ¢; S ¢; S max ¢;. 

t=1 t=1 


The values é; given by (3) satisfy (4). Equality holds in (2) if and only if each 
xj=E€,7=m+1,m+2,---,n, except that forr= —~- ands =~ equality holds tf 
and only tf each x; satisfies 


m™ 
(5) minc; S 7; S max c;, g=mei,mt2,-+-,n. 
1 1 


Proof. First, to show that the values ¢;=é given by (3) satisfy (4) for r and s 
finite (the other cases are immediate), let 


m mMm 
a= minc,, b = max G. 
i=1 t=1 
Then we have 
m 1/(s—r) 
; >, ai(c,/a)® 
C _ i=1 
alm! 
> a;(c;/a)" 
t=] 


Since c;/a21 and s>y7, it follows that (c;/a)*-"21, (c;/a)*= (c;/a)", whence we 
get €/a=1, with equality if and only if q=a= +--+ =c,=a=C. Similarly, we 
obtain ¢/b $1, again with equality if and only if all the c; are equal,z=1,2,---, 
m. 

For additional properties of the mean-value function ¢, see [3, 8]. 

Define f(c, x; a; 7, 5), or briefly f(x), by 


(6) fa) = MB) 
x) = ——_—_—_ - 
M,(c, x; @) 

For v and s finite and rs 0, and for each 7, 7=m+1, m+2, -++,n, a computa- 
tion (cf. [6]) gives 

3) 
(7) f(x) = — f(x) = P;Q;, 

Ox; 
where 

rt m : n : 1/(s—1) m , n , —1/(r—1) 
(8) P; == AX; ( > QC; -+- » ati) ( > QyC; + > ait) ) 
t==1 t=m+1 t=1 t=m-+1 


(9) QO; = a > aC; + > ati) —_ ( s OsCs -+- > att), 


i=1 t=m-+1 i=1 t=m-+1 
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Since P;>0 for all positive (x), it follows from (7) and (9) that f;(x) =0 if and 
only if 


” 8 ie 8 
» ajc; + > Air; 


(10) yj _ ~- t=m+1 ; 
> ait; + DD ae; 
t=1 t=m-t-1 
Now the right-hand side of (10) is the same for all 7, 7=m+1,m+2,---,7, 
and accordingly any solution %m41, Xm42,° °°, Xn of the system of equations 
(11) fm+1(%) = 0, Fm+2(X) = 0, re) fn(X) = 0, 
must have all its components equal, Say %my1=Xm42= ++ * =X,=. From (10) 


we then obtain 


t=m-+1 


m 3 8 n 
Daccte DS a; 
t=] 


yer = 


Clearly, however, we have 


t=1 


Hence we have #=¢, where ¢ is given by (3), whence the system (11) has no 
solution other than 


(13) Xmti = tmig = +++ = Xn = €. 
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That (13) does in fact furnish a solution to the system (11) follows, by (10), 
from “proportion by composition,” wherein the minus signs in (12) are replaced 
by plus signs. 

Geometrically speaking, we have now shown, for 7 and s finite and rs+0, 
that there is precisely one horizontal tangent hyperplane to the hypersurface 


Siy=f(*%), O<"%<o, 


in the (%m41, %m42) °° * ,» Xn)-Space, and that the point of tangency is the point 
on S at which each x;=<6. 
We still have to show that there is a minimum value of y on S, namely the 
corresponding 
_ . M,(c, C5 a) 
5 = f(¢) = ————_- 
M,(¢, €; a) 


For any numbers A and B satisfying the inequalities 
(14) 0< A<CK<B, 


consider the (7—m)-dimensional cube J4, determined by the inequalities 
Asx,;5B, i=m+1, m+2,---, 2. Let ¢ be a ray, or half-line, extending 
perpendicularly from one of the coordinate hyperplanes and intersecting J4z; 
thus ¢ is determined by 


x; > 0, vy = Lio, AS xo 3S B, tf, 


with x; varying, 0<x;< ©, for some fixed j, m+1SjSn, and with +#;=xX;0 
fixed, A SxiSB, for all 447. 

Once more applying the principle of proportion by division, from (7)—(10) 
we see that on ¢ we have 


fj(x) = 0 


at just one point, namely at the point where 


= & “ 8 
> 64 -F > AgX 40 
t=1 t=m-+1 

tJ 


™ f " T 
> aie; + » AsX50 
j=l i=m+1 

tJ 


1/(s—r) 


Xj = Xo = 


We now show that xj satisfies the inequalities 


(15) A < xj < B, 


as follows. We have 
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1/(se—r) 


Ds ax(cs/ A) + > ai(xjo/ A)* 


x s=m+1 
( 1 6) — _ tj 
> a,(c;/ A)" + > ari(%i0/ A)" 
t=m-+1 


aj 


m™m C; 3 C 8 r mm Ci r 
Ya(S) =(4) La(S)s 


therefore, since s—r>0 and 0<A <é, we have 


(17) x a«(<) >> a«(<) | 


t=] 


From (3) we get 


Since also 0O<A Sx, 14], it follows that (xi0/A)*-* 21, i+j, whence 


= vio \* ~ Xi0 \" 
(18) »> a: ( ) > a: ( ) . 
i=m+1 A j=m+1 A 
txj tx 
Hence, by (16), (17), and (18), we have xjo.>A. Similarly, we obtain xj) <B. 
The proof in the preceding paragraph could have been somewhat shortened 
if we had further constrained A and B to satisfy the inequalities 


m m 
0< A <ming,, B> max, 
t=] t=1 
instead of merely the inequalities (14), and this actually would have been suffi- 
cient for our present purpose. The weaker hypothesis, however, gives a more 
precise description of the physical situation. 
Now on ¢ we have 


(19) o> > ac; + > ait) ~ (= Dd ac; + >> ati), 


i=m+1 t=m-+1 
txj tJ 


which is a linear function of x;~". Since in (19) the coefficient of x#~’ is positive, 
and since s—r>0, it follows from (7), (8), and (19) that, on 4, f is a strictly 
decreasing function of x; for 0<x;<x,j9, and a strictly increasing function of x; 
for xjo<xj<o. 

By (15), then, on the line segment 


lag = L(\ Tap, 


the function f assumes its maximum value only at one or both end points, and 
its minimum value only at an interior point, of f4p. 
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where 


m,n 
max(c,*) = max  (c, %;) 
i=l, j=m+1 


Computations now yield 
1 ™ ' n : —1/(r-—1) 
fj = — a;x; max(c, 2) ( > acy + >» ait) 
i=l i=m+i 

for x;<max(c, x), and 

m , n P —1/(r—1) m , n , 

f= (Dat ¥ at) ~ (Dat SX ait) 
j=] t=m-+1 tox] t=m+j 


tj 
for x;=max(c, x). Hence we have 


f; < 9 for x; < max(c, x), 
f; > 0 for x; = max(c, x), 
so that f is a decreasing function of x; for «;<max(c, x), and an increasing func- 


tion of x; for x;=max(x) >max(c). Thus (2) holds in this case, with equality if 
and only if each 


m 
x; = Max Cj, g=mei,m+2,---,n. 
t=] 
The case r=0, s= ©, and the case r= — ©, § finite, can be treated similarly. 
Finally, for 
max(c, x) 


f(e,#;a;—- 0,0) = ° ’ 

min(c, x) 

we note from (4) that min(c, é@)=min(c), max(c, €) =max(c). Accordingly, since 
min(c, *) Smin(c), max(c, x)2max(c), with equality if and only if (5) holds, it 
follows that (2) is satisfied also for r= —%, s=o, with equality if and only if 
all the x; satisfy (5). 


COROLLARY. For any positive numbers (x) = (x1, %2, °° +, Xn), w>1, and any 
positive weights (a)=(a1, d2,***, An), D1 a;=1, the mean-value function 
M(x; a) 1s a nondecreasing function of t for — © StS ~, and 1s strictly wncreasing 
unless all the x; are equal. 


Proof. In Theorem 1, let (c) =(x1) have just one member. Then by (3) and 
(4) we have, for anyrands, —-» Sr<sSo, 6;=€=%,j7=2,3,+-+,n, whence 
M,(c, €;a)=M,(c, é; a) =x. Substitution in (2) now yields 


M,(x; a) . 41 


> = 1, 
M,(x; a) 04 
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or M,(x; a) 2 M,(«; a), with equality if and only if x;=xe= +--+ =x,. 


3. Upper bound. Let c=1— my a:, let a be any value satisfying 0 Sao So, 
and let the symbol M;,(c, A, B; a, ao) denote the mean of order ¢ and weights 
(Qty, Qa, °° * » Am, O—Qo, Mo) Of the vector (G1, C2, °° +, Cm, A, B). 

It should be noted that here either one of the weights a —a» and a» might be 
0. We nevertheless retain the definitions of M_.. and M,, given on the first page 
of this paper, namely 


(21) M_.(c, A, B;a,ao) = min(c, A, B), M.(c, A, Bj a, ao) = max(c, A, B), 
though now we have only 


lim M,(c, A, B;a,a0) 2 M_.(c, A, Bj a, ao), 


I-— 0 


lim M,(c, A, B;a, a) S M.(c, A, B; a, ao) 

t+ 0 
in place of the former equalities. The definitions (21) have been retained to 
make the statement of the following Theorem 2 simpler than it otherwise would 
be; further, with the definition (21) we have 


lim M,(c, A, Bj a,a0) = M_.(c, A, Bj a,c), 
{> — 0 
g—ay-0* 
lim M,(c, A, B; a, ao) = M.(c, A, B; a, 0), 
i— 0 
ag—0F 


(22) 


and these are the limiting processes with which we are actually concerned. 
The following result includes the inequalities of Kantorovich and Cargo- 
Shisha as special cases. 


THEOREM 2. Let there be given positive numbers A and B satisfying 0<A<B 


<0, positive weights (a)=(on1, G2, °° +, An)» dom a=1, n>1, and positive 
numbers (c)=(c1, C2, -°+*, Cm), OSm<n. For any positive numbers (x) = (emi, 
Xm42, °° *,Xn) Satisfying ASx;SB,j=m+1,m+2,---,n, and any indices r 


and s, —-% Sr<sm, we have 


M(c, «3 a) e M,(c, A, B; a, ao) 


(23) a a 
M,(c,x;a) M,(c, A, B; a, ao) 
where 
0 if6<0, 
(24) a= 10 fO<S0<z, 
o ft O>a, 


with o=1— > ™, a, and with 0 given by 
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,; ( >> ac; + cA’) s( >. ait; + cA’) 
(25) 9 _ t=1 _ t=1 

s—?r Br — At Bs — A® 
for r and s finite, rs~0, by respective limiting values of (25) for r=0 or s=0 and 
the other finite, by 0=0 for r finite and s= ©, by 0=o0 forr=— ~ and s finite, and 


by 0=0/2 for r=— © and s=~. For m=0, the value 6 always satisfies the in- 
equalites 
(26) O0<@Sc. 
Equality holds in (23), for r and s finite, 1f and only if there 1s a subset 
(27) (Ri, Rey ++ +, Rp), OS psn-nm, 
of (m+1, m+2, +--+, 2) such that 
Dp 
(28) >, On, = a0, %, = B fori =1,2,---, p, and x; = A 
t=] 
for all j in the complement of (1, R2, + + - , Rp) with respect to (m+1,m+2,--+-+,); 


forr=— © and s finite if and only if we have (28) and 
min (c;) = A; 
i=1 

for r finite and s= @ tf and only if we have (28) and 


m 
max (c;) = B; 
t=1 


and for r= — », s= oo if and only tf we have 
m,n m 
min (¢;,%;) = A, max (¢;,%;) = B. 
4=1,j=m+1 t=1 ,j=m+1 


Proof. Let us note first that the observation (a) in Section 2 is a consequence 
merely of the fact that on 1 the function / first decreases as x; increases from 0 
to xjo, and then increases as x; increases from xj9 to ©. 

From this observation, we see that the function f takes on its maximum 
on I4z only at certain vertices of I4z. This is true in particular for the Kantoro- 
vich and Cargo-Shisha case m=0, as we see by considering (x) as the cartesian 
product of two nonnull factors, say (x1) and (x2, %3, °° +, %,); the maximum of 
f is attained only on the vertices of each of the two factors for any fixed deter- 
mination of a point in the other factor, and hence only on the vertices of the 
cartesian product. 

We accordingly consider the function g(u; c, A, B; a; 7, s), or briefly g(w), 
defined for y and s finite, r<s, rs¥0, by 
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m l/s 
| > ac; + uB + (¢ — na’ | 
t=1 


(29) g() ra OSusog, 
| » aC; +- uB + (¢ — nA | 


i=1 
and note that for some uo, OSuoSc, we have 


(30) max f(x) = g(uo) S max g(u). 


mune 


A computation yields g’(u) = (u—6) N(u), where 


m 1/(s—1) 
((—s\(B —A)(B — A')} > ac; + uB + (o — wa'| 
i=1 — 
Nu) = a e007? 
rs} dae; + uB + (¢ — uA | 


i=l 

and @ is given by (25). Clearly we have N(u) <0 for 0Su Sa, so that 
g(u) > 0 for win (u<éd1\(0SuS8So), 
g(u) <0 for win (u>AM(0Su So). 


Hence, with ao given by (24), we have 


(31) max g(u) = g(ao). 

Accordingly, for r and s finite, rs+0, (23) follows from (6), (30), and (31), 
with equality if and only if (28) holds. 

In the special case m=0, we have o=1, g(0) =g(c) =1, whence (26) follows 
from Rolle’s theorem. 

We note incidentally that if there is no subset (27) of (m+1, m+2,---, 7) 
for which >.?_1 ax, =o, then 


M.(¢, #; @) 
max ———__— 


2élyp M,(c, x; a) 


is attained with x,,;=B either on a set with sum as little less than ap as possible 
or on a set with sum as little more than ap as possible; the two values must be 
computed and compared. 

All the foregoing analysis holds also in the case r=0 and s finite, s>0, with 
limiting values as r—-0 given by 


m l/s 

| >> ait; +uB + (o — wa’ | 

g(@) = <A -. , OSusa, 
BA II Cc," 


w=1 
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A SIMPLIFIED PROOF OF THE DIVERGENCE THEOREM 


DJAIRO GUEDES DE FIGUEIREDO, Instituto de Matematica 
Pura e Aplicada, Rio de Janeiro 


1. Introduction. Students of potential theory always wonder how to proceed 
in order to prove the divergence theorem for some general class of regions in R*. 
We think that our proof could supply them with one at the level of advanced 
calculus. It is Whitney’s idea [1] to get the theorem for a general region using 
partitions of unity and approximations, then reducing it to simpler regions. We 
use this method here. 

First we characterize the class of regions for which the theorem will be 
proved. A set A is said to have p-content zero if for each 6>0 there exist R; 
spheres of radius 6 that cover A and such that k;6?-0 as 65-0. A Gaussian region 
is an open connected bounded set V in R”, whose boundary S is made up of two 
parts, Sp and S;, such that: 1) So is a closed set of zero (w—1)-content; 2) for 
every point x of 5S, there exists a neighborhood N(x) such that N(x)MS; is a 
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A SIMPLIFIED PROOF OF THE DIVERGENCE THEOREM 


DJAIRO GUEDES DE FIGUEIREDO, Instituto de Matematica 
Pura e Aplicada, Rio de Janeiro 


1. Introduction. Students of potential theory always wonder how to proceed 
in order to prove the divergence theorem for some general class of regions in R’®. 
We think that our proof could supply them with one at the level of advanced 
calculus. It is Whitney’s idea [1] to get the theorem for a general region using 
partitions of unity and approximations, then reducing it to simpler regions. We 
use this method here. 

First we characterize the class of regions for which the theorem will be 
proved. A set A is said to have p-content zero if for each 6>0 there exist R; 
spheres of radius 6 that cover A and such that k;6?-0 as 6-0. A Gaussian region 
is an open connected bounded set V in R”, whose boundary S is made up of two 
parts, So and Sj, such that: 1) So is a closed set of zero (n—1)-content; 2) for 
every point x of 5S, there exists a neighborhood N(x) such that N(x)MS; is a 
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regular element of surface; moreover, if we change variables so that x; is in the 
direction of the exterior normal »(x) to S; at x, then N(x)(MS is represented by 


an equation x;=h(x2, -- +, X,), where # has continuous first order derivatives 
and if (1, %2, °° +, xnJEN(x)OV then x <h(xe, +++, x,). 
THEOREM. Let V be a Gaussian region as defined above. Let F=(Fi, +++, Fy) 


= F(x) be a vector function continuous and bounded in VUS, and with continuous 
and bounded first order derivatives in V. Then 


(1) J div Fdx = | F -vdo, 
V Sj 


where v=v(x) ts the unit exterior normal to S; at x. 
2. Proof of the theorem. Let us first establish (1) for some special regions. 
LemMaA 1. Formula (1) holds for parallelepipeds V, and F as is Theorem 1. 


This lemma can be proved easily by using iterated integrals. 
A point (#2, - + + , %,) will henceforth be denoted by x’. 


LemMA 2. Let V be the set of points x such that h(x')<x,<1 and -—1<x' <1, 
where h has continuous first order derwatives in —1Sx'S1. Let A bea curved part 
of S, t.e., %1=h(x’). The function F is supposed to be continuous in VOUS, with 
continuous and bounded first order derivatives in V and F=0 in some neighborhood 
of S—A. Then (1) holds. 


Proof. By the change of variables 
y= a — hi’), wae, 


V goes into V’= {y:0<y,<1—h(y’), —1<y'<t}. Let K denote the paral- 
lelepiped 0<y,<1, ~1<y’<1. Then the function G(y) = F(y:+h(y’), y’) can 
be extended to the whole of K by defining G(y)=0 in K—V’, so that G(y) is 
continuously differentiable in K. Applying Lemma 1 to G in K we get 


(2) J div Gay = — [ _Gilo)dy’ 


where A’ is the image of A. By examining the effect of the change of variables 
on the two integrals in (1) we see that the left-hand sides (and right-hand sides) 
of (1) and (2) coincide. This finishes the proof of Lemma 2. 


LEMMA 3. Suppose that all the conditions of the theorem are fulfilled and, more- 
over, that F=0 in some neighborhood N of So. Then (1) holds. 


Proof. For every point x in V—N we can find a cube U centered at this point 
and contained in V. On the other hand, for every point x in S—N we can find 
a cube U with one side parallel to v(x) and such that U(\ Vis a region of the type 
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of that in Lemma 2. Since (VUS) — JN is compact we can find a finite number 
of such cubes U; (j=1, - -- , p) whose union covers this set. 

Now we determine p cubes U}/, (j=1, +--+, 6) such that U}/ CU,;, U} has 
sides parallel to U; and these cubes also constitute an open covering of (VUS) 
—N. A partition of unity for the covering (U};) is constructed as follows. Let a; 
be a C,-function such that a;=0 outside U/, and a;>0 in Uj}. It is clear that 
the function a= > a; is different from zero on (VUS)—N. Defining B;=a,;/a 
we conclude that 1) 6; are C..-functions; 2) 8; are equal to zero outside U; and 
in a neighborhood of the boundary of U;; 3) >56;=1. Using this partition of 
unity (8;) we see that (1) in this general case reduces to (1) for the particular 
cases of Lemma 1 and 2. 


Lemma 4. Let A and B be two open sets in R® such that dist (A, B) 2d. Then 
there exists an infinitely differentiable function o(x) such that 


d(x) = Oin A, d(x) = lin B 
and | grad (x) | <k/d, where k 1s a constant. 
Proof. Let w(x) be an infinitely differentiable function such that 
v(x) = 0 for | 2 | 21 


J vores = 1, 


Now we define C as the set of all points x such that dist(x, B) <d/2. It is easily 
verified that the function ¢@ defined by 


w= (YfoGE) 


satisfies all the requirements of Lemma 4. 
In order to conclude the proof of the theorem we define two sequences of sets 


and 


A; 


ll 
ll 


1 
{dist (x, So) < =| j=1,2,---, 


3 
B; J dist (x, So) > > j=1,2,--- 


Using Lemma 4 we find functions ¢;€C,, that are 0 in Aj, 1 in B; and such that 
| grad $;(x) | < Rae}. 


Now @,F is a function like F of Lemma 3. By Lemma 3, therefore, 


f div (¢;F)dx = ;F -vdo 
V 


Sj 
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or 
fo div Fdx +f grad ¢;:Fdx = $;F «vdeo. 
Vv V Sy 


It is easily seen that as j goes to infinity the first integral converges to /y div Fdx 
and the last one to f's,F-vdo, which can be taken as an improper integral. 
If we show that 


lim grad ¢;dx = 0, 
Vv 


j--« 


the proof will be finished. Using the hypothesis on So we conclude that for each 
6>0 the set A; (of the points that are at a distance less than 6 from So) is cov- 
ered by ks spheres of radius 26. So the complement of B; can be covered by k; 
spheres of radius 1/27-?, say, and k; is so related to j that 


1 n—1 
i(s) —Q0O as j>o, 


271 


1 n—1 1 n—1 
< b27-1. kc (=) = 2"ckk; (=) ; 
Qi Qi 


which goes to zero as 7 tends to infinity. Here c is the volume of the unit sphere. 


Using this we obtain 


f grad $;Fdx 
Vv 


3. Two remarks about Gaussian regions. First we observe that the property 
of having p-content zero is invariant under Lipschitz mappings. 

Secondly, we may prove that a set A in R” has zero n-content if and only if 
it has zero Jordan content. 

As a consequence of the separability of R”, we see that S; is made up of a 
denumerable number of regular surfaces S,,;, each one an image by a mapping 
F; of an open set A; in (7—1)-dimensional space. In order to take surface inte- 
grals in S,,; we have to assume that A; has Jordan content. This implies that the 
boundary 0A; of A; has zero Jordan content. If we assume that the mapping F; 
can be extended up to the boundary 0A; in such a way that F; is a Lipschitz 
mapping there, we conclude by the above observations that the boundary of 
Si,; has zero (7 —1)-content. 

From these remarks we conclude that any region in R” bounded by a finite 
number of regular surfaces is a Gaussian region. This contains all regions usually 
occurring in applications of the divergence theorem. 


The author would like to thank Jaak Peetre for mentioning that the simple proof of Lemma 4 
is due to Hérmander. 
Reference 
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ON TRANSFORMATIONS IN R* AND A THEOREM OF SARD 
T. M. FLETT, University of Liverpool 


1. An elegant proof of the formula for change of variable in a multiple inte- 
gral has been given by J. Schwartz [4] (see also Zaanen [5], p. 162) in which the 
theorem is reduced to the following inequality: 


THEOREM A. Let D be an open set in R*, let f be a continuously differentiable 
(1-1) mapping of D into R*, and let J(x), the Jacobian determinant of f at x, be 
nonzero on D. Then for any measurable subset E of D the set f(E) is measurable and 


(1.1) mE) sf | 1G) | ae 


where m denotes n-dimenstonal Lebesgue measure. 


It is, of course, true that under the hypotheses of Theorem A we have equal- 
ity in (1.1), but the weaker result stated in Theorem A is sufficient for the proof 
of the formula for change of variable. 

A complement to Theorem A is provided by a theorem of Sard (see, for 
example, de Rham [3], p. 9) which states 


THEOREM B. Let D be an open set in R", let f be a continuously differentiable 
mapping of D into R®, let J(x) be the Jacobian determinant of f at x, and let Ey be 
the set of points x of D for which J(x) =0. Then f(Eo) is of measure zero. 


Extensions of Theorem B under less restrictive conditions have been given by 
Rado and Reichelderfer, and in particular it has been shown that Theorem B 
holds if f is merely differentiable on D ([2], pp. 339, 343). Here, however, we 
restrict ourselves to the case stated above, which is the case most often used in 
the theory of differentiable manifolds. 

The result of Theorem B is most naturally viewed as an extension of the 
inequality of Theorem A to the case in which J(x) vanishes at points of D, and 
indeed Theorem B shows that (1.1) continues to hold in this case. It is also clear 
that we can remove the hypothesis in Theorem A that f is (1-1), for if f isnot 
(1-1) the integral f 2 | J (x) | dx is equal to the measure of f(EZ) with multiply- 
covered volumes being counted multiply. We are therefore led to the following 
theorem, which contains both Theorems A and B. 


THEOREM C. Let D be an open set in R", let f be a continuously differentiable 
mapping of D into R", and let J(x) be the Jacobian determinant of f at x. Then for 
any measurable subset E of D the set f(E) 1s measurable and 


(1.2) mE) sf | 1G)| ae 


Theorem C is a simple consequence of theorems of Rado and Reichelderfer 
[2, p. 363], but these theorems themselves use difficult ideas involved in the 
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algebraic topology of R*. We can also use Schwartz’s elementary proof of 
Theorem A to deal with the subset of D in which J(x) 0 and then appeal to 
Theorem B to complete the argument. However, since Sard’s Theorem B is it- 
self an immediate consequence of Theorem C, it seems worth while to give a 
direct and elementary proof of Theorem C, and this is the purpose of this note. 
It will be seen that the proof depends on a simple geometrical inequality in 
which the form of the result is the same whether J(x) is zero or nonzero, and 
that this inequality leads easily to a form of (1.2) with the measure m replaced 
by outer measure (Lemma 5). It is only in the proof of the measurability of f(E) 
(Lemma 6) that we reduce to the case in which J(x) 40, and even here this 
reduction could be avoided by the use of more difficult ideas. 


2. We begin by recalling a few definitions. For any point vo of R* and any 


set of m linearly independent vectors a;, - - - , a, in R”, the parallelotope P unth 
inival vertex vo and edge-vectors a1, ---, d, is the set of all points of R* of the 
form 


x = Vo -+- > Ai@:, 
i=1 
where Ai, - - - , A, are real numbers such that 0S); S$1,i1=1,-+-,m. The point 
voth >”, a; is called the centre of the parallelotope. 
For fixed k the set of those points of P for which )\, has a fixed value equal 
to either 0 or 1 is called an (m—1)-dimensional face (or, briefly, face) of P, so 
that the number of faces of P is 2n. The point 


1 n 
vo + dae + = 2) a: 
ix1 
1k 
is called the centre of the face. 


It is immediate that the parallelotope P with initial vertex at the origin and 
edge-vectors a, - - + , @, is the image of the unit cube 


C= {x= (at,---, 0"): 0S a'S1,i=1,---,n} 


under the nonsingular linear transformation h: R"—R* given by 


h(x) = h(x}, my a”) = > «tai, 
i=1 

and equally the image of the unit cube by any nonsingular linear transformation 
of R” onto itself is a parallelotope of this form. It follows that P is compact, 
and that the frontier of P is the union of the 2” faces of P; also (see, for example, 
Zaanen [5], p. 160) the 2-dimensional measure of P is equal to | det (h) | 
= | det (a3) | , where aj is the jth coordinate of a;; and obviously these last results 
extend to a parallelotope with any initial vertex. 

Throughout the following discussion we use the ordinary Euclidean norm 
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for points of R” and the corresponding norm for a linear transformation of R” 
into itself, and we denote the inner product of x and y by x-y. We use A(m) to 
denote a positive constant depending only on 2, not necessarily the same on any 
two occurrences. 


3. For our proof of Theorem C we require two simple geometrical inequali- 
ties. 


LemMaA 1. Let F be a set in R* contained in a hyperplane H, let xo be a fixed 
point of F, and let ||x—x|| Sd whenever xE F. Let also G be the set of points of R* 
whose distance from F ts less than 6. Then G is measurable (since 1t 1s open) and 


(3.1) m(G) < 2"(d + 8)". 


It is evident that G lies between the two hyperplanes parallel to H and dis- 
tant 6 from it, and to prove (3.1) we construct a parallelotope containing G with 
two of its faces in these hyperplanes. 

By a suitable translation we may suppose that H contains the origin, so 
that H is an (n—1)-dimensional vector subspace of R”. We can therefore find a 
unit vector a; such that x-a,;=0 for all x CA (i.e. such that a; is orthogonal to 
HT), and then we can find vectors a2, +--+, @, such that { da, de,* +, an} is a 
complete orthonormal set in R*. Let now yCG. Since every vector in R* can be 
expressed as a linear combination of the a;, there exist real numbers \i, + +: , An 
such that 


Y~rX = > diay. 


t=1 
Further, since the distance of y from F is less than 6, there exists x«€ F (possibly 
identical with y) such that ||y—«|| <6, and then writing 
y— x= (y — %) — (% — %), 
we obtain Ai=(y—%0)-a1=(y—%X) -a1— (% —%) -a1=(y—%)+a1, Whence a | s 
lly -x[| |]axl] =|» -x|] <6. Also 
lly — oll lly — al] + lle - a] <6 + 4, 
so that for7=2,-+-, 2, 
[asl = | — x0)-as| < [ly — xo lad] = lly — al Sd +6. 


It follows that G is contained in the (fixed) parallelotope with centre xo and 
edge-vectors 25a1, 2(d-+5)a,, i=2, - + -, m, and since the measure of this paral- 
lelotope is 2"(¢d-+6)"-18| det (a’)| = 27(d-+6)"~16, the result follows. 


LemMaA 2. Let h be a linear transformation of R* into ttself, let P be the 1mage 
by h of the untt cube C= {xo = (201, --+, x"): O0Sx'S1,i1=1,---, n}, and let Q 
be the set of points of R™ whose distance from P is less than 6. Then Q is measurable 
(since it is open) and m(Q) S | det (h) | +A (n) (||7| +-5)"—-16. 
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Suppose first that det (#) =0, so that h is singular. In this case P is contained 
in a hyperplane, and we apply Lemma 1 to F=P, taking x to be the image of 
the centre wo of C. Since 


|(w0) — k(wo)|| = [|a(» — 200)|| = [All ||» — wel] S avnllal] 


whenever wEC, we have ||x—xq]| <3-/nl|h|| whenever «GP, whence Lemma 1 
gives 


m(Q) S$ 2°(-/nl|z|| + 8)" S A(n) (||| + 8)*—5, 


as required. 

Suppose next that det (#) 40. In this case P is a parallelotope with measure 
m(P) = | det (h) | , and it is therefore enough to prove that the open set O\P has 
measure not exceeding A (n)(||z|| +5)"-16. Since P is compact, for each yEQ\P 
there exists «€P such that ||y—<l] is equal to the distance of y from P, and evi- 
dently x is a frontier point of P, so that x lies on one or more (7 —1)-dimensional 
faces of P. Since P has 2m such faces and each face is the image by h of a face 
of C, it is now enough to prove that if B is a face of C and E is the set of points 
of R” whose distance from h(B) is less than 6, then 


(3.2) m(E) S A(n)(\[Al| + 8)7-0. 


To prove this last result we observe that #(B) is contained in a hyperplane, 
so that we can apply Lemma 1 to F=h(B). We choose xp to be the centre of 
the face h(B) of P, so that ||x—x9| $3-/(n— 1)||4|| whenever «Gh(B), and then 


Lemma 1 gives 
m(E) S 2(e/(n — 1)]] Al + 8)18 S A(m)((lAl| + 8)". 


This proves (3.2), and completes the proof of Lemma 2. 

In the case in which det (%) #0 it is tempting to estimate m(Q) by using the 
inequality m(Q) Sm(P’), where P’ is the smallest parallelotope containing Q 
with sides parallel to those of P, but unfortunately the measure m(P’) tends to 
infinity as we approach the singular case, i.e. as det (h) tends to 0 (this is easily 
seen from a diagram illustrating the plane case). Most proofs of the change of 
variable formula in which the estimate of the measure of a parallelotope appears, 
do in fact use an estimate of the form m(Q)<m/(P’), and it is for this reason 
that the hypothesis inf | J (x) | >0 is essential to such proofs. 

From Lemma 2 we deduce immediately: 


Lemma 3. Let C be a closed cube in R" with sides parallel to the axes and of 
length a, let h be a linear transformation of R® into itself, and let Q be the set of points 
of R” whose distance from the set h(C) ts less than a5. Then Q is measurable (since 
ut 1s open) and 


m(Q) S m(C){ | det (%)| + A(n)(Al| + 6)>-9}. 


By applying Lemma 3 to the derivative of a differentiable mapping, we ob- 
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tain the following result; in this we use the definition of derivative given by 
Dieudonné ({1], Chapter 8). 


Lemma 4. Let C be a closed cube in R® with centre xp and with sides parallel to 
the axes, let f be a differentiable mapping of C into R", and let J(x) be the Jacobian 
determinant of f at x. Then 


(3.3) m*(F(C)) S m(C){ | To) | + ACF Cdl] + aa}, 
where n=supzcc ||f’(x) —f’(x0)|| and m* denotes outer Lebesgue measure. 


To prove (3.3) let a be the length of the sides of C, and let P be the image of 
C by the linear transformation f’(%): R*—R*. By the mean value theorem 
applied to the function f—f’(%o) (cf. [1], (8.6.2)), we have for each x of C 


If) — foro) — f'(%0)(# — %0)|| Salle — voll < navn, 


and this inequality expresses the fact that the point f(x) —f(xo) +f" (xo) (x0) of 
the translate f(C) —f(xo) +f" (x0) (%o) of f(C) is at a distance less than na/n from 
the point f’(x0)(x) of P. It follows that this translate of f(C) is contained in the 
set of points of R” whose distance from P is less than na./n, and applying 
Lemma 3 (and noting that det (f’(%0)) = J(xo)) we obtain immediately the in- 
equality (3.3). 

4. The remainder of the proof of Theorem C is similar to Schwartz’s proof 
of Theorem A (cf. [5], p. 165), but we give it here for the sake of completeness. 
We divide the proof into two further lemmas. It should be noted that Lemma 5 
contains Sard’s Theorem B. 


Lemma 5. Let D be an open set in R", let f be a continuously differentiable map- 
ping of D into R®, and let J(x) be the Jacobian determinant of f at x. Then for any 
measurable subset E of D 


(4.1) me(s(E)) sf | 1G) | de, 


where m* denotes outer Lebesgue measure. 


Suppose first that E is a closed cube C with sides parallel to the axes. Since 
f’ is continuous on C, we can divide C into a finite number of nonoverlapping 
closed cubes C1, - - - , Cy with centers x1, - - - , xv and with sides parallel to the 
axes such that Lf? (x) —f" (xx)|| <e whenever xCC,(k=1,---,N). By Lemma 4, 
for each cube C;, we have 


m*(f(Cx)) S m(Cx){ | Jae) | + Aes, 
where A is independent of k, so that also 
m*(f(C)) S Yo m*(f(Ce)) S Di| I(x) | m(Ce) + Aem(C), 


the summations being extended over all cubes C;. When the maximum diameter 
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If EZ is closed, so are E(\C and f(E\\C), and hence if £ is a countable union 
of closed sets, then f(E(\C) is measurable. Since any measurable set is the 
union of a set of measure zero and a set which is a countable union of closed 
sets, it is now enough to prove that f(E(\C) is measurable when £ is of measure 
zero, and this follows immediately from Lemma 5. This completes the proof of 
Lemma 6, and so also of Theorem C. 
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THE COMPANION MATRIX AND ITS PROPERTIES 
LOUIS BRAND, University of Houston 
1. Companion matrix. The companion matrix of the polynomial 
(1) F(X) = N® + a7 + ahh 4+ ++ + + ay 


is defined as 


0 O --+ Q 0 
0 0 ; 0 0 
(2) A = 
0 0 O --. Q 1 
—~Gn —~Gn-1 —Gn-2°° * Gq a1 


in which the first superdiagonal consists entirely of ones and all other elements 
above the last row are zeros. The companion matrix of \-++a; is |[—a,]. The char- 
acteristic equation of A is det(A —AJ) =0 or 


—X 1 O --. QO 0 
O —A”A 1 <--- Q 

= 0. 
0 0 0 — 1 
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If E is closed, so are E(\C and f(E\\C), and hence if £ is a countable union 
of closed sets, then f(Z(\C) is measurable. Since any measurable set is the 
union of a set of measure zero and a set which is a countable union of closed 
sets, it is now enough to prove that f(E(\C) is measurable when £ is of measure 
zero, and this follows immediately from Lemma 5. This completes the proof of 
Lemma 6, and so also of Theorem C. 
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THE COMPANION MATRIX AND ITS PROPERTIES 
LOUIS BRAND, University of Houston 
1. Companion matrix. The companion matrix of the polynomial 
(1) FA) = XY + ad + ahh 4+ es + ay 


is defined as 


0 0 0 0 
0 0 0 0 
(2) A = 
0 0 O +--+ Q 1 
—~Gn —~G4n-1 —Gn-2° °° ~GAq ay 


in which the first superdiagonal consists entirely of ones and all other elements 
above the last row are zeros. The companion matrix of \-+a, is [—a;]. The char- 
acteristic equation of A is det(A —)AJ) =0 or 


O —A”A 1 <--+ QO 
= 0. 
0 0 0 — 1 
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If we multiply columns 2, 3, - - - ,# of this determinant by X, 2, - - - , A"! and 
add them to the first column, all elements of this column become zero except the 
last which is now —f(A). Since the cofactor of this element is (— 1)"*!, the char- 
acteristic equation of A is 


(3) det(A — MI) = (—1)"/A) = 0; 


and since the highest common divisor of all cofactors in det(A —\J) is clearly 1, 
(3) is also the minimum equation of A. 


THEOREM 1. The companion matrix of the polynomial f(A) has f(\) = 0 for its 
characteristic and minimum equations. 


The companion matrix is singular when and only when a,=0; for det A 
= (—1)"a,. 

The genesis of the companion matrix is evident when one replaces the linear 
differential equation 


(4) f(D)je=0 (D= d/di) 
or the linear difference equation 
(5) f(E)x, = 0 (E=1+A) 


by a system of m linear equations of the first order. In both cases the matrix of 
the system is the companion of the polynomial f(A). 
For example, the differential equation 


al 4 ag!’ + be’ + cx = 0 
is replaced by the system 


o> y 
y= z 
Zz’ = — cx — by — az 


whose matrix is precisely the companion of the polynomial \?+ad?+bA-+c. 
Similarly the difference equation 


Xn+3 + O¥np2 + OXnd1 + CX, = 0 


may be replaced by the system 


Vat1 = Vn 
Vari = Zn 
Zntt = — CXn — On — An 


whose matrix is the companion of the same polynomial. 
2. Eigenvectors. The equation f(A) =0 may be written in the matrix form 
(6) Ae(A) = dAe(A), 
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where the column vector 
e(A) = (1, A, rN, cy A771); 


for the first 7—1 equations are the identities \‘'=A* (GQ=1, 2,---, 2-1) and 
the last is 
—On — Gn-1N — 6  * GA! = De, 


Thus if \; is an eigenvalue of A, equation (6) is valid for \=);. Moreover, the 
rank of the matrix A —A,J is always n—1 even when X; is a multiple zero of 
f(A); for the minor of the element (71) has a determinant of value 1. The eigen- 
value \; is therefore associated with just one eigenvector e;=e(\,); two eigen- 
vectors are called equal if one is a scalar multiple of the other. We state this 
result as 


THEOREM 2. If the polynomial f(r) of degree n has m (Sn) distinct zeros d; 
then its companion matrix has exactly m independent eigenvectors 


2 n—l1 . 
(7) é; = (1, Ay, Aa AG )» 7=1,2,---,m, 
associated with the eigenvalues \y, No, - + * , Am 


These eigenvectors are linearly independent since the rank of the mxXn 
Vandermonde matrix formed from their components is exactly m. 


3. Generalized eigenvectors. When the companion matrix has an eigen- 
value \; of multiplicity k, \1 satisfies the equations 


fA) = 0, fA) = 0,- ++, fA) = 0. 


The first of these equations is equivalent to the matrix equation (6); the others 
are equivalent to matrix equations obtained from (6) by k—1 successive differ- 
entiations with respect to d: 


Ae®(A) = reP(A) + jeF(A), FG =1,2,--°°, 8-4, 
where e©(A) means e(A). These are equivalent to the system 


eff) rN FAG) rN e(F-1) rN 
4 220) 0), ePQ) 


(8) F F Gop’ =1,2,---,k-1 
Thus when \=), is a k-tuple zero of f(A) we have the k equations 

A é& = \ié1 

A é2 = hié2 + &1, 
(9) A €3 = Vye3 + é2, 


A @& = A1eé%, + Ck—1) 


where e;=e(\) is the eigenvector and 
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e()(Nx) 
7! 


(10) To ’ jg=1,2,---,k-1, 
are, by definition, k—1 generalized eigenvectors associated with \,. Thus with 
every k-tuple eigenvalue we associate k eigenvectors of which k—1 are general- 
ized. We note that the way in which equations (8) are derived guarantees their 
consistency. Moreover the & vectors 


2 3 n—1 

a1 = (1, Aa, Ar, Ai, sty ky ) 
es = (0, 1, 2m, 3¥1,. ++, (n— 1A) 
3 n— 1 n—3 
és = (0, 0, 1, he mn ty y xi ) 
n— 1 n—k 
ex = (0, 0, 0, 0, ,( b ya ) 


are linearly independent since the rank of the kXn matrix formed from their 
components is k; for the k Xk determinant on the left has the value 1. 

The entire set of 2 eigenvalues of A, simple and multiple, are now associated 
with m eigenvectors; m of these, given by (7), are the eigenvectors associated 
with the m distinct eigenvalues, whereas the n»—m remaining are generalized 
eigenvectors of the type (10). The entire set is linearly independent and may be 
used to reduce A to its Jordan normal form. 


4. Reduction to the Jordan Normal Form. Let the 7X companion matrix 
A have the eigenvalues Ai, Ae, - - - , An Written in an order of increasing multi- 
plicity (such as 3, 1, 1, 2, 2, 2) and denote the associated eigenvectors, actual 
or generalized, by é1, é2, +++, €,. Since this set is linearly independent they 


admit a reciprocal set e1, e?, ---, e” defined by e,;-e/=6). Form the two »Xn 
matrices 
B= (€1 €2-+-+6n) from the 2 columns ¢;, 
el 
e? 
Bo = |. from the z rows e*. 
on 


Then B-!1AB=J will be in the Jordan normal form. The proof is immediate; for 
BAB = B-'(Ae;| Aeo| --- | Aen) = (e*Ae;) 


has elements e*Ae; which are precisely the elements of a Jordan matrix by virtue 
of Equations (9). An example will make this clear. 
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which may be obtained from J by the succession of row operations 
A = (4 — 3a)(4 — 20)(4 — 1¢)(—4d) (1432) I. 
Here (1432) denotes a permutation of rows, (—4d) means row 4 times —d, and 


(4—1c) means row 4 minus ¢ times row 1. Hence, if d0, and we take the in- 
verse operations in reverse order, 


A-! = (1234)(—4/d)(4 + 1¢)(4 + 2b)(4 + 3a)I 
or 
—~c/d —b/d —a/d —1/d 
1 0 oO 0 
0 1 0 0 
0 0 1 0 


Thus the inverse of any companion matrix can be written down at once. It is 
related to the companion matrix of the polynomial 


(12) ap 2 yr rg 24 = 0 
d d dd 


whose roots are the reciprocals of the roots of (11): The inverse of A is the com- 
panion of the polynomial (12) revolved counterclockwise 180° about its center. 


This paper was presented at the joint meeting of the Texas Academy of Science and the 
Mathematical Association at Galveston, December 8, 1961. 


THE WILLIAM LOWELL PUTNAM MATHEMATICAL COMPETITION 
L. E. BUSH, Kent State University 


The following results of the twenty-fourth William Lowell Putnam Mathe- 
matical Competition held on December 7, 1963, have been determined in ac- 
cordance with the constitution of the Competition. This competition is sup- 
ported by the William Lowell Putnam Intercollegiate Memorial Fund left by 
Mrs. Putnam in memory of her husband and is held under the auspices of the 
Mathematical Association of America. 

The first prize, five hundred dollars, is awarded to the Department of Mathe- 
matics of Michigan State University, East Lansing, Michigan. The members of 
the team were S. E. Crick, Jr., R. E. Greene and W. A. Webb; to each of these 
a prize of fifty dollars is awarded. 

The second prize, four hundred dollars, is awarded to the Department of 
Mathematics of Brooklyn College, Brooklyn, New York. The members of the 
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which may be obtained from J by the succession of row operations 
A = (4 — 3a)(4 — 20)(4 — 1c)(— 4d) (1432) T. 
Here (1432) denotes a permutation of rows, (—4d) means row 4 times —d, and 


(4—1c) means row 4 minus c times row 1. Hence, if d#0, and we take the in- 
verse operations in reverse order, 


A! = (1234)(—4/d)(4 + 1¢)(4 + 26)(4 + 3a)I 
or 
—c/d —b/d —a/d —1i/d 
1 0 0 0 
0 1 0 0 
0 0 1 0 


Thus the inverse of any companion matrix can be written down at once. It is 
related to the companion matrix of the polynomial 


(12) wp yep eye Sy 44 = 9 
d d d d 


whose roots are the reciprocals of the roots of (11): The inverse of A is the com- 
panion of the polynomial (12) revolved counterclockwise 180° about its center. 


This paper was presented at the joint meeting of the Texas Academy of Science and the 
Mathematical Association at Galveston, December 8, 1961. 


THE WILLIAM LOWELL PUTNAM MATHEMATICAL COMPETITION 
L. E. BUSH, Kent State University 


The following results of the twenty-fourth William Lowell Putnam Mathe- 
matical Competition held on December 7, 1963, have been determined in ac- 
cordance with the constitution of the Competition. This competition is sup- 
ported by the William Lowell Putnam Intercollegiate Memorial Fund left by 
Mrs. Putnam in memory of her husband and is held under the auspices of the 
Mathematical Association of America. 

The first prize, five hundred dollars, is awarded to the Department of Mathe- 
matics of Michigan State University, East Lansing, Michigan. The members of 
the team were S. E. Crick, Jr., R. E. Greene and W. A. Webb; to each of these 
a prize of fifty dollars is awarded. 

The second prize, four hundred dollars, is awarded to the Department of 
Mathematics of Brooklyn College, Brooklyn, New York. The members of the 
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team were William Kantor, Steven Sperber and Robert Zarrow; to each of 
these a prize of forty dollars is awarded. 

The third prize, three hundred dollars, is awarded to the Department of 
Mathematics of the University of Pennsylvania, Philadelphia, Pennsylvania. 
The members of the team were Larry Goldstein, Ralph Greenberg and E. Y. 
Miller; to each of these a prize of thirty dollars is awarded. 

The fourth prize, two hundred dollars, is awarded to the Department of 
Mathematics of California Institute of Technology, Pasadena, California. The 
members of the team were A. C. Hindmarsh, Kenneth Kunen and V. S. Poy- 
thress; to each of these a prize of twenty dollars is awarded. 

The fifth prize, one hundred dollars, is awarded to the Department of 
Mathematics of Massachusetts Institute of Technology, Cambridge, Massachu- 
setts. The members of the team were J. H. Spencer, Gordon Wassermann and 
M. H. Weinless; to each of these a prize of ten dollars is awarded. 

The five persons ranking highest in the examination, named in alphabetical 
order, are Lawrence Corwin, Harvard University; S. E. Crick, Jr., Michigan 
State University; R. E. Greene, Michigan State University; J. H. Spencer, 
Massachusetts Institute of Technology; and Lawrence Zalcman, Dartmouth 
College. To each of these a prize of seventy-five dollars is awarded. The William 
Lowell Putnam Prize Scholarship to Harvard has been awarded to Mr. Crick, 
who will begin his graduate work in the fall of 1965. The value of this scholarship 
has been increased to $2500.00 plus tuition ($1520.00), making a total monetary 
value of $4020.00. 

The six persons ranking second highest in the examination, named in alpha- 
betical order, are R. W. Herrick, Oberlin College; Kenneth Kunen, California 
Institute of Technology; Gilbert Labelle, University of Montreal; Robert Lee, 
Reed College; E. Y. Miller, University of Pennsylvania; and Josef Sukonick, 
University of Pennsylvania. To each of these a prize of thirty-five dollars is 
awarded. 


The following teams, named in alphabetical order, won honorable mention: Cornell University, 
Ithaca, New York, the members of the team being A. D. Jette, D. J. Kilbridge and J. T. Litman; 
Harvard University, Cambridge, Massachusetts, the members of the team being Jeffrey Cheeger, 
Melvin Hochster and John Mather; University of British Columbia, Vancouver, British Columbia, 
the members of the team being S. A. Glass, Joanne McWhirter and Bent Petersen: University of 
Colorado, Boulder, Colorado, the members of the team being J. M. Cushing, D. E. Maurer and 
R. C. Misare; and the University of Montreal, Montreal, Quebec, the members of the team being 
Luc Demers, Gaston Giroux and Cecile Mayrand. 

Honorable mention is given to the following twenty-five individuals, named in alphabetical 
order: Bruce Appleby, Massachusetts Institute of Technology; L. G. Brown, Harvard University; 
N. H. Camien, California Institute of Technology; M. J. Cohen, California Institute of Technology; 
David Ebin, Harvard University; P. J. Erdelsky, Case Institute of Technology; Daniel Fendel, 
Harvard University; Gaston Giroux, University of Montreal; W. E. Heierman, Georgia Institute 
of Technology; R. B. Hodges, Rice University; A. A. Iarrobino, Jr., Massachusetts Institute of 
Technology; William Kantor, Brooklyn College; Frank Kaplan, City College; William Kennersley, 
Rensselaer Polytechnic Institute; Gary Luxton, McGill University; Cecile Mayrand, University 
of Montreal; V. S. Poythress, California Institute of Technology; S. W. Reyner, South Dakota 
School of Mines; Michael Rolle, Massachusetts Institute of Technology; Michael Schulz, Michigan 
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State University; R. P. Stanley, California Institute of Technology; J. J. Weinkam, Xavier 
University, Cincinnati; J. R. Whitney, Michigan State University; Robert Wilson, American 
University; and Thomas Zaslavsky, City College. 


A total of seventeen hundred five contestants from two hundred five colleges 
and universities entered the competition. Twelve hundred sixty contestants 
from one hundred ninety-nine colleges and universities (one hundred seventy 
having teams) participated in the examination on December 7, 1963. 

The individual rankings of contestants (except for the relative ranks of the 
first five) may be obtained by any department of mathematics for the purpose 
of selecting graduate students. 

Those participating in the competition were given the following problems to 


solve: 
Part I 


1. (a) Show that a regular hexagon, six squares, and six equilateral triangles can be assembled 
without overlapping to form a regular dodecagon. 
(b) Let Pi, P2, - + + , Piz be the successive vertices of a regular dodecagon. Explain how the 
three diagonals PiPs5, P2Pu, and PP. intersect. 

2. Let {f(z)} be a strictly increasing sequence of positive integers such that f(2)=2 and 
f(mn)=f(m)f() for every relatively prime pair of positive integers m and x (the greatest 
common divisor of m and x is equal to 1). Prove that f(m)=7 for every positive integer 7. 

3. Find an integral formula for the solution of the differential equation 


6(5 — 1)(6 — 2) --- 6-—n+ ly = f(x), x21, 
for y as a function of x satisfying the initial conditions y(1)=y/(1)= +--+ =y-(1)=0, 
where f is continuous and 


6=x4—- 
dx 


4, Let {an} be a sequence of positive real numbers. Show that 


1 

lim sup 2 (ee — 1) = 1. 

No Qn 
Show that the number 1 on the right-hand side of this inequality cannot be replaced by 
any larger number. (The symbol lim sup is sometimes written lim.) 

5. (a) Prove that if a function f is continuous on the closed interval [0, ] and if 


f "f0) cos6d0 = f "0 sin 6 do = 0 


then there exist points a and 8 such that 
0<a<B<-r and f(a) = f(s) =0. 


(b) Let R be any bounded convex open region in the Euclidean plane (that is, R is a con- 
nected open set contained in some circular disk, and the line segment joining any two 
points of R lies entirely in R). Prove with the help of part (a) that the centroid (center 
of gravity) of R bisects at least three distinct chords of the boundary of R. 

6. Let U and V be any two distinct points on an ellipse, let M be the midpoint of the chord 
UV, and let AB and CD be any two other chords through M. If the line UV meets the 
line AC in the point P and the line BD in the point Q, prove that M is the midpoint of the 
segment PQ. 
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Part II 


1. For what integer a does x?—x-+a divide x!8-+x+90? 

2. Let S be the set of all numbers of the form 2“3", where m and u are integers, and let P be 
the set of all positive real numbers. Is S dense in P? 

3. Find every twice-differentiable real-valued function f with domain the set of all real num- 
bers and satisfying the functional equation 


(f(x))? — G(y))? = fla + fle — ») 


for all real numbers x and y. 

4. Let C be a closed plane curve that has a continuously turning tangent and bounds a 
convex region. If T is a triangle inscribed in C with maximum perimeter, show that the 
normal to C' at each vertex of T bisects the angle of T at that vertex. If a triangle T has 
the property just described, does it necessarily have maximum perimeter? What is the 
situation if Cis a circle? (A convex region is a connected open set such that the line segment 
joining any two points of the set lies entirely in the set.) 

5. Let {an} be a sequence of real numbers satisfying the inequalities 


0s a S 100a, for n Sk S2n andn=1,2,---, 
and such that the series 
do On 
n=0 
converges. Prove that 


5 fee Ao?) 


6. Let E be a Euclidean space of at most three dimensions. If A is a nonempty subset of £, 
define S(A) to be the set of all points that lie on closed segments joining pairs of points 


of A. For a given nonempty set Ao, define An=S(An1) for n=1, 2,--+. Prove that 
Ag=A3;= +--+. (A one-point set should be considered to be a special case of a closed 
segment.) 


Solutions. Part I 


1. (a) Place the squares externally on the sides of the hexagon. Since the 
angles between adjacent sides of adjacent squares are all equal to 60°, the gaps 
can be filled with the six equilateral triangles. Since 60°-+90° = 150° the result- 
ing dodecagon is regular. 

(b) The three diagonals are concurrent. Let the dodecagon be composed as 
described in part (a) in such a fashion that PP: is the side of a square. The lines 
PP, P2Pi2, -- +, PuPy divide the angle 150° at Pi, into ten equal angles of 
15°. Therefore the angle PiP,.P, is equal to 45°, P.sPi. is a diagonal of the 
square on P,Py, and PP, is the other diagonal. The three lines PiP 9, PePu, 
P,P all pass through the center of this square. 

2. Assume that f(3)=3+ , where p20. Then f(6)=6+2p, f(5) $5+26, 
f(10) $10+4¢, f(9)<9+4p, and f(18)S18+8p. Also, f(5) 25+, f(15) 215 
+8p+p?, and f(18)218+86+ 5%. Consequently, 18+8p+?S18+8p, and 
hence =0 and f(3) =3. Since f(6) =6, f(m) =n for »S6. In general, if f(z) =n 
for 22k, where k is an integer >1, f(2k-1)=2k—1, and hence f(4k—2) 
=4k—2, and f(m)=n for nS4k—2. Since 4k—2>2k, induction shows that 
f(n) =n for all positive integers 1. 
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3. The first step is to show that 
6(6 — 1)(6 — 2)---6—n+1) = oD, 
Proof by induction reduces to showing that 
D(6 — n) = aD", 


which can itself be proved by induction. Alternatively, the initial identity can 
be proved by showing that it is valid when applied to every nonnegative integral 
power x, and hence valid for every polynomial, and this verification for x* re- 
duces to showing that 


6(6—1)---(6—n+ 1a = h(R—-1)--- (R— n+ A)ot. 


The given differential equation becomes x"D*y(x)=f(x), and the solution is 
provided by Liouville’s formula for iterated integrals: 


— i. ° ~— n—1 fl) 
y(%) = in = aid (x — 2) - dt. 


4, Assume the conclusion is false. Then there is a positive integer N such 


that for n»2 N, 
1 On 
an 


This inequality is equivalent to 
1 < ay Qn+1 . 
n+1 mn n+1 


Replacing » by N, N+1,---, N+k-—1, in turn, and adding the results, we 
obtain 


1 1 1 ay aN+k an 
+— +-:--+-———-<-—- <—) 
N+1 N+2 N+k N N+kR WN 


in contradiction to the divergence of the harmonic series. 
To show that 1 cannot be replaced by a larger number, let a,=&n, 
nm=1,2,--+-+. Then 


—— — ———- 


(aa 1+k itk 
n(—————- -1) = 
k k 


an 


which is arbitrarily near 1 for large k. Alternatively, if a,=7x log. n 
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5. (a) Since sin 9>0 for 0<0<z7, the second of the two assumed equations 
implies that f(a) =0 for at least one a between 0 and 7. Assume now that this a 
is the only zero of f between 0 and 7. Then f(@) must change sign at a and no- 
where else between 0 and z. Hence f(@) sin (@—a) is of constant sign and 


[ £0 sin (0 — a)d0 ¥ 0. 


But this is inconsistent with the assumed vanishing of two integrals. 

(b) Choose the center of gravity of the bounded convex domain D as the 
origin of a system of polar coordinates 7, 6. Let r=r(6) be the equation of the 
boundary curve. Obviously, there is at least one direction 6 with r(@) =r(@+7). 
Choose it as the positive x-axis. Put f(@) =7°(9) —7r3(0-+7). Since O is the center 
of gravity, both of the integrals given in part (a) vanish. Hence f(@) has at least 
two zeros, i.e. 7(6) =7(0-+7) for at least two distinct values of 6 with 0 <@<z. 

6. First solution. By Steiner’s theorem, 


A D 
MPUV j BCUV KOMUV XK MOVU. 


Hence PQ is a pair of the involution (MM)(UV). Since M is the midpoint of 
UV, the other invariant point of this involution is the point at infinity, and the 
involution relates pairs of points equidistant from M. 

Second solution. Choose an oblique coordinate system so that the y-axis con- 
tains the points U and V, and the x-axis contains the midpoints of chords 
parallel to U and V. Let the equation of the ellipse be y?=ax?+bx-+c, and those 
of the lines containing the chords AB and CD be y=mx and y=nx, respectively. 
Then denote: 

A: (x1, ¥1), where x1 is either root of m’x?=ax’?+bx-+c, 

C: (xe, Ye), where 2 is either root of 2°x*=ax?+bx-+e. 

The y-intercept of AC is 


Yo V1 (m — n)x1X2 
mx — —_ «1 = ——————_ > 


With a similar notation, the y-intercept of BD is (m—1n) £1%2/(%2—%1). The prob- 
lem is to show that the sum of these y-intercepts is zero, and this quickly reduces 


to showing: 
Hy + 1 e+ Xe 


1X1 XX 


Finally, this follows immediately from the formulas for the sum and product 
of the roots of a quadratic equation. 

Third solution. Replace the ellipse by a circle. Drop perpendiculars a and 6 
from P and Q to AB, and perpendiculars c and d from P and Q to CD. Write 
l=UM=MV, p=PM, and g= MQ. We wish to prove p=g. 
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We have the following pairs of similar right triangles: 
AMa~ AMb, AMc~ AMd, ACc~ ABb, AAa~ ADa. 

These yield respectively 
p a p C CP c¢ PA_ a 


) —— 


g b g ad BQ b OD da 


) 


whence 


_CPXPA UPXPV (l-p)\i+p) P-~ 
BOXQ@D UQ@XKEV TC+qt-g FP-¢ 
[? 


 -P 


Thus )=q, as desired. 
Finally, since this is an affine theorem that has been proved for a circle, it 
holds also for any ellipse. 


Solutions Part II 


1. a=2. The cases x =0 and x=1 show that a divides 2. The case x= —1 
shows that a cannot be 1 or —2. The case x= —2 shows that a cannot be —1. 
Finally, a=2 can be checked by actual division. 

2. Yes. This density is equivalent to the density of the numbers 
m log 2-++n log 3, which in turn is equivalent to the density of the numbers 
m-+n(log 3)/(log 2). Now, log 3/log 2 is irrational (the proof is easy), and hence 
the set of all 7 log 3/log 2 modulo 1 is dense in the unit interval. 

3. Putting y=x shows that f(0) =0. Differentiating successively, first with 
respect to x and then with respect to y, we obtain 


2f(a) f(a) = f'(% + y)fla — y) + f(x + v)f'(a — 9), 
O= f(x + f(x — vy) — fla + yf" (ae — y), 


and hence, for all u and v: 


f'(u)fv) = flu)f’"2). 


There are two main cases: (i) f’’(u) =0 identically and (ii) there exists a non- 
empty open interval J in which f’’(u) #0. Case (i) gives f linear and, since f(0) 
= 0, f(x) =cx for some constant c. For case (ii), let vo be a point where f(vo)f”’ (vo) 
70, and let c=f""(vo)/f(vo). We now have a nonzero constant ¢ such that f’’(u) 
=cf(u) for all real wu. There are two subcases: (iia): c<0, (iib): c>0. For case 
(iia), let c= —a?, so that f’’(u) +a?f(u) =0, and f(u) =A sin au+B cos au. Since 
f(0) =0, B=0 and f(u) =A sin au. For case (iib), let c=0?, so that f”’(u) —b?f(u) 
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=0, and f(u) = Csinh bu++D cosh bu. As before, D=0 and f(u) = C sinh bu. In all 
cases these solutions check. 

4. If the tangent line is permitted to approximate the curve in a neighbor- 
hood of a vertex where the normal to the curve does not bisect the angle, the 
principle of reflection shows easily that the perimeter of the triangle can be in- 
creased by a small displacement of the vertex. If an equilateral triangle is 
“blown up” slightly to give a smooth curve, an inscribed equilateral triangle 
whose vertices are near the midpoints of the sides of the original triangle has 
the property described but is certainly not of maximal perimeter. For a circle 
this property implies that the inscribed triangle is equilateral, and hence of 
maximal perimeter. 

5. By assumption, for any positive integer , de, is less than or equal to 
each of the 7 numbers 100 a, 100 dnai, - + + , 100 de,_1, and consequently, as the 
result of addition and doubling, 


2Nden S&S 200(Gn + Gaza + ++ * + den-1) > 9. 


Similarly, d2n-1 is less than or equal to each of the 2 numbers 100 a, 100 @a41, 
~ ++. 100 den_1, and consequently, 


(2n —_ 1) den—1 S 2NG2n—1 s 200(an ++ Qn+1 + . + Gon—1) —_ 0. 


6. If Ao is a subset of a line, then A; is the smallest interval J containing 
Ao, and therefore so are Ao, Az, -- +. If Ao is a subset of a plane, but not a line, 
and if wu, v, and w are any three points of this plane, define T(u, v, w) to be the 
smallest convex set containing u,v, and w. If p lies on a segment joining points 
of the segments [a, b] and [c, d], and if g lies on a segment joining points of the 
segments |e, f] and [g, h], and if r is a point of the segment [, g], then 7 belongs 
to the smallest convex set containing the points a, b, -- +, g, h, and therefore r 
belongs to T(x, y, 2) for a certain triplet x, y, and 2 of these points. But 
TCS(S( { x, y, z})) and hence rE T CS(S(Ao)) = Az. Therefore Ae is convex, and 
hence equal to A3, Ay, - ++. If Ao is a noncoplanar set, define T(t, u, v, w) to be 
the smallest convex set containing ft, u, v, and w. The procedure is the same as in 
the plane case, except that rE T(s, x, y, 2) for some four points s, x, y, and gz. 
The inclusion TCS(S({s, x, Y, z})) follows from the fact that if ZL; and Lz are 
two nonadjacent edges of a solid tetrahedron then every point of this solid 
tetrahedron lies on a segment joining a point of Z; and a point of Le. 


Mathematical Swifties 


“I’m dividing one integer by another,” Tom said rationally. 

“Why isn’t x equal to 22/7?” Tom asked irrationally. 

“The ratio of the circumference of a circle to its diameter is not 22/7,” said Tom piously. 
“The first derivative shows that the function is increasing,” Tom stated positively. 


MATHEMATICAL NOTES 
EDITED By J. H. Curtiss, University of Miami 


Material for this department should be sent to J. H. Curtiss, 
University of Miami, Coral Gables, Florida 33146 


SOME CONTOUR INTEGRAL SOLUTIONS TO BESSEL’S EQUATION 


James M. Horner, University of Alabama 


It is well known that 
(1) y(z) — of et#t(] — {2)n—1/2q4 
Cc 


is a solution to Bessel’s equation provided that e**(1—??)"*1/? vanishes at the 
termini of the contour C. This result can be generalized. 

THEOREM. Let P(t) =at?+bdi+c, where b?—4ac¥0, and let 
(2) f(z, 2) = A exp [iuzP’(t)] + B exp [—iuzP’(], 


where A and B are constants and u= + (b?—4ac)—"/*. Then 
(3) y(s) =a ffs, )Pat 
C 


is a solution of Bessel’s equation for appropriate contours C, assuming differentia- 
tion of (3) under the sign of integration. 


Proof. It is sufficient to show that 


(4) wy(Z) = f f(z, 2). Pe dt 
C 
satisfies 
(5) Ll w] = ew’ + (2n + 1)w’ + ew = 0. 
For simplicity, let 
(6) g(z, f) = A exp [iuzP’(t)] — B exp [—iuzP’()]. 


If (4) is substituted into (5) the result is 


L[{w,] = z f f(z, )P {1 + w[2P’P — (P’)?|} de 
(7) ° 
+ y f P»-2f i(2n + 1)P'g(z, t) — 22uP" Pf(z, t)} dt. 
Cc 


642 
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But 2P"P—(P’)?= — (b?—4ac) = —u-?, so the first integral in (7) vanishes 
and (7) becomes 


(8) Liwi] = 2iu J - { e(z, 1). Pett} de, 


The conclusion then follows for all contours C for which [g(z, ¢)P*+!/2]~¢=0. 
In particular if 7; and 72 are zeros of P(é) then 


(9) Yn(Z) = of "fle t) Pa df 


1 


is a solution to the Bessel equation when Re(m-+1/2)>0. If A+B=0, y,(z) is 
the trivial solution. When A+50, y,(z)/2" is an integral function for 
Re(m+1/2)>0, so 


(10) Yn() = K,J,(2). 


If both members of (10) are divided by 2" and then evaluated at s=0, we 
find that 


(11) n= 2A + BY (n + 1/2) i) " pounds, 


If P(t) is written P(é)=a(t—7r1)({—re) the integral in (11) becomes a Beta 
function integral, with the change of variable t=71+s(rz—1), and 

(12) Kn = (—a)*7""/2(rq — 13)28(A + B)2-*/ aT (n + 1/2). 

So we have the following 


Coro.uary. If P(t) =a(t—n)(t—12), 113472, a0, then for Re(n+1/2)>0 


_ (A + B)-1(2z)" T 1a 
(13) Jn(z) = aoaetariD. f(z, )|(t — 11) (re — d)]=-12dd, 


where f(z, t) 1s given by (2), with u= ta(re—1)—! and A+BxX0. 


Reference 


1. G. N. Watson, A treatise on the theory of Bessel functions, 2nd ed., Cambridge University 
Press, 1944. 


SOME REMARKS ON ORBITS IN INVERTIBLE SPACES 
ANDREW J. UMEN, State University of New York at Buffalo 


In a recent note [4] Norman Levine indicated some additional local prop- 
erties which are necessarily global in invertible spaces. It is the purpose of this 
note to exhibit some of the properties of orbits in invertible spaces and to relate 
the study of invertible spaces to an early paper [1] by Richard Arens. 
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N-TH POWERS IN THE FIBONACCI SERIES 


FLOYD BUCHANAN, Buffalo, New York 


The two theorems below are concerned with the Fibonacci series or Pisano 
series, as it is sometimes called. It is the series defined by U,= Un,-1+ Un_2, 
U,, being the nth term and U,;= U,=1. The limiting ratio of the terms is equal 
to the positive root of the quadratic equation x?—x—1=0 and has an intimate 
connection with the Golden Ratio of ancient Greek architecture and design. 
The arrangement of leaf stems on the stalks of plants is another illustration of 
this series. There are many interesting relations and many striking resemblances 
to the natural number series. 


THEOREM 1. If pis a prime, U," 1s a prime or product of primes unless p=5, 
in which case Us*=5"x, where x 1s a prime or product of primes. 


Proof. Let us suppose U,*(p#5) is divisible by the square of some odd prime 
g. Then U,*=rq?, where r is any integer. The only terms in the series which are 
divisible by any divisor d are those of the form U,j;, where s is any integer and 
j(d) is the rank of the first term divisible by d. The notation j(d) is my own, 
which I adopt for convenience. 

By Lucas’ theorem on divisibility of terms of this series by odd primes (see 
[1], p. 396-V), the rank of the first term divisible by g*, but by no higher power 
than k of the prime q, is equal to g*-4(q) =j(q¢*). Hence with k =2 we would have 
pb” = s7(q?) = sqj(q). It follows that 7(¢) would be a power of # and that g itself 
must equal » or simply that j(p) is a power of ?. 

But if p is a quadratic residue of 5, then Up-1=0(p) or p—1=0 (j(P)) and 
if » is a quadratic nonresidue of 5, then Up41=0(p) or $+1=0(j(p)), (see [1], 
p. 396-VIII with 6=+/5). Also # is a residue of 5 if 5 is a residue of p and vice- 
versa for nonresidue character. In either case j(p) is prime to p, so j(p) cannot 
be a power of p and U,* is not divisible by the square of any odd prime. 

If g=2, then U,»=4r. As 7(4) =6, p*=0 (6), which is not possible. Then, for 
all primes other than 5, the theorem is true. 

When p=5, since j(5)=5= Us, we have 5*=5"-44(5), formally. Evidently 
5*=9(5") and Us»=5"x where x is prime to 5. If x=kg? with g any odd prime 
and k any integer, then 5*=0(j(q?)) or 5"=0(qj(q)) with the result g=5, but 
then «=0 (5), which is a contradiction. 

Our last step is to set g=2 in the preceding paragraph. Then x=4 and, as 
(4) =6, we get 5"=0 (6), which is obviously incorrect. Hence, as all possible 
cases have been rejected, the theorem follows. 


THEOREM 2. Uy, Us and the trivial Uj= U2=1 are the only terms in the sertes 
which are powers of integers other than the first degree. 


Proof. Suppose that U,=a"(m> 1), where a is any integer and z is odd with 
at least two prime factors. With » as any one of the prime factors of ”, we can 
write U,=(U,/U,)U>, and U,/U, is an integer since U,=0 (U,) if n=0 (£), 
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If 1 is divisible by 9, then as U, = 34, then » would have to be divisible by 17. 
So 3 does not occur in more than the first power in 7. 

If n=0 (8), then as Ug=21, U, =0 (7) so 2 does not occur in 7 to more than 
the second power. 

Hence, if U, is to be a power of an integer, we see that » must be a divisor 
of 12. As Us=8, Uw=144 and U,;= U.=1, the theorem follows. 


Reference 


1, L. E. Dickson, History of the Theory of Numbers, Vol. I, Divisibility and Primality, 
Chelsea, New York. 


CONTINUOUS DEPENDENCE OF SOLUTIONS OF ORDINARY 
DIFFERENTIAL EQUATIONS 


AARON STRAUSS, University of Wisconsin 
Consider the system of differential equations 
(E) x! = f(t, x), 


where x and f are real column -vectors and # is a real scalar. We follow the 
notation of [1]. Thus |x| = 507, |x;|, where x= (x1, - - - , xn), while fE(C, Lip) 
in D means that f is continuous in the pair (f, x) in D and that there exists a 
constant k>O such that for every (é, x:) and (/, x2) in D, 


(1) | f(t, x1) — f(t, x2) | S k| a1 — 2x|. 


It is known (see [1], Chapter 1) that if fE(C, Lip), then any solution of (E) 
is a continuous function of its initial conditions. The standard proof uses suc- 
cessive approximations. Our purpose is to give a new proof, which is more direct 
and seems more natural. We note that similar methods have been used before 


to prove weaker theorems (cf. [2]). 


THEOREM 1. Let fE(C, Lip) in a domain D of the (n+1)-dimensional (t, x) 
space, and suppose that Y 1s a solution of (E) on some interval aStsSb. Define 
Us={(t, x) ED: a<t<b, |x—y(t)| <6}. Then for any e>0, there exists a 6>0 
such that for any (7, £)€ Us, there 1s a (unique) solution ¢ of (E), such that 

(i) (7) =&, 

(1) @ ts defined on all of aStSb, 

(iii) |Y@) -—d()| <e on aStSb. 

Proof. Let 6,>0 be such that U;,CD, let 0<eS6,, and choose 6 <ee—*@-®, 


Let (7, &) be any point in U; and let ¢ be that (local) solution of (E) for which 
o(7) =& Let ¥(7) = Then for 7SiSb, 


WO =E+ fi Hs, vs). 
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If 1 is divisible by 9, then as U, = 34, then » would have to be divisible by 17. 
So 3 does not occur in more than the first power in n. 

If n=0 (8), then as Ug=21, U,=0 (7) so 2 does not occur in 2 to more than 
the second power. 

Hence, if U, is to be a power of an integer, we see that m must be a divisor 
of 12. As Ue=8, Up=144 and U,= U.=1, the theorem follows. 


Reference 


1, L. E. Dickson, History of the Theory of Numbers, Vol. I, Divisibility and Primality, 
Chelsea, New York. 


CONTINUOUS DEPENDENCE OF SOLUTIONS OF ORDINARY 
DIFFERENTIAL EQUATIONS 


AARON STRAUSS, University of Wisconsin 
Consider the system of differential equations 
(E) x! = f(t, x), 


where x and f are real column z-vectors and # is a real scalar. We follow the 
notation of [1]. Thus |x| = 0%, |x;|, where x= (x1, - - - , Xa), while fE(C, Lip) 
in D means that f is continuous in the pair (, x) in D and that there exists a 
constant k>O such that for every (#, x:) and (¢, x2) in D, 


(1) | f(t, 01) — f(t, «2)| S Rl a — axel. 


It is known (see [1], Chapter 1) that if fE(C, Lip), then any solution of (E) 
is a continuous function of its initial conditions. The standard proof uses suc- 
cessive approximations. Our purpose is to give a new proof, which is more direct 
and seems more natural. We note that similar methods have been used before 
to prove weaker theorems (cf. [2]). 


THEOREM 1. Let fE(C, Lip) in a domain D of the (n+1)-dimensional (t, x) 
space, and suppose that Y 1s a solution of (E) on some interval aStSb. Define 
Us= {(t, x)ED:a<t<b, |x—y(t)| <6}. Then for any e>0, there exists a 6>0 
such that for any (7, &)€ Us, there is a (unique) solution @ of (E), such that 

(i) $(7) =6, 

(ii) @ ts defined on all of aStSb, 

(iii) |Y¢)-6()| <e on aStSb. 

Proof. Let 6;>0 be such that U3,CD, let 0<eS 61, and choose 6 <ee—*@-), 


Let (7, &) be any point in U; and let ¢ be that (local) solution of (E) for which 
o(7) =& Let ¥(7) =é Then for 7SiSb, 


WO =E+ fi Hs, vs). 
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Also for as long as (¢, @(t)) remains in D, 


oi) = e+ f f(s, (s))ds. 
Therefore 


|v - 901 s [8-1 +f 146, ¥) - 60) | as 


si+f k| ¥(s) — o(s) | ds. 


Using Gronwall’s inequality (see [1], Chapter 1, problem 1) 
ly) — o()| S bekO™) < ¢. 


Thus (é, #(é)) cannot leave D, and ¢ can be continued to 7Sisb, where | we) 
—(t)| <e. A similar argument gives the same result for aStSr, proving 
Theorem 1. 

The following corollary of Theorem 1 gives the desired continuity result. 


CoroLuaRy. Let f and D be as in Theorem 1. Let (70, &)ED and let 
W=wW(t, To, £0) be that solution of (E) on some interval a St Sb for which W(ro, To, &o) 
=£). Then for any to [a, b|, ts continuous at (to, To, £0). 


Proof. Fix any to€ [a, b]. Let 61, «, and 6 be as in the proof of Theorem 1. 
Then there exists a 62>0 such that we’, To, £0) —W(t”’, To, Eo) | <6/4 whenever 
|e —2""| <6., uniformly for #’, #’’€[a, b]. Choose 7 = min(&, 6/4). Let (4, 71, £1) 
be any point such that #,€ |a, b], (71, &:)ED, and 

| to — f1| + | r> — 71 + | fo — &1| < 7. 
Let 6=(E, 71, £1) be that solution of (E) for which $(7, 71, £1) =&. We shall show 
[W(to, To, £0) —P(ti, 71, £,) | <e. Now 
| &: — Wri, 70, £0) | S | & — Go| + | Eo — (ri, 70, £0) | 

S | £1 — to] + | W(ro, 70, fo) — HC, 70, £0) | 

< 8/4 + 8/4 = 6/2. 
Thus (71, £:)€ Us;2 so that by Theorem 1, we actually have 

| v(t, T0) Eo) _ p(t, Tl) £1) | < e/2 for a < L < b. 


Finally 

| H(to, tT) £0) — (tr, 71, £1) | 
| WXto, 70, £0) — W(tr, To, £0) | + | W(ts, 70, £0) — (ta, 71, 1) | 
e/2 + 6/4 <.e, 


completing the proof. 


WA HA 
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ANOTHER PROOF OF WEDDERBURN’S THEOREM 
T. J. Kaczynsxi, Evergreen Park, Illinois 


In 1905 Wedderburn proved that every finite skew field is commutative. At 
least seven proofs of this theorem (not counting the present one) are known. 
See [1], [2], [5] (Part Two, p. 206 and Exercise 4 on p. 219), [6] (two proofs), 
and [7]. Unlike these proofs, the proof to be given here is group-theoretic, in 
the sense that the only non-group-theoretic concepts employed are of an ele- 
mentary nature. 


LemMA. Let q be a prime. Then the congruence t?+-r?= —1 (mod q) has a solu- 
tion t, r with t40 (mod q). 


Proof. If —1 is a quadratic residue, take r=0 and choose ¢ appropriately. 
Assume —1 is a nonresidue. Then any nonresidue can be written in the form 
—s* (mod gq) with 50. If ##?++7r? is ever a nonresidue for some #, 7, set f2-+72 
= —s*, and we have (fs—!)?+-(rs—')?= —1. (Throughout this note, «-! denotes 
that integer for which xx—1=1 (mod q).) On the other hand, if #2-+7? is always a 
residue, then the sum of any two residues is a residue, so —1=g—1=1+1+.-.. 
+1 is a residue, contradicting our assumption. 


Proof of the theorem. Let F be our finite skew field, F* its multiplicative 
group. Let S be any Sylow subgroup of F*, of order, say, $2. Choose an element 
g of order # in the center of S. If some ACS generates a subgroup of order p 
different from that generated by g, then g and h generate a commutative field 
containing more than roots of the equation x?=1, an impossibility. Thus S 
contains only one subgroup of order p and hence is either a cyclic or a general- 
ized quaternion group ([3] p. 189). 

If S is a generalized quaternion group, then S contains a quaternion sub- 
group generated by two elements a and 3, both of order 4, where ba = ab. Now a? 
generates a commutative field in which the only roots of the equation x? =1 or 
(e-+1)(«—1)=0 are +1, so since (a?)?=1, we have 


(1) a= — i, 
Hence a~!=a?= —a, so 


(2) ba = — ab. 
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Similarly, 
(3) 62 = — 1. 


Taking g=characteristic of F (¢-1=0), choose ¢ and 7 as specified in the 
lemma. Using relations (1), (2), (3), we have 


¢tratd(PF+titvia+ i) =rVW+r+)et+teY+r7+ ibd =o0. 


One of the factors on the left must be 0, so for some numbers u, v, w, 440 (mod q), 
we have w+va+ub=0, or D= —u—va —u—w. So 6 commutes with a, a contra- 
diction. We conclude that S is not a generalized quaternion group, so S is cyclic. 

Thus every Sylow subgroup of F* is cyclic, and F* is solvable ([4], pp. 181- 
182). Let Z be the center of F* and assume Z# F*, Then F*/Z is solvable, and 
its Sylow subgroups are cyclic. Let A/Z (with Z CA) be a minimal normal sub- 
group of F*/Z. A/Z is an elementary abelian group of order p* (p prime), so 
since the Sylow subgroups of F*/Z are cyclic, A/Z is cyclic. Any group which is 
cyclic modulo its center is abelian, so A is abelian. Let x be any element of 
F*, y any element of A. Since A is normal, xyx-1CA, and (1+x*)y=2(1+4) for 
some 2C A. An easy manipulation shows that y —2=2x —xy = (2—xyx7})x. 

If y-s=s—xyx-!=0, then y=2z=xyx~!, so x and y commute. Otherwise, 
x= (s—xyx-!)-'(y—2). But A is abelian, and 2, y, xyx71GA, so x commutes 
with y. Thus we have proven that A is contained in the center of F*, a contra- 
diction. 
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A NOTE ON PRODUCT SYSTEMS OF SETS OF NATURAL NUMBERS 
T. G. McLauca.in, University of California at Los Angeles 


In this note, we apply a slight twist to a trick exploited about twelve years 
ago by J. C. E. Dekker ([2]), our purpose being to expose a couple of elementary 
facts about nonempty, countable “product systems” of infinite sets of natural 
numbers which are, at the same time, “finite symmetric difference systems.” 
We proceed in terms of the following definitions. 


DEFINITION. By a product system of subsets of N (N the natural numbers), we 
mean a collection of subsets of N which contains, along with any two of tts members, 
their intersection. 
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Similarly, 
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Taking g=characteristic of F (q¢-1=0), choose # and r as specified in the 
lemma. Using relations (1), (2), (3), we have 
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Thus every Sylow subgroup of F* is cyclic, and F* is solvable ([4], pp. 181- 
182). Let Z be the center of F* and assume Z# F*, Then F*/Z is solvable, and 
its Sylow subgroups are cyclic. Let A/Z (with ZCA) be a minimal normal sub- 
group of F*/Z. A/Z is an elementary abelian group of order p* (p prime), so 
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A NOTE ON PRODUCT SYSTEMS OF SETS OF NATURAL NUMBERS 
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In this note, we apply a slight twist to a trick exploited about twelve years 
ago by J. C. E. Dekker ([2]), our purpose being to expose a couple of elementary 
facts about nonempty, countable “product systems” of infinite sets of natural 
numbers which are, at the same time, “finite symmetric difference systems.” 
We proceed in terms of the following definitions. 


DEFINITION. By a product system of subsets of N (N the natural numbers), we 
mean a collection of subsets of N which contains, along with any two of tts members, 
their intersection. 
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function, from N onto N, which is one-to-one. A recursive set of numbers is a sub- 
set A of N such that each of A, N—A is empty or is the range of a recursive func- 
tion. It is an elementary result that if A, 2 are two infinite, coinfinite recursive 
sets, there exists a recursive permutation mapping A onto 2. 


Coro.uaRy. Let C be as in the theorem, with the additional property that C 1s 
closed under recursive permutations. Suppose that there exists an infinite subset A 
of N which is not immune (1.e., A has an infinite recursive subset), which adheres to 
C,and which ts (modulo finite extensions) maximal with respect to adherence to C. 
Then C consists entirely of cofinite sets of numbers. 


Proof. Suppose that C contains a noncofinite set. Then, since A adheres to C, 
A is noncofinite. By the theorem, A itself belongs to C. By hypothesis, A has an 
infinite recursive subset 2. By a result cited in the paragraph preceding the state- 
ment of the corollary, there is a recursive permutation, g, such that g(2) =N—2, 
g(N—Z)=2. Since C is closed under recursive permutations, g(A)CC. Hence, 
A— (A) is finite. But, obviously, A—g(A) is infinite; and from this contradiction 
the corollary follows. 

Remark. Our proof of the corollary has points in common with the last half 
of the proof of Theorem 6.5 in [4]. 


This note was written while the author held a Cooperative Fellowship from the National 
Science Foundation. 
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CORRECTION 


In the note “On Simultaneous Hermitian Congruence Transformations of 
Matrices,” by K. N. Majindar, published in this MONTHLY, 70 (1963) page 844 


the matrix A should be 
1 O 1 O 
| | instead of | | 
0 —1 0 1 
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sets, there exists a recursive permutation mapping A onto 2. 


Coro.uary. Let C be as in the theorem, with the additional property that C 1s 
closed under recursive permutations. Suppose that there exists an infinite subset A 
of N which is not immune (1.e., A has an infinite recurswe subset), which adheres to 
C, and which is (modulo finite extensions) maximal with respect to adherence to C. 
Then C consists enttrely of cofinite sets of numbers. 


Proof. Suppose that C contains a noncofinite set. Then, since A adheres to C, 
A is noncofinite. By the theorem, A itself belongs to C. By hypothesis, A has an 
infinite recursive subset 2. By a result cited in the paragraph preceding the state- 
ment of the corollary, there is a recursive permutation, g, such that g(2) =N—2, 
g(N—Z)=2. Since C is closed under recursive permutations, g(A)CC. Hence, 
A— g(A) is finite. But, obviously, A—g(A) is infinite; and from this contradiction 
the corollary follows. 

Remark. Our proof of the corollary has points in common with the last half 
of the proof of Theorem 6.5 in [4]. 


This note was written while the author held a Cooperative Fellowship from the National 
Science Foundation. 
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TANGENTS AND DIFFERENTIALS 


Hucu A. Tuurston, University of British Columbia 


1. A recent paper [1] makes the point that the usual elementary definition 
of differential is inadequate. The paper [2] gives a valid elementary definition of 
tangent-line. The two concepts are related: given a valid definition of tangent 
to a plane curve, dx:dy can be defined as the direction-ratio of the tangent. 
This is a particularly good definition of differential for an elementary course; 
it is both easy to grasp and potentially rigorous (because the treatment of tan- 
gents can be made as rigorous as desired). 

The definitions are given in Section 2, and the familiar formulae for dx:dy 
in the explicit, parametric, and implicit cases follow as in Section 3. It turns out 
(Section 4) that the formula in the implicit case holds more generally than might 
be expected: it can be proved without using the implicit-function theorem (which 
requires continuous derivatives). 

In a sense, the three problems of defining tangent, defining differential, and 
differentiating a function-of-a-function are equivalent. We have indicated that 
the first two are mutually equivalent; and it is well known that, once differen- 
tials are defined, differentiation of a function-of-a-function is trivial. Conversely, 
if the theorem about differentiating a function-of-a-function is known, it could 
be made the basis of a definition of differential (not quite as general as ours—in 
fact, bearing the same relation to ours as parametric tangent bears to geometric 
tangent: for these terms see [2]). This we show in Section 5. 

Finally (Section 6) we point out that if we use two different forms of the 
same relation to calculate differentials, then the definition in this paper ensures 
automatically that we get the same result from each, whereas other definitions 
do not have this desirable property. 


2. DEFINITION 1. The line L through the point P of the point-set S 1s a tangent 
to Sat P if P is a limit-point of S and tf, given any cone with vertex P and axis L, 
the line PQ is inside the cone for every point Q of S near enough to P. 


It is clear that a given set has at most one tangent at a given point, and that 
all tangents to a plane set lie in the plane of the set. 


DEFINITION 2. Given a relation between two variables, say x and y, we let S be 
the set of points whose coordinates satisfy the relation. We define a binary function 
whose domain is a subset of S and whose values are ratios as follows: at any point 
at which S has a tangent, the value of the function 1s the direction-ratio of the tangent. 
The value of the function at (x, y) ts traditionally denoted by dx:dy; and dx and dy 
are called the differentials of x and y with respect to the given relation. 


A statement such as “The differentials of « and y with respect to the relation 
y=x" satisfy the equation dy=2x-dx” is traditionally stated as “If y=x?, then 
dy=2x-dx.” (Of course, dy=2x-dx means neither more nor less than dx:dy 
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=1:2x. Indeed, the only statements that can meaningfully be made about dx 
and dy are statements about their mutual ratio: the statements “dx=2” and 
“dx = (dy)?” mean nothing.) 


3. We have at once the following results. 


THEOREM 1. If F’(a) exists, then the value of dx:dy at [a, F(a)| with respect to 
the relation y= F(x) is 1: F’(a). 


THEOREM 2. If x=X(é), y= YQ), t€l traces a simple arc, if aC I, and if the 
ratio X'(a): Y’(a) exists: then the value of dx: dy at |X(a), Y(a)| with respect to the 
relation x= X(t), y= V(t), t€l, is X' (a): Y'(a). 


THEOREM 3. If the ratio fila, b):~2(a, b) exists and if ¥(a, b) =0 and if wp is 
differentiable at (a, b), then the value of dx:dy at (a, b) with respect to the relation 


v(x, y) =0 as 
(i) —¥2(a, b): ila, 8). 


(Here ¥1 and 2 are the two partial derivatives of W.) 
Proofs. Theorems 1 and 2 follow immediately from [2]. For Theorem 3, we 
note that, because y is differentiable at (a, dD), 


[ya + h, b+ k) ™ v(a, b) _ h-Wi(a, b) _ k-W2(a, b)|/(h? + he) i2 — 0 
as (h, k)—>(0, 0). Then if (a+h, b-+k) is on the graph of W(x, vy) =0, we have 
(h-£+ k-m)/(h? + k)1/2-+-0 as (h, k) > (0, 0), 


where f=y,(a, b) and m=y,(a, D). 
Now if wu is the inclination of the line joining (a, b) to (a+h, b+) we have 


cos u: sin u = hik; 
and if v is the inclination of a line with direction-ratio (i) we have 
cos v:sinv = — mie. 
Therefore 
| sin (w — 0) | = | tht m-k| /( + BYU (@ + m2)? 3 0 


as (h, k)—>(0, 0). It follows easily that the line through (a, 6) with direction-ratio 
(1) is the tangent there to the curve. 


4. Note. If, in Theorem 3, we were to assume continuity of ¥; and 2 in a 
neighbourhood of (a, b), instead of mere differentiability of y at (a, b), then the 
theorem would follow as an easy corollary to the implicit-function theorem. In 
this connection, it is interesting to notice that differentiability is not enough 
for the implicit-function theorem. 
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Specifically: if 
x— 3y—y?-siny! whenever y # 0 
$(*, ¥) = ‘ 


whenever y = 0 


then #(0, 0) =0, ¢2(0, 0) = — $0, ¢ is differentiable at (0, 0), but the equation 
(x, vy) =0 is not solvable for y at (0, 0). 

Theorem 3 as quoted above, then, is stronger than the version obtained 
from the implicit-function theorem. However, we cannot remove the differenti- 
ability proviso from Theorem 3 and rely only on the existence of the two partial 
derivatives (not both zero). Specifically: if 


(8x3 — y?)/(«? + y?) whenever (, vy) ¥ (0, 0) 
0 when (x, y) = (0, 0), 
then #(0, 0)=0, ¢:(0, 0) =8, @2(0, 0) = —1; but the line through (0, 0) with 


direction-ratio 1:8 is not the tangent there to the curve ¢(x, y) =0. (In fact, the 
tangent has direction-ratio 1:2.) 


(x, 9) = : 


5. Once we have a valid definition of differential, we have an immediate 
proof of the formula for differentiating a function of a function: if z=G| F(x) | 
we put F(x) =y, whence z=G(y). Then dz=G’(y)-dy and dy= F’(x)-dx, whence 


dz = G'|F(«)]-F’ (x) -dx. 


(At present, this proof seems to be confined to nonrigorous treatments such as 
[3], presumably because of the lack of rigorous definitions of tangent and 


differential.) 

Indeed, the function-of-a-function rule and the validity of the differential 
are, in a sense, equivalent. If the function-of-a-function rule were proved inde- 
pendently (as, indeed, in most treatments it is) then it could be made the 
basis of an alternative (slightly less general) definition of differential, as follows. 
We define dx: dy for a curve in parametric form x= X(t), y= Y(t). For the defini- 
tion to be valid, this ratio must be proved independent of the choice of parameter 
for the given curve. The crux of the proof turns out to be the function-of-a- 
function rule. The details are as follows. 


LEMMA. If a simple arc S has parametrizations 
«= X(t), y= YQ), ic! 
and 
x = A(d), y = Bt), teJ 
then there 1s a continuous function F with inverse G such that 


X(t) = A[F()], Y(t) = BlF()] whenever 1 & I, 
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and 
A(t) = x[GQ)], Bit) = Y[G@)| whenever t & J. 


Moreover, if A'|F(c)|]0, then F'(c) exists. 


Proof. All results, except possibly that expressed by the last sentence, are 
well known. To prove the last result, we let a= F(c) and define a function H by 


A(t) — A(a) 
H(t) = Ty whenever ¢€ J andt ¥ a 
—a 
H(a) = A’(a). 


Then lim;., H(t) =A’(a), and H is continuous. Also 


x) -—X© _ A[FO] — 4lFO!] 


t—C t—C 
FU) -— Fe 
= ale) whenever! J andi xc. 
—¢ 


Now 


lim H[F(t)| = lim H(t), because F is continuous 


t—-«c t~a 


A'(a), as already proved 
~ 0. 
Therefore, for every ¢ in some neighbourhood of c, H[F(t)]0, and so 
F(t) — F(c) _ X(t) — Xo} 1 
t—c¢ t—c¢ A[F(Q)| 


Therefore F’(c) exists (and equals X'(c)/A'(a)). 


Note. If Cis an end-point, then the various limits, neighbourhoods, etc., are 
one-sided, but the proof is otherwise unaltered. 


THEOREM. If the simple arc S has the parametrizations cited in the lemma, if a 
point has parameters c and d respectively, and tf the ratios X'(c): Y’(c) and A’(d): 
B'(d) exist, then they are equal. 


Proof. The functions F and G of the lemma exist, and clearly F(c) =d. Hence, 
if A’(d) 40, then F’(c) exists. Then X’(c) =A'(d)-F’(c) and Y'(c) =B'(d)- F’(c). 
Then F’(c)+0 (for otherwise X’(c) and Y’(c) would both be zero and so 
their ratio would fail to exist) and so 
X'(c): V'(c) = A’(d): B’(d). 
If, however, A’(d) =0, then B'(d) #0 and a similar proof holds. 
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6. Sometimes a relation can appear in various different forms. For example, 
the relations 


Gi) y=x2/8) ii) x= 3/2 (iii) x= 8, y=t? (iv) x? -y? =0, 


are the same: every (x, y) belonging to any of them belongs to all of them. 

From our definition, it follows that the differential-ratio with respect to a 
given relation does not depend on the form in which the relation is expressed. 
The traditional definition does not have this property; it can be checked in any 
particular case, but there is no general theorem. (The existence of a vague feel- 
ing that something of this kind is needed is shown by the inclusion in many 
texts of a “consistency theorem” to the effect that if dy is calculated in terms of 
dx from the relations y= F(#), t=G(x), and also from the relation y= F[G(x) ], 
then the results are the same. This covers only very special cases, and does not 
suffice to show consistency for any pair of the equations above. It would, how- 
ever, show consistency for y=2?, £=x!/8 and (i).) 

To turn for a moment to physics: Boyle’s law can be written P-V=k or 
P=k/V or V=k/P, and a physicist would unhesitatingly use any of these 
forms to obtain the (isothermal) differentials dP and dV, and expect (without 
need for checking) that they would give the same result. The physicist would be 
right, and any treatment of differentials which does not yield this property is 
inadequate for applications. 

Here, then, is a point in which the present definition is superior not only 
to the traditional definition but to the definition in [1]. 
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THE DENSITY OF PYTHAGOREAN RATIONALS 
L. H. LANGE AND D. E. THoro, San Jose State College 


If a, b, c are positive integers which satisfy a?+b?=c?, we call the number 
a/b a Pythagorean rational. We give here two proofs of the following 


THEOREM. The set of all Pythagorean rationals is dense in the set of all nonnega- 
tive real numbers. 


We use the fact that if x and y are positive integers, then 
(x? — y?)? + (2ay)? = (2? + y’)?, 


and hence, with x>y, (x?—-y?)/2xy is a Pythagorean rational. 

Proof 1. Let a, 8 be any prescribed real numbers which satisfy O0Sa<B<o. 
We seek positive integers x and y, x>y, such that a<(x?—y?)/2xy <B. Letting 
t=x/y, this is equivalent to the search for a rational ¢ which satisfies 
a<i(t—t-'!) <6. If we let g(t) =4(¢—17) for all positive t, we have g(1)=0, 
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n, = the smallest integer in A, 


Ne41 = the smallest integer in A such that mg41 > mz, and 


On, S Onyiy; kR=1,2,--:. 


If B is infinite, we construct a monotone nonincreasing subsequence in an 
analogous way. 

In the event that both A and B are finite, there exist for each 1CC integers 
j, REC, j>1, k>+1, such that a;<a; and a;>a,. By employing the previous 
constructions, we can obtain both a monotone increasing subsequence and a 
monotone decreasing subsequence. 
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THE MATHEMATICAL TRIPOS AND MATHEMATICAL EDUCATION IN GREAT BRITAIN 
DANIEL PEDOE, Purdue University 


I must begin by explaining that the term Tripos is the name given to the 
mathematical and other honours examinations held every year in the University 
of Cambridge. The Mathematical Tripos was the first Honours examination in- 
stituted by that University. This was in the 18th century. The term Tripos 
originated in the three-legged stool, or tripod, which candidates sat on when they 
had to prove their merit by disputation, or wrangling, before the advent of writ- 
ten examinations. The term Wrangler is still preserved for those who obtain 
honours in the Mathematical Tripos. Although examinations in other subjects 
are also called Triposes, nobody but a mathematician is ever called a wrangler. 
This makes one wonder how the old examinations in mathematics were con- 
ducted! The term Senior Wrangler was reserved for the candidate who came 
first in the Mathematical Tripos. Until 1910, when Wranglers were no longer 
listed in order, the title of Senior Wrangler was much coveted, and the list of 
Senior Wranglers includes many who subsequently did great work in mathe- 
matics, such as Stokes, Cayley and the astronomer John Couch Adams, if we 
restrict ourselves to the 19th century. Of course, many who subsequently be- 
came great did not attain to the Senior Wranglership, but came lower down the 
list. I need only mention James Clerk Maxwell, who was the second Wrangler 
in 1854. 
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A Senior Wrangler was assured of security, in some form or other, for the 
rest of his life. He could become a Fellow of his college, share in the revenues, 
and sit on the governing body, but since, in those days, this entailed taking 
Holy Orders, subscribing to the 39 Articles of the Church of England, and not 
getting married, a number of Senior Wranglers chose freedom, and left Cam- 
bridge for the outside world, becoming professors of mathematics elsewhere, or 
taking up the law, by which they earned a living, doing mathematics in their 
spare time, as Cayley did at first, or they became judges, actuaries, and so on. 
The competition for the Senior Wranglership was fierce, of course, and candi- 
dates were coached by dons who spent all their lives in making up questions for 
the Tripos, and in coaching for the Tripos. With Newmarket Heath, famous 
for horse-racing, so near to Cambridge, there have always been gentlemen of the 
turf resident in Cambridge, and it was natural that they should lay bets on the 
candidates they favoured, so that the atmosphere of the competition was very 
like that of a horse-race. One can imagine the anxious listening outside the closed 
door of a favoured candidate to hear whether he was coughing just before the 
examination. Then as now, however, Cambridge was a gentlemanly place, and 
J have never heard of a candidate being doped just before the Tripos. 

The examination was in two parts. In the first part, which lasted four days, 
there were seven papers, each containing about ten questions on both pure and 
applied mathematics. I must emphasize at this point that students of mathe- 
matics in England have always had to study both pure and applied mathe- 
matics, which makes the situation very different from that existing in the 
States. What was both curious and significant about these seven papers, (the 
first four days, as it was called), was that no use could be made of the differential 
or integral calculus in solving the examination questions. (In the second set of 
papers, taken a week later, any methods could be used, and potential Senior 
Wranglers concentrated their efforts on this set.) The emphasis was on geometri- 
cal methods, as exhibited in mathematical treatises from the time of Archimedes 
to the time of Isaac Newton. I shall explain in a moment why I think this 
restriction was imposed, but in the meantime let me stress that every year 
for many years mathematicians at Cambridge spent a lot of their time inventing 
questions, some very difficult, which could be solved by geometrical methods, 
and that every year a large number of such questions was added to the stock- 
pile. 

If it is asked how a University examination could influence mathematics 
teaching in Britain, the answer is evident, once it is known that schools would 
train their best mathematical students to compete for entrance to the Univer- 
sity of Cambridge where entrance then, as now, was competitive. The entrance 
papers would contain many questions which were best practised if the books 
used at the school contained similar questions. There were such books, written 
by former Cambridge Wranglers. I shall talk about these books in a moment. 

Then, asnow, most potential mathematicians wished to study at Cambridge, 
the University of Isaac Newton. It was Newton who was inadvertently responsi- 
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ble for the first seven papers of the Mathematical Tripos being restricted to 
geometrical solutions. The importance of Newton, as we all know, lies in the 
fact that he initiated the present era of science with his publication, in 1686, of 
the Principia, the Mathematical Principles of Natural Philosophy and the Sys- 
tem of the World. In this amazing book, the motion of the planets was explained 
for the first time mathematically as a consequence of the universal law of 
gravitation, and many other natural phenomena are also investigated. The first 
thing which strikes one about Princtpia is that everything is done geometrically. 
Newton was the inventor (or discoverer, whichever you prefer) of the differen- 
tial and integral calculus, and it is evident that he first obtained many of the 
results in Principia by the use of the calculus. But he refers to these methods as 
being somewhat “harsh,” and therefore to be reckoned less geometrical, and he 
proves all his results by geometry. 

It was the style of Newton’s masterpiece which was responsible, I believe, 
for the emphasis on geometrical methods in the teaching of mathematics in 
Britain during the 18th and 19th centuries. I shall give a few examples of the 
methods used for solving problems in a moment, but to show how long the tradi- 
tion continued, let us look at the mathematical education of a great mathemati- 
cian, J. E. Littlewood, as described in his delightful book: A Mathematician’ s 
Miscellany. 

Littlewood was educated at St. Paul’s School, London. He sat for a Cam- 
bridge Scholarship in 1902, at the age of 17, and was Senior Wrangler at the age 
of 19. These are the books he used at school. I think they are worth listing: 

Algebra and Analytical Contcs, both by C. Smith; Trigonometry, Parts I and 
Il, Loney; Geometrical Conics, Macaulay; Statics and Dynamics, Loney (no 
calculus used); Differential Calculus, Edwards; Integral Calculus, Williamson; 
Hydrodynamics, Besant. 

These were the basic books used. In addition Littlewood read: 

Sequel to Euchd, Casey; Algebra, Vol. II, Chrystal; Conic Sections, Salmon; 
Trigonometry, Hobson; Theory of Equations, Burnside and Panton; Dynamics of 
a Particle and Rigid Bodies, Routh; Statics, including Theory of Attractions, 
Minchin. 

May I say that when I sat for a Cambridge Scholarship in 1930, I used 
exactly the same books which Littlewood used in 1902! These books were writ- 
ten by Cambridge, Oxford, or Dublin mathematicians, and, because of the 
remarkable exercises they contain, we shall not see their like again. Many have 
been preserved for the admiration of posterity in Chelsea or Dover reprints. 

In all these books, even those on the calculus, there is an emphasis on geo- 
metrical methods. I shall now give some examples of these methods. 

We cannot do better than to start with Newton’s first Proposition in Prin- 
cipia, where he proves, geometrically, using the theorem that triangles on the 
same base and between the same parallels have equal area, that if a particle 
moves under the action of a central force, towards a fixed point, its motion is 
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in a plane, and the area described by the radius vector from the point to the 
particle describes equal areas in equal times. Next, we consider motion under 
uniform gravity, parabolic motion. This can be done by solving the differential 
equations d2x/di?=0, d*y/di? = —g, but a more illuminating approach is to ob- 
serve that the speed of the particle at any point of the trajectory is that of a 
particle which falls to that point from the directrix of the trajectory. The way 
now lies open to constructions using the focus-directrix property of a parabola. 
It is easily and intuitively proved, for example, that if a particle be projected 
with minimum speed from a point P to pass through a point Q, the focus of the 
trajectory lies on the line PQ. We then obtain the beautiful properties of the 
enveloping parabola, much used in the old days in the design of fountains, and 
also of use in ballistics. Finally, the consideration of simple harmonic motion 
on a line is illuminated by the consideration that if a particle describes a circle 
with uniform angular velocity, the orthogonal projection onto any fixed diam- 
eter describes a simple harmonic motion. Difficult problems, normally involving 
boundary values for the solution of a second order linear differential equation, 
can be solved by the use of the circular motion. Naturally, by “difficult” I 
mean difficult for High School pupils, who have little calculus at the stage at 
which they may need to know about simple harmonic motion. 

Littlewood mentions that in his mathematical education at school the em- 
phasis was on a thorough training in geometrical methods in the first instance. 
Calculus was to be used when maturity set in. Most British schoolboys still have 
a fairly thorough training in geometry before going on to university. As a fair 
approximation to what a candidate for a Cambridge scholarship would need to 
know nowadays, we can mention the ordinary properties of the triangle, exclud- 
ing special points like the Brocard point; a fair knowledge of circle geometry, 
including coaxal circles and the theory of inversion; the theory of conic sections 
treated both by pure geometry and coordinate geometry; and some three- 
dimensional analytical geometry. Is this too much? It could be, if this knowledge 
is gained at the expense of other important subjects. Remember that the British 
schoolboy has to do applied mathematics, statics, dynamics and attractions, at 
school, and is therefore under a heavier burden than his trans-Atlantic cousin. 
But some progress has been made in mathematical teaching in Britain, and 
perhaps less geometry will be taught in the future, with more concentration on 
axiomatic mathematics. 

It is natural at this stage to enquire how much geometry the average Amer- 
ican student knows when he first goes to university, or even after a few years 
at university? I usually test my students at Purdue with one simple question. 
I draw a circle on the blackboard, with two chords PQ and P’Q’ of the circle 
intersecting at a point V, and ask whether anyone can state any theorem con- 
necting the segments VP, VP’, VO and VQ’. With one class of 27 students, I 
obtained 3 answers. All the three were Chinese, from Hong Kong, which is still 
under British influence! More recently, with a class of 40 students, all very 
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keen, there were no answers at all! I am told that some students are unable to 
learn elementary trigonometry because they have never been exposed to the 
properties of similar triangles while at school! 

There is a struggle going on in the United States between those who want 
to get rid of all ordinary geometry, and to replace it with “baby” topology, 
theory of functions, etc., and axiomatic mathematics in general, and those who 
have become alarmed at the lack of geometrical teaching (of the old sort) in 
the ordinary High School course. The change in the type of question set in the 
Putnam examinations, and discussed recently by Professors Mordell and Kelly, 
shows that the party of the first part is winning, so far. But then the question 
arises, what are they doing in Communist countries, because they take mathe- 
matics very seriously there. Are they giving up geometry in their High Schools? 

The recent competition for secondary school students from European com- 
munist countries, published in the MONTHLY of May, 1963, revealed to me, at 
any rate, that the students in these communist countries are being regaled on 
Mathematical Tripos examples with a strong geometrical content. Consider this 
example, which comes from Rumania: 

Given a plane £ and 3 noncollinear points A, B, C on the same side of £, 
the plane ABC not being parallel to E, the points A’, B’ and C” are arbitrary 
points in &. The points L, M and WN are the respective midpoints of AA’, BB’ 
and CC’, and S is the center of mass of the triangle LMN. Find the locus of S$ 
as A’, B’ and C’ move in the plane £ independently of each other. 

A bright British schoolboy would solve this problem by considering unit 
particles at the points A, B, C, A’, B’ and C’. The point S is the center of mass 
of these particles, and S is also the midpoint of the join of the center of mass 
of the particles at A, B, and C, and this is a fixed point, to the center of mass of 
the particles at A’, B’ and C’, and this is a point which varies in the plane E. The 
locus of S'is therefore a plane parallel to the plane E. 

When I suggested this solution to some eminent mathematical friends of 
mine, they looked dazed, as if something had hit them, so I gathered that this 
kind of geometrical reasoning is not common here. 

I have an open mind about the educational effects of the teaching of geom- 
etry. I should be sorry to see ordinary geometry disappear from the schools. One 
cannot, after all, pay too much attention to the following quotation from a 
Socratic dialogue on mathematics, in which one of the wranglers says: 

“Experience proves that anyone who has studied geometry is infinitely 
quicker of apprehension than one who has not.” 

This has not been proved to our satisfaction, perhaps, but it has not been 
disproved either. 


Shortened version of a talk given to the Indiana Section of the Association in October, 1963. 
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THE BASIS OF MATHEMATICAL MISEDUCATION IN THE INDIAN UNIVERSITIES 


P. Masant, Indiana University 


1. Curriculum, Instruction, Examination. Generally speaking, the mathe- 
matical training given in Indian universities today is an emasculation of what 
was offered by British schools and colleges three or four decades ago. 

For most students college begins at the age of 16 or 17 and lasts for four or 
five years culminating in a Bachelor’s or Master’s degree. During the first two 
years one learns college algebra, trigonometry, coordinate geometry and calculus. 
For the mathematics major the next two or three years are spent on learning 
more algebra, geometry and calculus, as well as the elements of differential 
equations, analysis, mechanics and lately modern algebra, along with an op- 
tional subject such as statistics, astronomy, electricity or complex variables. 
The postgraduate course is of one or two years duration after the M.A. or B.A. 
Till recently both the undergraduate and postgraduate svllabi included some 
obsolete subjects such as higher trigonometry. But they are now being revised. 
The unrevised syllabi are substandard in comparison to those prevailing in the 
West and in Japan. Some of the revised courses look impressive, but it remains 
to be seen how well they can be handled under Indian conditions. English re- 
mains the medium of instruction in the post-sophomore courses at least, despite 
attempts to replace it by one or other Indian language. 

In most courses the logical harmony of the subject is lost in the maze of 
technicalities. During my undergraduate studies at Bombay the only officially 
recommended books which portrayed any conceptual development were in 
analysis, notably Hardy’s Pure Mathematics. This book did not, however, enjoy 
as much popularity as some others on analysis, which were conceptually weak 
but more useful for examination purposes. A conceptual development, without 
rigour, was also discernible in the mechanics and electricity courses. But those 
in algebra, geometry, higher trigonometry, differential equations and hydro- 
statics consisted of unrelated results derived by more or less specious reasoning. 

Under the existing rules it is hard to design an examination in which uncriti- 
cal cramming does not pay off. There are regulations, for instance, which say 
that about 50% of the questions set in university examinations shall be op- 
tional, and that the exams shall follow the same general pattern from year to 
year. This situation together with the absence of a system of weekly assignments 
and periodic tests makes for a good deal of learning by rote. During interviews 
one finds that students with good examination grades are unable to answer 
simple questions. | have come across students with A’s in analysis who could 
not define a limit, and with A’s in astronomy who had no idea how the radius 
of the earth is found. As performance in the final degree examination is the sole 
criterion of academic achievement during a two or three year period, the bulk 
of the students are interested only in being coached for this examination. 

In this educational set-up the intellectually and creatively inclined students 
get a raw deal. The system allows. no short-cut or other amelioration to the 
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gifted, in dire contrast to the policy pursued at Harvard and other enlightened 
institutions. They are made to go through a grinding mill in which the cramming 
of barren technicalities and trivialities is emphasized, clear and imaginative 
thought is discounted, and intellectual initiative stifled. The deprivation is 
colossal. I could cite evidence for this as a college teacher in India for 9 years. 
But more eloquent testimony is provided by the tragedy of the great mathe- 
matician S. Ramanujan. Failing in his freshman exam in 1904 when he was 16, 
he became so depressed that he ran away. He wandered for a year or two, fell 
ill, returned to appear for the same examination in 1907 but failed again. (How 
he then went begging for a research stipend, became a clerk in the Madras 
Port Trust in 1912, wrote to Professor G. H. Hardy of Cambridge, etc., are nar- 
rated in [3, p. xiii].) Between 1907 and 1964 India has gone through many 
changes. We now have a Ramanujan Professorship in Mathematics and a post- 
age stamp in his honor. But collegiate rules are as rigid as ever in their insistence 
on a dreary and deadening routine, and a second Ramanujan could today meet 
with the fate of his predecessor. 

To excel in the Indian educational set-up one must be prepared to spout 
and belabour the spurious and the shoddy. One must be intelligent and per- 
severing but also uncritical and unconscientious, temporarily at least. Many 
Indian mathematics and science students excel in this manoeuvre. A few of 
strong character are able to withstand such acquiescence to unprincipled learn- 
ing, and once free from examination pressure are able to pursue scientific work. 
The others, more or less damaged, usually end up in the administrative, legal, 
or teaching professions. 


2. The background of miseducation. University education came to India in 
the middle of the 19th century. The advent culminated the efforts of a few 
unusually enlightened British civilians, who fought for a liberal policy towards 
India as early as 1830, thereby ushering in a phase of British rule that was to 
demarcate it from the earlier imperialisms. Indeed, the new universities soon 
produced a native crop of strong liberal thinkers and leaders. But, despite their 
auspicious origins, these institutions simply did not mature in the way they 
have in the West. One must understand why, in order to find out what holds 
back mathematical training today. There were, I feel, two major factors respon- 
sible for the stunted growth and premature decay of the universities: 

(1) The educational system was geared more to the production of an official- 
dom loyal to the British rulers than to the creation of an elite of practical-critical 
thinkers and men of action, or to the dissemination of knowledge among the 
masses. The system stressed the doctrinaire liberal arts at the expense of the 
crafts and technology, and discouraged originality, innovation and a question- 
ing attitude. It was based on an alien tongue understood by very few. Its major 
effect was the consolidation of an authoritarian bureaucracy with a disdain for 
manual work, and the creation of vested interests amongst the intelligentsia. 
It thus preserved the reactionary cleavage rooted in Indian tradition between 
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intellectual and worker. One could not expect from such a system a prototype 
of the emancipated American farmer, who could slaughter hogs by day and 
read Tom Paine at night. 

(2) The educational movement, unlike that in the West, was not backed by 
one towards industrialization and improved technology. On the contrary, it 
was launched in a period of economic impoverishment resulting from destruction 
of the handicraft economy. It left untouched 90% of the population, but its 
cost fell on their shoulders. It thus became part of a system of exploitation. No 
wonder that a national leader such as Gandhi rejected it entirely [1, p. 7]. 

With the advent of modern education several educational societies sprang 
up and started schools and colleges. Along with the religious missions they 
rendered yeoman service in spreading education over India. But with the ever 
mounting (and often misconceived) demand for more and more education, such 
societies began to spawn. Today there are an enormous number, most of which 
survive only by maintaining huge enrollments in their colleges and cutting down 
costs without regard for standards. The situation in their colleges today is com- 
parable to what prevailed in certain American schools some decades ago. The 
faculty is without tenure appointment, underpaid and overworked. Promotions 
and privileges are bestowed often on sectarian or other extraneous criteria. The 
administration is often high-handed; e.g., a society in Bombay serves a notice of 
dismissal on any faculty member who seeks an outside post! Research and 
scholarship are not encouraged, nor is there any real academic freedom. The 
enormous expansion has also led to a decline in the quality of the college teach- 
ers. To get out of this rut the colleges would need State subsidies far in excess 
of what an underdeveloped nation can afford. 

Most Indian universities are regional federations of colleges run either by 
such societies or by the State. The university lays down conditions for affilia- 
tion, sets entrance requirements, prescribes syllabi, conducts examinations and 
awards degrees, but leaves enrollment and undergraduate instruction to the 
colleges themselves. (Postgraduate instruction is undertaken by the university 
itself, often with the help of college teachers and in a few subjects with its own 
specially appointed staff.) Under the existing statutes, however, the Principals 
of affiliated colleges and some of their appointees are ex-officio members of im- 
portant university committees. Moreover, graduates of the university are eligi- 
ble to contest for such membership by election. The result is that most federal 
universities are controlled by vested interests—educators turned administrators, 
or politicians acting as educationists—and the real scholars and teachers have 
little say. Proposals to raise standards of admission, to enhance pay scales and 
to improve the quality of instruction meet with opposition. Opposition to syl- 
labus-reform also emanates from many teachers themselves. Apart from sheer 
inertia they fear the loss of university examinerships, which form an important 
source of income for many. 

India also has a few centralized universities, which though comprising sev- 
eral units, control instruction directly. Where the number of units is large the 
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situation is little better than in the federal universities. But in the new, single- 
unit universities it is sometimes possible to affect reform by concerted action. 
For instance, a relatively modern syllabus in mathematics was so introduced at 
Baroda University in 1953. For a description see [2]. 

Another deterrent to educational progress is the rapid vitiation of youthful 
idealism in India. Apart from devigorating climate, malnutrition, poverty and 
economic insecurity, there is the negative impact of social injustice, misconduct 
in public life and bad art. There is a good deal of student unrest, but it is unin- 
tellectual and manifests itself in ploy agitation over trifling issues. There is, as 
stated in Section 1, a small minority of intellectually motivated students, but 
theirs is a voice in the wilderness. 

Often my friends and I found it vivifying to contemplate an ideal State of 
Injustice governed by “Boyle’s Laws”: pw=constant. Here are two samples. 
Let p=pay and w=work (i.e. useful work); Boyle’s law asserts that your pay 
varies inversely as the amount of useful work you do. Next, let p=penalty and 
w= wage; the law states that the penalty you receive for the commtsston of a crime 
varies inversely aS your wage. 


3. Pseudo solution. During the revolutionary and Napoleonic regimes new 
life was infused into French education by the consolidation or founding of first- 
rate institutes related to the State services but independent of the universities, 
e.g. the Ecole Polytechnique and the Ecole Normale Supérieure. In India a 
similar development has occurred. The Central Government has either spon- 
sored or supported autonomous or semi-autonomous institutes such as the In- 
dian Statistical Institute, the Tata Institute of Fundamental Research, the 
Indian Institutes of Technology, the National Laboratories, etc. Most of these 
institutions perform some of the functions of American universities. For in- 
stance, mathematical research done at the Tata Institute may be submitted as 
theses to Bombay University for the Ph.D. degree. 

These institutes are well equipped, and many offer air-conditioned offices, 
open-shelf libraries, cafeterias and other trappings of modernity. But they 
differ widely in seriousness of purpose, strength of staff and quality of accom- 
plishment. Many, such as the Tata Institute, have fine cores of research work- 
ers. The housing of these workers is unsatisfactory, however. For many years 
the Tata Institute used the servant quarters of the old Royal Bombay Yacht 
Club for this purpose! But even this was better than the accommodation pro- 
vided by some of the other institutes. Another weakness lies in dissipative organ- 
ization and adherence to archaic procedures of recruitment. The imposition of 
arbitrary age restrictions and requirements of “previous experience” disqualify 
many of the best young people from attaining senior and responsible positions. 
These posts are filled by drawing on senior personnel from universities or gov- 
ernment or other institutions. The result is a bureaucratic structure in which 
ostentatious but small-thinking paper-shufflers at the top stifle the aspirations 
of dedicated, promising and occasionally spiky researchers in the lower echelons. 
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their stay here. The scheme could thus be made nearly self-supporting. We 
should select those who have given evidence of pedagogical initiative, e.g., 
conducted seminars or put out lecture-notes conveying sound ideas, and should 
shun those who have written potboilers or otherwise catered to miseducation. 
Appearance in the Graduate Record Examination may again be made obliga- 
tory. 

Lastly, let us remember that a strengthening of mathematical activity in 
this country will have a salutary effect, in the long run, throughout the world 
and particularly in the underdeveloped nations. The AMS, MAA, NSF and 
other foundations have contributed much to the movement for improved 
mathematical curricula, sound research and better teacher training. By re- 
dedicating ourselves to this movement we would also further the cause of 
Indian mathematics. 


This article is adapted from a lecture delivered at the 1963 Fall meeting of the Indiana Section 
of the MAA at Indianapolis. 
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COMMENTS ON CODDINGTON’S PAPER ON SCHOLASTIC APTITUDE TESTS 


Joun W. WILKrnson, Research and Development Ctr., Westinghouse Electric Corp., 
Pittsburgh, Pennsylvania and Vireoit L. ANDERSON, Purdue University 


1. In predicting college grade point average (GPA) from such sources as 
SAT (Math and verbal) and high school GPA, there are many sources of varia- 
tion which tend to obscure their effect. Some of the sources that contribute 
significantly to the variability that have been emphasized in previous studies 
come from the differences among sections, courses and instructors. If these 
sources are not to be included among the independent variables then perhaps 
one should consider other criteria of success, such as rank within sections, so 
that the variable would be kept so narrow that the extraneous independent 
variables do not cover up the effects of the independent variables of interest. 

The SAT is not likely to be a very good tool for the purpose that initially 
interested Professor Coddington in it, namely, the selection of candidates for 
undergraduate scholarships (see [1]). The SAT was not designed for this purpose 
and will not be powerful in discriminating among individuals scoring at the 
upper end of its scale, the region where most scholarship candidates will be 
located. Hence, unless it is not desired to discriminate among these individuals, 
the SAT scores will provide primarily concomitant information. Also, for the 
above-mentioned reason, it is not really surprising that, in examining the 77 
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scholarship students, the association between SAT and UCLA GPA was not 
very pronounced. 


2. If one retains grade point average of the freshman year as the criterion, 
how should one investigate the effect of SAT scores? One must remember that 
the R? (the square of the multiple correlation coefficient) will be quite small due 
to the reasons given above. It is very important to include all variables that are 
pertinent and possible, such as instructors, courses and rank in high school, 
besides the ones given in the Coddington study if the R? is to be reasonably 
high. 

Let us say we have all the pertinent independent variables and we wish to 
evaluate the effect of SAT scores on predicting success. The interest now is to 
show the amount of variation in the dependent variable (grade point average 
in the freshman class) caused by the SAT variable. To do this, one must find 
the R? for all variables and subtract from this the R? for all variables except the 
SAT variable of interest. This effect can be tested and, of even more importance, 
can be evaluated relative to the amount of explained variation for all variables. 
Hence, if the latter is small, as it usually is, the effect of SAT relative to all 
explained variation may, in fact, be large. 

In addition, most of the students know their SAT scores. If they believe 
these scores to be indicative of how they are likely to perform in various subject- 
matter areas, then these scores will tend to influence their selection of courses in 
college. It is conceivable (even likely) that students having a low SAT (Math) 
score will avoid mathematics in college to take courses for which they have 
greater “aptitude” with the probable result of raising their college GPA. Such 
behavior will tend to obscure any relationship between SAT (Math) and college 
GPA. This seems to be supported by the comparison of those freshman taking 
calculus with a general group. , 

Professor Coddington indicates that HS GPA contains practically all the 
information necessary in determining admission and that other measures add 
little of significance. His example on Junior College students (page 752), how- 
ever, shows the correlation of UCLA GPA with HS GPA when JC GPA’s are 
used also, is much lower than the corresponding correlation with SAT. 


3. Almost never does the regression coefficient in a multiple regression prob- 
lem mean anything when the independent variables are not orthogonal. To 
check the latter, examine the simple correlation matrix for all combinations of 
independent variables. If these simple correlations are even reasonably large, the 
partial regression coefficients are of little value, per se. They are good for predic- 
tion purposes as a group in the model chosen or evolved, but each regression co- 
efficient has relatively little value in explaining its role with the dependent 
variable. 

In addition to examining the relative change in R? in the absence and pres- 
ence of the SAT variable, it would also be desirable to examine the residuals. 
This might help evolve a more valuable prediction model. Also the examination 
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mission on the Teaching of Science, of which he is president). The symposium discussed “The Coor- 
dination of the Teaching of Mathematics and the Teaching of Science” and was attended by about 
30 scientists from all fields and all parts of the world. 

In October-November he was visiting professor in the Department of Mathematics, Middle 
East Technical University, Ankara, Turkey. In December he held the Madras appointment. In 
February and early March he functioned as visiting lecturer to the University of Pakistan, being 
sponsored by the International Mathematical Union and the Pakistan Academy of Sciences. He 
gave a general lecture also to the Pakistan Science Congress in Lyallpur in March. 


News Release from the University of Chicago 


COLLEGE ATTENDANCE BY MU ALPHA THETA MEMBERS 


In January 600 questionnaires were mailed to all fifty states in a spot-check 
of 1963 graduates who were members of Mu ALPHA THETA. These students 
maintained a B average in high school and showed high ability in mathematics. 

The national office of Mu ALPHA THETA reports that the 528 replies received 
show that all but 4 are now enrolled in some college or university. Most students 
replied that they were enjoying college; only 6 said they were not particularly 
enjoying their college work. The 4 students who were not in college and had no 
plans to enter college were all girls. One is married; the other three are employed. 


PROBLEMS AND SOLUTIONS 
EDITED BY E. P. STARKE, Bloomfield College 


COLLABORATING EpiTors: J. BARLAZ, Rutgers—The State University; A. E. Lrvincston, 
University of Alberta; L. Cartitz, Duke University; H. S. M. CoxETeEr, University of 
Toronto; H. Eves, University of Maine; and A. WiLansxy, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department 
should be sent to E. P. Starke, Bloomfield College, Bloomfield, N. J. Proposers of problems 
are urged to enclose any solutions or information that will assist the editors. Ordinarily, 
problems in well-known textbooks and results in generally accessible sources are not appropri- 
ate for this Department. No solution (other than proposers’) should be sent to Professor Starke. 


ELEMENTARY PROBLEMS 


All solutions of Elementary Problems should be sent to A. E. Livingston, Dept. of Math., Uni- 
versity of Alberta, Edmonton, Alberta, Canada. To facilitate their consideration, solutions for 
Elementary Problems in this issue should be submitted on separate, signed sheets and should 
be matled before September 30, 1964. 


E 1701. Proposed by R. F. Jackson, University of Toledo 


Prove that for any three points on a parabola with vertical axis, 


mM, = My + M3 — M23, 
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E1710. Proposed by D. I. A. Cohen, Princeton University, and Ralph Green- 
berg, Unwersity of Pennsylvania 


If a and 0 are relatively prime integers, prove that there are infinitely many 
perfect powers of the form an-++b. 


SOLUTIONS OF ELEMENTARY PROBLEMS 
An Adieu to 1963 


E 1621 [1963, 890]. Proposed by Arthur Engel, Stuttgart, Germany 


What is the smallest value of a for which 82"-+a@69* is divisible by 1963 for 
all odd positive integers 2? 


I. Solution by R. J. Herberi, D. T. Kexel, and P. J. Welsh, John Carroll Uni- 
versity. Note that 1963 =(151)(13). Since 82"+69"=0 mod 151 and 82"—69" 
=(0 mod 13 for all odd ”, we must have a=1 mod 151 and a=—1 mod 13. The 
smallest positive value for a is 454. 


Il. Solution by Nyles Barnert, Arcon Corporation, Lexington, Mass. We em- 
ploy the lemma: If «?—-y? divides x-+ay, then it divides x®"+1-+-ay?"t! for all n. 
For the given problem, we set x= 82, y=69, then x?—y?=1963. We need only 
find the smallest a such that 1963 divides 82-+69a. This yields a=454 as the 


solution. 


Also solved by GyAarfés Andrds, Joseph Arkin, J. W. Baldwin, Merrill Barnebey, Walter 
Bluger, Adelaide J. Brooks, Brother R. F. Schnepp, Sarvadaman Chowla, B. G. Clark, D. I. A. 
Cohen, M. J. Cohen, Hiiseyin Demir, C. L. Dotton, F. J. Duarte, Philip Franklin, Michael Fried, 
Anton Glaser, Michael Goldberg, Myron Goldstone, Jerry Goodman, Ralph Greenberg, S. H. 
Greene, Emil Grosswald, J. H. Halton, R. F. Jackson, J. E. Jean, Jr., Erwin Just and Norman 
Schaumberger (jointly), Frank Kocher, Sidney Kravitz, A. I. Lieberman, N. F. Lindquist, J. J. 
Malone, Jr., D. C. B. Marsh, Michael Merritt, P. N. Muller, K. A. K. Murthy, Walter Penney, 
Stanton Philipp, M. Raghavachari, T. S. Ravisankar, Robert Spitz, J. K. Stewart, G. C. Thomp- 
son, A. M. Vaidya, Simon Vatriquant, Gary Venter, W. C. Waterhouse, Charles Wexler, Oswald 
Wyler, Aleksandras Zujus, and the proposer. 

Barnert and Venter showed that if nonintegral a are permitted, then a= 1881/69; Lieberman, 
Merritt, and Muller showed that if 2 is even, then a= 1962. To anticipate similar problems for the 
next two years, Franklin pointed out that 248"+-(492)243" is divisible by 1964 for all odd 2, 
and 73"-+-(1049)58" is divisible by 1965 for all odd . 


Convergence of Two Series 


E 1622 [1963, 890]. Proposed by Michael Gemignani, University of Notre 
Dame 


Determine for what values of x the following series converge: 
(1) >> (sin 1/n)2, (2) > (1 — cos 1/n)*. 
n=1 n=1 


Solution by Stanton Philipp, Seal Beach, Calif. One can see from the Taylor 
series of sin 1/m and (1—cos 1/7) in powers of 1/n that 1/22 <sin 1/n<1/n and 
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1/4n?<1—cos 1/n<1/2n*%. It follows immediately that (1) converges for 
Re(x)>1 and (2) converges for Re(x)>1/2. 


Also solved by E. R. Barnes, H. L. Chow, D. I. A. Cohen, M. J. Cohen, Frank Dapkus, J. A. 
Faucher, Michael Fried, Ralph Greenberg, Cornelius Groenewoud, Emil Grosswald, Eldon 
Hansen, H. E. Heatherly, Erwin Just and Norman Schaumberger (jointly), Joel Kugelmass, 
E. S. Langford, R. D. Leitch, A. I. Lieberman, E. L. Magnuson, D. C. B. Marsh, Morris Mordu- 
chow, C. B. A. Peck, L. J. Pratte, George Purdy, Perry Scheinok, C. P. Seguin, D. L. Silverman, 
R. A. Smith and A. M. Vaidya (jointly), O. E. Stanaitis, Rory Thompson, Andy Vince, Charles 
Wexler, Raymond Whitney, and Oswald Wyler. Solved partially by Merrill Barnebey, Michael 
Goldberg, D. E. Myers, W. C. Waterhouse, and the proposer. 


The Richness of Mathematical Attack 


E 1623 [1963, 891]. Proposed by R. C. Thompson, University of British 
Columbia 


Let f(x) be a monic polynomial of degree ” with distinct zeros %1, %2, °° * , Xp. 
Let g(x) be any monic polynomial of degree n—1. Show that 


D e(ud/s'(e) = 1. 


I. Solution by F. R. Olson, State University of New York at Buffalo. Let 
file) = J] (@ — x) = f(x)/(m — x). 


tf 


Then f’(x;) =f;(«;). In terms of Lagrange’s interpolation formula 
g(x) = Dy g(a,)fi(x)/fil). 
j=l 


Division of the (#—1)-th derivative of each side by (1—1)! yields the desired 
result. 


II. Solution by W. C. Waterhouse, Harvard University. Expanding in partial 
fractions we have 


eoifte) =X Leten/f de = a) 


Now multiply by x and let xo. 


III. Solution by A. E. Danese, State University of New York at Buffalo. Let 
r(z) =g(z)/f(z). Then z=, %2,-- +, %, are the only singular points of 7 and 
they are simple poles. Hence the sum of the residues of 7 at these poles is 


A= Di eea/p') 


The residue of 7 at z= © equals the residue of —7r(1/z)/z? at g=0, which is 
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readily determined as —1. Since the sum of the residues at all the singular 
points and at the point of infinity is zero, we have that A = 1. 


Also solved by Martin Billik and Eldon Hansen (jointly), J. L. Brown, Jr., Leonard Carlitz, 
A. J. Chandy, D. I. A. Cohen, M. J. Cohen and Nicholas Derzko (jointly), J. B. Deeds, Hiiseyin 
Demir, Michael Fried, Myron Goldstein, S. H. Greene, W. J. Hartman, J. C. Hickman, V. E. 
Hoggatt, Jr., R. A. Jacobson, Erwin Just and Norman Schaumberger (jointly), A. M. Kriegsman, 
D. C. B. Marsh, Jim Morrow, M. G. Murdeshwar, C. B. A. Peck, Stanton Philipp, Henry Ricardo, 
S. M. Robinson, Perry Scheinok, C. P. Seguin, R. F. Shanny, O. E. Stanaitis, E. C. Stopher, 
V. Vitek, J. E. Wilkins, Jr., A. B. Wilcox, K. S. Williams, Oswald Wyler, David Zeitlin, and the 
proposer. 

This problem was solved by many ingenious attacks. For example, in addition to the above 
(which were the most commonly employed methods): Hartman, Hickman, and Robinson em- 
ployed the formula for the (x—1)-st divided difference for an arbitrary polynomial of degree 
k<n—1; Murdeshwar used a result in the theory of equations given as Problem 4, p. 172 of vol. 
1 of Burnside and Panton, The Theory of Equations (5th ed.); Fried, Goldstein, Scheinok, and 
Wyler used some theory of Vandermonde determinants; Demir employed two geometrical rela- 
tions of Chasles and Euler involving m distinct fixed points and one arbitrary point of a line. 


A Correct and an Incorrect Inequality 
E 1624 [1963, 891]. Proposed by C. M. Frye, San Mateo, California 


Prove, for all integers n>2, that (2n—1)"+(2n)"<(2n+1)" and that 
(2n)"+(2n+1)"> (2n-+2)”. 


Solution by Erwin Just and Norman Schaumberger, Bronx Community College. 
The first inequality is equivalent to (2+1/n)*—(2—1/n)"> 2”, which is readily 
verified for »>2 by expanding the left side of the inequality. The second 
assertion is false; for lim,.. [(1-+1/m)"—(1+1/2n)"|=e—~/e>1, and it fol- 
lows that, for # sufficiently large, (1+1/2)"—(1+1/2n)*>1. Multiplying both 
sides of the latter inequality by (2”)" we obtain (2%-+2)"—(2n+1)">(2n)*, 
which contradicts the second inequality. 

Also solved by A. N. Aheart, Joseph Arkin, J. W. Baldwin, Adelaide J. Brooks, Leonard 
Carlitz, Allan Chuck, B. G. Clark, M. J. Cohen, Hiiseyin Demir, G. C. Dodds, J. A. Faucher, C. E. 
Franti, Michael Fried, Myron Goldstein, R. B. Grayless, S$. H. Greene, Emil Grosswald, J. R. 
Hanna, Eldon Hansen, Mark Hayamizu, Stephen Hoffman, R. F. Jackson, A. M. Kriegsman, 
N. F. Lindquist, D. C. B. Marsh and W. H. Laubach (jointly), Stanton Philipp, Arthur Porges, 
George Purdy, Marlow Sholander, O. E. Stanaitis, G. C. Thompson, Simon Vatriquant, Charles 
Wexler, Aleksandras Zujus, and the proposer. A number of these solutions were only partially 
correct. 


It can be shown that the second inequality is true if 12315, but is false if m 216. In con- 
nection with the first inequality, Sholander established the more general result: “Given integer 
n>2 and real numbers x, y, 2 such that 0<xSy—1S2-—2, then x"+y"22" implies x >2n—1, 
y>2n, 2>2n+1.” Hansen showed that the second inequality should be replaced by (2”-+2)* 
—(2n)"<2(2n+1)" sinh (1/2). 


An Application of the Arithmetic-Geometric Inequality 


E 1625 [1963, 891]. Proposed by J. L. Brown, Jr., Pennsylvania State Uni- 
versity 


Let 2 be a positive integer, o(m) the sum of the positive divisors of », and 
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t(n) the number of these positive divisors. Show that o(m)/t(n) 2-/n. 


Solution by E. L. Magnuson, HRB-Singer, Inc., State College, Pa. Consider 
the divisors in pairs x, y, where xy=n. For each pair, («+y)/22-/xy= Jn. 
Summing corresponding sides of this inequality over all pairs gives o(n)/2 
> [t(n)/2|Vn, or o(n)/t(n) = Vn. 

Also solved by A. N. Aheart, Jeanne A. Baird, J. W. Baldwin, E. R. Barnes, William Becker, 
D. A. Breault, Leonard Carlitz, Allan Chuck, B. G. Clark, D. I. A. Cohen, D. M. Cohen, Martin 
Cohen, D. M. Danvers, J. B. Deeds, Hiiseyin Demir, Michael Fried, Anton Glaser, David Golber, 
Jerry Goodman, Ralph Greenberg, Cornelius Groenewoud, Emil Grosswald, R. F. Jackson, 
Erwin Just and Norman Schaumberger (jointly), J. C. Lazzara, A. E. Livingston and M. G. 
Murdeshwar (jointly), C. R. MacCluer, Andrzej Makowski, D. C. B. Marsh, Robert Marsh, 
Michael Merritt, P. N. Muller, W. I. Nissen, Jr., J. H. Oppenheim, Stanton Philipp, M. Perisastri, 
A. M. Vaidya, Andy Vince, W. C. Waterhouse, Charles Wexler, Raymond Whitney, K. S. Williams, 
K. L. Yocom, and the proposer. 


An Extension of the Steiner-Lehmus Theorem 


E 1626 [1963, 891]. Proposed by Cornelius Mack, Bradford Institute of Tech- 
nology, Bradford, England 


Given that X, Y are points on the sides BC, AC of a triangle A BC such that 
xXAB: XCAB=X VBA: X.CBA=h:1, where 0<A<1, show that 

(a) AX>BY implies AC>BC, and conversely, 

(b) CY>CX implies AC> BC, and conversely, 

(c) AY>BX implies AC>BC, and conversely, provided that 0<A3S0.5, 
but that there exist triangles for which this is not true if 0.5<A <1. 


Solution by the proposer. (a) Now x AXC=B-+)A, X.BYC=A-+AB. Hence 
AX sin (B+\A)=AC sin C. Similarly, BY sin (A+B) =CB sin C. Hence 


AX/BY = sin Bsin (A + B)/sin A sin (B + dA). 
Consider 
a = 2sin Bsin(A + AB) — 2sin A sin(B+ AA). 
If we set 1—A=uy, then . 
a = cos (uB — A) —cos(A + B+)B) — cos (B — pA) + cos (A + B+AA). 
Collecting the first and third, and the second and fourth terms we get 
(1) a = 2 sin \d sin (2 — A)@ + 2 sin NO sin (2 + A)d, 


where 20=B—A, 26=B-+A. If B>A, then, since 0<B+A <a and 0<A<1, 
we have 0<\O<Ad <7/2; (2—AJO<B—A <>. If, further, 


(2+ A)d = (1 +:A/2)(B + A) <7, 


every term in (1) is positive, and therefore so is a. If (1+A/2)(B+A)>7, 
nevertheless (1+A/2)(B+A)—a7<)Ad. Hence —sin(2+A)¢<sin Ad. But 
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i(n) the number of these positive divisors. Show that o(m)/t(n) 2/n. 


Solution by E. L. Magnuson, HRB-Singer, Inc., State College, Pa. Consider 
the divisors in pairs x, y, where xy=m. For each pair, (x+y)/22-V/xy= Jn. 
Summing corresponding sides of this inequality over all pairs gives o(m)/2 
> [t(n)/2|/n, or o(n)/t(n) = Vn. 

Also solved by A. N. Aheart, Jeanne A. Baird, J. W. Baldwin, E. R. Barnes, William Becker, 
D. A. Breault, Leonard Carlitz, Allan Chuck, B. G. Clark, D. I. A. Cohen, D. M. Cohen, Martin 
Cohen, D. M. Danvers, J. B. Deeds, Hiiseyin Demir, Michael Fried, Anton Glaser, David Golber, 
Jerry Goodman, Ralph Greenberg, Cornelius Groenewoud, Emil Grosswald, R. F. Jackson, 
Erwin Just and Norman Schaumberger (jointly), J. C. Lazzara, A. E. Livingston and M. G. 
Murdeshwar (jointly), C. R. MacCluer, Andrzej Makowski, D. C. B. Marsh, Robert Marsh, 
Michael Merritt, P. N. Muller, W. I. Nissen, Jr., J. H. Oppenheim, Stanton Philipp, M. Perisastri, 
A. M. Vaidya, Andy Vince, W. C. Waterhouse, Charles Wexler, Raymond Whitney, K. S. Williams, 
K. L. Yocom, and the proposer. 


An Extension of the Steiner-Lehmus Theorem 


E 1626 [1963, 891]. Proposed by Cornelius Mack, Bradford Institute of Tech- 
nology, Bradford, England 


Given that X, Y are points on the sides BC, AC of a triangle A BC such that 
x XAB: XCAB=xX.YBA: X.CBA=hX:1, where 0<A<1, show that 

(a) AX>BY implies AC>BC, and conversely, 

(b) CY>CX implies AC> BC, and conversely, 

(c) AY>BX implies AC>BC, and conversely, provided that 0<AS0.5, 
but that there exist triangles for which this is not true if 0.5<A<1. 


Solution by the proposer. (a) Now x AXC=B-+)A, XBYC=A-+AB. Hence 
AX sin (B+\A)=AC sin C. Similarly, BY sin (A+B) =CB sin C. Hence 


AX/BY = sin Bsin (A + dAB)/sin A sin (B + dA). 
Consider 
a = 2sin Bsin(A +)AB) — 2sin A sin(B+A4A). 
If we set 1—A=y, then . 
= cos (uB — A) — cos(A + B+ 2B) — cos (B — pA) + cos (A + B -+AA). 
Collecting the first and third, and the second and fourth terms we get 
(1) a = 2sin Ad sin (2 — A)O + 2 sin AO sin (2 + A)d, 


where 206=B—A, 26=B-+A. If B>A, then, since 0<B+A <a and 0<A<1, 
we have 0<\O<Ad <7/2; (2—AJO<B-—A <>. If, further, 


(2+ r)¢ = (1 + d/2)(B + A) <r, 


every term in (1) is positive, and therefore so is a. If (1+A/2)(B+4A)>7, 
nevertheless (1+/2)(B+A)—2<)od. Hence —sin(2-+-A)¢ <sin Ad. But 
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y/(2 cos ¢) >0, and therefore y>0. Hence CY>CX. If w>0.5, then, since 
2 sin wA sinuB = cos (p + 1)9 — cos (p + 1)¢, 
we see from above that 
y/cos @ = (2 sin? ¢ — sin? ) sin p? — 2 sin @ sin ¢ sin p¢@ + sin 0 
+ sin 6} cos p0 cos 8 — cos p¢ cos o} 
= 2(sin? @ — sin? @) sin p# + sin 6} cos (1 — p)@— cos(1 — p)¢} ; 
But 0<(1—p)9<(1—p)¢ <a/2. Hence every term in our expression for y/cos ¢@ 


is positive. Hence y>0, and therefore CY>CX; and so CY>CX implies AC 
> BC and conversely, while CY=CX implies AC= BC. 


Editorial Note. Simpler solutions to this problem, particularly to part (b), are invited. 
Square-Free Integers 
E 1627 [1963, 891]. Proposed by Ralph Greenberg, University of Pennsylvania 


Prove that every positive integer except 1 is the sum of two square-free inte- 
gers. 


Solution by Sarvadaman Chowla, R. A. Smith, and A. M. Vaidya, Pennsyl- 
vania State University. If for a real number x, Q(x) denotes the number of square- 
free positive integers less than or equal to x, then it is enough to show that 
O(x) > («+1)/2; for then, if x1, - - + , x, be the square-free positive integers Sz, 
consider the two sets 


Mi: {a1,---, xe}, Mo: {n—m,-++,n— x}. 


M, contains k distinct positive integers Sn and M;, contains & distinct non- 
negative integers strictly less than , that is, M2 contains at least k—1 distinct 
positive integers strictly less than n. Since 2k—1>n, we have an x;n and an 
x; such that x;=n—x,;. Then x is the sum of two square-free positive integers 
x; and x;. We shall show that Q(m) >(m+1)/2 for 12385. The assertion of the 
problem can be verified directly for all smaller values of x. 
It can easily be shown (see, e.g., Landau’s Primzahlen, p. 581) that 
Q(x) = Do u(n)[x/n*], 
NSVz£ 

where p() is the Mébius function and [u] denotes as usual the greatest integer 
<u. Therefore 


Ola) = x D wo) / - x XS uln)/nt-+ OS wln)(a/n? [=/n*))t 


N>V/2z NSV2 


(6/m2)a — Si + So}, say. 
Now it can be proved by elementary means that 


| Si] <i+-+/* and | S| < JK. 


1964] PROBLEMS AND SOLUTIONS 687 


Hence 
| O(a) ~ (6/n)a| <1 + 27. 
Now if «2385, then 
1+ 2/x S 7x/66 — 1/2. 


So finally, for » 2385, 
O(n) > (6/2 — 7/66)n + 1/2 > (20/33 — 7/66) + 1/2 = (nw + 1)/2. 


Also solved by GyAarfds Andr4s, J]. W. Baldwin, W. R. Becker, David Bienenfeld, M. J. Cohen, 
Frank Dapkus, George Diderrich, Michael Fried, S. H. Greene, Emil Grosswald, Ned Harrell, R. A. 
Jacobson, D. C. B. Marsh, Michael Merritt, Stanton Philipp, G. C. Thompson, Jack Winter, and 
the proposer. 

A number of these solutions were open to criticism. 


Vaidya called attention to T. Estermann’s paper, “On the representation of a number as the 
sum of two numbers not divisible by kth powers,” in the J. London Math. Soc., 6 (1931) 37-40. 
It may be of interest to know that Estermann has proved (zbid, 219-221) that every large number 
is the sum of a prime and a square-free integer. 


Some Triangle Inequalities Involving the Angle Bisectors 
E 1628 [1963, 891]. Proposed by Leonard Carlitz, Duke University 


Let ta, ty, tt denote the angle bisectors of a triangle, r the inradius, R the cir- 
cumradius, and s the semiperimeter. Show that 


(1) P+tht+iss, 
(2) tote + tela + tate S rs (4R +7), 
(3) lalote < rs’, 


In each case there is equality if and only if the triangle is equilateral. 


Solution by Stanton Philipp, Seal Beach, Caltf. It is easy to prove that 
ta= [2V/bc/(b-+c) ]V/s(s—a). Then taS/s(s—a), with equality if and only if 
b=c. Similar statements hold, of course, for & and f,.. Now the assertions to be 
proved follow immediately, since bc+ca+ab=s?+4rR+r?, 2s=a+b-+e, 
rs? = +/s53(s—a)(s—b)(s—c). 

Also solved by A. N. Aheart, W. J. Blundon, H. W. Guggenheimer, J. S. Leon, Franz Leuen- 
berger, Andrzej Makowski, D. C. B. Marsh, and the proposer. 


A Condition for a Semigroup to be an Abelian Group 
E 1629 [1963, 891]. Proposed by F. M. Sioson, University of Hawati 
Show that any associative system S satisfying the identity .’y=y= yx? is a 
commutative group. 


I. Solution by Roy Dubisch, University of Washington, and B. E. Rhoades, 
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Berkeley, Calif. The given identity implies x?=e and each x is its own inverse. 
(xy)2=e yields xy =y-1!x7!= yx. 


II. Solution by C. M. Geschke, John Carroll University. By a well-known 
theorem any associative system is a group with respect to a binary composition 
if it contains an identity from the right (7) and for every element y a right in- 
verse (y,) with respect to r. Now yx?=y—-x?=r and yy=y?=r—y=y,. Hence S 
is a group. Also, xx=r=x(yy)x = (xy) (yx) ~yx = (xy), But («y),=xy. Hence S$ 
is commutative. The proof shows that the hypothesis can be weakened by re- 
quiring only the identity yx?=y to be satisfied. 

Also solved by A. N. Aheart, Joseph Altinger, W. H. Bailey, K. F. Bailie, Nyles Barnert, 
Ralph Bennett, D. A. Breault, Brother T. C. Wesselkamper, R. J. Bumcrot, F. B. Cannonito, 
Leonard Carlitz, A. J. Chandy, D. I. A. Cohen, M. J. Cohen, R. J. Cormier, D. M. Danvers, 
J. B. Deeds, Htiseyin Demir, George Diderrich, Roy Feinman, M. S. Fineman, T. S. Frank, 
Michael Fried, J. A. Glasenapp and T. C. Upson (jointly), Anton Glaser, Jack Goebel, Michael 
Goldberg, Myron Goldstein, D. J. Hansen, Dunstan Hayden, H. E. Heatherly, Stephen Hoffman, 
J. E. Homer, Jr., W. D. Jackson, R. A. Jacobson, Erwin Just and Norman Schaumberger (jointly), 
P. L. Kingston, Max Klicker, Joel Kugelmass, J. Kuzmanovich, E. S. Langford, J. F. Leetch, 
Joel Levy and P. Meyers (jointly), Jiang Luh, R. J. Lundgren, C. R. MacCluer, J. J. Malone, Jr., 
D. C. B. Marsh, Stephen Montague, Jim Morrow, M. G. Murdeshwar, D. E. Myers, John Nichols, 
W. I. Nissen, Jr., C. B. A. Peck, M. Perisastri, Stanton Philipp, D. T. Price, George Purdy, T. S. 
Ravisankar, P. N. Rheinstein, James Riddell, Azriel Rosenfeld, Perry Scheinok, Marlow Sholander, 
D. L. Silverman, John Stout, Rory Thompson, A. M. Vaidya, W. C. Waterhouse, Ron Wilder, 
J. E. Wilkins, Jr., A. B. Wilcox, Oswald Wyler, K. L. Yocom, and the proposer. 


A Bounded Solution of a Differential Equation 
E 1630 [1963, 891]. Proposed by Reuben Hersh, Stanford University 
If the polynomial P(x) has no purely imaginary zeros, and if the function f 
satisfies | f (x) | <1 for all real x, then the ordinary differential equation P(D)u =f 
has exactly one solution u(x) which is bounded for all «, and that bound can be 
chosen as the product of the reciprocals of the real parts of the zeros of P. 


Solution by Oswald Wyler, University of New Mexico. Since no solution of 
P(D)u=0 is bounded for all real x, there is at most one bounded solution of 
P(D)u=f for bounded f. Denote it (if it exists) by P*f. If P=QR, then P*f 
= O*(R*f) = R*(O*f) if O* and R* are defined. Thus it is enough to produce 
P*f for P(x) =x—c. We put 


(P*f)(“) = J * 920) (1) dt, if Rec <0; 


—O 


(P*f)(x) = — | “eee-Of(t)dt, if Ree > 0. 


x 


One checks easily that | (P*f)(x)| $K/|Rec| for all real x if |f(x)| SK for all 
real x, and that D(P*f) —c(P*f) =f, if either Re c<0 or Rec>0. 


Also solved by the proposer. 
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Berkeley, Calif. The given identity implies «?=e and each x is its own inverse. 
(xy)?=e yields xy =y7!x71= yx. 


II. Solution by C. M. Geschke, John Carroll Unwersity. By a well-known 
theorem any associative system is a group with respect to a binary composition 
if it contains an identity from the right (7) and for every element y a right in- 
verse (y,) with respect to r. Now yx?*=y—-x? =r and yy=y?=r—-y=y,. Hence S 
is a group. Also, xx =r=x(yy)x = (xy) (yx) ~yx = (xy), But («y),=xy. Hence S$ 
is commutative. The proof shows that the hypothesis can be weakened by re- 
quiring only the identity yx?=y to be satisfied. 

Also solved by A. N. Aheart, Joseph Altinger, W. H. Bailey, K. F. Bailie, Nyles Barnert, 
Ralph Bennett, D. A. Breault, Brother T. C. Wesselkamper, R. J. Bumcrot, F. B. Cannonito, 
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J. E. Homer, Jr., W. D. Jackson, R. A. Jacobson, Erwin Just and Norman Schaumberger (jointly), 
P. L. Kingston, Max Klicker, Joel Kugelmass, J. Kuzmanovich, E. S. Langford, J. F. Leetch, 
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D. C. B. Marsh, Stephen Montague, Jim Morrow, M. G. Murdeshwar, D. E. Myers, John Nichols, 
W. I. Nissen, Jr., C. B. A. Peck, M. Perisastri, Stanton Philipp, D. T. Price, George Purdy, T. S. 
Ravisankar, P. N. Rheinstein, James Riddell, Azriel Rosenfeld, Perry Scheinok, Marlow Sholander, 
D. L. Silverman, John Stout, Rory Thompson, A. M. Vaidya, W. C. Waterhouse, Ron Wilder, 
J. E. Wilkins, Jr., A. B. Wilcox, Oswald Wyler, K. L. Yocom, and the proposer. 


A Bounded Solution of a Differential Equation 
E 1630 [1963, 891]. Proposed by Reuben Hersh, Stanford University 
If the polynomial P(x) has no purely imaginary zeros, and if the function f 
satisfies | f (x) | <1 for all real x, then the ordinary differential equation P(D)u =f 
has exactly one solution u(x) which is bounded for all «, and that bound can be 
chosen as the product of the reciprocals of the real parts of the zeros of P. 


Solution by Oswald Wyler, University of New Mexico. Since no solution of 
P(D)u=0 is bounded for all real x, there is at most one bounded solution of 
P(D)u=f for bounded f. Denote it (if it exists) by P*f. If P=QR, then P*f 
= O*(R*f) = R*(O*f) if O* and R* are defined. Thus it is enough to produce 
P*f for P(x) =x—c. We put 


(P*f)(“) = J * 920) (1) dt, if Rec <0; 


—O 


(P*f)(x) = — | “eee-Of(t)dt, if Ree > 0. 


x 


One checks easily that | (P*f)(x)| $K/|Re c| for all real x if |f(x)| SK for all 
real x, and that D(P*f) —c(P*f) =f, if either Re c<0 or Rec>0. 


Also solved by the proposer. 
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a) homeomorphisms between subsets of S preserve the property of having 
nonempty interiors. 

b) if p and q are any (not necessarily distinct) points of S and if U, and U, 
are any neighborhoods respectively of p and g, then there exists a neighborhood 
V,of gsuch that V,C U, and V,is homeomorphic to U, with a homeomorphism 
h: U,—V, such that h(p) =q. 


5215. Proposed by A. Wilansky, Lehigh University 


Prove that a topological group (with more than one element) has the discrete 
topology if and only if it has a compact open subset which includes no right 
translate of itself. 


5216. Proposed by Oswald Wyler, University of New Mexico 


Let p be a prime and let F, be the mth Fibonacci number (fy = Fo=1, Frais 
= F,+ Fr). Show that: 

(a) F,1=0 (mod p), F,=1 (mod 9), if p= +1 (mod 5). 

(b) F,=—1 (mod pf), Fy41=0 (mod p), if p= +2 (mod 5). 


5217. Proposed by Otomar Hajek, Prague, Czechoslovakia 


Given a real-valued function f on a compact interval JCE! of class Lip, 
fi.e., | f(x) —f(y)| <Alx—y| for x, yEJ], prove that there exist polynomials 
b, with p,—f uniformly on J, p, in the same class Lip) on J. 

Using this one may show that for Lip, maps from a compact parallelepiped 
of E? to E%, there exist uniform polynomial approximations in Lip,,/z (in the 
Euclidean norm). Can this be sharpened to Lip)? 


SOLUTIONS OF ADVANCED PROBLEMS 
Convergents of a Continued Fraction 


5111 [1963, 672]. Proposed by W. A. Schneider, Milwaukee, Wisconsin 


If P,,/Qn, is the nth convergent of the continued fraction for »/(x?-+1), then 
arccot Po,-1=2 arccot Qe,—arccot Pen41. 


Solution by D. Suryanarayana, Andhra Umwversity, Waliair, India. The pro- 
posed continued fraction is 


1 1 1 

XxX ees 

2x+ 2at 

We have the following relations: 

(1) Panga = 24Pon + Ponty (2) Pan — PontPonyi = 0 +41, 
(3) Pan — (@ +.1)Om = 1, (4) (@ +1)Qm = Pan + Pont. 


[(1) and (2) can be proved by induction on u, and for (3) and (4) see Barnard 
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and Child, Higher Algebra, pp. 534-535.| By virtue of the above four relations 
it is not hard to show that 
2 
Pon-1Pon+1 — 1 _ Qon —1 
Pon-1 + Ponqi 202 


That is, cot {arccot Pon1+tarccot Ponsa} =cot {arccot Orn} which implies the 
required result. 


Also solved by A. N. Aheart, L. Carlitz, Walter Penney, and J. M. Quoniam. 


Non-Archimedean Field 
5112 [1963, 672]. Proposed by N. R. Riesenberg, University of Wisconsin 


In Dieudonné, Foundations of Modern Analysis (Academic Press, N. Y., 
1960), a real number system is defined as a field which (1) is Archimedean or- 
dered, and (2) possesses the nested interval property. It is well known that 
neither (1) nor (2) alone suffices to give a real number system and many exam- 
ples of Archimedean ordered fields which are not real number systems are in the 
literature. Give an example of a field which is non-Archimedean ordered but 
which possesses the nested interval property. 


Solution by David W. Dean, Duke University. Let F be the field of formal 
power series over the reals. Say that D053 dnz"20 if a, 20 for all m. An interval 
in Fis a set of the form [A, BJ]= {CE F|ASCSB}. 

Suppose [A;, B;] is a decreasing sequence of intervals, and that A; 

2 ag, By= oe ben Then [a”, bd] is a decreasing sequence of 
closed real intervals for each n, and so there exists c, such that 


a a 5 
cx EN [ans bn | 
j=1 
The series )7.9 caz" is then in each [A,, B;] and so is in Nj2, [A;, B,]. 
Finally F is not Archimedean as 1 and 2 are not related at all. 
Also solved by R. O. Davies. 


Sum of an Infinite Series 
5113 [1963, 672]. Proposed by J. S. Frame, Michigan State University 


Sum the series 


foe] 


s=x(; \(- 16)-*(2k + 1)~*. 


Solution by A. Weinmann, The University, Leicester, England. The required 
sum S can be transformed into a definite integral by using an integral repre- 
sentation for (2k-+1)-*. Thus 
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and Child, Higher Algebra, pp. 534-535.| By virtue of the above four relations 
it is not hard to show that 


2 
Pon-1Pon+1 —1 _ Qon —1 
Pon-1 + Ponqi 202 


That is, cot {arccot Pon1+tarccot Ponsa} =cot {arccot Orn} which implies the 
required result. 


Also solved by A. N. Aheart, L. Carlitz, Walter Penney, and J. M. Quoniam. 


Non-Archimedean Field 
5112 [1963, 672]. Proposed by N. R. Riesenberg, University of Wisconsin 


In Dieudonné, Foundations of Modern Analysis (Academic Press, N. Y., 
1960), a real number system is defined as a field which (1) is Archimedean or- 
dered, and (2) possesses the nested interval property. It is well known that 
neither (1) nor (2) alone suffices to give a real number system and many exam- 
ples of Archimedean ordered fields which are not real number systems are in the 
literature. Give an example of a field which is non-Archimedean ordered but 
which possesses the nested interval property. 


Solution by David W. Dean, Duke University. Let F be the field of formal 
power series over the reals. Say that Se a,2"=0 if a,=0 for all . An interval 
in Fis a set of the form [A, B]= {CE F|ASCSB}. 

Suppose [A;, B;] is a decreasing sequence of intervals, and that A; 

2 ag, By= oe ben Then [a”, bd] is a decreasing sequence of 
closed real intervals for each n, and so there exists c, such that 


a a 5 
cx EN [ans bn | 
j=1 
The series } 7.9 caz” is then in each [A;, B,] and so is in Nj2, [A;, B,]. 
Finally F is not Archimedean as 1 and 2 are not related at all. 
Also solved by R. O. Davies. 


Sum of an Infinite Series 
5113 [1963, 672]. Proposed by J. S. Frame, Michigan State University 


Sum the series 


foe] 


s=x(; \(- 16)-*(2k + 1)-2, 


Solution by A. Weinmann, The University, Leicester, England. The required 
sum S can be transformed into a definite integral by using an integral repre- 
sentation for (2k+1)-*. Thus 
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Function with Uncountable Number of Horizontal Tangents 


5114 [1963, 672]. Proposed by W. E. Johnson and C. M. Petty, Lockheed 
Awcraft Corp., Sunnyvale, California 


Let the function F(é) have a continuous derivative on [0, 1] and set 
Si= {t: F'(t) =(0}, So= | F(t): tES;}. Show by an example that the set S, may 
be uncountable. 


Solution by W. C. Waterhouse, Harvard University. Let g(x) =0 on the Cantor 
set and g(x) =(x—a)(6—x) in each interval (a, 6) forming the complement of 
the Cantor set. Let F(x) = /§ g; then F’ = g is continuous, and 5S; is the uncounta- 
ble Cantor set. Since { x: g(x) >0} is everywhere dense, F is strictly increasing, 
and hence one-to-one; therefore S» is also uncountable. 

Also solved by I. N. Baker, Robert Bowen, R. O. Davies, J. L. Denny, R. A. Jacobson, K. F. 


Kinneberg, K. O. Leland, Solomon Marcus, Ron Rietz, J. M. Shaw and J. F. Standish, D. E. 
Varberg, Oswald Wyler, Larry Zalcman, J. A. Zilber, and the proposers. 


Linear Dimension of Composite Field 
5115 [1963, 672]. Proposed by Harley Flanders, Purdue University 


Let RSK, FSQ, all commutative fields. We may form the composite KF 
and it is known that [KF:F|]<[K:k] if [K:k] is finite. Prove that this in- 
equality is true when [K:k] is infinite, provided that [F:], the linear dimension 
of F over k, is countable. 


Solution by Oswald Wyler, University of New Mexico. If |K F: F] is finite and 
[K:k] infinite, then [KF:F]<[K:&] trivially. We assume now that [KF: F] 
nd [K:k] both are infinite, and that [F:] is countable. In this case, [K F: F] 
=|[KF:F][F:k]=[KF:k]=[KF:K][K:k], and card K=[K:k] card &. If & 
is countable, then F also is countable, and [KF: F]=|KF:F] card F=card 
KF=card K[Fl=card K=[K:k] card k=[K:k]. If & is uncountable and 
x€Q transcendental over k, then the uncountably many elements (x—a)—! of 
0, @ER, are linearly independent over k. It follows that F is algebraic over & if 
[F:k] is countable and & uncountable. But then KF=K[F], and since a linear 
basis of F over k generates the vector space K[F] over K, we have [KF:K] 
<[F:k]. It follows that [KF:K][K:k]=[K:k], so that, again, [KF:F] 
=|K:k]. 

We note that our result is somewhat stronger than that proposed in the 
problem. 


Also solved by the proposer. 


A Double Summation 


5116 [1963, 673]. Proposed by David Greenstein, Northwestern University 
Let 
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o j—l 


S(A) = ? (A real). 


j=1 k=0 7 


An engineer needs asymptotic information about S(A) as A—o. He conjectures 
that e~24,S(4)—1. Prove or disprove his conjecture. 


Solution by R. G. Buschman, State University of New York at Buffalo. Con- 
sider 


N WN A n+k n—-l A n+k N k-—-1 A nt+k N A Qn 
ap? -> > +» > +d 
n=0 k=o NR! n=1k=o0 NR! t=in=o Nk! n=o nn} 


If we pass to the limit on N, then we have 
e?4 = 29(A) + 10(2A4), 
where Jy is the modified Bessel function of the first kind. This yields the explicit 
formula for S(A), 
S(A) = 4{e?4 — 1)(2A)}, 
to which the known asymptotic expansion for I) can be applied, giving 
e4$5(A) = $ + O(A7?), 


Also solved by C. R. Berndtson and C. G. Fain, M. S. Demos, G. Di Antonio, D. Z. Djokovié, 
Ralph Greenberg, Emil Grosswald, Eldon Hansen, G. W. Hedstrom, J. Koekoek, E. L. Magnuson, 
Stanton Philipp, D. Ramakotaiah, J. J. Schaffer, Arnold Singer, Franklin C. Smith, R. P. Tap- 
scott, Rory Thompson and Henry Gray, W. F. Trench, J. H. van Lint, W. C. Waterhouse, A. 
Weinmann, J. Ernest Wilkins, Jr.. Oswald Wyler, M. Wyman, and the proposer. 


Roots of Unity 


5117 [1963, 673]. Proposed by L. Carlitz, Duke University 
Let 7, ¢ be roots of unity such that 


an+b¢+¢= 0 (n? 4 1, ¢? 4 1), 


where a, b, c are nonzero integers. Show that the only possibilities are given by 
a=b=c, n=, (=H, w?+w+1=0. 


Solution by Harley Flanders, Purdue University. We have —an=b{-+c and 
—an=b&+c. We multiply these expressions, noting that 7=y7!, f=¢7! since 
these are roots of unity: 


a= $+ + bc(e +o). 


Since bc+0 we conclude that ¢+¢-!=u=rational, and ¢?—uf+1=0. Thus ¢ is 
quadratic over the rationals so that if ¢ is a primitive mth root of unity, then 
n=1, 2, 3, 4, 6 are the only possibilities; by hypothesis 11, 42. We rule out 
n=4 because if (=1, 12= —1, then 7 is a unity root in the field Q(z) so that 
n= +1. But a(+1)+061-+¢c #0. This leaves two cases: 
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formula for S(A), 
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e4S(A) = $ + O(A7?/), 
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scott, Rory Thompson and Henry Gray, W. F. Trench, J. H. van Lint, W. C. Waterhouse, A. 
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Roots of Unity 


5117 [1963, 673]. Proposed by L. Carlitz, Duke University 
Let 7, ¢ be roots of unity such that 


an +be+ec=0 (n? 4 1, ¢? 4 1), 


where a, b, c are nonzero integers. Show that the only possibilities are given by 
a=b=c, n=, (=H, w?+w+1=0. 


Solution by Harley Flanders, Purdue University. We have —ayn=b-+c and 
—aj=b&+c. We multiply these expressions, noting that 7=y7!, §=f—! since 
these are roots of unity: 


a= f+ + bc(¢ + £7). 


Since bc0 we conclude that ¢+¢-!=u=rational, and ¢?—uf+1=0. Thus ¢ is 
quadratic over the rationals so that if ¢ is a primitive mth root of unity, then 
n=1, 2, 3, 4, 6 are the only possibilities; by hypothesis 41, 42. We rule out 
n=4 because if (=i, 12=—1, then 7 is a unity root in the field Q(z) so that 
n= +2. But a(-+1)+071-+c0. This leaves two cases: 
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Finally, (i) and (ii) show that d(¢)-+W¥() >0 for r/2n <tS7/2, also (i) and 
(iii) imply the same inequality for 0<t<m/2n. 
Also solved by L. Carlitz. 


Convergent Sequence 


5120 [1963, 673]. Proposed by D. C. Olivier, Carleton College, Northfield, 
Minn. 


Define a sequence {on} = { n(x) } recursively by 11=%, Un41= (2+1/n)v, —1, 
n=1. It is not hard to show that {v,} converges for at most one real value of x. 
Find x such that {v,} converges. 


Solution by Roy O. Davies, The University, Leicester, England. By induction 
we have 


m= 1:3++-(n-De—s)/n-D, n=1,2,-°-, 


where s:=0O and Sayi=Sn+[n!/1-3 +--+ (2n+1)]. If {dn} converges then 
x —5S,—0, whence 
20 n} 1 


x=lims, = SE oT 
2 30D Gwe D 2" 


(See, e.g., Bromwich, Infinite Series, 1st ed., p. 169.) For this x we find that 
tm = [n/(2n + 1)| + [n(n + 1)/(2n + 1)Qn+3)]) +---, 
and since the rth term here is increasing and tends to 27’, it follows that v, 


indeed tends to $+37+--- =1. 


Also solved by I. N. Baker, L. Carlitz, A. J. Casson, J. H. E. Cohn, H. D. Friedman, D. R. 
Hayes, Fulton Koehler, J. Koekoek, R. H. C. Newton, Ron Rietz, A. A. Sastry, H. Schwerdtfeger, 
D. W. Showalter, Arnold Singer, Robert Singleton, J. H. van Lint, K. H. van Weerden, J. Ernest 
Wilkins, Jr., Oswald Wyler, Max Wyman, and the proposer. 
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EDITED By R. A. ROSENBAUM, Wesleyan University 
COLLABORATING Epitors: K. O. May, Carleton College and E. P. VANCE, Oberlin College 


Materials intended for review should be sent directly as follows: Books: R. A. Rosen- 
baum, Wesleyan University, Middletown, Conn. Programmed Materials: K. O. May, Carle- 
ton College, Northfield, Minn. Films: E. P. Vance, Oberlin College, Oberlin, Ohio. 


Lectures on Tensor Calculus and Differential Geometry. By Johan C. H. Gerret- 
sen, P. Noordhoff N. V., Groningen, 1962. xii+204 pp. Dfl.25. 


Here is an unusual introduction to the methods and principal results of the 
differential geometry of general manifolds. Frequently the development of this 
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subject begins abstractly with the transformation laws for tensors and the 
definition of a Riemann space and proceeds to the detailed formalism of tensor 
calculus. The present text has attempted to cultivate geometric thinking by 
taking a less formal approach. 

The author does not study the manifolds as autonomous spaces but always 
as subspaces imbedded in a linear vector space with a Euclidean metric. Thus 
the metric of the manifolds does not appear as an intrinsic property of the 
manifold but is induced by the metric of the enveloping space. Despite these 
limitations (or rather, because of them), the book offers the advantages of al- 
ways remaining close to the images of classical differential geometry and de- 
veloping the tensor formalism in a natural way from vector algebra. 

The book begins with a presentation of the elements of linear algebra. Tensor 
algebra is then based upon multilinear vector functions. The notions of tensor 
calculus such as covariant differentiation, the Christoffel symbols and the Rie- 
mann curvature tensor are all introduced by means of elementary operations on 
vectors in Euclidean n-space. Using these tools, the book develops the differ- 
ential geometry of curves and hypersurfaces as well as a number of special 
topics such as geodesic and conformal mapping. The treatment is essentially 
algebraic, indicating clearly the dependence on the underlying Euclidean 
space. The concluding chapter deals with integrability conditions and their 
application to existence theorems. 

The approach used by the author gives rise to the major shortcoming of the 
book. The metric of a manifold and the covariant differentiation process are 
introduced as properties derived from the enveloping space, not as intrinsic 
attributes of the manifold. While the isometrically invariant character of co- 
variant differentiation is indicated, it would be well to supplement the book 
with an independent account of the tensor formalism as needed in the study of 
general spaces, without reference to an embedding space. Other disadvantages 
for classroom use are the complete absence of illustrative examples or of exer- 
cises for the student. 

These adverse features are negligible, however, in comparison with the book’s 
positive advantages. The text is distinguished by clarity of exposition and logi- 
cal development and provides a quite complete introduction to the subject. 

AARON FIALKOw, Polytechnic Institute of Brooklyn 


Theory and Application of Liapunov's Direct Method. By Wolfgang Hahn, 
translated by Lehnigh and Hosenthien. Prentice-Hall, New York, 1963. 
182 pp. $6.74. 


This book is an excellent and accurate translation of “Theorie und Anwen- 
dung der direkten Methode von Ljapunov” which was published in Germany in 
1959 and which was the first detailed and advanced account of Liapunov’s 
method to appear in a western language. In addition to corrections which have 
been made in this translation, a new section on “Differential Equations with 
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Bounded Solutions” has been added, and the excellent bibliography of the Ger- 
man edition has been brought up-to-date (to early 1962). 

Fundamental concepts and basic theorems are presented in the first two chap- 
ters. These are then amply illustrated in Chapter 3. Chapter 4 contains the con- 
verses of the main theorems and Zubov’s method of constructing Liapunov 
functions. Stability problems for linear systems are presented in Chapter 5. 
Stability under perturbations, and in particular total stability (stability under 
constantly acting perturbations) are the subject of Chapter 6. The last two chap- 
ters of the book are brief discussions of important topics. Special investigations 
of critical cases are considered in Chapter 7. The important problem of stability 
for partial differential equations, difference-differential equations, and difference 
equations are briefly mentioned in Chapter 8. 

This book, a thorough résumé, is a valuable addition to the growing literature 
in English on Liapunov’s direct method. 


J. P. LASALLE, RIAS 


Einfiihrung in die Verbandstheorie. By G. Szdsz. Akadémiai Kiadé, Budapest, 
1962. 255 pp. $8.85. 


This introductory text in lattice theory presents the most important con- 
cepts and methods of the subject and indicates some of the relations between 
lattice theory and other branches of mathematics. The chapter on complete lat- 
tices includes material on topological spaces, closure operations, Galois connec- 
tions, and Dedekind cuts. Other chapters include discussions of the Kurosch- 
Ore theorem, complemented modular lattices and projective geometries, Boo- 
lean rings, measure theory in Boolean algebras, and the representation of dis- 
tributive lattices as rings of sets. 

A most valuable feature of the book is its clear presentation of the concepts 
of general algebra as they apply to lattices of various types and its equally 
clear demonstration of the usefulness of lattice theory in the study of general 
algebra. The final chapter studies the congruence relations of a general algebraic 
structure and arrives at the Schreier refinement theorem. It then specializes to 
consider congruence relations in lattices themselves. 

Of special interest is the chapter on semi-modular lattices, which investi- 
gates relations between weak forms of complementation and conditions weaker 
than modularity. This chapter reflects some of the author’s own research inter- 
ests. 

Most of the presentations and proofs are models of good organization and 
exposition. An exception worth mentioning is in the definition of relatively 
atomic lattice, which needs to be changed if Theorem 51 and its proof are to be 
correct. 

Exercises are provided at the end of each chapter. These and the many 
references to the literature interspersed throughout the text help to make this 
an interesting introduction to lattice theory. 

GEORGE N. RANEy, University of Connecticut 
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It strikes this reviewer that this book would be ideal for a student, even an 
honors student, who wanted a good review in preparation for a comprehensive 
examination. 

Davip RosEN, Swarthmore College 


Stochastic Service Systems. By John Riordan. Wiley, New York, 1962. 139 pp. 
$6.75. 


Anyone seeking an introduction to queueing theory will not suffer from a 
lack of material to guide him. In a remarkably short time, a large number of 
texts have been published, ranging from those which regard the subject as a 
branch of pure mathematics to others which view it entirely through the eyes 
of the businessman longing for greater efficiency. Riordan covers the middle 
ground, presenting the basic mathematical tools in the course of analyzing the 
most important queueing situations, while leaving aside any detailed applica- 
tions. Because it largely succeeds in combining clarity and thoroughness with 
elegance and brevity, this book should rank among the best in its field. 

After a general introduction and a short look at traffic input and service 
distributions considered separately, the case of the infinite server queue is taken 
up. (The objection of the author to the term “queueing theory” as not being in- 
clusive enough—whence the title—might be noted here. This reviewer feels that 
this objection has lost any validity that it may have had, since “queue” is now 
used in the broadest possible sense.) This is followed by fairly detailed accounts 
of single server and many server systems in which many of the countless varia- 
tions on the queueing theme are treated; e.g., loss systems, delay systems with 
Poisson input and general service time, Lindley’s work on waiting time distribu- 
tions, priority and random service, and the beautifully simple approach of S. O. 
Rice. The brief last chapter on traffic measurements is somewhat unusual. Dis- 
cussions of the determination of the basic parameters of any queueing situation, 
e.g., arrival rates, service rates—are surprisingly rare in the statistical literature, 
and Riordan did well by bringing this area of potential trouble to the attention 
of the reader. 

The author has obviously made an attempt to present the results in the 
most accessible form. This is no mean task in a field in which empty manipula- 
tion of virtually unusable formulae is an all-too-pervasive fault. Still, some 
graphs, and numerical examples would have helped to give a more intuitive feel- 
ing for the subject. 

The prerequisite for this book is a good basic grounding in probability. Some 
acquaintance with the Wiener-Hopf method will help since the discussion in 
the text is rather cursory. 

In sum, the reader will find here an excellent entrance into queueing theory; 
the superb little book by Khinchin should also be read by those who wish to 
penetrate further into the foundations. The editors of the new SIAM series in 
Applied Mathematics may be congratulated on their inaugural volume. 

MartTIN A. LEIBOWITZ, Bellcomm, Inc. 
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Introduction to General Topology. By Maynard J. Mansfield. Van Nostrand, 
Princeton, 1963. 116 pp. $4.50. 


This one-semester introduction to general topology, addressed to juniors 
and seniors who have completed an elementary calculus course, covers in a 
generally lucid and formal manner connectedness, compactness, the 7’;-separa- 
tion axioms and metric spaces. 

Its scope is limited by the omission of any discussion of the composition of 
functions or of the product of two topological spaces. This last omission appears 
to restrict most of the underlying sets in examples to be either R, Z or some 
finite set, and furthermore it limits the book’s application of function theory to 
real-variable theory (for example the Heine-Borel-Lebesgue theorem is proved 
only for R). 

Except for a few missing subscripts there are no misprints; the proof of the 
completion theorem is false since k, depends on / and q; and the author confuses 
set theory with topology when he states that a function is a topological concept. 
It would be preferable to keep all the set theory in chapter one and to say more 
about the real numbers. Otherwise the book is well-organized and free from 
errors. 

Joun C. Taytor, Columbia University 


Stability of Motion. Applications of Lyapunov’s second method to differential 
systems and equations with delay. By N. N. Krasovskii. Translated by J. L. 
Brenner. Stanford University Press, California, 1963. 188 pp. $6.00. 


This book is a translation, with alterations and additions, of N. N. Krasov- 
skii, Nekotorye zadati teorii ustoitivosti dviZeniya (Moscow, 1959). 

Lyapunov functions are a generalization of the concept of potential energy of 
a system, and the use of these functions gives the only general method available 
for investigating the stability of solutions of ordinary differential equations. The 
existence of a Lyapunov function whose derivative along solutions of the equa- 
tions possesses certain properties implies stability properties of the solutions. 
The converse is also true. Both aspects of this problem are treated in detail in 
the first five chapters of this book, and the importance of each is made clear by 
many specific examples. 

The author indicates in the last two chapters that the proper setting for a 
treatment of differential equations with delayed arguments is in function space 
and then proceeds to a detailed discussion of Lyapunov functionals. This treat- 
ment has stimulated much research in this area, and will certainly stimulate 
more. The proofs are sometimes cumbersome, probably due to the fact that this 
approach is still in its infancy. 

The translation is very good, the bibliography has been brought up to date, 
and appropriate notes concerning more recent developments have been inserted 


in the translation. 
Jack K. Hae, RIAS, Baltimore, Md. 
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Topology of 3-Manifolds and Related Topics. Edited by M. K. Fort, Jr., Prentice- 
Hall, Englewood Cliffs, N. J., 1963. viii256 pp. $7.50. 


This book consists primarily of summaries or full length reports of talks 
given at a topology institute at the University of Georgia in 1960. The articles 
are grouped under the headings: 1. Decompositions and subsets of E?; 2. n- 
Manifolds; 3. Knot theory; 4. The Poincaré conjecture; 5. Periodic maps and 
isotopies; 6. Applications. 

The articles vary greatly in all respects. Some are mere statements that a 
certain talk was given; many are research papers; others are extensive reports on 
fields of current interest. The most remarkable paper, Zeeman’s The Topology 
of the Brain and Visual Perception, has nothing to do with manifolds. (This arti- 
cle is the only “application.”) Since there are over 40 articles, we shall mention 
only a few that are perhaps of more general interest, in spite of the fact that 
many of the research papers are of high quality. 

R. H. Bing discusses Decomposition of E® in his usual engaging style, includ- 
ing useful advice about titles of mathematical articles. S. S. Cairns surveys the 
relations between Differentiable and Polyhedral Manifolds. R. H. Fox takes us 
on A Quick Trip Through Knot Theory, and also discusses Some Problems in Knot 
Theory. E. C. Zeeman presents a proof of the Poincaré Conjecture for nZ5. 
(With these and other articles, Zeeman and Fox account for more than 100 
pages.) D. B. A. Epstein gives a brief and lucid account of Ends. 

Morris W. Hirscu, University of California 


Flows on Homogeneous Spaces. By L. Auslander, L. Green, and F. Hahn with the 
assistance of L. Markus and W. Massey, and an Appendix by L. Greenberg. 
Annals of Mathematics Studies, Princeton University Press, Princeton, 
N. J., 1963. 107 pp. $2.75. 


This is a collection of research papers intended primarily for the expert in 
the field. The homogeneous spaces considered are compact Hausdorff spaces of 
the form G/D where G is a noncompact connected Lie group and D is a discrete 
subgroup of G; and the flows studied are the ones induced by one parameter 
subgroups of G. Results from the theory of Lie groups, ergodic theory, group 
representations and topological dynamics are used to study the dynamical prop- 
erties of these flows. Thus, for example, all three dimensional simply connected 
noncompact Lie groups G which possess discrete subgroups D with G/D com- 
pact are determined. Then the flows induced on G/D by one parameter sub- 
groups of G are exhaustively classified with respect to such dynamical properties 
as minimality, metric transitivity, ergodicity, etc. In higher dimensions the 
discussion is restricted to solvable and nilpotent Lie groups. 

This book is a valuable contribution to the subject not only because of the 
many results obtained but also for the many examples against which one may 
test various conjectures as to what happens in higher dimensions and for more 
general flows. 

RoBERT ELLis, Wesleyan University, University of Pennsylvania 
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An Elementary Introduction to the Theory of Probability. By B. V. Gnedenko and 
A. Ya. Khinchin. Translated from the fifth Russian edition by Leo F. 
Boron. Dover, New York, 1962. xii+130 pp. $1.45. 

The high reputations of the authors and the fact that this is the fifth edition 
since 1945 both vouch for the quality of this small book. Part I, Probabilities, 
is a 54-page treatment of the standard rules for probability in finite sample 
spaces: addition, multiplication, conditional probabilities, independent events, 
Bayes’ formula, the binomial (Bernoulli) distribution, and Bernoulli’s theorem 
with Chebyshev’s proof. (A minor correction: p. 51, line 7, read “distance more 
than” in place of “distance not more than.”) The hypergeometric distribution 
is not included. Part II, Random Variables, is a 59-page treatment of random 
variables and their distribution laws, mean values, mean values of sums and 
products (of independent r.v.), mean deviation, standard deviation, probable 
deviation, Chebyshev’s inequality and laws of large numbers, and normal dis- 
tributions. The expected value operator is not used: instead, the authors use a 
bar to denote mean value. The Conclusion, 5 pages, sketches the development of 
probability theory from Fermat, Pascal, and Huygens to the present, with spe- 
cial attention to the contributions of Russians, but with credit also to the 
United States, France, Great Britain, Sweden, Japan, and Hungary. The dis- 
cussion of the central limit theorem gives an excellent idea of why the normal 
distribution arises naturally in scientific applications. 

The exposition is notably clear. New concepts are well motivated. Set lan- 
guage and symbolism are not used. The example-rule-example pattern is fol- 
lowed in almost every section. In general, no mathematics beyond high school 
algebra is required, though a few calculations use summation sigmas. There 
are no exercises, but the book would be an excellent supplement for elementary 
courses in probability in high school or college. The many examples illustrate 
how probability applies to a broad variety of practical and theoretical situa- 
tions. It is unavoidable that, in such a brief treatment, some fine points will be 
ignored (for example, in connection with the probability distribution of the 
square or absolute value of a random variable which may assume negative and 
positive values), but the authors have succeeded admirably in presenting sig- 
nificant parts of probability at this level. 

GEoRGE B. Tuomas, JR., Massachusetts Institute of Technology 


Linear Algebra and Matrix Theory. By E. D. Nering. Wiley, New York, 1963. 

xi +289 pp. $6.95. 

This book should prove to be satisfactory as a text for a one semester course 
at an advanced undergraduate level. A rigorous treatment of most of the topics 
that normally make up a linear algebra course is given in the first five (of the 
six) chapters. These chapter headings are: I, Vector Spaces; I], Linear Trans- 
formations and Matrices; III, Determinants, Eigenvalues, and Similarity Trans- 
formations; IV, Linear Functionals, Bilinear Forms, Quadratic Forms; V, 
Orthogonal and Unitary Transformations, Normal Matrices. In the last chap- 
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ter, Selected Applications of Linear Algebra, good but brief treatments of ap- 
plications in fields such as linear programming and communication theory are 
given. 

The author covers a good deal of material in a few pages. One omission that 
might bear mentioning is a discussion of the rational canonical forms for matri- 
ces under similarity. There is no development of field theory in this book. And 
no theory of polynomial forms is given. Knowledge of some of the elements of 
this theory is needed at various places, such as in the proof of the Hamilton- 
Cayley Theorem. In order to gain much insight into most of the applications 
discussed in the last chapter, a student would have to do a considerable amount 
of background reading. (A bibliography is given at the end of each section of 
this chapter.) 

A good and ample supply of problems of various degrees of difficulty is found 
at the ends of the various sections of the chapters. Solutions or hints to solu- 
tions to many of these exercises are given at the end of the book. 

P. W. CarRuUTH, Swarthmore College 


Solved and Unsolved Problems in Number Theory. Vol. I. By Daniel Shanks. 
Spartan Books, Baltimore, 1963. ix-+229 pp. $7.50. 


The title of this book is somewhat misleading. It is not a collection of prob- 
lems, but a highly individualistic introductory textbook in number theory in 
which “problem—solution” is given preference over “theorem—proof.” This 
is not to say that there are no theorems, but that the theorems are regarded not 
as end-products, but rather as stepping stones to the solutions of problems on 
which the author has already focused the reader’s attention. 

In the first chapter, for which the substratum is the problem of perfect 
numbers and Mersenne primes, one finds the unique factorization theorem, the 
theorems of Fermat and Euler, Euler’s and Gauss’s criteria and the law of 
quadratic reciprocity, all developed without mention of congruences, and inter- 
spersed with historical remarks, classical conjectures and much information on 
the results obtained by modern computers. In the second chapter congruences 
are introduced, and the group theoretic structure of the residue class groups 
is studied in much greater detail than is customary. The third chapter, built 
upon the Pythagorean theorem, ranges over Fermat’s equation x"-++y”=2" and 
its various elementary special cases, Pell’s equation and continued fractions, and 
Lucas’s criterion for primality of Mersenne numbers, with digressions on such 
matters as quantum physics, Pythagorean philosophy, and a purely arithmetic 
derivation of the Leibniz identity 7/4=1—1/3+1/5— ---. 

This is clearly not the book for a student who likes the orderly, polished 
and general (if not abstract) exposition to be found in most textbooks. On the 
other hand, the author has something to say, both philosophically and mathe- 
matically, which should be stimulating to students and enlightening even to 
professionals. No description of the contents can impart the flavor of the book; 
the interested reader is advised to examine a copy. 

W. J. LEVEQUE, University of Michigan 
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The Language of Computers. By Bernard A. Galler. McGraw-Hill, New York, 
1962. 244 pp. $8.95. 


This book shows how an algebraic computer language is developed out of the 
requirements of various types of problems. The problems selected are graded 
in complexity, starting with the trivial problem of making change with the 
fewest coins, then the problem of collecting social security from a pay check, 
followed by coding and decoding secret messages, then the use of various random 
number generators in integration, problems of sorting, the correlation coefficient, 
generation of programs for simple networks of switches, and finally, the problem 
of systems of simultaneous equations, including a zero pivot. Each problem 
requires a further development of the language and there are adequate exercises 
at the end of each chapter. The programs are written in the MAD language 
developed at the University of Michigan. The last few chapters are devoted to 
a comparison of MAD with FORTRAN and ALGOL in terms of the criteria of 
completeness, efficiency of the translator, and time required for execution of the 
hardware program. 

The book is written at a level that college freshmen or sophomore mathe- 
matics students can understand. There is a careful step by step development of 
the algorithms for the solution of each problem. In some cases several algorithms 
are offered for the solution of one problem and these are compared in terms of 
time and memory requirements. Unfortunately, many computation centers are 
not using MAD and may never use it since they are geared to FORTRAN. 
Also, the $8.95 price for a 244 page book may limit its use somewhat as a student 
text. For centers using other algebraic languages, the chief usefulness of the 
book would seem to lie in the logical analyses underlying the algorithms in- 
cluded. 

Heatu K. Riccs, University of Vermont 


Local Rings. By Masayoshi Nagata. Wiley, New York, 1963. xiti-+234 pp. 
$11.00. 


A local ring is so named because it arises in a natural way in the study of 
local properties of an algebraic variety. Abstractly defined, a local ring is a 
commutative Noetherian ring with unity having a unique proper maximal ideal. 

We quote from the introduction, “To illustrate this geometric aspect of local 
rings, let us consider an affine n-dimensional space A, over the complex field C. 
Let x1, °°: ,X, be a set of coordinates for A, and P a point in A,. If Rp is the 
set of rational functions in «1, ---, x, which are regular at P, then Rp isa 
Noetherian ring in which mp= { f ERp| f(P)= 0} is the only maximal ideal. Thus 
Rp is a local ring associated with a point P of A,. An irreducible variety V 
going through P defines a prime ideal of Rp, p= { f ERp| f(V) =0} and vice versa 
a prime ideal of Rp defines a variety through P. Further, the ring Rp/p is again 
a local ring which we call the local ring of P on V.” 

This book is a comprehensive but condensed account of the algebraic, topo- 
logical, and geometric aspects of local ring theory. While it is essentially self 
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contained, it is not a book for the mathematical novice. However, for one well 
versed in the elements of commutative ring theory and topology (to say nothing 
of algebraic geometry) it should prove to be a gold mine of stimulating informa- 
tion. Each chapter contains several exercises, most of which are extensions of the 
theory in the book. 

In view of the wide popularity of homological algebra in commutative ring 
theory at present, the following quotation from the preface is interesting, “We 
give in Chapter IV a new theory of syzygies, which takes the place of homo- 
logical methods employed in the theory of local rings. Thus we shall never use 
homological algebra in the present book. Furthermore, it should be emphasized 
here that our theory is simpler than the one given by homological algebra even 
for readers who know the subject.” 

R. E. JoHnson, University of Rochester 


Integral Operators in the Theory of Linear Partial Differential Equations. By 
Stefan Bergman. Ergebnisse der Mathematik und ihrer Grenzgebiete, New 
Series, Vol. 23, Springer-Verlag, Berlin, 1961. viii+145 pp. DM 39, 80. 


This book summarizes the applications of integral operators to linear partial 
differential equations. A major part of the development of these applications is 
due to the author. 

As is well known, the real part of an analytic function of one complex vari- 
able is a harmonic function of two real variables. “Take the real part” applied 
to analytic functions is an operation yielding harmonic functions while preserv- 
ing many properties of the associated analytic functions. There also exist in- 
verse operators which yield analytic functions from harmonic functions. 

The object of the integral operator approach as surveyed in this book is to 
generalize the above mentioned relation to relations between analytic functions 
of complex variables and solutions of more general linear partial differential 
equations. By means of the operators certain theorems about analytic functions 
of complex variables can be translated into corresponding theorems about solu- 
tions of certain partial differential equations. 

The first chapter considers operators P(f) which generate solutions u of 
partial differential equations in two real variables. Here f(z) is an analytic func- 
tion which is associated with the solution wu. Different operators show that vari- 
ous properties of the associated analytic functions are transformed into analo- 
gous properties of the class of solutions generated. Among others, the Bergman 
operator of the first kind is defined and represented in various ways. This oper- 
ator has a simple inverse and is useful for studying coefficient problems. Informa- 
tion about the behavior of particular solutions of the partial differential equa- 
tions can be obtained by considering subsequences of coefficients of certain series 
developments of the solutions. 

The second chapter considers harmonic functions in three real variables. 
Here harmonic functions are generated by the Whittaker-Bergman operator 
which provides a mapping from the set of analytic functions of two complex 
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variables into the set of harmonic functions. By considering various classes of 
analytic functions, classes of harmonic functions with interesting properties and 
singularities are constructed. 

The third chapter describes operators transforming harmonic functions into 
solutions of more general differential equations in three real independent vari- 
ables. 

Chapter IV deals with systems of partial differential equations. 

Chapter V considers equations of mixed type and elliptic equations with 
singular and nonanalytic coefficients. 

The treatise includes a comprehensive bibliography of books and original 
papers. Some of the proofs have been omitted in cases where the transition to 
the original paper is not difficult. 

Although no physical applications are considered in this book, integral oper- 
ators can be applied to problems in hydrodynamics and other fields. The reader 
interested in such applications of integral operators might refer to the book, 
Bergman's Linear Integral Operator Method in the Theory of Compressible Fluid 
Flow, by M. Z. v. Krzywoblocki, Springer-Verlag, Wien, 1960. 

A. M. Waite, Harvey Mudd College 


The Nature of Scientific Thought. By Marshall Walker. Prentice-Hall, Engle- 
wood Cliffs, N. J., 1963. 179 pp. $2.25. 


This book aims to explain the scientific method to “the general, educated 
reader.” Its main themes are the construction of conceptual models, the deriva- 
tions of the predictions from the model, and the verification of the model by 
comparison between observations and predictions. The book illustrates this 
process by discussions of the historical development of a number of basic scien- 
tific ideas. For example, the development of Newton’s laws of motion, some 
implications of the postulates of special relativity, and the development of 
quantum mechanics are very ably set forth. The operation of the senses and 
the nervous system in receiving, transmitting, and interpreting information is 
discussed. Discussions of comparative linguistics and of the nature of mathe- 
matics, and an introduction to a number of concepts used in physics and mathe- 
matics are given. | 

The book also has a number of other objectives. It surveys the present state 
of scientific research and the present methods of supporting this research, it 
interprets ethical and moral behavior as conduct which maximizes the proba- 
bility of survival of the individual and the species, and it advocates a political 
program—the avoidance of war, the control of population, and a reorganization 
of public education to speed the education of able students and to use the time 
of teachers and students more effectively. 

In this reviewer’s opinion, the book attempts too large a task. The very 
strong merit of the book is the discussion of specific scientific ideas. These serve 
well to acquaint the reader with the scope of modern science—what results it 
has obtained and how it attempts to account for and predict experience, The 


708 RECENT PUBLICATIONS AND PRESENTATIONS [June-July 


arguments for a position are sometimes questionable in detail, e.g., using the 
early creativity of a few exceptional scientists to justify changing the structure 
of the entire public educational system, and sometimes wrong in basic concept, 
e.g., claiming that “mathematics is concerned with operations on abstract sym- 
bols,” ignoring the fact that the operations act on mathematical objects. The 
author takes a bold stand in insisting that all ethical and moral imperative 
statements are predictions that the probability for survival of the individual 
and the species is decreased if a prohibited act is performed. This seems at once 
too nonempirical (often one can’t compute the relevant possibilities, so one can’t 
check the predictions) and too restrictive a definition to render the meaning of 
many such statements. As a general criticism, this reviewer thinks that the 
author, having found the single cause of all human behavior—survival the goal, 
and the scientific method the survival technique—is not sufficiently careful to 
check that his explanation accounts for all the facts, Finally, the book would 
serve its prime function better if it provided a bibliography for those readers 
who want to learn more about some of the sciences but aren’t sure how to go 
about it. 
R. C. Myousness, Los Alamos 


Algebraic Logic. By P. R. Halmos. Chelsea, New York, 1962. 271 pp. $3.75. 


By algebraic logic the author means that branch of general algebra which 
deals with algebraic structures mirroring in some sense certain formal logics. 
Examples of such structures, in historical order of investigation, are Boolean, 
Brouwerian, relation, projective, and cylindric algebras. Subsequent to the 
study of these algebras, Halmos introduced and investigated monadic and poly- 
adic algebras, and the present monograph is the collection of all the articles 
Halmos has written on these two kinds of algebras. Polyadic algebras have alge- 
braic operations mirroring sentential connectives, first-order quantifiers, and 
changes of variables, while monadic algebras are just a very special kind of 
polyadic algebras. The class of all polyadic algebras of a given degree is an 
equational class, and hence by any standard is a fitting object of study; but the 
polyadic algebras exactly corresponding to first-order logic are the locally finite 
ones of infinite degree which, unfortunately, do not form an equational class. 
The general polyadic algebras do mirror closely certain quite general logics with 
infinitely long expressions which are now being intensively studied. 

As Halmos indicates, one of the main problems in algebraic logic is to state 
and prove algebraically various important theorems of logic. This was done by 
Tarski and later by Halmos for Gédel’s completeness theorem. Halmos also 
treats algebraically, e.g., the description operator. The program has been carried 
through by Daigneault for Feferman-Vaught generalized products and for 
Craig’s interpolation theorem. Notably still lacking is an algebraic treatment 
of Gédel’s incompleteness theorem. It should also be mentioned that Daigneault 
and Keisler have generalized Halmos’ treatment of the completeness theorem 
by showing that any simple polyadic algebra of infinite degree is isomorphic to 
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an ©-valued functional algebra. An open problem is to characterize those 
polyadic algebras of finite degree which are isomorphic to O-valued functional 
algebras; the reviewer has shown that not every simple algebra is of this kind. 
Halmos’ book is highly recommended as an introduction for those who wish 
to study logic from a purely algebraic point of view. 
DoNALD Monk, University of Colorado 


An Introduction to the Calculus of Variations. By L. A. Pars. Wiley, New York, 
1962. 350 pp. $8.50. 


This book is somewhat similar to Bliss’ Carus Monograph on the calculus 
of variations but is wider in scope. It was the author’s intent to “give to the 
non-specialist a good insight into the fundamental ideas of the subject, a good 
working knowledge of the relevant techniques, and an adequate starting point 
for further study and research... .” It is also somewhat similar to Akhiezer’s 
Calculus of Variations (English translation, Blaisdell Publishing Co., New York, 
1962). There has been a need for books suitable for an introductory course in 
the calculus of variations. It is good to have another book as a possible choice 
for a text book in the subject. 

The first five chapters are concerned with the ordinary problem in the plane. 
One chapter is devoted to concrete problems illustrating the theory. The multi- 
plier rule for an isoperimetric problem in the plane is derived in the sixth chapter, 
and there is a brief discussion of the relation of the isoperimetric problem to 
Sturm-Liouville systems. There are many diagrams illustrating the geometric 
details of particular problems. 

In chapter seven necessary conditions and the fundamental sufficiency theo- 
rem are given for the ordinary problem in three dimensions with an indication 
how to extend the theory to -dimensions. It seems unnecessary to develop the 
theory first for the plane and then repeat the process for higher dimensions. 
It would have been simpler to treat the problem for n-dimensions from the start. 
Any objection a reader might have to this would be taken care of by the many 
concrete examples. 

In chapter eight we find the multiplier rule for the Lagrange problem with n 
dependent and one independent variable. The next chapter deals with the 
parametric problem in the plane. The last chapter is entitled “Multiple Inte- 
grals.” A more appropriate title might be “Dirichlet’s Principle.” Here some 
properties of harmonic functions are established. Dirichlet’s principle is proved 
for a circular area and then, by following a method due to Poincaré, the prin- 
ciple is established for the general case. Since, as the author points out, a “higher 
standard of sophistication” is needed to follow a proof of Dirichlet’s principle, it 
might have been preferable to use this sophistication on some theorems of 
Tonelli about direct methods in general. 

There are thirty-five exercises at the end of the book that would keep a 
student very busy. 

ALINE H. FRINK, Pennsylvania State University 
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Electronic Computers: Fundamentals, Systems, and Applications. Edited by 
Paul von Handel. Springer-Verlag, Vienna, and Prentice-Hall, Englewood 
Cliffs, N. J., 1961. 235 pp. $13.50. 


The stated objective of this book is “to present an over-all view of various 
types of modern electronic computers” for “people ...who have no special 
knowledge of computers.” The main body of the work is by H. W. Gschwind, 
M. G. Jaenke and R. G. Tantzen of Holloman Air Force Base. There are chap- 
ters on digital computers, analog computers, digital differential analyzers and 
computing control systems. 

In the chapter on digital computers such topics as over-all system organiza- 
tion, storage types, number systems, programming and applications are dis- 
cussed. In the analog chapter one finds a discussion of presently available com- 
ponents, analog computer set-up and scaling. In these chapters there is a qualita- 
tive discussion of the error but no discussion of stability. In the case of the 
digital differential analyzer, an effort at error analysis is made but it does not 
seem to the reviewer to be adequate. 

F. J. Murray, Duke University 


Diophantine Approximations. By Ivan Niven. Wiley, New York, 1963. 68 pp. 
$5.00. 


This self-contained monograph is an extension of the Hedrick lectures de- 
livered by the author at the 1960 summer meeting of the MAA. It does not 
offer a complete survey of the field but is confined to the following topics: basic 
results on homogeneous and nonhomogeneous approximations of real numbers 
and analogous results for complex numbers; asymmetric approximation of irra- 
tional numbers; fundamental properties of the multiples of an irrational num- 
ber, for both fractional and integral parts. A unique feature of this monograph 
is that continued fractions are not used. The inclusion of basic results for com- 
plex numbers is noteworthy, as well as the presence of many new proofs offered 
here for the first time. An attractive feature is the inclusion of a section entitled 
“Further results” at the end of each chapter to provide a bibliographic account 
of closely related work. The author’s exposition is concise and lucid and the 
monograph will be extremely helpful and informative to specialist and non- 
specialist alike. 

W. E. Briaces, University of Colorado 


BRIEF MENTION 


Self-Organizing Systems. Edited by M. C. Yovits, G. T. Jacobi, and G. D. Goldstein. 
Spartan Books, Washington D. C., 1962. 563 pp. $12.00. 
Proceedings of a 1962 conference of workers in several of the disciplines concerned 
with Self-Organizing Systems—Mathematics, Physics, Psychology, Biology, Embryol- 
ogy, Neurophysiology, etc. 


Vector Analysts Including the Dynamics of a Rigid Body. By G. D. Smith. Oxford, New 
York, 1962. viii+192 pp. $4.00. 
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offer a complete survey of the field but is confined to the following topics: basic 
results on homogeneous and nonhomogeneous approximations of real numbers 
and analogous results for complex numbers; asymmetric approximation of irra- 
tional numbers; fundamental properties of the multiples of an irrational num- 
ber, for both fractional and integral parts. A unique feature of this monograph 
is that continued fractions are not used. The inclusion of basic results for com- 
plex numbers is noteworthy, as well as the presence of many new proofs offered 
here for the first time. An attractive feature is the inclusion of a section entitled 
“Further results” at the end of each chapter to provide a bibliographic account 
of closely related work. The author’s exposition is concise and lucid and the 
monograph will be extremely helpful and informative to specialist and non- 
specialist alike. 

W. E. Brices, University of Colorado 


BRIEF MENTION 


Self-Organizing Systems. Edited by M. C. Yovits, G. T. Jacobi, and G. D. Goldstein. 
Spartan Books, Washington D. C., 1962. 563 pp. $12.00. 
Proceedings of a 1962 conference of workers in several of the disciplines concerned 
with Self-Organizing Systems—Mathematics, Physics, Psychology, Biology, Embryol- 
ogy, Neurophysiology, etc. 


Vector Analysts Including the Dynamics of a Rigid Body. By G. D. Smith. Oxford, New 
York, 1962. viii+192 pp. $4.00. 
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Mathematical Optimization Techniques. By Richard Bellman, editor. University of Cali- 
fornia Press, 1963. xii+346 pp. $8.50. 

Papers presented at the Symposium on Mathematical Optimization Techniques, 
Santa Monica, October 1960. The book is divided into four parts: I. Aircraft, Rockets, 
and Guidance; II. Communication, Prediction, and Decision; II]. Programming, Combi- 
natorics, and Design; [V. Models, Automation, and Control. 


Angles and In- and Ex-Elements of Triangles and Tetrahedra. By Kesiraju Satyanarayana. 
Bangalore Press, Bangalore City, 1962. xiiit+135 pp. 5 Rupees. 


Journal of Research in Sctence Teaching, vol. 1, Issue 1. J. Stanley Marshall, editor. 
Wiley, New York, 1963. 98 pp. 


Introductory Statistical Mechanics for Physicists. By D. K. C. MacDonald. Wiley, New 
York, 1963. ix+176 pp. $6.75. 
Elementary “applied” statistical mechanics with emphasis on solid state phenomena. 


Quantum Mechanics for Mathematicians and Physicists. By Ernest Ikenberry. Oxford 
University Press, New York, 1962. 269 pp. $8.00. 
A fresh concise introduction to the elements of the theory emphasizing the mathe- 
matical aspects of its development. A useful section-by-section bibliography is included. 


NEWS AND NOTICES 
EDITED By RAouL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this depariment by sending 
news items to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo 
(University of Buffalo) Buffalo, New York 14214. Items must be submitted at least two months 
before publication can take place. 


PERSONAL ITEMS 


Professor H. L. Alder, University of California, Davis, represented the Association 
at the Convocation held as part of the Dedication of the California State College at 
Hayward on May 2, 1964. 

Professor R. R. Stoll, Oberlin College, represented the Association at the dedication 
of the Charles F. Kettering Science Center at Ashland College on March 14, 1964. 

Brigham Young University: Assistant Professors K. L. Hillam and L. J. Olpin have 
been promoted to Associate Professors; Mr. H. E. Wickes has been promoted to Assistant 
Professor: Assistant Professor H. G. Moore has been granted a leave of absence and 
awarded an NSF Science Faculty Fellowship for study at the University of California 
at Santa Barbara. 

Assistant Professor L. A. Fiedler, Black Hawk College, has been promoted to 
Associate Professor and appointed Acting Head of the Mathematics Department. 

Professor Karl Menger, Illinois Institute of Technology, has been appointed Visiting 
Professor for the spring semester at the University of Arizona. 

Associate Professor Gloria Olive, Anderson College, has been promoted to Professor 
and Chairman of the Mathematics Department. 


Professor Emeritus L. K. Adkins, Wisconsin State College, LaCrosse, died on Novem- 
ber 11, 1963. He was a charter member of the Association. 
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Professor Emeritus J. E. Dotterer, Manchester College, died on January 21, 1964. 
He was a charter member of the Association. 

Assistant Professor Corinne R. Hattan, University of Illinois, died on February 7, 
1964. She was a member of the Association for 26 years. 

Professor S. S. Wilks, Princeton University, died on March 8, 1964. He was a member 
of the Association for 23 years. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reporis and Communications 


APRIL MEETING OF THE MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA SECTION 


The annual Spring meeting of the Maryland-District of Columbia-Virginia Section 
of the MAA was held at the United States Naval Academy, Annapolis, Maryland, on 
April 27, 1963. Professor Herta T. Freitag, Chairman of the section, presided. The invited 
address on “Men and Mathematics: a Plea for the Historical Sense in Mathematics,” 
was delivered by Dr. Philip J. Davis, Chief Numerical Analysis Division, National 
Bureau of Standards, Washington, D. C., the recipient of the Chauvenet Prize, 1963. 

At the business meeting the following officers were elected: Chairman, Dr. John W. 
Wrench, Jr., Applied Mathematics Laboratory, David Taylor Model Basin, Washing- 
ton, D. C.; Vice Chairmen, Professor George H. Butcher, Howard University, Washing- 
ton, D. C. and Professor Raymond W. Moller, Catholic University of America, 
Washington, D. C.; Secretary, Professor Samuel S. Saslaw, U. S. Naval Academy, 
Annapolis, Maryland; Treasurer, Professor Stanley B. Jackson, University of Maryland, 
College Park, Maryland. 

The following program was presented: 


1. Tailgater, a simultaneous compiler, by Professor H. Kaplan, U. S. Naval Academy. 


2. A theory of primes and Cramer’s conjecture, by Commander F. B. Correia, USN, U.S. Nava 
Academy. 


3. Convex metrics, by Dr. Christoph Witzgall, National Bureau of Standards, Washington, 
D.C. 


4. Error analysis of the magnetic attitude prediction program for the Tiros satellites, by W. H. 
Land, Jr., I.B.M. Corporation, Bethesda, Maryland. 


5. A least squares unit vector perpendicular to a given set of vectors, by H. E. Castro, U. S. 
Naval Weapons Laboratory, Dahlgren, Virginia. 


6. Ship location by means of an acoustic range, by Professor R. P. Bailey, U.S. Naval Academy. 


7. A theorem on convex programming, by Dr. A. J. Goldman, National Bureau of Standards, 
Washington, D. C. 
S.S. SasLtaw, Secretary 


DECEMBER MEETING OF THE MARYLAND-DISTRICT OF COLUMBIA- 
VIRGINIA SECTION 


The annual Fall meeting of the Maryland-District of Columbia-Virginia Section of 
the MAA was held at American University, Washington, D. C. on Saturday, December 
14, 1963. Dr. John W. Wrench, Jr., Chairman of the section, presided. Dr. F. Joachim 
Weyl, Deputy Chief and Chief Scientist, gave the invited address on “Elementary 
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The intervals to be used in mechanical quadrature can be determined for a selected permissible 
error from the remainder term of the quadrature formula used and need not be of equal length 
throughout. To avoid the necessity for determining extrema, bounds may be used without in- 
creasing the uncertainty inherent in the remainder term. A correction term may be selected for 
each subinterval as the mean of the lower and upper bounds of the remainder term. If the integrand 
is the product of two or more factors, the bounds of each term in the remainder may be determined 
by inspection or trial. 

S. S. SasLaw, Secretary 


FEBRUARY MEETING OF THE LOUISIANA-MISSISSIPPI SECTION 


The forty-first annual meeting of the Louisiana-Mississippi Section of the MAA was 
held in Biloxi, Mississippi, on February 14-15, 1964, with Northeast Louisiana College 
the host institution. There were 239 persons registered including 119 members of the 
Association. 

The general session on Friday afternoon included the welcome and the response, 
the appointment of committees and the report of the Governor of the Section, Professor 
R. D. Anderson. 

The technical papers were presented in two concurrent sessions with Professor W. E. 
Timon, Jr., Vice Chairman and Professor Wilson Davis, Vice Chairman, presiding. 
Professor Roy Sheffield presided at the three general sessions. 

The following officers were elected for the coming year: Chairman, P. K. Rees, 
Louisiana State University; Vice Chairman for Mississippi, Russell Stokes, University 
of Mississippi; Vice Chairman for Louisiana, D. E. Dupree, Northeast Louisiana 
College; the term of Secretary-Treasurer, Z. L. Loflin, University of Southwestern 
Louisiana, extends to 1966. 

The invited speakers for the meeting were Professor Alfred Willcox of CUPM and 
Professor Gail Young of Tulane University. Dr. Willcox spoke on the CUPM Pre- 
graduate program and discussed better counselling for high school students. Professor 
Young’s talk on Friday evening gave a comprehensive survey of CUPM Level I progress 
with an apprehensive look ten years in the future. His Saturday morning address was 
entitled “The Concrete and the Abstract” an abstract of which appears below. 

The following papers were presented: 


1. On maps with nonnegative Jacobians, by M. L. Marx of Tulane University. 

THEOREM. Let M and N be differentiable orientable N-Manitfolds. Suppose that F:M—-N is dif- 
ferentiable with nonnegative Jacobian. Define A to be the set of lumit potnts of sequences { F(Xx)} 
where {Xn} has no limit point in M. Let P be the set in M where the Jacobian is nonzero. Then erther 
P is empty or F(P) is contained in A or F(M) contains a component of N—A. 


2. Some results concerning the (f, dn) method of summability, by Gaston Smith of University 
of Southern Mississippi. 

The (f, d,) method of summability was defined and two results concerning the regularity of the 
method were discussed. Then a special case of the method which provides an effective means for 
obtaining the analytic continuation of a power series was considered. 


3. Generation of multivariable orthogonal polynomials, by D. E. Dupree of Northeast Louisiana 
State College. 


4. A computation method—numerical solution of partial differential equations, by E. E. Moyers 
of University of Mississippi. 

A method is given for treating a problem in potential theory which arises in the study of fluid 
flow through porous media. The iterative method permits computation of two-dimensional flow 
fields for use in the determination of invasion patterns when multiple sources and sinks are present. 


5. A numerical integration procedure, by E. B. Anders of Northeast Louisiana State College. 
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6. Analysis of trade between hostile systems, by D.L. Brito of U.S.A.A., Fort Sill, Oklahoma. 


7. A note on the spectral theorem for matrices, by J. D. Gilbert of Louisiana Polytechnic Insti- 
tute. 


8. Commuting functions problem, by Haskell Cohen of Louisiana State University. 

The question of whether two continuous commuting functions on the unit interval to itself 
have a common fixed point or not is considered (two functions f and g commute if f[g(x)]=g[f(x)] 
for all x). Some of the elementary properties of such functions are exhibited. It is shown that if 
there is a pair of commuting functions without a common fixed point, then there is a pair of onto 
functions with the same property. Finally it is shown that if the additional restriction that f and g 
be open maps is added, then f and g must have a common fixed point. 


9. The application of the Laplace transform to the problem of the tautochrone, by W. H. Herbert 
of Louisiana Polytechnic Institute. 

This problem is that of determining a curve through the origin in a vertical xy plane such that 
the time required for a particle to slide down the curve to the origin is independent of the starting 
position. The required curve is called the tautochrone. Equating gain in kinetic energy to loss of 
potential energy, we obtain a differential equation and solve it by the method of the Laplace 
transform. The curve is proved to be that of a cycloid. 


10. A programmed learning experience at Louisiana State University, by J. E. Keisler. 

LSU’s two years of experience with the use of programmed learning materials for the teaching 
of remedial mathematics was described. In initial phases of the experience, with a great deal of 
faculty time and effort involved, the results were slightly better than those with the traditional 
text-book-lecture method. The more closely the desired goal of having the students use these 
materials on their own to become qualified for collegiate mathematics was approximated, the 
larger the percentages of students with unsatisfactory grades became. The text-book-lecture 
method is again in effect for remedial mathematics. 


11. The concrete and the abstract, by Gail Young of Tulane University. 

Primarily pedagogical, the paper is concerned with the necessity of introducing the concepts 
of abstract mathematics early in the undergraduate curriculum, so that the concepts become 
familiar and “concrete” to the student. Several places in the curriculum where such ideas can be 
introduced are given. 

Z. L. LOFLIN, Secretary 


FEBRUARY MEETING OF THE NORTHERN CALIFORNIA SECTION 


The annual meeting of the Northern California Section of the MAA was held at 
Stanford University on February 1, 1964. Professor Lester H. Lange, San Jose State 
College, presided at the general sessions and the Vice-Chairman, Professor Daniel F. 
Coulter, Jr., Hartnell College, conducted the business meeting. There were 205 people 
registered for the meeting of whom 162 were members of the Association. 

The following officers were elected: Professor Daniel F. Coulter, Jr., Chairman; Pro- 
fessor E. Maurice Beesley, University of Nevada, Vice-Chairman; Dr. Joel L. Brenner, 
Stanford Research Institute, Secretary-Treasurer; Professor Max Kramer, San Jose 
State College, Program-Chairman. 

The invited address entitled “The Independence of the Axiom of Choice” was de- 
livered by Professor Paul Cohen of Stanford University. 

A presentation on “Future Goals for School Mathematics” was given by Professor 
E. G. Begle, Stanford University, followed by a panel discussion by Professor G. Polya, 
Stanford University; Professor C. M. Larsen, San Jose State College; Mrs. Sarah 
Herriot, Cubberley Senior High School; and Martin J. Dreyfuss, San Jose City College. 

The following papers were presented: 

1. A Diophantine algorithm, by Professor Dmitri Thoro, San Jose State College. 

The Diophantine equation «?—xy—y?=A has a solution in relatively prime integers x and y 
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if and only if (i) A =5¢A’ 0, where e=0 or 1 and (ii) if p is a prime factor of A’, then =1 or —1 
(mod 10). For | A|<4*, no more than k-+2 unimodular transformations are required to obtain a 
solution. This algorithm was programmed in FORTRAN and run on an IBM 1620. 


2. A composite generator, by R. C. Orr, Humboldt State College. 
The function f(k, n, 7, s,) = 


(n +8) E -++ 2)(k — 2)(k — 3)(6r + s) 4 1] 


9k — 3 


in which # and ¢ are natural numbers, s is 0 or —2, and & is 0, +1, +2, or 3, covers the composite 
natural numbers and never assumes a noncomposite value. 


3. Some new Fibonacci identities, by Professor V. E. Hoggatt, Jr., San Jose State College. 

It is well known that the Fibonacci numbers raised to powers satisfy linear recursion formulas. 
From a certain matrix of order three there can be derived Fibonacci Squares identities like the 
following: tt 

2 er ‘) Fit = 5’Fonyp41  (w = O Ff any integer). 
‘=0 

Similar identities may be found by matrix methods for Fibonacci Fourth Powers. The author 
desires similar formulas for Fibonacci Cubes and higher powers. 

4. An algorithm for finding certain partial fraction expansions, by Dr. Martin Blumberg, Stan- 
ford Linear Accelerator Center. 

An algorithm, and some formulas derived therefrom, is presented for finding partial fraction 
expansions of algebraic expressions with multiple poles of finite order and with unit numerator. 
The coefficients of the linear factors turn out to be functions of the differences of the roots of the 
various terms multiplied by binomial coefficients (taken vertically rather than horizontally). If 
some of the factors have complex conjugate roots the computation is somewhat simplified; the 
form of their inverse Laplace transforms is easily identified. A method is given for expanding 
expressions with a polynomial numerator. The formulas are illustrated with numerical examples. 


5. A technique for solving a type of integral equation, by Dr. Richard Bellman, RAND Cor- 
poration and Dr. Paul Brock, Hughes Aircraft Corporation. 

The application of mathematical models to physiological processes frequently gives rise to 
Volterra equations of the form u(t)=f(é)+ f T k(¢—s)u(s)ds. These renewal equations arise in 
many other connections as well. The solution of this equation is expressed in terms of the solutions 
of linear systems of differential equations, derived from similar integral equations whose kernels 
are exponential forms. These auxiliary equations are obtained by means of differential approxi- 
mation and quasilinearization. 

B. J. LocKHART, Secretary 


ANNOUNCEMENT OF CHANGES IN THE 1964-65 COMBINED MEMBERSHIP LIST 


The format used in listing members of AMS, MAA, and SIAM will differ in the next 
issue of the Combined Membership List, which will go to press in October, 1964. Not all 
the listings will be changed before the next issue, but new addresses and changes of ad- 
dress will be processed in the new format as they are received. The changes are: 

1. The entry for a member will list his name, title, and place of employment, and only 
one address, the mailing address. Both the home and the business addresses will no longer 
be included. 

2. Certain standard abbreviations will be introduced; e.g., the names of states in all 
state colleges and universities will be abbreviated. 

3. Zip code numbers will be added to the addresses. 

These changes are being undertaken to reduce the size and production cost of the 
Combined Membership Last. 

The deadline for changes is October 1. They should be reported to the Buffalo office 
of MAA before that date. 
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CALENDAR OF FUTURE MEETINGS 
Forty-fifth Summer Meeting, University of Massachusetts, Amherst, August 24-26, 


1964. 


Forty-eighth Annual Meeting, Denver-Hilton Hotel, Denver, Colorado, January 


28-30, 1965. 


The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY MouNTAIN 

ILLinots, Southern Illinois University, Carbon- 
dale, May 14-15, 1965. 

INDIANA 

IOWA 

KANSAS 

KENTUCKY 

LOUISIANA-MISssISSIPPI, Biloxi, 
February 19-20, 1965. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw YoRK 

MICHIGAN, University of Michigan, Ann Arbor, 
Michigan, March, 1965. 

MINNESOTA 

MISSOURI 

NEBRASKA 

New JERSEY, Rutgers, The State University, 
New Brunswick, November 7, 1964. 

NORTHEASTERN, Worcester Polytechnic Insti- 


Mississippi, 


tute, Worcester, Massachusetts, Novem- 
ber 28, 1964. 

NORTHERN CALIFORNIA, College of San Mateo, 
California, February 6, 1965. 

OHIO 

OKLAHOMA 

PaciFic NORTHWEST 

PHILADELPHIA, Drexel Institute of Technology, 
Philadelphia, Pennsylvania, November 21, 
1964. 

Rocky MOUNTAIN 

SOUTHEASTERN 

SOUTHERN CALIFORNIA, Claremont Men’s Col- 
lege, California, March 13, 1965. 

SOUTHWESTERN, Arizona State University, 
Tempe, Arizona, Spring, 1965. 

TEXAS 

Upper NEw York STATE 

WISCONSIN 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN MATHEMATICAL Society, Amherst, 
Massachusetts, August 25-28, 1964. 
AMERICAN SOCIETY FOR ENGINEERING EpucaA- 

TION, Illinois Institute of Technology, 
Chicago, June 21-25, 1965. 
ASSOCIATION FOR COMPUTING MACHINERY, 
Philadelphia, August 25-28, 1964 
CENTRAL ASSOCIATION OF SCIENCE AND MATHE- 
MATICS TEACHERS, Detroit, November 26- 
28, 1964. 


INSTITUTE OF MATHEMATICAL STATISTICS, 
Berne, Switzerland, September 14-16, 1964. 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Leamington Hotel, Minneapolis, 
August 20-21, 1964. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Hotel Leamington, Minneapolis, October 
7-9, 1964. 

Pr Mvu_ EPpsiLon, 
25-26, 1964. 


Amherst, Mass., August 


A selection of Wiley and Interscience 


books for mathematicians 


THE ELEMENTS OF REAL ANALYSIS 

By ROBERT G. BARTLE, University of Illinois. 
Precise and modern definitions, plentiful exam- 
ples of each new concept, rigorous proofs, proj- 
ects that give the student a taste of research, short 
biographical sketches of mathematicians—these 
ate just a few of the features that distinguish this 
new presentation of the main results of elemen- 
tary real analysis. 1964. Approx. 440 pages. Prob. 

10.95. 


NUMERICAL METHODS AND FORTRAN 
PROGRAMMING 
With Applications in Engineering and Science 


By DANIEL D. McCRACKEN, McCracken As- 
sociates, Inc.; and WILLIAM S. DORN, Ixter- 
national Business Machines Corporation. An ele- 
mentary introduction to modern machine com- 
putation, providing an integrated, up-to-date treat- 
ment of both numerical and computer program- 
ming techniques. 1964. 457 pages. $7.50. 


MATHEMATICS FOR ELEMENTARY TEACHERS 

By RALPH CROUCH, New Mexico State Uni- 
versity; and GEORGE BALDWIN, Eastern New 
Mexico University. Written by two of the con- 
sultants used by the Committee on Undergraduate 
Programs in Mathematics to prepare their recom- 
mended course outlines for the training of ele- 
feo teachers. 1964. Approx. 320 pages. Prob. 

6.95. 


A PROGRAMMED INTRODUCTION TO 
NUMBER SYSTEMS 

By IRVING DROOYAN and WALTER HA- 
DEL, both at Los Angeles Pierce College. An ex- 
citing application of the new methods of pro- 
grammed instruction to the study of the develop- 
_ of number systems. 1964. 261 pages. Prob. 
3.95. 


ELEMENTS OF NUMERICAL ANALYSIS 

By PETER HENRICI, Eidgen@ssische Technische 
Hochschule, Zirich. Presents an unusually clear 
and unified treatment of fundamental principles. 
The author brings to life the basic concepts of 
calculus. 1964. Approx. 344 pages. Prob. $8.00. 


BASIC STATISTICS 

A Primer for the Biomedical Sciences 

By OLIVE JEAN DUNN, School of Public 
Health, University of California, Los Angeles. 
Gives insight into the statistical methods used in 
modern medical research. The book first presents 
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A DIVISION ALGEBRA FOR SEQUENCES AND ITS ASSOCIATED 
OPERATIONAL CALCULUS 


LOUIS BRAND, University of Houston 


1. Introduction. Mikusifiski [1] has developed an operational calculus which 
is essentially a division algebra in which the elements are the set of continuous, 
real or complex valued functions over the interval 0Si<. This set forms a 
commutative ring |2] with the operations 


Addition: (a + b)() = a(é) + Ob). 
Convolution: (ab)(t) = f ‘als b(t — 7)dr. 


Titchmarsh’s theorem [3] shows that there are no divisors of zero in this alge- 
bra. The ring may therefore be extended into a division algebra whose elements 
a/b are called operators [4]. Mikusifiski then applies this algebra to the solution 
of both ordinary and partial differential equations. The calculations are for- 
mally very similar to those in which the Laplace transform is used; but the method 
is more general since it is free from convergence considerations and applies to 
equations such as x’ —x=2(t—1)e* [5] in which the right member is not trans- 
formable. 

In applying operational methods to the solution of difference equations [6], 
however, Mikusifski uses a method which, in his words, “is not connected in 
any essential way with the operational calculus” [7]. The purpose of this paper 
is to set up a commutative ring in which the elements are sequences and the 
operations are the addition and convolution (Cauchy product) of sequences 
{f(t)}, over the integers 0,1, 2,---. 


Addition: (a + 8)(é) = a(t) + 01) 
t 
Convolution: (ab)(i) = > a(r)b(t — rT). 
t=0 

This ring proves to have no divisors of zero for the analog of Titchmarsh’s theo- 
rem is readily proved. The ring may therefore be extended into a division alge- 
bra with unique identity elements. This algebra is then applied to the solution 
of difference equations in much the same way as Mikusifski’s algebra is applied 
to differential equations. 

This was first done by Josef Eli4s [8] who defined the convolution of se- 
quences and constructed an operational calculus for sequences that closely 
parallels that of Mikusifski. His definition of convolution differs from that 
above in that the initial term is zero; his formulas are given in terms of the 
operator 1/ {1} (the inverse of the sum operator) and are applied to solve 
difference equations in the A-form. 

T. A. Newton [9] used the convolution of sequences in the form (ab) (t) given 
above to obtain recurrence relations for the power series solution of linear 


719 


720 A DIVISION ALGEBRA FOR SEQUENCES [September 


difference equations. Finally D. H. Moore [10] showed that this could be done 
by purely algebraic operations by defining the algebraic derivative of a sequence 
as D{f(t)} = {(¢+1)f¢+1)} and expressing some basic sequences in terms of 
the shift operator s= 10, 1,0,0,°---> i 

The transition from differential equation to recurrence relation is facilitated 
when the equation is expressed in terms of the operator 3} =xD. Since 3 (0 —1) 
=x2D?, the equation 


(1 + 2) y"" + xy" — 2y = 0, 
considered by both Newton and Moore, becomes 
HS — 1)y + 22h + 2) — 1)y = 0. 


This discloses the indices \;=0, Ag=1 and the solutions 


yi = » Cnx”, 
Tum () 
where (2n—1)c,+(2n—3)¢,_1=0 and ye=x. 
We shall also express sequences in terms of the shift operator s. In a formula 
such as {a(t)} = A(s), A(s) is precisely the generating function of the sequence 
in the sense of Laplace, 


i>] 


A(s) = Dd) a(d)s', 


t=0 


but in which convergence no longer poses a germane question. Thus this opera- 
tional calculus gives the well-known formulas for generating functions a new 
interpretation just as the calculus of Mikusifski reinterprets Laplace transforms 
—1in both cases without reference to convergence. 


2. Commutative ring. Let S be the set of real or complex valued sequences 
defined over the integers ¢=0, 1, 2, - +--+. With operations of addition and con- 
volution the elements form a commutative ring satisfying the six postulates. (We 
parallel Mikusifiski’s notation in using single letters to denote the elements 
(sequences) of our algebra): 


Ay: a@+b0=6+4; 

Ae: (atdte=at+(b+o); 

A3: Given a, b, there exists an element x such thata + « = ); 
M,: ab = ba; 

M.: (ab)c = a(bc); 

D: ab+c) =ab+4+ be. 


M, and D are obvious and Mz is easily proved. From Ai, As, As the unicity of x 
and the existence and unicity of the identity element for addition may be de- 
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duced. For the set § it is the zero sequence {0, 0,0,°--°- t 
We now show that this ring has no divisors of zero. 


THEOREM. The convolution of two sequences 1s zero when and only when one of 
the sequences 1S zero, 


Proof. Let c=ab=0. If a(f)=0 there is nothing to prove. Therefore let 
a(n) 0 be the first nonzero element of { a(t) \. Then 


Cn = > a(r)b(n — r) = a(n)b(0) = 0 6(0) = 0, 
Ci = Ss a(r)b(n +1— 7) = a(n)d(1) = 0 b(1) = 0, 


and in general, by induction, b(¢) =0. 


3. Quotient field. From the commutative ring we now construct a division 
algebra whose elements are ordered pairs (a, 0) with b+0 and having the 
equivalence relation 


(1) (a,b) = (c,d) iff ad = be. 

In particular for any nonzero sequence f, 

(2) (a, b) = (af, of), f #0. 
Addition and multiplication are defined as for fractions (a, 6) =a/b: 

(3) (a, b) + (c,d) = (ad + be, bd), 

(4) (a,b) - (c,d) = (ac, bd). 


Since 0, d%0, bd0 by the theorem above, and hence, the sum and product of 
the ordered pairs are elements of the field. The zero element is now (0, f), f40; 
for from (3) and (2) 


(a, b) + (0, f) = (af, Of) = (a, 6). 


These ordered pairs satisfy all six postulates of a commutative ring. More- 
over they satisfy the postulate 


M3. Given (a, b), (c, d) with aX0 (as well as b, d, 40), there exists a unique pair 
(x, y) such that (a, b)-(x, vy) = (ce, d). 


Proof. By hypothesis ab 0, ad¥0. Hence 
(a, b)-(bc, ad) = (abc, bad) = (c, d) 


by (2); thus we may take (x, y)=(bc, ad). Moreover (x, y) is unique; for if 
(a, b)-(x, y) =(a, b)-(u, v) or (ax, by) = (au, bv) then ax by =by au from (1). Since 
ab0, xv=vyu or (x, y)=(u, v). 

If f is any nonzero sequence, (f/, f) is the multiplicative identity. 
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4. Numerical operators. The sequences k= {k, 0, 0, +++} are isomorphic 
with the numbers &; for 


ki +k, = {hi + he, 0,0,--> , 
kik. = { Riks, 0, 0, “ee 7 
On occasion we may use boldface k to denote the above sequence; but ordi- 


narily italic k will serve. Thus & times a sequence in the usual sense is the same 
as k times the sequence in the sense of our algebra. 


We shall also write 


kia} for Lk, 0, 0, sc  { a(0), a(1), a(2), cs } 
R{1} for {k,0,0,-++}{1,1,1,---}. 


All powers of the sequence 1= {1,0,0,--- } arel and 1{a} = {a}. From (3) 
and (4) 


(a, 1) + (6,1) =(@+4,1), (a, 1)-(, 1) = (a6, 1); 


thus the pair (/, 1) may be regarded as another notation for the sequence f; and 
we shall write (f/, 1) =f. In particular the multiplicative identity (f, f)=(1, 1) 
=I. 


5. Fraction notation. If we write (a, b) =a/b (b 0) equations (1) to (4) are 
the familiar rules for numerical fractions when multiplication is replaced by 
convolution. Any sequence f(¢) may be written as f/1; and the identity elements 
for addition and convolution are simply 0/1=0 and 1/1=1. 

If a=be (b0) we have a/b =c/1=c, a sequence. But if a and 0 are arbitrary, 
a/b may not be asequence; for example, if a(0) #0, b(0) =0, a/b is not a sequence 
c for b(O0) c(O) =0 cannot equal a(0). We call the elements of our division algebra 
operators; they include, in particular, numbers and sequences. 


6. Shift operator. The sequence 
(5) s= {0,1,0,0,---} 
is called the shift operator on account of the convolution 
s{f(0), f(1), +++ } = {0, f), F), «+ } 


in which each element of f is shifted one step to the right. We have s? 
~ 10, 0, 1,0, 0,--- }, and in general 


(6) se = {0,0,--+,0,1,0,0,0,---f. 
—e eee” 
n 
When 2=0 we define s°= ‘1, 0,0,--- i in agreement with (6). Thus any se- 


quence { fo} may be written as an infinite series 
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(7) (()} = Dss! = F(s). 


The question of convergence is not germane to this notation, for (7) merely states 
that the term f(z) of the sequence occupies the same place as the 1 in s”. 
From (7) we have 


(8) {r9} = LHOGs)' = FO). 


Moreover {t f(t) } = voeotf) st=s eo f() ts*}, or since the last sum is the 
formal derivative of the series F(s) in (7), 


(9) {if(t)} = sF’(s). 


Formulas (8) and (9) have been proved when F(s) is a simple series as in (7). 
These formulas also hold when F(s)=A(s)/B(s), the quotient of two simple 
series. For if 


{f(} = hol Be > F(s) 


we have the convolution ar f(r)b(é—7) =a(t). The identity 


> rf(r)rt7b(t — r) = a(t) or {r¢f(e)} {rtb(t)} = { rta(t)} 


T=0 


now implies that 
(8’) {rtf(t)} = ———_ = Bon > F(rs). 


Moreover the identity 


t 


dD tf(r)b(t — 7) + Li Hoye — r)b(t — 7) = ta(Z) 


implies that {tf (t) } { b(t) ho { f@} {tb(t) } = { ta(t) } Therefore 
{if()} B AG) B'(s) = sA’ 
if(t) 5 B(s) + Bis) (s) = sA"(s), 

(9’) {if(i)} = s — = (5) = sF’(s), 


7. Sum and difference operators. The sequence 
(10) o={1,1,1,---} 


is called the sum operator since the convolution 
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(11) t= 4 > so} | 


The reciprocal of ¢, namely 
1 

(12) §6=—=  {1,-1,0,0,---}=1-—s 
CT 

is called the difference operator from the property 


6f = {f(0), Af(0), Af(1), +> - }. 
Writing this (1—s) {f() } =f(0) +s {Af}, and putting Af() =f(t+1)—-f(), we 


get the important result 


(13) stifle + 1)} = {fO} — £0) 
in which f(0) is a number. In particular when f(t) =1, s { 1} = {1} —1, or 
(14) {1} =——; 

1—s 


since {1} =g, this also follows from (12). Again with f(t) =r’, we have sr {rt} 
= {rt} —1, or 


1 


1 — rs 


(15) {rt} ss 


which also follows from (8) and (14). 


From (13), s{f(t+2)}= {f(¢+1) } —f(1); hence 


(16) s*{fe + 2)} = {FO} — FO — sf), 
and in general 
(17) s{fe + n)} = (fO} — FO — sf) — +++ — sf — 1). 
The powers of o are readily computed: 
ce=oftt}=ii=7 _ {t+ 1}, 
t p+ 1)(2) [t4 9) (2) 
of = o{t+1} = i : ee, 


and in general, by induction (cf. [11] for notation), o*t!= {(t-+n)™} /n!; or 
since, g=(1—s)-} 
n!} 


(18) { (i + n) )} = Gs) 
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If we put f(f) =¢™ in (17) and note that f(0) =f(1) = -- + =f(n—1)=0, we have 
n\s” 
(n)$ == on mo oe 
(19) it 5 (t+ 0) (1 — 5) 
From (18) and (8) we have the useful result: 


n} 
(1 — rs)o4 


(20) {r'(t-+ n)@} = 


8. Operational formulas. Starting with {1}=(1—s)-} and using (9) we 
find successively 
s(s + 1) 


s(s? + 45 + 1) 
(1-5)? 1-5 


(1 — s)* 


iP} 


Again from these formulas and (8), 


) { ert} = 


(21) = {# {i} = 


_ Ss 
(1-5)? 


rs 
(1 — rs)? 


(22) {rth = 


From (22) 
1 1 — se 
{ efat} — = 
1— se’* 1-— 2scosa+ s? 


and on taking real and imaginary parts, 
1—scosa 
1 — 2s cosa +s? 
s sin a 


1—2scosa+s? 


(23) {cos at} = 


(24) { sin at} = 


When a=7/2 these become 


(25) {cos a 1 = : ) 
2 1+ s? 
(26) {sin =f =. 
2 1+ s? 
Also from (9) 
— 752 
(27) { cos ih — ’ 
2 (1 + 57)? 
ww C2 
(28) { sin — i = sl = s°) ) 
2 (1 + s?)? 


and hence 
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t v v 1 
(29) 5 cos —i+ cos ih = ——____, 
2 2 2 (1 + 57)? 
(30) . ; Th 1. = 5 
—— sin — — $1n -— = * 
2 2 2 2 (1 + 52)? 


When the left members of equations (23) to (30) are multiplied by r', we 
must replace s by rs in the right members. 

If s were a real or complex variable in equation (7), F(s) would be the gen- 
erating function of the sequence { f@}. Apart from considerations of con- 
vergence, formulas (8) and (9) are formal consequences of (7) and show that 
F(rs) and sF’(s) are generating functions of the sequences iréf(t) } and {if (a) } 
respectively. With the aid of these results all the operational formulas were 
deduced from the generating function (1—s)~! of the sequence {1}. Conse- 
quently the formulas above have a double meaning: 1°, when s is the shift oper- 
ator they express a sequence { fd } as a rational function F(s) in a division alge- 
bra; 2°, when s is a numerical variable, F(s) is the generating function of \ f(t) I. 


9. Difference equations. To solve a difference equation of order ~ with con- 
stant coefficients 


aoy(t +m) + ary tna— 1) +--+ + ay) = fQ, 
multiply by s* and use (17) to put the left member in the form 
(do + ais + +++ + an8")y + G(s), 


where G(s) is a polynomial of degree n —1 at most and whose coefficients depend 
upon the first m terms of the sequence y given as initial conditions. Express 
{ f@} as F(s) by means of the appropriate operational formulas, solve the 
equation for 
s"F(s) — G(s) 

ao tas + +--+ a,s* 

decompose into partial fractions and interpret them as sequences in ¢#. The 
method is illustrated in the following examples in which sy(t+1)=y—vypo, 


s?y(t-+2) =y—yo—Sy1, are used to transform the left members and y,= y(n). 
Example 1. yt+2)+y() =sin(r/2)t, youl, 1=0. Multiply by s?; then 


53 

—-1+s%y= 

y y L452? 
1i-+s 5 

y= 


1+s? (1459) 
{cos (r/2) t + sin (4/2)t — 4(1 + 2) sin (w/2)e} 
on using (25), (26) and (30). 
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therefore 
y = £{sin(w/2)t} + 2{cos (4/2)t} + 2{2/? cos (r/4)t} — ${2¢/? sin (4/4)z}, 
y(t) = $(sin (@/2)t + 2 cos (w/2)t) + ($2¢*/?)(3 cos (1/4)t — 4 sin (2/4)2). 
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LAPLACE TRANSFORMS AND CANONICAL MATRICES 
HARRY HOCHSTADT, Polytechnic Institute of Brooklyn 


I. The purpose of this article is to demonstrate the intimate connection be- 
tween systems of differential equations and canonical matrices. In particular it 
will be shown, using only some basic concepts of differential equations and linear 
algebra, that for every matrix a similarity transformation can be found which 
will put the given matrix into the Jordan canonical form. Subsequently some 
special cases will be treated, in particular normal matrices. The method leads 
to a canonical form naturally and is also a constructive method. Although the 
basic results are not new, it is believed that the treatment is original. 


II. This section will summarize some of the basic facts of differential equa- 
tions, Laplace transforms and linear algebra which will be used. The class of 
matrices to be discussed will be square nm Xn matrices, whose entries are complex 
numbers; such a matrix will be denoted by A. Its hermitian transpose or adjoint 
will be denoted by A*, and is defined as the complex conjugate of the transpose 
of A, that is 

A* = AT, 


The inner product of two vectors X and Z, with entries x; and 2; will be 
given by 


(Z, X) = ST eats 


t=] 
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therefore 
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I. The purpose of this article is to demonstrate the intimate connection be- 
tween systems of differential equations and canonical matrices. In particular it 
will be shown, using only some basic concepts of differential equations and linear 
algebra, that for every matrix a similarity transformation can be found which 
will put the given matrix into the Jordan canonical form. Subsequently some 
special cases will be treated, in particular normal matrices. The method leads 
to a canonical form naturally and is also a constructive method. Although the 
basic results are not new, it is believed that the treatment is original. 


II. This section will summarize some of the basic facts of differential equa- 
tions, Laplace transforms and linear algebra which will be used. The class of 
matrices to be discussed will be square m Xn matrices, whose entries are complex 
numbers; such a matrix will be denoted by A. Its hermitian transpose or adjoint 
will be denoted by A*, and is defined as the complex conjugate of the transpose 
of A, that is 

A* = AT, 


The inner product of two vectors X and Z, with entries x; and 2; will be 
given by 


(Z, X) = ST eats 


t=] 
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We also know that (Z, AX) =(A*Z, X). The characteristic polynomial A(s) will 
be defined as the determinant of sf—A, that is 


A(s) = [sz — Al, 


where I is the identity matrix. For an 2 Xn matrix A(s) is a polynomial of degree 
n. For every zero of that polynomial, say s;, it must be possible to find a row 
vector R; such that 


R,A = $;R;. 


The s;and R; are known as eigenvalues and eigenvectors respectively. We shall 
not make a distinction between row and column vectors in our notation, but a 
product like RA will make sense only if R is interpreted as a row vector, whereas 
AC, where C is a vector, will make sense only if C is a column vector. 

If T is a nonsingular matrix then 7 AT~-! has the same characteristic poly- 
nomial A(s) as A, and the eigenvalues of A and TAT! must coincide. 

Linear, homogeneous systems of differential equations with constant coeffi- 
cients can be written in the form 


ax; L n 
vf (Z) = ” = » a4;X;(t) (4 = 1, 2, ae) Nl). 
dt j=l 


It is convenient to write such a system in the form 
X(t) = AX(), 


where A is a matrix with constant entries a;;, and X a column vector with entries 
x(t). X’(¢) has the entries x/ (#). It is known that such a system has precisely 
n linearly independent solutions, and that for every initial vector X(0) a unique 
solution X(t) exists for all ¢. 

The Laplace transform y(s) of a function x(¢) is defined by 


[seve = y(s). 


The above integral exists for all x«(¢) of exponential growth, if the real part of s 
is sufficiently large. Only such functions will be considered here. By integration 
by parts one can prove the following 


J * y! (t)e-**dt = sy(s) — «(0), 


© Rk! 
J tke sato—std} = ——_____—__ 
0 (s + Sq)*tt 


where S, is fixed. It is also known that if 


f x4(t)e—**dt -{ xe(te—**dt 
0 0 
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and x1 (¢) —x2(¢) is continuous then x;(¢) = xe(¢). In other words the Laplace trans- 
form has a unique inverse in the space of continuous functions. 
III. We now turn our attention to the system 


(1) X(t) = AX() 

with the initial condition X(0)=X». By multiplying the above by e-** and 
integrating over the interval 0St<, and defining Y(s) = [o> X (t)e-*‘dt we ob- 
tain 

(2) sY(s) — Xo = AY(s). 

This can be rewritten as an algebraic system 

(3) (sI ~ A)Y(s) = Xo. 


The matrix (s[— A) must have an inverse, B(s), unless s is an eigenvalue, 
that is a zero of A(s) = | sI —A| . Since B(s) must satisfy 


(4) B(s)(sI — A) = I, 
it follows that each entry in B(s) must be a rational function of s, so that 
B(s) = (2, 
ris(s) 


where #,;(s) and r;;(s) are suitable polynomials. If for some s at least one of the 
rij(s) vanishes, B(s) will fail to exist for that s. But B(s) must exist for all s 
with the exception of the zeros of A(s). Therefore we can, without loss of gen- 
erality, assume that 


oe) 
5 B(s) = {| ——— }. 
(5) = (& 
From (4) we see that 
1 1 
Lim Bo) (1-— 4) = Lim —J = 0 
s— 00 S soo § 


and it follows that all entries in B(s) in (5) must be proper rational functions. If 
Sais a zero of A(s) of multiplicity m,, and there are / distinct zeros we can write 


l 
A(s) = II (s — Sa)™. 
a=1 
Accordingly, we can decompose B(s) into partial fractions so that 


i me Ba,b 
(6) Bis) = 2) 2) ——— 


? 
a=1 b=1 (s — Sa)? 


where the B,., are constant matrices. 
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Applying the inverse B(s) in the form (6) to (3) shows that 
Ba,pX 
(7) Vs) =H 
a=1 b=1 (s _— Sa) 


One can now invert this Laplace transform to obtain the solution to the dif- 
ferential equation 


ma fo—lesat 
(8) X(t) = Ye (b _ 1)! Ba,wXo. 


From (4) and (6) we obtain 
d Ba,b [(s — Sa)I + (Sal — A)| 


p> 


(9) a=1 d=1 (s _— Sa)? 
u Ba ymg(Sal _— A) mal Ba,v(Sal ~™ A) +- Ba,b+1 
= eee t+ Bae = I. 


a==1 


For m.=1 the second inner summation vanishes. Since the right side of (9) has 
no singularities all singular terms on the left must vanish. Then 


Ba,mg(Sal — A) = 0 


(10) b=1,2,-++,m—1 
Ba,s(Sal — A) = — Ba,o+1 ) 
a=1,2,---,l 


and incidentally >0/_1 Baa=J. The latter will be of little consequence in the 
sequel, except as a possible check on computational accuracy. 

We now examine (10) in more detail. From the first equation we deduce that 
every row of Bam, must either vanish or be an eigenvector of A corresponding 
to Sa. If such an eigenvector can be found, say Ra,m,, then Ba,m,-1 must contain a 
row Ra,m,—1 such that 

Ro vma~1(Sal — A) =o Ra,ma: 


This follows from equation (10) for b=m,—1. Similarly, we find rows in the 
remaining equations such that 
Raima(Sal — A) = 0 
(11) b=1,2,°°+,m—1 
Ra,o(Sal — A) = Ra,b41 . 
a=1,2,---,l 


Thus we have found a system of m, vectors satisfying (11). 
It could happen however that B.,», vanishes identically. Then 


Ba jmg—1(Sal _ A) = 0. 
Here, as before, Ba,m,—1 either vanishes identically or contains an eigenvector. 


In that case we obtain a system similar to (11), but involving only m,—1 such 
equations. 
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In any case we claim that we can extract one or more such equations from 
(10) such that 


Re? (sal — A) = 0 


RO I-A) R® (” =1,2,--+,m— ‘ 
a,b\Sat — —= — ita, 
mn a=1,2,+++,1 


(12) 


and 7 is an index running over the number of such systems contained in (10). 

Next we shall show that the number of linearly independent row vectors in 
(10) which satisfy (12) is precisely ma, that is, }) n,=ma. That there cannot be 
more than m, will be shown somewhat later. It will be shown that if there were 
more, s, would have to have multiplicity higher than mz. Suppose there are 
fewer than m,. Recall that >)m,=n, the order of the original system of differ- 
ential equations. It would follow that all rows of all B., are linearly dependent 
on fewer than a linearly independent vectors. In this case we could select an 
X90 such that Ba,Xo=0 for all a and b. Then from (8) we would find that 
X (t)=0. But corresponding to a nonzero initial condition we cannot obtain a 
vanishing solution. Therefore the vectors satisfying (12) for all a, b, and 7 are n 
in number and linearly independent. 

We will now arrange these systems of vectors (12) first in order of a then in 
7 and then in 0. Then we will form a matrix T with these as rows. T is non- 
singular since its 2 rows are linearly independent. We will also define the row 
vectors 6, to have 1 in the kth column and zeros elsewhere. 

Next we observe that 


6TAT = RiiAT = (51Ri.+Ria)T = sbi + bs 


bTAT =Ri2AT = (siRyat+ Ria) = S5ibo+ 65 


(13) 


° ~— (1) —I1 1 (1) —Il 
TAT =RipAT = (s:Rint+ Rind = sidet buys 


; (1k Sm -— 1) 
,TAT = RiaAT = Ri = 58m 
and so on for all rows. The matrix 
si 1 O O---0O 


O sy 1 O---0 


in) 
oe 2 O OO] © 
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will yield (13) when applied to the vectors 6,. It follows that 


J = TAT, 


where J has the general structure 


Mi 0-::-0 
0 Me: 0 
(14) J = 
0 0 - M, 
in which each M is of the form 
S1 1 0 ° 0 
0 S1 1 0 
(15) M,= 10 0 s4 0 
1 
0 0 0 S1 
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The form (14) is called the Jordan canonical form. For each system in (12) there 
will be one such block. Since several such systems may be contained in (10), 
there will be a number of blocks with s, in a main-diagonal. But the total number 
of sa in the main-diagonal cannot exceed m,. Otherwise A(s)=|sI—J| would 
have Ss. as a zero toa multiplicity higher than m,. This fact was used previously. 


Example: 
5 —1 1 1 0 O 
1 3 —-1 —1 0 QO 
0 OO 4 QO 1 1 
A = 
0 O 0 4-1 —1 
0 0 0 0 3 1 
0 0 0 O 1 3 
A(s) = lst — A| = (5 — 4)5(5 — 2) 
(s~4)8(s—3)(@—2) ~~ (3—4)8(a—2) (s—4)3(s—2)2 (s—4)2(s—2)? 0 0 
(s—4)%(s—~2)  (e—B)(s—4)8(a—2) —(s—6)(s—4)%(s—2) —(s—6)(s—4)2(8—2) 0 0 
BOs) 1 0 0 (s—4)4(s—2) 0 (s—4)3(s—2) (s—4)3(s—2) 
A@) 0 0 0 (—4)(e—2) (8 4)8(2— 2) —(6—4)2(5—2) 
0 0 0 0 (s—4)4(s—3) (s—4)4 
0 0 0 0 (s—4)4 (s—4)4(s—3) J 
Bi,s Bis Bis Bie Bia Bo 
B(s) 


~(G—45 (—4* (G4? (GO -42? 5-4 5-2 
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B15 = Bis = 0 
0 0 2 2 0 0 
0 0 2 2 0 0 
0 0 0 0 0 0 
Bi,3 = 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
1 —1 1 1 0 0 
1 —1 —1 —1 0 0 
0 0 0 0 1 1 
Bi,2 = 
0 0 0 0 —1 —1 
0 0 0 0 0 0 
0 0 0 0 0 0 
1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 1 0 0 0 
Biya = 
0 0 0 1 0 0 
0 oO oO oO 1/2 1/2 
0 oO 60 O 1/2 1/2 
0 0 0 0 0 0 
0 0 0 0 0 0 
) 0 0 0 ) 0 
Boi = 
0 0 0 0 0 0 
0 0 0 0 1/2 —1/2 
0 oO oO oO -1/2 1/2 
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To construct T we select as its first three rows the first rows of B,,1, Bi,2 and 
B,.3 in that order. The next two rows are the fourth rows of B,, and By,,2 and 
the last row of T is the fifth row of Bo. A calculation now shows that 


TAT 


4 


oo Oo Oo lO 


coo°oUlClcUlmlUMREUlUr 


0 


>  < 


0 


Co Oo FF Oo O&O 


0 


Da fk | CO CO 


wo Oo OG Oo © 
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0 = ((A ~~ Sal) Xma—1; (A ~~ Sal) Xma—1) + (Ma _ 1)?(Xmay X ma). 
From this we can conclude that for m,>1 
(A — Sal) Xmq~—1 = 0. 


By repeating this argument successively in (17) we find that X,=0 for b>1. 
This shows that the solution in (16) contains only one nonvanishing element. 
This implies that all B,,, in (8) vanish for }>1. Therefore the Jordan canonical 
form of A is diagonal. 

This last result can be strengthened considerably. We require the following 
lemma; its proof is trivial. 


Lemma. If X, and X» are eigenvectors of a normal matrix corresponding to 
distinct eigenvalues Sa and sp then (Xa, Xv) =0; that is Xq and X, are orthogonal. 


The eigenvectors of A corresponding to a multiple eigenvalue can always be 
orthogonalized by the Gram-Schmidt process. This means that the transforma- 
tion matrix 7, which is.composed of the eigenvectors of A can be so chosen as 
to be unitary. That is 7*7=J. We summarize these results in the following: 


THEOREM. If A is normal we can find a unitary matrix T such that TAT* is 
diagonal. 


This work was supported by the NSF, under grant GP-165. 


A PROOF OF THE PRIME NUMBER THEOREM 
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1. Introduction. Let w(x) denote the number of primes not exceeding some 
real number x and define the symbol of asymptotic equivalence by stipulating 
that f(x) ~g(x) shall mean the same as lim,... f(x)/g(x) =1. It is our purpose to 
give a proof of the following statement, known as 


THE PRIME NUMBER THEOREM: 7(x)~x/log x. 


The proof, while neither as short as Landau’s [2], nor as elementary as the 
proofs of Selberg [3], Erdés [1], or Wright [5], seems to have the advantage 
of great clarity. Like Landau’s proof, it uses only some easily established 
properties of the Riemann zeta function in the half plane Re s21. 

Let stand for primes, ” for natural integers and define, as usual, ¢(s) for 
s=o-+uit by 


(1) ss) = Ta-pyt= de o> 


and by analytic continuation otherwise. We take for granted the following 
properties: 
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O= ((A — Sal) Xmg—1, (A = Sal) Xmg—1) + (ta — 1)?(Ximgy Xa). 
From this we can conclude that for m,>1 
(A —_ Sal) Xmq~1 = 0. 


By repeating this argument successively in (17) we find that X,=0 for b>1. 
This shows that the solution in (16) contains only one nonvanishing element. 
This implies that all B.,, in (8) vanish for }>1. Therefore the Jordan canonical 
form of A is diagonal. 

This last result can be strengthened considerably. We require the following 
lemma; its proof is trivial. 


LemMA. If Xa and X» are eigenvectors of a normal matrix corresponding to 
distinct ergenvalues Sa and sp then (Xa, Xv) =0; that is Xa. and X, are orthogonal. 


The eigenvectors of A corresponding to a multiple eigenvalue can always be 
orthogonalized by the Gram-Schmidt process. This means that the transforma- 
tion matrix T, which is, composed of the eigenvectors of A can be so chosen as 
to be unitary. That is 7*7=J. We summarize these results in the following: 


THEOREM. If A is normal we can find a unitary matrix T such that TAT* is 
diagonal. 


This work was supported by the NSF, under grant GP-165. 
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1. Introduction. Let w(x) denote the number of primes not exceeding some 
real number x and define the symbol of asymptotic equivalence by stipulating 
that f(x) ~g(x) shall mean the same as lim,... f(x)/g(x) =1. It is our purpose to 
give a proof of the following statement, known as 


THE PRIME NUMBER THEOREM: 7(x)~x/log x. 


The proof, while neither as short as Landau’s [2], nor as elementary as the 
proofs of Selberg [3], Erdés [1], or Wright [5], seems to have the advantage 
of great clarity. Like Landau’s proof, it uses only some easily established 
properties of the Riemann zeta function in the half plane Re s21. 

Let stand for primes, ” for natural integers and define, as usual, ¢(s) for 
s=o-+uit by 


(1) is) = Ta-pyt= de o> 


and by analytic continuation otherwise. We take for granted the following 
properties: 
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(2) ¢(s) —(s— 1) and =@ + (s — 1)~! are analytic for o 2 1; 


(3) fors=1+¢#, ¢(s) #0 and {£(s), =O - (s) are all O(log? #) 


(O<a<w) astro, 


Here and in what follows, all logarithms, including log {(s), are obtained by 
direct analytic continuation from the branch that is real for real s>1. The first 
result of (2) (and much more) may be obtained from the Euler-Maclaurin sum 
formula. The first assertion of (3) follows (after de la Vallée-Poussin) from the 
observation that (1) leads, for o>1, to | 8a) 4(o +it)¢(o +:2it) | =1, which is 
inconsistent, on account of (2), with the assumption that ¢(1-+7) =0; the other 
assertions of (3) may be obtained essentially by the Euler-Maclaurin sum for- 
mula. The second assertion of (2) follows from the first, because of (1) and the first 
of (3). We shall also have to use the following two well-known lemmas: 


LEMMA 1 (RIEMANN-LEBESGUE). Let the function f(t) be differentiable and ab- 
solutely integrable on (0, ©), then the improper integral J(y) = fo f(ietdt con- 
verges for every real y and J(y)=o0(1) as yoo. 


LEMMA 2 (TAUBERIAN). Let f(x) be positive and nondecreasing; if [{u-*f(u)du 
~x(log x)~1, then f(x) ~x(log x)—1, 
2. Sketch of the proof. From (1) with o>1 we obtain 


foe] 


log ¢(s) = — Di log (1 — pt) = — DY { a(n) — x(n — 1)} log (1 — 2) 


i 


> r(n){ log (t — (n+ 1)*) — log (1 — 279} 


co) n+1 d 
2 x(n) f oh (log (1 — a7*))dx 


oe) n+1 oe) 
>» x(n)s f a(t — 1)dx = of x (as — 1)— a(x) dx. 
n=2 n 2 

These formal operations are easily justified if o>1. After division by s, the right 
hand side is almost exactly the Mellin transform of r(x). It actually 7s a Mellin 
transform, not quite of w(x), but, as we shall show, of the closely related func- 
tion f(x) = > )7_, m— a(x"), The difference between f(x) and a(x) is compara- 
tively small. If g is the greatest integer not exceeding log x/log 2, then, for 
m>qg,x!™ <2 so that r(x/™) = 0; hence, f(x) = D7, m—a4(x™) = r(x) 
+ 54. m—'a(xUm), But 


q q 
O< > ma (ailm) < >» molylm < 


m=2 m=2 


fall? = B(q — 1)all? < (2 log 2)-1x"/? log a, 


iM: 
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so that 
(4) w(x) = f(x) + O(x'!? log x); 


clearly, f(x) =0 for «<2. For later use we also note that f(x) Sa(x)+<? log x, 
so that, a fortiori, 


(5) f(%) < 2x. 


In order to prove the Prime Number Theorem it is sufficient, therefore, to prove 
that f(x) =x (log x)~!-(1+0(1)), because then the same is true of r(x), the error 
term in (4) being of lower order than o(x(log x)—'). 

Assuming for a moment that f?x—1!(«*— 1)~'a(x)dx = fPf(x)x-*—1dx, we have 
obtained so far that, for o>1, 


(6) s— log ¢(s) = f "f(a)a-lde, 


Equation (6) can be “solved” for f(x), by the classical theorem on the inversion 
of Mellin transforms, which yields 


c+iT 
(7) f(*%) = (271)! lim f sly log ¢(s)ds, 
T+ 0 c—iT 


valid for any c>1. And once we have found f(x), our problem is completely solved 
by (4), which gives w(x). 

One may indeed attempt to evaluate the integral in (7) directly. By (2), 
log ¢(s)=—log (s—1)+log A(s), with log h(s)=log((s—1)¢(s)) analytic in 
o =1, and, by routine computations (almost identical to those that we shall per- 


form here) 
c+iT 
—(27ri)—1 lim s—lx8 log (s — 1)ds 


To 7 ¢ iT 


is found to be equal to «(log x)~!++-o0(x(log x)—!). The proof that the “error term” 
c+iT 

lim s—lx! log h(s)ds 

T—» 20 c—iTt 
is sufficiently small is not trivial. While one may now take even c=1 (because 
log h(s) stays analytic for s=1-+7) Lemma 1 is not directly applicable; indeed, 
for s=1+4, (3) only shows that s~! log h(s) =O(¢“! log #). This is not sufficient 
to insure the absolute convergence of the integral, which would be the simplest 
way to show that the convergence is uniform with respect to x. 

In order to avoid these difficulties, it is preferable to return for a moment 
to (6) for a very slight change which will insure the absolute convergence of the 
integrals involved. For that purpose, set g(x) = ffu-1f(u)du; then g(x) =0 for 
x <2 (because f(x) =0 for x <2) and, by (5), g(x) <ffu-!(2u)du <2x. Also, g’ (x) 
=x—1f(x) and, after an integration by parts, the second member of (6) may be 
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fo e@eras = gar] +s fears, 
1 1 1 


For o>1, the integrated term vanishes and instead of (6) we obtain 
(6’) s~? log f(s) = J g(a)a-s dx (o > 1); 
1 


hence instead of (7) we obtain 


e+iT 


(7’) g(x) = (2rt)—| lim s—248 log ¢(s)ds (c > 1). 
T+ 0 c—iT 
If we replace log ¢(s), as before, by —log (s—1)-+log h(s), then (7’) becomes 
(8) g(x) = In(x) + I(x), 
where 
e+iT 
Ix(x) = — (27i)-! lim s—2x* log (s — 1)ds, 
T+ % c-iT 


c+iT 
I2(a) = (271) lim f s~248 log h(s)ds. 
T+ c—iT 


We shall show first that J2(x)=o(x(log x)~!); next, that J1(«)=x(log x)7! 
+o(x(log x)-!). Then it follows from (8) that g(x) =x(log x)—!+o0(x(log x)). 
Lemma 2 leads then to f(x) =x(log «)~!+-0(x(log x)—!) and, on account of (4), 
the theorem will be proven. 


3. Proof of the lemmas. For completeness, we indicate here the proof of the 
lemmas used. 


Proof of Lemma 1. The function f(#) being absolutely integrable, we can de- 
termine 7; and e so that, for 7; ST, «Seq 


| f . f(etdi J f(He*di 


for arbitrarily small 7>0. Next, keeping T and ¢ fixed and integrating by parts, 


we obtain 
T T 
— f prinernar| 


f " ¢(Qettdi 
sf KD) + |f©| + f iralet <4n 


sf "lsola<d, sf'\ola<t 


ly Yen 
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for sufficiently large y and the lemma follows. 
Proof of Lemma 2. Given any e>0, set y=x(1+€) and, for sufficiently large x, 
consider the quantity ¢= /%u-!f(u)du. On the one hand, by hypothesis, 


(1 — &)x(log x)-! < fwyandu < (1 + &)x(log x), 
1 
so that 


$= J “a (u)du — J “ay (u)du < (1 + &)y(log 9)! — (1 — &)a(log x) 


< (log x1 (1 + e)y—-( (1 — ea} = x(log x)! (4 +e)A+te —(1—- e) } 
= «(log x)~'e(1 + €)?; 
on the other hand, by the monotonicity of f(x), ¢=/tu-¥f(u)du=f(x) ftudu 
=f(x) log (y/x) =f(x) log (1+). Hence, 
f(x) S o/log(1 + €) < x(log x)—{e(1 + 6)2/log (1 +.€} S x(log x)-(1 + 6)! 
and (x—log «)f(x) <(1+«)? for arbitrarily small e€>0; similarly, one shows that 


(x—log x)f(x) >(1—€)* for arbitrarily small «>0, if only x is large enough and 
this finishes the proof of the Lemma. 


4. Proof of the theorem. It only remains to fill in the details of the different 
steps sketched without proofs in Section 2. 

(a) Proof of (6). From f(x) = do ?_, m—a(x¥™) = S04, m—4(x") it follows 
that 


00 0 6g 00 00 
f flaas'da = f > ma(aeilm) -a-s—lde = DO f mira!) ¢-s-ld x, 
1 1 m= 


m==1 1 


because of the uniform convergence of the series. In each integral we make the 
change of variable x= y™, obtaining 


J f(x)a-lde = D) _ ay) idy = J (x r(s)arm— as 


m=1 m=1 
= f a '(4s — 1)—'2(x) dx, 
1 
the termwise integration being again justified by the uniform convergence of the 


series (for 1<x%< ©, and constant o>1). 
(b) Estimation of I(x). By Cauchy’s theorem on residues, 


+7 
Io(a) = (2r)-! lim f (1 + 2t)—2x1+*#9,(2) dt, 
To —T 


where gi(¢) =log h(1+7t). Hence, setting 
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+7 
I3(y) = lim f (1 + if)-°gi(t)e*di, I(x) = (27)—1aI3(log x). 
T— 2 _T 
Integrating by parts, we obtain 
+7 +7 
I3(y) = lim {term + id)-*gx0)| —(y)t} G+ i)-tealetvar\ 
TI 0 —T —T 


with 
go(t) = (1 + ié)gi ) — 2igi(Z) 
= ifs(6 = 9 + 5) - 2108  — Heo} 
g s=1+it 
Using (3), we see that g(t) and go(#) are both differentiable for real f, 
gi(t) = log {(s — 1)£(s)} enapee = log t + O(log log 2), 


and go(t) =o (é log* t) for t> ©. Hence, the integrated term of I;(y)—0 as T— © 
and Lemma 2 is applicable to the last integral. It follows, as claimed, that 


Is(y) = o(y4) and I2(x) = (2r)~!aJa(log x) = o(x(log x)—). 


(c) Computation of Ix(x). In I(x) we move the line of integration to ¢=1, 
with a small semi-circular indentation I’ around the singularity s=1. This is 
permitted by Cauchy’s theorem on residues, because the integrand goes to zero 
as f° and has no singularities for o2=1, s¥1. Hence, 


1—ty 14717 
—2nrily(x“) = lim 14 f +- J +- s~*x8 log (s — rash , 
1-iT l+in 


The contribution of the integral along I’ can be made arbitrarily small, by tak- 
ing 7 sufficiently small. Indeed, 


J s~*x8 log (s — 1)ds| = 


| [~ (1+ net) —2a,1+ 108? log (ne*) - nie**d6 | 
—7/2 


arf2 
S (1 — 9) elt f | log (ne*) | do 


—n/2 
rf2 
S (1 — 9) aly f (log 7! + | 0] )do 
—7/2 
=(1—- n)2ah+n | log yt + 172} — 0 
as n—0. Hence, 
e+iT _ T 
lim s~*x* log (s — 1)ds = ixlim lim ‘ f + f (1 + it)-*x** log dinar ; 
T—» c—iT 770 T+ —T ” 


and J1(x) becomes —(27)-'xJI(log x), with 
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lows from Lemma 2 that f(x) =x(log «)~!+-0(«(log x)-!) and, on account of (4) 
the proof is complete. 


This paper was written with the support of the National Science Foundation Contract NSF-G 
24348. 
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ON GENERATORS AND DEFINING RELATIONS FOR 
THE UNIMODULAR GROUP Mt, 


GEORGE K. WHITE, University of Toronto 


1. Introduction. In this paper, I, (n=2, 3, - - - ) shall denote the unimodu- 
lar group of all real 2x matrices with integral entries and determinant +1. 

Burrowes Hunt [5; 6| has for some time interested himself and his student 
Beldin in the unimodular groups, and the latter [1] has given in his thesis (un- 
published) an expression which yields for any given m two elements A, BEM, 
which suffice to generate Nt,. Trott [7] has since deduced independently another 
pair of generators U2, U for Yt,. Two other recent papers of interest, kindly 
brought to my attention by Professor Hunt, are one by Brenner [2] (who finds 
yet another pair of generators S, T’ of M,), and one by Sze-Chien Yien [8] 
who gives a set {B,,, U} of more than two generators, and goes on to find com- 
plete defining relations for all M,, using the sets {B,;, U I 

This brief bibliography by no means exhausts the literature: there are, for 
instance, further references in [3], chapter 7. In this paper we restrict our at- 
tention to the particular group te, and the Beldin gerierators \A, B \. Our goal 
is to supply a simple abstract 2-generator definition of Nt, by providing suitable 
defining relations for A, B. We achieve this in sections 2 and 3 by first impos- 
ing relations (3) on the symbols A, B to define an abstract group §, and then 
proving that 6M, (Lemma 1) utilizing results set forth in [3]. In section 4, 
we make use of the Fibonacci numbers to deduce and state some further simple 
relations between A, B, and to find concise expressions for Z = — E (where E de- 
notes the identity), in terms of A, B. 

I should like to thank Professor Coxeter for his interest and help in connection 

with this paper. I am also grateful to Professor Hunt for, among other things, 
providing us with material from Beldin’s thesis. 
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ing relations (3) on the symbols A, B to define an abstract group §, and then 
proving that 6M, (Lemma 1) utilizing results set forth in [3]. In section 4, 
we make use of the Fibonacci numbers to deduce and state some further simple 
relations between A, B, and to find concise expressions for Z = — E (where E de- 
notes the identity), in terms of A, B. 
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2. Two lemmas. Consider the abstract group © defined by 
G = {Ri, Ro, Rs}, 
Ri=R,=R:=E, 
(1) (RiR2)* = (Ris)? = Z, 
Z? = E. 
It can be shown [3, pp. 85-87] that 
G ~ Me, 


under the correspondence 


01 ~1 0 ~1 0 
m-[ oh & Liab bo ah 
1 0 11 01 


It then follows that 


so that 
(2) g€G implies gZ = Zg. 


Lema 1. Suppose that the abstract group © is generated by two elements A, B 
with defining relations 


(3) (A-!B)? = (A-?B?)? = (A4B?)3 = E, 


Then $s, under the correspondence 


1 1 1 1 
mf mfg 
0 1 1 O 


We remark that A and B, so identified, are the matrices shown by Beldin 
[1] to generate Nt,, in the particular case »=2. We shall prove our lemma by 
utilizing the result quoted in (3, p. 2, ll. 1-6]. First, however, we alter slightly 
our definition (3) of 6, and calculate the relations between Ri, Re, R3 and A, B. 


Lemma 2. In our abstract definition for $, (3) may be replaced by 
(4) (A-1B)? = (A~2B8)2 = (A-2B?)8 = E. 

Proof. Assume (A-!B)? = (A~?B*)?=E only. Then A~1B=B-'A, and 
A“BA—B? = AA BAA BB = A-1(B-1.4 A-1B-1 A) B = A-1B(B-2A?) A“1B, 
Thus (A-?BA-?B?)?=E, A*B-2A?= BA~°B*A-°B. So 

(A-2B?)? = B-1BA-°B°A~BB = Bo A2B-* AB, 
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and the following five relations are equivalent: 
(A-?B?)6 = F, (B-1A°B-°A2B)3 = EF, (A?B-?2A2)3 = F, 
A*(B-°A4)?B-° A? = EF, (B-?A4)3 = E, 


The following expressions for R,, Ro, Rs, originally derived with the help of 
some results of Beldin [1], may be verified by direct matric multiplication: 


Ry = AB, 
(5) Ry = A B-1A2, 
R; = AB? A-?BA, 
Using only (5), and Ri=£, we may next solve for A, B in terms of Ri, Re, Rs: 
A=BR,, 
(6) R,=A (B A)A=A RA, 


R; = (A B)(BA_)(A_ B)A = RBA RA = RBRa 


Therefore, 

(7) B = RiR3Ro, A = RiR3R2R1, 
and 

(8) (5) implies (7) when Ri = E. 


3. Proof of Lemma 1. Since (3) is equivalent to (4) by Lemma 2, it is suffi- 
cient to show that (4) and (5) both hold if and only if both (1) and (7) hold [3, 
p. 2, ll. 1-6]. First, assume (1) and (7). Then, 


AB = RiR,R3R1R1R3R> = Ri, 
A~B-1A42 = RiR2R;(RiRoR3R1RiR3R>R1)(RiR;) RoR: 
= R1R.R;(E)(ZR3R1) RoR1 
= ZRiRoRiR2Ri(RoRs) = Z?Ry = Ro, 


A-1B?A-°BA = (A B)B(Ra ) = Ri(RiRpRo)Ro = Ro. 
So (5) holds. Also, by (5) and (1), 


(AB) =Ri=E. 
A-*B8 = A~'(A~1B) B? = A-'R,B? 
= R1Ro(R3R1)RiRiR3Ro(RiRs) Rs 
= RiRoZRiR3R3RoZR3Ri Re 
= (RiR2)?*R3Ri Ro. 
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So 
(A-2B8)2 = (RyRs)?Rs(RiR»)*RgRiRe 
= Z(RiR2)’RiR, = 22 = E. 
A-*B? = A-'(A1B)B = A“RiB = Ri R2(R3Ri) Ri Ri RR 
= ZRiRRiR3sRsRk2 = Z(RiR2)?, 
(A-2B2)§= 78(RiR,)2= EH, and thus (4) is satisfied. Next, assume (4) and (5). 
We have 
Ri = (AB) =E, 
and so by (8), (7) holds. Also, by (6), 
R,=(A_ Ry A) =A RIA=E. 
R;=A BA BA BA=A B (BA BA )BA=E. 
RiR, = A1BA-\(B-!A) A = ABABA. 
(9)  (RiR»)? = A-!B(A-2B?A-®) B?A~2B A = A-'B(A~2B®)8B-1A 
Rik; = A"BA'B°A?BA 
(RiR;)? = A-'B( AB? A-?B? A-}) B2A*B A, 
But 
A-1B?A-! = (B-14)(AB-!) = B2(B-8A®) Bo! = B2%( A-2B3) B-! = B2A-2B?, 
Hence (R,R2)* = (Ri R3)?=Z, say. By (9), 
Z* = A'B(A“B*)®B-14 = ABBA = E., 
Thus (1) is satisfied, and our proof of Lemma 1 is complete. 


4, Further relations between the Beldin generators A, B; some expressions 
for Z. One might ask if there are simple relations between A, B other than those 
in (3), (4). It is well known that A and B are of infinite period and that in fact, 


(10) A™= B" implies m=n = 0, 
ee ara 
where { fat is the Fibonacci sequence defined by 
1 = fo = 1 
Vea feth (n= 0, +1, +2,---). 


The following remark provides additional simple relations for A, B, as well as 
giving some simple expressions for Z. 


(12) 
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REMARK 1. In M2, the only elements A”B" (m0, n>0) of finite period are 
the six given by 


413) {apy = (A-?B3)? = (4-4B2)3 = BF 
(A-*B?)? _ (A~2B?2)8 — (A-2B4)3 _ Z, Z: = E. 
We remark that the following relations are equivalent: 
(AmB = BE, (AB = EB, (BA™y = BE, (BA) = Ey, 
and thus provide alternative formulations of the relations found in (13). We 
shall show also that no relations of the type A"B"A°B' = E (and thus none of the 


type B*A*B‘A™=E) are to be found, other than those given in (13). 
REMARK 2. If A™B"A‘B'=E (m0, n0), then s=m, t=n. 


Proof of Remarks. From (11), 


(14) AmBn = i + mfn fn + mm 
In Fr—1 
(15) BtAk = hfs all 
Si kfi + fii 


Suppose A"B*A°B'= F, and set s= —k, t= —l. Then A™B"=B'4* and so by 
(14), (15), fr=fns frs=fasitmfa, Rfitfist=fr—. Thus l= +n, and l= —n, since 
otherwise m=0. Hence by (12), 


(16) k= (fn—1 — fn—1)/f-n = — (fen+1 — frat) /fn =m, 


since 70. Thus our second remark is proved. 

Next, let A”B"= M (m0, n>0), and suppose M has period r. Denote by 
x, A, the trace and determinant of M. Then M¥E, MZ by (14), and a classi- 
cal argument shows that either 


(17) =-—1 and x=0, r=2 
or 
(18) A=1 and (yr) = (1,6), (1,3), or (0,4). 


For let w1, w2 be the characteristic roots of M. Then, by hypothesis, ww,.=A= +1, 
w1-fo2= x is real, and wj=a,=1 since M*=E. Since MZ or E, (17) and (18) 


follow. Furthermore, if r=6, w?=ws3=—1, and hence the matrix (AmB)? of 
period 2 must actually be Z. Reasoning similarly for r=4 we obtain 

(19) r=4 or r=6 implies that (A™B")"/2 = Z, 

Clearly 

(20) A= (—1)" 


and, by (14), 
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(21) X = frti t fri + mfn (m= +1, #2,:++3;n=1,2,---). 


Thus any element A”™B" (m0, n>0) of period 7 is one satisfying (17)—(21); 
we note in particular that lx <1 always by (17), (18). 

We now show that (21) has no solution when x! <1, unless nS5. If we de- 
fine Un=fn—1/fn then (21) becomes, on rearranging, 


(22) Un = 3Xfn — 3(m + 1) (m= +1, 42,-++;n=1,2,---). 


It is well known that the sequences {:} and {wer41} (¢=1, 2, ++ +) are mono- 
tonely decreasing and increasing respectively, with a common limit point as 
to, Thus if n26, |x| $1, .615 <u;Su,Sug=.625 and 4|x|fnoSifs<.063; 
when we substitute this information into (22) we get a contradiction. Thus the 
solution of (17)—(21) reduces to a simple enumeration of case (x, 2) with x=0 
and n=1, 3, 5 or x= +1, 0 and n=2, 4. This enumeration establishes (13), 
thus completing the proof of our first remark. 


5. A further remark. The subgroup of Nt, consisting of matrices of determi- 
nant +1 is denoted by Mt7. Let A, B be the Beldin generators of Nte. Then it is 
well known [4| that INF is generated by A and 


0 14 
s=| |= 4B, 
—1 0 


with defining relations S?= —E, (SA)?=E. We note that these are equivalent 
to the relations (A-*B*)*=Z, (A-‘*B*)*= £ found in (13). 


6. Another pair of generators for Jt,. Closely related to the Beldin generators 
A, B for It are the pair R, U mentioned in [3, p. 88]. In fact, 


A=Ri UR, B=R, RR. 
Hence Lemma 1 is immediate from Lemma 2, if we make use of the defining 


relations (7.29) given in [3]. We have retained our own proof of Lemma 1, how- 
ever, to make the subject more self-contained. 
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THE POLYGONAL INEQUALITIES 


D. M. SMILEY anp M. F. SMILEY, Riverside, California and 
the University of California, Riverside 


Introduction. For a unitary space X, the triangle inequality 
(1) T(«,y) = |«| +[y| -—|e+y| 20 
and the quadrilateral inequality 
(2) [#| + [ol + [el + letyte] 2 lato] + lytel t+ let 


are known. (A unitary space is a vector space X over the complex field equipped 
with a positive definite sesqui-linear inner product (x, y), i.e, (vy, x) =(x, 9), 
(x+y, 2) =(x, 2) +(y, 2), (ax, y) =a(x, y), (x, x) =|x| 2 is positive for x nonzero.) 
Let us define, for m vectors %1,°°°,%,in X, 


S,= Di(la, tes tu,):1Si<i<--- <i Sn). 


One might guess that since (2) is Si: +S32 5S: that >) ((—1)*S:;k=1,-°-+,7) 
<0. (Cf. T. Popovici, Colloq. Math., 3 (1955) 172.) For n24, however, this 
guess is wrong. If we take x,=%1+0 (@=1,---,m-—1) and x,= —x, then the 
left-hand member of this inequality becomes | x1| times 


—n + 2C(n — 1,2) — C(w — 1, 2) — 3C(m — 1,3) + 2C(n — 1, 3) 
+ 4C(n — 1,4) +-+---+(—-1)"[(n — 3)C(w -— 1,2 — 2) + (vn —- 1)] 
+ (=1)"(v = 2) 
=—n+C(n —1,2) —-C(w—1,3) +--+ + (-1)*3|[n-1-—n4 2 
=—-n—-1+tn—-1=—2, 
where the C’s are binomial coefficients. On the other hand, if we take 
x;,=%1%0 (4=1,°--°-°, 2-1) and x,= —2x,, then the left-hand member of this 
inequality becomes | x1 times 
—n—-1+C(n — 1,1) + 2C(m — 1, 2) — 0C(m — 1, 2) — 3C(m — 1, 3) 
+ C(n — 1,3) + 4C(n — 1,4) +---+ (-)*"[™ — 4)C(n — 1, 2 — 2) 
+ (n — 1)] + (—1)"(m — 3) 
=—n—-1+C(m— 1,1) + 2C(n —1, ») — 2C(n — 1, 3) +: 
+ 2(—1)""C(n — 1, — 2) + (-1)"3'In —-1—n4+ 3] 
=—nm—-1tn-—1—2+2("—1) = 2n-6. 
Thus, for n 24, neither the stated inequality nor its dual holds. 
The purpose of this paper is to prove that for k=2,---,n-—1, 
(3) Cin — 2,k — 1)S1 + C(n — 2,k — 2)S, — S, 2 0. 
755 
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We call (3) the polygonal inequalities. Summing the inequalities (3), we find that 
for 223, 


(4) Si + Sn 2 Sets + + Sp-1)(27? — 1)7*. 

To see the geometric meaning of (4), let I’ be the polygon of n+1 sides whose 
vertices P; are the end-points of the vectors >) («;,j7=1, +++, 7%) and the origin. 
The origin and the end-points of the vectors x;,+ +--+, for 1Suy<n<-:> 
<izSnand k=1,---,n form the vertices of what may be called (by stretching 
our language a bit) the parallelepiped A spanned by x1,---, x,. The vectors 
Nit +++ +i, for 1Su<n< +++ <%Sn and k=2,-:+-, mn themselves may 


then be called the diagonals of A issuing from the origin. Then the perimeter of 
I’ is not less than the fraction (2*—-?—1)—! times the sum of the lengths of all pos- 
sible diagonals of A issuing from the origin, except the main diagonal of 
A:xyt +++ +2%,,. 

Our method of proof permits a relatively succinct description of the condi- 
tions for equality in (3). We then turn to a discussion of the logical relations 
amongst (1), (2), and (3). Let X bea real (or complex) linear space in which | «| 
is a real number for each x in X. If (2) holds in X, then so do (1) and (3). But 
even if X is a normed linear space (so that (1) holds), (2) may fail. There is, 
then, a class of normed linear spaces, which we call quadrilateral spaces for which 
(2) (and hence also (3)) is valid. Our paper concludes with a statement of the 
meager information we have been able to derive so far about these quadrilateral 
spaces. 

We wish to express our appreciation to Professor Victor L. Klee for bringing 
our attention to this problem. We are also indebted to a referee for several help- 
ful suggestions. 

We will be amazed to learn that our simple observations about Euclidean 
geometry have escaped notice until this time. Even if our results are not new, 
we feel that our exposition is not without interest. 


1. The triangle inequality. Let us begin by proving (1). We have 
T(x, y) 2 Oi (| «| + | y|)?2 | «+ y|? if 2] «| | y] 20,4) + @») 
iff 2| «|| y|? 2 (lal, |yle) + (Lyle, | |») 

if (| «| y— |y]#, | «ly — | y]*) 20. 


By suppressing the inequality signs in these equivalences we see that T(x, y) 
=0 iff |y|«=|x|y. 


2. The quadrilateral inequality. Now we may easily prove (2). With 
P(x, y)=|«| +] y]+le+y| we note that T(x, y)P(«, y) =2| «| | y| —(x, y) 
—(y, x). One then sees that 


Si — S3 = T(a,y) P(x, 9) + Ty, )P(y, 2) + T(z, 2) PC, 2). 
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Since Si+.S3, being the perimeter of the quadrilateral I, is at least as large as 
P(x, y), P(x, 2), P(y, 2); it follows that 

S1— S3 S T(x, y) + Ty, 2) + T(z, x) = 251 — So. 
This proves (2). 


3. The polygonal inequalities. After the preliminaries of Sections 1 and 2, 
we are ready to prove our result (3). We begin with the identity 


(5) (Si — Sn)(S1 + Sn) = Do (T(x, «P(e, uw): 1S i<j Sn). 
Since, by the triangle inequality (1), 


Sn+ | mul +--+ +] —«| 2 lat. +++ |, 


IV 


we see that 


(6) Sit S,2 [ul t---+ [ml] +lat---+a|. 


Note that 
k k k k 
(Sled + Da l\(X |» ~~ >») 
(7) r=1 r=1 p==1 r=1 


= 2 (LT (ws, 0) P(e, %)): 1 Si <7 SD). 
We now assume (as we may) that $,+.S,0 and infer that 


— | De Xr | + (St + Sn)? DS (LT (as, 25) P(ai, 23): 


(8) Si—SuS QU | m, 


lstr<j,k<jsny). 


There are C(n, k) ways of selecting k vectors from the original vectors 


%1, °° *, Xa. For each such selection an analogue of (8) is valid. Adding these 
C(n, k) inequalities yields 


where C=[C(n, 2)—C(k, 2)]C(n, k)(C(n, 2))-. A minor bit of computation 
shows that (9) is equivalent to (3). 


4, Polygonal equalities. We shall now derive the conditions that our poly- 
gonal inequalities (3) become equalities. For this purpose we shall say that the 
vectors ¥1,°° +, ¥:;GX are codirectional in case the nonzero y; ((=1,---, #£) 
all have the same direction. Since 

t 
D> vi ) 
i=1 


(x lx] — D9 \(z lys| + 


i=1 
= D (2| ve{ | ve ~ (yi, 3) _ (y, wi 1Si<j Sod, 
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Wi, °° *, ¥4 are codirectional iff 
t t 
Elo =| 2x 


It is clear that equality holds in (9) iff equality holds in every analogue of (8). 
Equality holds in (8) iff the right hand member of (7) is equal to 


+50(Z | x,| — Da, ). 


Hence equality holds in (8) iff x1, - + - , x, are codirectional or 
k k 
Sit S,— >) | a| —| 30 2,| = 0, 
r==1 r=] 


which may be rewritten as 


n n k 
>» | 2, | + | ~ 2a te = 4 


r=k+1 r==1 
Hence equality holds in (8) iff x1, ---, x, are codirectional or x41, °° +, Xn, 
— a x; are codirectional. These observations prove the following: 
LemMaA. We have equality in (3) «ff for every permutation 1— 17 of 1,---,n 
either the vectors Xiz,***, Xnr are codirectional or the vectors X(p41)r) °° * y Xney 


— > x; are codirectional. 


It is desirable to express the conditions for equality in (3) in more geometric 
terms. Let us set o,= >_7 x; and write ¢ for the number of distinct indices 7 for 
which x;30. 


THEOREM. Equality holds in (3) iff one of the following conditions holds: (i) ¢ =2, 
(ii) ¢=3 and o, =0, (iii) R= n —1 and o,=0, (CD) x, + - +, x, are codirectional, 
(E) x1, °° +, Bi, +++, Xn are codirectional for some 1=1, +--+, n, and Xj, On are 
also codirectional. (The sign ~ placed over a vector indicates that this vector 
is to be deleted from the sequence. ) 


Proof. The lemma shows at once that each of these five conditions implies 
equality in (3). To prove the converse, let equality hold in (3) and assume that 
the first four conditions fail. 

If 7,0, we have x;, —o, not codirectional for some i=1,---, ” because 
(CD) fails. The lemma then yields that x,, x, are codirectional for all p, gz. 
Since (CD) fails, we must have x,, x; not codirectional for all indices p¥7 
for which x,#0. Then the lemma shows that x,, —o, are codirectional for all 
q+. But, because x;=o0,—(H1+ - +--+ +4;+ +--+ +x,), we see that x;, Gn are 
codirectional and (E) holds. 

Ifo, =0, then (24 and n—k=2?. For any set of four distinct indices 2, 7, p, g, 
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It is obvious that X(1, 2) and X(2, m) are quadrilateral spaces. The choice of 
*x=(1,1, —1,0,---,0), y=(1, —1,1,0,---,0),2=(—1,1,1,0,-+-, 0) in 
X (pb, n) reduces (2) to the inequality 4(3)!/? 26, so that X(, 7) is not a quadri- 
lateral space if n=3 and p> (log 3)/(log 1.5) =2.7. We conjecture that X(p, 7) 
is a quadrilateral space for all m if 1<p<2, but we are unable to prove this 
result. 

It also seems likely that every real normed linear space of dimension two is a 
quadrilateral space, but again we are unable to prove this result. 


H. Hornich (Math. Z., 48 (1942) 268-274) used calculus to derive inequalities related to, 
but different from ours. His paper contains a proof of quadrilateral inequality due to Hlawka. 
A recent paper of R. Luéié (Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 101-106 
(1963) 5-6) derives Hornich’s inequalities from the quadrilateral inequality. 

Research of the second author partially supported by NSF Grant GP-1447, 


POLYNOMIAL REPRESENTATIONS OF SUMS OF TWO SQUARES 
ROBERT SPIRA, Duke University 


If one applies Brahmagupta’s formula 


(1) (x? + y?)(w? + 07) = (av & yu)? + (xu F yn)? 
to the product of a prime >2, P=a?+0?, with itself, one obtains 
(2) P? = (a? + 62)? + 02 = (a? — 87)? + (2a0)?, 


and these indeed must be the two representations of P? as a sum of two squares, 
since neither term of the second can be zero. In this paper it will be shown that 
if the representation of P, is a?-+b?, then the representations of ILP? are certain 
polynomials in the letters a, and 0,. 

To discuss this problem further, let us recall the basic facts on the form 
x2-+4-y2 as given by Dickson [1] (Chap. IV), [2] (Chap. V), and [3] (Vol. II, 
Chap. VI). The numbers represented by x?+-y? are of the form 2%S?7T, where S 
is composed of primes =3 (mod 4) and T of primes = 1(mod 4). For T=P$P} 

.. +» Pl there are 2* primitive representations, and the total number of repre- 
sentations is 


(3) $[7(T) + x(7)], 


where 7 is the number of divisors and x(T) is 1 if T is a square and is 0 if Tis 
not a square. The number of representations given by these last formulas does 
not take into account changes of sign or of order of x and y. 

To carry out the construction of the representations, we need the following: 
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It is obvious that X(1, 7) and X(2, m) are quadrilateral spaces. The choice of 
x= (1, 1, —1, 0, ss , 0), y= (A, —1, 1, 0, rn) 0), z=(-1, 1, 1, OF me y 0) in 
X(p, n) reduces (2) to the inequality 4(3)!/?=6, so that X(p, 7) is not a quadri- 
lateral space if n=3 and p> (log 3)/(log 1.5) =2.7. We conjecture that X(p, m) 
is a quadrilateral space for all ~ if 12, but we are unable to prove this 
result. 

It also seems likely that every real normed linear space of dimension two is a 
quadrilateral space, but again we are unable to prove this result. 


H. Hornich (Math. Z., 48 (1942) 268-274) used calculus to derive inequalities related to, 
but different from ours. His paper contains a proof of quadrilateral inequality due to Hlawka. 
A recent paper of R. Luéié (Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No. 101-106 
(1963) 5-6) derives Hornich’s inequalities from the quadrilateral inequality. 

Research of the second author partially supported by NSF Grant GP-1447, 


POLYNOMIAL REPRESENTATIONS OF SUMS OF TWO SQUARES 
ROBERT SPIRA, Duke University 


If one applies Brahmagupta’s formula 


(1) (x? + y?)(u? + 0?) = (xv 4 yu)? + (au F yn)? 
to the product of a prime >2, P=a?+0?, with itself, one obtains 
(2) P? = (a? + 6)? + 0? = (a? — 57)? + (2a8)?, 


and these indeed must be the two representations of P? as a sum of two squares, 
since neither term of the second can be zero. In this paper it will be shown that 
if the representation of P, is a?-+b?, then the representations of ILP? are certain 
polynomials in the letters a, and 0,. 

To discuss this problem further, let us recall the basic facts on the form 
x2+-y2 as given by Dickson [1] (Chap. IV), [2] (Chap. V), and [3] (Vol. II, 
Chap. VI). The numbers represented by x?+-y? are of the form 2%S?7T, where S 
is composed of primes =3 (mod 4) and T of primes = 1(mod 4). For T= PP} 

..+ P there are 2* primitive representations, and the total number of repre- 
sentations is 


(3) a[r(T) + x(T)], 
where 7 is the number of divisors and x(T) is 1 if T is a square and is 0 if Tis 
not a square. The number of representations given by these last formulas does 


not take into account changes of sign or of order of x and y. 
To carry out the construction of the representations, we need the following: 
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THEOREM 1. If m and n are sums of two squares, and e?+f? a representation 
of the product m:n, then e?-+-f? can be obtained from suitable representations of m 
and n by Brahmagupta’s formula. 


Proof. Note that G.C.D. (m, n) is not necessarily 1. There does not seem to 
be a short algorithm to find the representations of m and n. 

Let m-n=e?+/*. We seek a, 5, c, d such that a?+b?=m, c?+d2=n, ac—bd 
=e, and ad+bc=f. We know that m=S?m,, n=Sm, where S; and S, are made 
up of primes =3 (mod 4), whereas m; and 7; have no such primes in their fac- 
torizations. A prime g dividing S7.S$ to the highest power 2a is easily seen, con- 
sidering successive powers, to divide e and f to the a-th power. Thus, (e/S,S:2)? 
+(f/S1S2)?2=mi:m, or ee +f? =m1:m, and no prime g=3 (mod 4) divides mi: m. 
If we solve the problem for m1, m, e1, and fi, we can also solve the problem for 
m, n, e, and f. 

Now, factor m, and m in the Gaussian integers: m,=II(a;+0,1)(a;—5,1), 
m=II(c;+d,z)(c;—dj). Noting that ef +f? = (e. +17) (e1—fiz), we choose the pair 
(a1+b1t), (a1—01t). If ay tby divides e1+f1i, set e2+fot equal to (e1+fiz) /(a1 +511) ; 
then ¢.—fot = (e,—f1t) /(a1—0yt). If ay+0y7 does not divide e:+f, then a:—byz 
must. Set é:+/fo2 equal to (e:+f12)/(a1—bt); then e2—fot = (e1—fit) /(a1 +011). 
Continue this process through the successive pairs (a;+0,2), (a;—0;), and then 
through the pairs (c;-+d,z), (c; dj). Then, adjusting a unit, 


€4 + fu = Tl (a; + €;0;1) . Llc; + €;;1) ‘unit, where = + 1 
and m= A2+B?, m=C?+D?, ¢=AC—BD, f,=AD+BC. 


LEMMA. If G.C.D. (m, n) =1, then each representation e?+f?=m-n 1s obtained 
exactly once by Brahmagupta’s formula. 


(4) 


Proof. By Theorem 1, each representation is obtained at least once. On the 
other hand, we shall show that we can count the representations obtained and 
see that there are just enough. Setting N(x) equal to the number of representa- 
tions of x as a sum of two squares (without regard to order or sign of the num- 
bers squared), and setting m equal to 2%S?7T, and m equal to 28S}7o, where the 
primes dividing S, and S_ are congruent to 3 (mod 4) and the primes dividing 
T, and 7», are congruent to 1 (mod 4), we know that: 


N(m) = $[7(T) + x(Ty)] 
N(n) = 3[r(T2) + x(T>)]. 


The proof consists of the following three cases: (i) neither 71 nor 72 is a 
square; (ii) exactly one of 7, and T> is a square; and (iii) both 7; and T> are 
squares. Without loss of generality we can assume that a=8=0. 

We carry out the proof of case (ii). Since exactly one of Ti; and T> is a square, 
we let Tz be a square and 7, not a square. Then, 
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N(m) = 91(Ti) 
N(m) = $[1 + r(T:)]. 

Now the greatest possible number of representations of m-n obtainable is 
2N(n)-N(m) — N(m), 


since one of the representations of 1 is («/n)?+-0?; this gives rise to only one 
representation of m-n on application of Brahmagupta’s identity to a representa- 
tion of m. 

Substituting for N(n) and N(m) in this formula, we obtain: 


2N(n)-N(m) — N(m) = 2(3[1 + 7(T2)])-Gr(T1)) — 3r(Ty) 
= }o(Ts)[1 + r(P2) — 1] = $r(T)e(T2) 
= 47(71T2) = N(mn). 


Thus, each representation is obtained once and only once. The proofs of cases 
(i) and (ili) are similar. 

Now we take up Theorem 2, the polynomial representation theorem. 

For each prime P,=1 (mod 4), we set P,=a?+5?, in some definite way, say 
a,>b,>0. We will find polynomials in the a,’s and b,’s giving the primitive 
representations of [][P* as a sum of two squares. The imprimitive repre- 
sentations will also be found. The polynomial representations of a general 
sum of two squares (having the additional factor 2%S? where primes dividing 
S are =3 (mod 4)) are seen to be slight modifications of the representations ob- 
tained. 

For Theorem 2, we use the following general formula obtained from Brah- 
magupta’s identity (where z* means the conjugate of 2), 


{ [(u + w)/2]? + [(u — wt)/2i}} -{ [0 + 0%)/2]* + [@ — 08) /27]%} 
(5) = [(wo + wto*)/2]? + [av — u*v*)/2i]? 
= [(u*o + wv*)/2]2 + [(u*o — uv*)/2i]?. 
In order to state Theorem 2 concisely, the following notation is used. 
DEFINITION. If t 1s a nonnegative integer and a, 1s a Gaussian integer then 


on if 2° does not appear in representation of t in the binary system 


ir 
(6) x(a”) = \ ae 
a, otherwise. 
DEFINITION. 
x, ty *5y 
(7) xi (ar) = xi(ar ). 
DEFINITION. 


(8) A(PO, PY, my PY, t) = | Ul xi(o%") + II (et) | [2 
r==0 


f=0 
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9) BORE, Pa Pe =| Th xe) — ID xtcety | / 24 
r=0 r=() 
The number ¢ is called the tag. 
We now prove Theorem 2, the fundamental representation theorem for 
representations of sums of two squares. 


THEOREM 2. Let P,=a?+0?, P,=1 (mod 4), a,=a,+7b,, (r=0, 1,---, B), 
then: 


Part A: The primitive representations of [{*., P*, provided all j,21, are 
given by: 


[A(Pe, ce , Py, ‘))" + [B(P, ce , Py, in)", 0OStS 2" — 1. 
Part B: All representations are given by: 


8o_.2 sp. 2 jo—2s jp 2s 2 jg—2s i .—2s 2 
(PoP: +++ Pe) {[A(Po ce, Pe i) + [B(Pe yr, Py ",)]}, 
where if any j,—2s,=0, the entry P*~** is to be omitted, and 0SiS2°—1 (or 0 if 
2°—1 15 negative) where 0= —1+ (number of nonzero exponents j,—25,), running 
over all sets (So, 51, ++ +, Sz), where OSs,S [j,/2]. 
Example. For P*, P=a*+b?, we have the single primitive representation, 


Pt = [((a + ib)* + (a — ib)*)/2]? + [((a + 2b)* — (a — 1b)*)/2i]?, 
and all representations are given by: 
(P)*{ [A(P#, 0)]? + [B(P*, 0)}7} 
(P!)*{[A(Pr?, 0)}? + [B(Pr?, 0)]?} 
(P?)*{ |A(P¥4, 0)}? + [B(P*4, 0)]?} 
(puiny{[A(pe20/21, 0)]* + (BCPA, 0) )}. 
Note that 
A(P®, 0) = [(a + ib)° + (a — ib)°]/2 = 1, 
B(P®, 0) = [(a@ + ib)® — (a — ib)®|/2i= 0. 

Proof. The proof is by induction on k. Let k=0. By Theorem 1, the single 
primitive representation of P? is a polynomial in ap and bo. We are to verify that 
the primitive representation of P® is [A(P%, 0)|?+[B(P%, 0) ]2, where A (P}, 0) 
= (a +5) /2 and B(P®, 0) = (a? —ag”)/27. In the examples above, this was 
shown for j79=0 and 1. Assume it now for jp and prove it for jo +1. Since im- 
primitive representations give rise to imprimitive representations, the primitive 
representation of P**? must arise from the primitive representations of Po and 
P® by Brahmagupta’s formula (using Theorem 1). Applying now identity (5) 
with u=ap, v=o0%, we obtain: 
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[(co + a)/2]° + [(ao — a)/24]"} 


Py Pv = {[ 
- {T(aig? ++ a0”) /2]" + [(ae? — a0 ")/24]°} 


fort an 


_ (i at dy + [(ao 7 pri 
[(eoan” + cepts 72) + + [(agao — Ctooty 124)" 


flac 9 0))° + [Bw , oy) 


jot ae 


[euas] {[(ao”* + ao” )/2)° + [(aa'”* — ao” )/24)} 
and as a,ax* = (dy+bot) (ao— bot) =a, +b,=Po, we obtain (changing the sign in- 
side the square bracket): 


(ie 0] "+ + [BiPo™, 0 oy 
{[4(Pv”, 0)]’ + [B(Po”, 0)]}. 


Thus, the result of applying Brahmagupta’s formula to Py and P? gives rise 
to two representations, one primitive of the required form and the other im- 
primitive. 

To complete the induction on k, we assume Part A of Theorem 2 for all 
integers Sk and Part B for all integers <k. We prove Part B for k and Part A 
for R+1. For Part B, observe that the formula given yields distinct representa- 
tions (since by the induction hypothesis the primitive representations for each 
set (So, 51, °° * , Sz) are all distinct), so that we have only to verify that the num- 
ber of representations of the formula agrees with the a priori known number of 
representations. We think of summing the range of t over the various possibili- 
ties for the s,’s. Without loss of generality, we can rearrange the product and 
take the first kit1 7,’s as odd. Assume first that ki:20. We rewrite j;,= 2), 
+1 (0Sr<hk,+1), and j;,=2j/ (&i<rSk). Now we drop the primes. 

We classify the representations according to the number of nonzero ex- 
ponents. Counting first the representations with no nonzero exponents, which 
gives 2* as the range of t, we have 


ki 

Ilg+1)- Il s 

i=0 kitlsisk 
possibilities, since if 0 Si S k there are 7; + 1 numbers uw such that 0 S u 
< [(27:+1)/2]; and for ki-+1<i<k there are j; numbers u such that OSu<[j; |. 
(The strict inequality holds since there are mo nonzero exponents.) 

For the range of t= 2*-!, one of the primes with an even exponent is raised 

to the highest power, so we obtain 


= [Cl a@+»)( 1 a] 


kytlsigsk 
possibilities. 
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and for each representation for 0SiS2*—1, we pick up two representations 
conforming to the definitions of x; and the polynomials 

A(Po, ar) Prat; t), B(Po, ne) Prt, t). 
Thus, we have constructed polynomial representations of the representations 
as sums of two squares of all numbers | [ P* where the P,’s are =1 (mod 4). 

In the author’s thesis [4] it was shown that a similar representation theory 
exists for the forms x?-+2y? and x2+3y?, and a slightly restricted portion of the 
theory holds for the form x?+7y?. Since for D>7, x?-++ Dy? represents primitively 
composite numbers, of which it does not represent the prime factors, the theory 
above cannot be extended to any other forms «2+ Dy’. 

For the forms x?+xy+Dy?, it appears likely that few, if any, will have a 
polynomial representation theory. 

Finally, it should be mentioned that this theory was used to count the num- 
ber of times a given representation e?+-f?=m-n is obtained from representations 
of m and n by Brahmagupta’s formula. This function of m, n, e and f is non- 
multiplicative, but is very often equal to 7 (G.C.D. (m, n, e, f)). 

Further investigation is being made on the extension of Theorem 1 to other 
compositions. 
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DAIHACHIRO SATO, University of Saskatchewan 


Could anyone supply me with information on books or papers in which the 
identities, natural consequences of a Stieltjes integral, 


(1) Sa:=— ¥ a, and (2) Ila =1 TL a: 


‘=p t=zg+1 =p i=q+1 


are explicitly defined, or are used intentionally in the literature? 
I am collecting the cases in which the above definitions hold naturally as an 
extension of >. and [| when they have a negative number of terms or factors. 


Address: Daihachiro Sato, University of Saskatchewan, Regina Campus, Regina, Saskat 
chewan, Canada. 
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ON SUBSERIES OF DIVERGENT SERIES 


C. R. BANERJEE AND B. K. Lauiri, Barackpore R.S.N. College, West Bengal and 
University of Calcutta 


1. Let u(1)-+u(2)+u(3)+ +--+ bea given series. Each increasing sequence 
M1, Ne, 03, ° °° Of positive integers determines a series 
(1) u(n1) + u(me) + u(ms) + +> - 


that is called a subseries of the given series. Kakeya [4] proved the following 
theorem on subseries of special convergent series of positive terms. 


THEOREM 1 (Kakeya). If u(1)+u(2)+u(3)+ +--+ ts a series of positive 
terms which converges to s, if u(1)2u(2)2u(3)2---, 4 


and if 0<P <s, then there is a subseries (1) which converges to P. 


It is the purpose of this note to give explicit rules for construction of a 
special subseries of the type required to prove the following theorem. 


THEOREM 2. Let 


(3) u(1) + u(2) + u(3) +--- 
be a divergent series of positive terms for which 
(4) lim u(n) = 0. 


Let P be a positive number. Then there is a subseries (1) which converges to P. 


To start the construction, let K; be the least integer such that u(k) <P/2 
when k= Ky. Let LZ; be the greatest integer for which 


(5) si = u(Ky) + w(Kit+1)+---+ ah) < P. 


Then P/2<s,<P. Let Kz be the least integer such that K,>JLi and u(k) 
<(P—s,)/2 when k= Ke. Let Lz be the greatest integer for which 


(6) So = 5p + u(K.) + u(Ke2 +1) +--- + ul.) < P. 


Then P—P/2?<s.<P. Let K3 be the least integer such that K3> LZ, and u(k) 
<(P—s2)/2 when k2 K3. Let L; be the greatest integer for which 


(7) 53 = Sot u(K;) + u(K3 +1) +--->+ u(L;) < P. 
Then P—P/2?<s3<P. Continuation of the construction yields integers 
767 
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Kyi, Ke, >> and Ly, Le, - +--+ such that 

(8) Ki<fi< Kke<[,< Ks < D3 eo -, 

(9) Sq = Sq + u(Ky) + w(K, +1) +--+ + u(Z,), (q = 2,3,---) 
and P—P/2%<s,<FP. It is easy to see that the required subseries converging to 
P is obtained by letting m1, m2, ma, °- + be, in order, the integers 


(10) Ki, Kit1,---+, Li, Ka, Kot1,++-, Lo, Ks, Ke t+1,---. 


2. There are different ways of developing the basic idea that if a series fails 
to converge absolutely, then “most” of its subseries are divergent. Theorems of 
Agnew [2], Hill [3] and Tsuchikura [7], [8], bear on this matter. In some re- 
spects, investigations of subseries are quite analogous to investigations of re- 
arrangements of series due to Agnew [1]| and Sengupta [5], [6]. 

In [1], [3], [5], [6], and [8], the Fréchet formula 


foe] ween 
(11) ie, 9) = teal 

ra 2* 1+ | om — ye | 
is used to obtain a metric space E in which points x and y are sequences 
X1, Xe, Xa, °° + and yi, Ye, Ys, °° * in a specified class. For investigation of rear- 
rangements of series, F is the Fréchet space £; in which each point x is a permu- 
tation x1, X2, %3, - « - of the sequence 1, 2, 3, - - - . For investigation of subseries, 
EF is the Fréchet space E, in which each point x is an increasing sequence 1, Xe, 
X3, °° * Of positive integers. Some of the properties of £; and FE are discovered 
in the papers cited above. 

Let u(1)+u(2)+u(3)+ ---+ be a divergent series of positive terms for 

which lim,.. u(n) =0. Let A be the set of points x in E, for which the subseries 


(12) ular) + uae) + ula) +: - 


is convergent, and let B be the complementary set of points x in E, for which 
the subseries is divergent. The authors have investigated the structures of the 
sets A and B. Without going into details, we remark that A and B are both 
dense in Ee, that A is of the first category, and that B is of the second category. 
Proofs of these results are quite similar to proofs appearing in papers cited above. 


The authors are most grateful to the referee for his invaluable help in improving the paper. 
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THE MIDTERM COEFFICIENT OF THE CYCLOTOMIC POLYNOMIAL F,,(x) 


SISTER MARION BEITER, Rosary Hill College, Buffalo 


Introduction. The interested reader will find the background in cyclotomy 
in [3] and [4] sufficient for the purpose of this note, although the investigation 
is based on results in [1] and [2]. 

The monic polynomial whose roots are the primitive mth roots of unity is 
defined to be the cyclotomic polynomial F,,(x). By Dedekind’s inversion formula 
([4] p. 114), 


(1) Fix) = [] (at — tye, 


d|m 


In [1] it is proved that if m is a product of two distinct odd primes, p and gq, 
then the coefficients of F,,(x) can equal only +1 or 0. 


General coefficient. Let Fy4(x) = (2°? cnx”. 
THEOREM I. In Fyq(x) 


(—1)° ifn =aq+ Bp + 6 in exactly one way, 
(2) Cn = ‘ . 
) otherwise, 
where a and B are nonnegative integers and 6=0, 1. 
Proof. From (1) it follows that 
Fyq(x) = (x?2 — 1)(~ — 1)/(a? — 1)(#4 — 1) 
= (1 — x)(1 + «2+ oe + efe-Da)(1 + up + 42? + oe -) 


p—1 ie) p-l ey 
— > yng > yop — > yagtl > vbp 
=0 B=0 a=) B=0 
= Dy (—1)8xestsets. 
a,B,6 


where a runs through the integers from zero to p—1, B is any nonnegative integer, 
and 6=0, 1. Then c, in F,,(x) is the sum of the coefficients of all terms on the 
right with exponent ag+$p+6=x. Where no such partition exists, c, is zero. If 
there is exactly one partition, c, equals (—1)°. 

Assume that » can be partitioned in two ways: 


nm=oi1g + Bip + 41 
= aeg + Bop + ba, 


with 6,=6,. Then g(a,—ae) = p(G2—81). This implies that p divides a,—a,. But 
since a <p, | a4 ar, <p. Therefore a,—a,=8.—61=0, and the two partitions 
are identical. Hence, when two distinct partitions of 7 in the form (2) exist, in 
one of them 6= 1, in the other 6=0. In this case cy, is (—1)!+(—1)°=0, and the 
theorem is proved. 

A discussion similar to this occurs in [1] 
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Midterm coefficient. Set n=¢(pq)/2 in (2). Then 
(p — 1)(q — 1)/2 = ag + BP +6, 


p(28 + 1) = 1 — 26 (mod q), 
px = +1 (mod gq). 


Let & be the solution of px=1 (mod qg), 1SkSq—1. Then g—& is a solution 
of px=—1 (mod q). 
Consider pkR=1 (mod gq). Then 


pk =1-+ gh, h = (pk ~ 1)/q, 
B=(R-1)/2  a=(p—1)/2—h/2. 


In the case & is odd, these values of a and @ are integral, 5=0, and the midterm 
coefficient is 1. 

If & is even, g—& is odd, 6=1, and the midterm coefficient is —1. Thus we 
have 


Tuerorem II. In F,q(x), when n=(pq)/2, Cx=(—1)*-1, where k 1s the least 
positive solution of the congruence px=1 (mod q). 


Remarks. In the special case gq=sp-+1, k& is odd and the midterm coefficient 
is +1. Similarly, for g=sp—1, k is even and the midterm coefficient is —1. 

In any case, the roles of and g in the congruences may be reversed, without 
affecting the oddness or evenness of k. 

The following table gives the value of the midterm coefficient ¢c, of Fyq(x) 
when # is 3, 5, or 7. All values of m= pq and less than 143 reduce to one of these 
special cases. 


p a Cn 

3 1 

5 1,2 + 1 according as g = + a (mod p). 
7 $1,3,5 


The author thanks the referee for his suggestions. 
Work done in part while a member of an NSF Postdoctoral Research Participation Program in 
Mathematics at the University of Oklahoma, Summer 1962. 
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A SIMPLE PROOF OF MORLEY’S THEOREM 
Haim Rose, Kiriat Shmonah, Israel 


Morley’s well-known theorem states that the points of intersection of the 
adjacent trisectors of the interior (or exterior) angles of any triangle meet at 
the vertices of an equilateral triangle. 

We shall give a simple proof for the case of exterior angles (see [1] p. 24 and 
[2] pp. 345-349). We shall distinguish in the proof between three cases: acute 
angled triangle, right angled triangle, and obtuse angled triangle. 


Pp’ 


Fic. 1 


Acute Triangle. In Figure 1, on the respective sides QR, RP, PQ, of a given 
equilateral triangle PQR, erect isosceles triangles P’QR, O’RP, R’POQ, whose 
respective base angles, 60°-++a, 60°+ 8, and 60°+7, satisfy the equation and 
inequalities 

atBty=60, a < 30° 8 < 30°, 7 < 30°, 


The vertices of the isosceles triangles are on the same sides as those of the 
equilateral triangle respective to their bases. The intersections of the sides of the 
isosceles triangles meet in points A, B, C. We have to prove that the sides of 
the isosceles triangles trisect the exterior angles of the triangle ABC. 

Figure 1 shows that 


X PR'O = 180° — (120° + 2y) = 60° — 2y,  . FX PR'Q = 30° — ¥. 
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Referring to triangle A.R’B, we see that 
XYARB=60° + B+a=—600°+6B+taty—y= 120° —y¥ 
= 90° + (30° — y) = 90° + 4X BR’A. 
By symmetry, RR’ bisects <AR’B and so this last result proves that point R 
is the incenter of the triangle AR’B. Likewise Q is the incenter of AQ’C, and 
P of BP’C. Hence (2=<X1= <1’; in other words, the external angles of the 
triangle ABC are trisected. 


Now we look for relations between the angles a, B, y and the triangular 
angles A, B, C. Again from Figure 1 we have: 


XR’RO = 180° — 4X PR’'Q — y = 180° — (30° — y) — y = 150°; 
X RAR’ = 180° — (30° — y) — (150° — 8B) = 7+ 8 = 60° — a. 


If 60°—a=(180°—A)/3 then A=3a, or a=A/3; similarly, B=B/3, y=C/3. 
Because a <30°, 8 <30°, y <30°, it is obvious that triangle ABC is acute angled. 


Q’ 


Fic. 2 


Right Triangle. The base angles of the isosceles triangles in Figure 2 satisfy 
the equations 


atBty=60, a=30°7, B+y = 30° 


Considerations referring to triangles AR’B and AQ’C, are as above. Triangle 
BP'C has vertex P’ at infinity. 


SX BP'C = 0°, BPC = 60° + B+ y7 = 90° = 90° + $XBP'C. 


The last equation proves that point P is the incenter of triangle BP’C. It follows 
that the exterior angles of ABC are trisected as in the case of an acute angled 
triangle. Again, A =3a=3-30°=90°. Hence, AABC is a right triangle. 
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P' 


Fic. 3 


Obiuse Triangle. In Figure 3 the base angles of the isosceles triangles satisfy 
the equation and inequalities 


atB+y= 60, a>30°, B+y < 30°. 


The isosceles triangle RP’Q does not enclose the equilateral triangle POR. 
From Figure 3, we see that 


a + 60° = [180° — (a + 60°)] + xRP’O 
(RPO = 2a— 60°; or 4XRP'O =a — 30°. 
SZ BPC = ¥ + 60° + B = 120° — a = 90° — (a — 30°) = 90° — LX BP'C. 
The last equation proves that point P is the excenter of the triangle BP’C rela- 
tive to vertex P’. In this case too, therefore, the sides of the isosceles triangles 
trisect the external angles of ABC. By choosing the above values for the base 
angles of our isosceles triangles, we can ensure that the above procedure yields a 


triangle ABC that is similar to any given triangle. This completes the proof. 
It can also be proved analytically that 


. A\ . B\ C 
PO = OR = RP = 4p:sin (.o' — <) si (.0' — =) si (so: _ -), 


where 2p denotes the circumdiameter of ABC, 
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A NOTE ON THE RELATION BETWEEN PERIODIC AND ORTHOGONAL 
FUNDAMENTAL SOLUTIONS OF LINEAR SYSTEMS, II 


F. S. VAN VLEcK, University of Kansas 


1. Introduction. In [1] Van Vleck gave necessary and sufficient conditions 
for the fundamental solution matrix X(¢) of a linear system x’ = Ax('=d/dt) to 
be periodic if X(t) was orthogonal for all time ¢. There x was a real n-vector, A 
was a real constant ” by m matrix, and X(f) was the unique matrix solution 
which satisfied X (0) =J (J is the identity matrix). The purpose of this note is to 
consider the same situation in case the real matrix A = A (Z) is a continuous func- 
tion of ¢. 


2. Consequences of orthogonality. From the theory of systems of linear dif- 
ferential equations we know ([2]|, pp. 67-70) there exists a unique matrix X(Z) 
(called the fundamental solution) which satisfies 


(1) X’(t) = A(é) X(t), and X(0) = 7. 
Also, we know ([2], p. 67) that 


det X(¢) = det X(0) exp (f trace A(:)ds) 


exp ( J | trace A(s)ds) 


and hence X is nonsingular for all ¢. 
We need a characterization of matrices A (¢) for which X(#) is orthogonal. The 
following theorem does this completely. A proof may be found in [3]. 


(2) 


THEOREM 1. If A(t) is continuous, then the fundamental solution X(t) which 
satisfies (1) 1s orthogonal for all time t if and only if A(t) ts skew-symmetric for all 
tame t. 


From (2) it follows that if X(é) is orthogonal, then 
(3) det X(i) = 1 for all ¢. 


If m is an odd integer, then it follows from (3) that 1 is a characteristic root of 
X(#) for each fixed ¢. Thus, letting o>0 be a given real number, we have the 
following theorem since any solution «=@(é) of x’=A(i)x may be written 


b(t) =X (t)6(0). 


THEOREM 2. If n is odd and X(t) is orthogonal for all time t, then there is a 
periodic solution of x' = A(t)x of period o. 


3. Periodicity. Since X is nonsingular for all ¢ (from (2)), we have 
(4) A(i) = X'() XZ) 


and hence if X(#) is to be periodic, we must have A(t) periodic. Therefore, we 
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Proof. The necessity follows from the first comment of the preceding para- 
graph. To show the sufficiency, suppose that every characteristic exponent of 
A(t) is an integral multiple of 2772/0. Then the characteristic roots of oS, which 
may be taken to be the characteristic exponents of A(t), are integral multiples of 
2ri/o. Now oS is a real skew-symmetric matrix, so its roots are simple and oS 
is real orthogonally similar to a diagonal block matrix ([4], p. 285). In fact, if 
the characteristic roots of aS are +127n,;/o and 0, then there exists a real ortho- 
gonal matrix Q such that 


5 = Q(S)O7 = {(24m/o)J, +++, (2Qrm/o)J, 0,-- +, 0} 
and hence 
ets = {UO (2rnit/c), -+ +, U(Qrnzt/c),1,-°°, 1}, 


where J and U(s) are the 2 by 2 matrices 


0 1 _ coss sins 
J = ), U(s) = ), 

—1 0 —sin Ss coss 

Now X (t) = P() Q-t¢!@@S)0"O = P(t) Q-'e'SQ and hence X(Z) is periodic of period 
o since e’S (and eS) are periodic of period co. 

If o>0 is the least period of A(t), then from what we have just proved, we 
have finally the following theorem which is the natural generalization of Theo- 
rem 1 of [1]. Let 8; denote the imaginary part of the characteristic exponent A; 


of A(t). 


THEOREM 6. If X is an orthogonal fundamental solution of (1), then a necessary 
and sufficient condition that X(t) be periodic 1s that there exist a positive number B 
and integers ny and m; such that noo =B and mjB;=B for each nonzero Bj. 
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A NON-HAUSDORFF TOPOLOGY SUCH THAT EACH CONVERGENT 
SEQUENCE HAS EXACTLY ONE LIMIT 


PAUL SLEPIAN, Rensselaer Polytechnic Institute 


1. Introduction. It is well known that if T is a Hausdorff topology, then 
each sequence to the space of T which is convergent in the classical sense has 
exactly one limit. If classical convergence is replaced by the more sophisticated 
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Proof. The necessity follows from the first comment of the preceding para- 
graph. To show the sufficiency, suppose that every characteristic exponent of 
A(t) is an integral multiple of 277/a. Then the characteristic roots of oS, which 
may be taken to be the characteristic exponents of A(#), are integral multiples of 
2711/0. Now aS is a real skew-symmetric matrix, so its roots are simple and oS 
is real orthogonally similar to a diagonal block matrix ([4], p. 285). In fact, if 
the characteristic roots of oS are +127n,;/o and 0, then there exists a real ortho- 
gonal matrix Q such that 


S = Q(oS)Q = {(2am/o)J, +++, (2rm/o)J, 0, +++, 0} 


and hence 
ets = {UO (2rnt/c), -+ +, U(Qrnzt/o),1,°°°, 1}, 


where J and U(s) are the 2 by 2 matrices 


0 1 _ coss sins 
J = ), U(s) = ), 
—1 0O —sin s coss 
Now X(t) = P(?) Q-1¢!0)0"Q = P (4)0—e'SQ and hence X(t) is periodic of period 
o since eS (and eS) are periodic of period oc. 

If o>0 is the least period of A(t), then from what we have just proved, we 
have finally the following theorem which is the natural generalization of Theo- 
rem 1 of [1]. Let 8; denote the imaginary part of the characteristic exponent ); 
of A (i). 


THEOREM 6. If X is an orthogonal fundamental solution of (1), then a necessary 
and sufficient condition that X(t) be periodic ts that there exist a positive number B 
and integers ny and m; such that noo =B and m;B;=B for each nonzero Bj. 
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A NON-HAUSDORFF TOPOLOGY SUCH THAT EACH CONVERGENT 
SEQUENCE HAS EXACTLY ONE LIMIT 


PAUL SLEPIAN, Rensselaer Polytechnic Institute 


1. Introduction. It is well known that if T is a Hausdorff topology, then 
each sequence to the space of T which is convergent in the classical sense has 
exactly one limit. If classical convergence is replaced by the more sophisticated 
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Moore-Smith convergence, or by the equivalent concept of filter convergence, 
then as is also well known, the converse of the above theorem is true. 

In particular, if T is a topology such that each sequence to the space of T 
which is convergent in this more sophisticated sense has exactly one limit, then 
T is a Hausdorff topology. 

It seems to be an accepted fact that the converse quoted above is false if con- 
vergence is restricted to the classical convergence. This writer, however, could 
find no such example in the literature. In this note we exhibit a topology T such 
that 

(i) T is not a Hausdorff topology. 

(ii) Each sequence to the space of T which is convergent in the classical 
sense has exactly one limit. 


2. Notation. 

(i) 0 is the empty set. 

(ii) w= {x|x is a positive integer}. 
(iii) R= {x|« is a real number}. 


3. Remark. To make matters precise we shall give the definition of classical 
convergence. In particular, we shall say that u is 7-convergent to 2 if and only if 

(i) T is a topology. 

(ii) 2eUser b. 

(iii) wis on w to User dB. 

(iv) If z€bET, there exists nGw such that {u,;|jEw and n<j} Cb. 


4, Example. Let T= {R—A| ACR and A is countable}U {0}. Then, 
(i) T is a topology. 

(ii) T is not a Hausdorff topology. 

(iii) If wis T-convergent to x and if u is T-convergent to y, then x=. 
Proof of (i): It is easy to verify that 


(aE TandbET) (aN bET). 
(BCT)>(UbET). 


bEB 
Proof of (ii): Let xG€a€T and let yEdET. Suppose that a/b =0. We shall 
show that this is impossible. There exists 4 CR such that A is countable and 
a=R—A. But af\b=0 implies that bCA, and thus, } is countable. Also, there 
exists BCR such that B is countable and b=R—B. Since B= R—D, we conclude 
that R—b is countable. Finally, R=b.U(R—5d), and since b and R—b are both 
countable, we conclude that R is countable, which is false. 
Proof of (iii): Suppose that u is 7-convergent to x and u is T-convergent to y. 
Suppose that *«+y. Note that xC R— fy} €T. Thus, there exists 7Gw such that 


{u;|fEo and n $j} CR— fy}. 
But {u;|7 Eo and n <j} is countable. Thus, yeR— {uj|jEw and nj}ET, 
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implying the existence of m€w such that 
{u;| FE w and m <j} CR- {uj|j Ew and <j}. 


In particular, we have tmin€ {u;|7Ew and nSj}, which is impossible. 


REPEATED INDEPENDENT TRIALS AND A CLASS OF DICE PROBLEMS 
Epwarp O. THorP, New Mexico State University 


1. Introduction. This discussion was originally motivated by a class of dice 
problems. They are illustrated by the following examples, which will be referred 
to in the sequel. 

Assume that two true dice are rolled repeatedly. 


Problem 1. Find the probability that both the totals 5 and 9 appear before 
a 7 appears. 

Problem 2. Find the probability that both the totals 4 and 6 appear before 
a 7 appears. 

Problem 3. Find the probability that 4, 5, 6, 8, 9, 10 all appear before 7 
appears. 

Problem 4. Find the probability that all totals different from 7 appear before 
a 7 appears. 


Problem 1 is intuitively quite simple when we observe that on any one trial 
P(5)=P(9) =4/36 and P(7) =6/36, where P(T) is the probability that a total 
of T occurs on any given trial. We might argue loosely that the probability that 
either a 5 or a 9 occurs before a 7 is 8/14. The probability that the other one 
then occurs before a 7 is 4/10. The probability that both 5 and 9 appear before 
7 is thus (8/14) (4/10) =8/35. 

Problem 2 is surprisingly difficult by comparison with problem 1. This is 
due to the fact that P(4) = 3/36+5/36=P(6). We give below the solution to a 
general problem concerning repeated independent trials, of which problems 2, 3 
and 4 are special cases which we will solve as illustrations. Finally we discuss 
some useful approximations to the general solution. 


2. Formal solution of a class of problems. Consider a series of repeated in- 
dependent trials with the outcomes of each trial being events in a given (fixed) 
sample space. Let £1, ---:, Em, B, be m+1 events with B disjoint from each of 
the E;. What is the probability that all the events E; will occur before the event 
B occurs? 

Let Aj (Aj, ---, At, B4, respectively) be the event that E; (Fo, ---, En, B, 
respectively) does not occur in the first 7 trials. Let B;:1 be the event “B occurs 
on trial 7 +1” and let Fy, be the event (A4{U---U Ai)B‘B;1 ,where 
4a=1,2,---. Let F,=B,. Thus F; is the event that B occurs for the first time 
on trial 2 and not all the Ai, -+-, EH, have yet occurred. Hereafter we refer to 
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This depariment welcomes brief expository articles on problems and topics closely related 
io classroom experience in courses that are normally available to undergraduate students, from 
the freshman year through early graduate work. Items of interest to teachers, such as pedagog- 
ical tactics, course improvement, new proofs and counterexamples, and fresh viewpoints in gen- 
eral, are tnvited. All material should be sent to Gertrude Ehrlich, Mathematics Department, 
University of Maryland, College Park, Maryland 20740 


PERIODIC ENTIRE FUNCTIONS 


R. P. Boas, Jr., Northwestern University 


An entire function f(z) is said to be of exponential type if | f(2)| < Ae®l4l for 
some numbers A and B. Evidently e* is of exponential type and so is any 
trigonometric polynomial >.” a,e**. A trigonometric polynomial is, in addi- 
tion, periodic with period 27. It is natural to expect that the converse holds: 
an entire function of exponential type which has period 27 is necessarily a 
trigonometric polynomial. This theorem has been discovered and proved a 
number of times (cf. [1] p. 109). The following very short proof reduces the 
theorem to the level of a classroom exercise. 

Let | f(z) | <Ae# ll and let f(z) have period 27. Then g(w) =f(—z log w) is 
uniform, and if ” is an integer greater than B we have 

O(|w]*), | w] >, 
wg(w) = \ 
O(1), | w | — 0. 


The second estimate shows that w"g(w) has a removable singularity at 0. Re- 
move it. Then the first estimate shows that w*g(w) is a polynomial, so that 
f(z) =g(e*) is a trigonometric polynomial. 


Reference 
1, R. P. Boas, Jr., Entire functions, Academic Press, New York, 1954. 


A THEOREM IN ELEMENTARY NUMBER THEORY 


ECKFORD COHEN, University of Tennessee 


Let a(n) denote the sum of the divisors of the positive integer 2. The esti- 
mate, 


(1) a(n) = O(n"**), 


for every positive 6, is proved in Hardy and Wright ({1] Theorem 322) as a 
consequence of an analogous result (Theorem 327) for the Euler ¢-function: 


o(n) 


—> 0 


(2) 


for every 6>Q. The latter result is shown to follow from the 
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Lemma (Theorem 316). If f(m) is multiplicative, and f(p*)—20 as p’—-o 
(p prime, e= 1), then f(n)—-0 as n>, 


The relation (Theorem 329), 


c o(n)o(n) <1 


(3) A : 
nN 


where A is a positive constant, is the means by which (1) is deduced from (2). 

The interest of the Hardy-Wright proof lies in the fact that no estimates of 
sums, finite or infinite, are needed. The point of this note is to make the observa- 
tion that if one assumes no more than the simple estimate, 


2d, — = O(log x), 
kgn R 

then the refinement, 

(4) a(n) = O(n log n), 


can be obtained quite simply without appeal to other arithmetical results, be- 
cause o(n) = > vain d= > asan (n/5) Sn > sgn 1/5. Furthermore, in view of (3), 
the estimate (2) can be replaced by 


1 log 2 
9 9%) 
o(n) n 
The estimate (1) can be generalized easily by the Hardy-Wright approach. 
Let o,(n) denote the sum of the sth powers of the divisors of n; then we have 


(6) a(n) = O(ns**), s> 0, 


for all 6>0. In fact, for primes , 


1 1 1 1 
= == | — ——. re | — oe 
1—2-§  1— p78 Ta oat ~ Tet Get pes 
_ pe LL pre-ds + ce + 1 _ o,(p*) . 
pe pe 


Hence o,(p*)/p**t)—0 as p*—> «, and the above lemma applies to give (6). 
The result (6) also holds for s=0 (Theorem 315); if s>1, then (6) is valid 
with 6=0 by virtue of the convergence of )07., 07. 


Reference 


1. G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers, Oxford, 1938. 
(The numbers of the theorems referred to have been retained in the later editions.) 
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For kX;=6, the character that maps A onto 0, k(aX;)=0 for all a in G 
~k(a;X ;) =0-k/n; is an integer>kR=0 (mod n,). 


THEOREM 5. Let w be a permutation on the set S and let w partition S by cycles 
as S=US. where w induces the cycle 1. on Sa. Then the order of w is the l.c.m. of 
the lengths of the cycles w.q. 


Marshall Hall, The Theory of Groups, Macmillan, 1959, page 54, uses 
Lemma 2 to prove this theorem. The order of 7 is | Sa| , the cardinality of Sg. 
And 7* is the identity on Seach 7% is the identity on S,>k is a common 
multiple of the lengths | S,|. 


A MIXED NON-GROUP 
COLONEL JOHNSON, JR., Southern University 


In a first course in abstract algebra, it is usually proved that the Right 
Axioms (or the Left Axioms) imply the Classical Axioms for a group. Examples 
are seldom available to show that a set which is closed under an associative 
binary operation and has, say, a left identity and right inverses for all the ele- 
ments, need not be a group. Such an example is given in the following. 

Let Q be the set of all 2X2 matrices of the form 


x 
w= (03) 
“ Y 
where x, y are real numbers and «+70. 


(i) It is easy to verify that Q is closed under (matrix) multiplication. 
(ii) Multiplication is associative. 


( ) 
J 
0 l 


belongs to Q and serves as a left identity since, for each matrix Min 0, JM= WM. 
(iv) If M is any matrix in Q, then the matrix 


(; (@ + ) 
O (e+ y) 
belongs to Q and serves as a right inverse for M with respect to J. 


Since J is not a right identity, Q does not form a group under matrix multi- 
plication. 
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A COUNTEREXAMPLE RELATED TO PRODUCT TOPOLOGY 
Z. Z. YEH, University of Hawaii, Honolulu 


Let (X, 3) and (Y, U) be topological spaces, and let (X X Y, 3X) be their 
product space. It is known ([1] pp. 158-159) that if VCXX Y is open relative 
to the product topology 3X4, then Vx] = { | (x, WE Vv} is open relative to U 
for any «CX, and V[y]= { x| (x, yyEV} is open relative to 3 for any yEY. 
This leads us to consider the following converse: if A is a subset of X X Y such 
that A[x]= NG y)€A} is open relative to U for any «CX, and Aly] 
= { 2 | (x, y) EA } is open relative to 3 for any yC Y, is A necessarily open relative 
to 3X? | 

The following counterexample shows that the answer is in the negative: let 
both (X, 3) and (Y, U) be the real line R with its usual topology; then their 
product space is the plane RXR with its usual topology. Let A be the comple- 
ment of the two diagonal lines in the plane, with the modification that the origin 
(0, 0) be an element of A. Clearly for any x0, A[x] is the complement of two 
points in R, hence is open; while A [0] is R, hence is also open. Likewise, A [y] is 
open for any yE Y. But A is not open, because (0, 0) is not an interior point of A. 

As a simpler counterexample, we may take the complement of any line seg- 
ment with one end open laid in a slanting position in the plane. For example, 
consider A=RXR— { (x, y) | x=y,0<xSl 7 


Reference 
1. J. L. Kelley, General Topology, Van Nostrand, Princeton, 1955. 


ELECTRIC BY ONE VOLT 
MarLOw SHOLANDER, Western Reserve University 


Mary had a little lamp. 

How farad ohm! Like snow! 

Mhost every weber Mary went 

It cast oerstedy glow. 
When it ampered at coulomb day, 
Which was abhenry rule, 
Said teacher Max, “Well I’m agaussed. 
Though ergsome, watt a joule!” 
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THE Ph.D. CLASS OF 1951 
G. S. Youne, Tulane University 


There were 217 Ph.D.’s in mathematics given in 1951 by universities in the 
United States and Canada. The purpose of this note is to say something about 
their publications and their present activities, and to point out some implica- 
tions of these facts. 


A. Present activity. The positions of the class members were determined first 
by looking in the 1963 Combined Directory of the Association, the Society and 
SIAM, then by looking in American Men of Science. Table I summarizes the 
results. 


TABLE I. Location and rank around 1963 of 1951 Ph.D.’s 


Number Papers 
Group ——— ne Mean 
N % N % 

University Personnel 

Professors 68 31.4 584 49.9 8.6 

Associate Professors 45 20.7 222 19.0 4.9 

Assistant Professors 13 6.0 79 6.8 6.1 

Other 18 8.3 68 5.8 3.8 
All University Personnel 144 66.4 953 81.5 6.6 
Industry 45 20.7 130 11.1 2.9 
Unknown 28 12.9 87 7.4 3.1 
Total 217 100.0 1,170 100.0 5.4 


“Industry” is a classification that includes government work, or anything 
else that was clearly not teaching. The term “Unknown” merely means that the 
person was not found in the two sources; it includes several women who have 
married, several people who have died, and at least one prominent mathemati- 
cian who simply isn’t listed. 


B. Publications. The number of papers published by each member of the 
class was determined by searching the indexes of the Mathematical Reviews. 
This means that the totals represent papers published through 1960 or 1961, 
probably, due to the delay in reviewing. No one published more than 29 papers 
in this period. Table II summarizes the data. 
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TABLE II. Number of papers published by class of 1951 


Number of papers 


=20 
20>”n210 
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Number of persons 


16 
24 
42 
13 
13 
20 
44, 
40 


[September 


Cumulative 


Roughly ¢ of the class have published ten or more papers; + have published 
one paper, presumably the thesis, and # have published nothing in a mathe- 


matical journal. 


C. Type of school. I turn now to the classification of the Ph.D.’s in university 
and college teaching. I selected a list of what I felt were the strongest 25 de- 
partments and measured rank and publication in these; then I did the same 


for the other schools. The next table gives the result. 


TABLE III. Schools, ranks, and publications for the class of 1951 


Group 

N 

Twenty-five strong schools 
Professor 29 
Associate 17 
Assistant 6 
Other 9 
Total 61 


Number 


Other universities and colleges 


Professor 
Associate 
Assistant 
Other 


39 
28 
7 
9 


Total 


All universities 
Professor 
Associate 
Assistant 
Other 


Total 


Papers 
N % 
435 45.6 
107 11.2 
51 5.4 
58 6.1 
651 68.3 
149 15.6 
115 12.1 
28 2.9 
10 1.1 
302 31.7 
584 61.3 
222 23.3 
79 8.3 
68 7.1 
953 100.1 


Mean 
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crisis. The strong schools have had no real trouble in getting some Ph.D.’s, 
perhaps less than they wanted, and perhaps not as able as they wanted, but 
Ph.D.’s. This will presumably continue. The other schools are in for trouble, 
with college enrollments going up sharply, and a greater percentage of students 
majoring in mathematics. Dr. Clarence Lindquist has kindly let me see figures 
before publication that indicate around 40,000 students graduating in 1970 with 
first degrees in mathematics, about one out of 19 such degrees, and 50,000 in 
1975, about one out of 17. In 1951 there were 5753 bachelor’s degrees in mathe- 
matics; in 1961, there were 11,437 [3b]. Even if there is a 25% error in Dr. 
Lindquist’s figures, prospects are alarming. 

Is it not time for the mathematical community to face up to the fact that 
for a long time most undergraduate teaching will be done by non-Ph.D.’s, and 
to begin a study of means of identifying competency among such persons? 

I wish to thank Mrs. Irene Vines for her careful preparation of the data used. 


References 


1. Amer. Math. Soc. Notices, Special Issue, Assistantships and Fellowships in Mathematics 
in 1962-63, Vol. 8, No. 7, Part II, December, 1961. 

2. Conference Board of Mathematical Sciences, Report of a Conference on Mathematical 
Manpower, 1963. 

3. (a) Clarence B. Lindquist, Mathematics and Statistics Degrees during the Decade of the 
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GRANTS FOR STAFF IN SMALL COLLEGES 


CHARLES H. SCHAUER, Research Corporation, New York 


Several years ago Research Corporation initiated a program of grants in- 
tended to help strengthen research-oriented science departments at liberal arts 
colleges and smaller universities. During the past two years, the mathematics 
departments of two liberal arts colleges (Bowdoin and Knox) and of one smaller 
university (Idaho State College) have received departmental grants under the 
program, and mathematics has participated in grants of broader scope at several 
other colleges. 

Research Corporation’s all-too-finite resources have dictated the necessity 
of a high degree of selectivity even in the consideration of proposals for these 
grants. Accordingly, proposals are accepted only on invitation by a staff mem- 
ber of the foundation, usually after he has visited the campus and discussed the 
possibility with the faculty members involved and with college administrators. 

A primary consideration is evidence of existing strength and research inter- 
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SOCIETY OF WOMEN ENGINEERS 


The First International Conference of Women Engineers and Scientists was 
held in New York, June 15-21, 1964. The conference was supported by the Na- 
tional Science Foundation, educational and professional organizations, and 
United States industry. At the conference women engineers and scientists and 
leading men and women who have an influence on educational and career deci- 
sions of women were brought together from all parts of the world. Many organi- 
zations sponsored their delegates. 

The conference examined the increasing demand for highly skilled engineers 
and scientists and the concomitant decreasing supply of trained man power in 
practically all fields of science and technology. Ways and means were sought to 
identify and put to use the largest untapped source of engineering aptitudes and 
talents and to establish the need to encourage training of latent woman power 
now only in token use. 


COURSE CONTENT WORK AT STANFORD 


Three course content groups supported by the National Science Foundation 
convened for an eight-week writing session at Stanford University, June 22 to 
August 15. There were forty to sixty participants in each. The groups included 
the School Mathematics Study Group and a group sponsored by the Committee 
on Educational Media of the Mathematical Association of America which had 
panels on preservice training of elementary teachers, calculus, programmed 
learning, and number systems. The AAAS Commission on Science Education 
sponsored a group of scientists, including mathematicians, to work on the de- 
velopment of experimental course materials in science for grades K-5. The 
AAAS experimental course materials contain exercises on mathematics, intro- 
ducing such topics as division, rational numbers, fractions, measurement and 
probability in the early grades so that these topics may be used in science 
exercises. 


THE LAW OF INERTIA 


I should rejoice to see mathematics taught with that life and animation which the presence 
and example of her young and buoyant sister, empirical science, could not fail to impart; short 
roads preferred to long ones; Euclid honorably shelved or buried “deeper than did ever plummet 
sound” out of the school boy’s reach; morphology introduced into the elements of algebra; 
projection, correlation, and motion accepted as aids in geometry; the mind of the student 
quickened and elevated and his faith awakened by early initiation into the ruling ideas of 
polarity, continuity, infinity, and familiarization with the doctrine of the imaginary and incon- 
ceivable.—J. J. Sylvester, Nature, January 6, 1870. (Contributed by K. O. May.) 
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SOCIETY OF WOMEN ENGINEERS 
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E 1716. Proposed by J. D. Brillhari, University of San Francisco, and R. L. 
Graham, Bell Telephone Laboratories 


If (a1, de, - + + , @n) denotes some arrangement of the first ” positive integers, 
show that at least ./n distinct residue classes modulo m occur in the set 
{ ¥4a;:1SkSn}. 


E 1717. Proposed by V. F. Ivanoff, San Carlos, California 


Prove the dual of Ptolemy’s theorem on the spherical surface, namely: In 
the circumscribed spherical quadrilateral with the sides a, b, c, d touching the 
incircle in that order, 


cos $(a, c)- cos $(b, d) = cos $(a, b)-cos 4(c, d) + cos $(a, d)-cos (8, c). 


(Note. This proposition holds for any plane quadrilateral whether circumscribed 
or not.) 


E 1718. Proposed by J. D. Cloud, Manhattan Beach, California 


Prove that, in every solution in positive integers of the Diophantine equa- 
tion x"=y!, either 7=1 or x«=1. 


E 1719. Proposed by D. I. A. Cohen, Princeton University 


Let R be the number formed by reversing the digits of the n-digit number JN, 
R>N. Prove that W/RSR—VN, and prove that if 10.1/R2R—WN then n is even. 


E 1720. Proposed by R. L. Caskey, Oklahoma State University 


Find a locus such that the tangent and the normal at each of its points 
intersect two given lines in four concyclic points. (Dedicated to Dr. N. A. Court.) 


SOLUTIONS OF ELEMENTARY PROBLEMS 
Integer Solutions of axy-+bx-+-cy+d=0 


E 1631 [1963, 1005]. Proposed by Roy Feinman, Rutgers University 
Let a, b, c, d be integers, with a0. Can axy-++-bx-+cy+d=0 have infinitely 
many solutions in integral x and y? 


Solution by Richmond G. Albert, West Newton, Massachusetts. The equivalent 
equation a’xy++abx+acy+ad=0 can be written as (ax-+c)(ay+b) = bc—ad. If 
bc—ad #0, ax-+c is a factor of bc—ad and, hence, x can have at most a finite 
number of integral values. Similarly for ay-+b and y. If bc —ad =0, then there is 
a solution, and hence infinitely many, if and only if a| c or a| b (in which case 
x= —c/a and y integral or « integral and y= —b/a, respectively, are solutions). 


Also solved by Joseph Arkin, J. W. Baldwin, Joseph Bechely, E. D. Bender, W. J. Blundon, 
Allan W. Brunson, Leonard Carlitz, Allan Chuck and Peter Goldstein (jointly), J. D. Cloud, D.I. A. 
Cohen, M. J. Cohen, M. S. Demos, George Diderrich, E. S. Eby, R. L. Farrell, Gregory Forster, 
Michael Goldberg, Jerry Goodman, Ralph Greenberg, R. A. Jacobson, Hajna Janos and Horvath 
Sandor (jointly), Erwin Just and Norman Schaumberger (jointly), L. C. Larson, Charles Lewis, 
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D. C. B. Marsh, J. B. Muskat, A. E. Newman, Stanton Philipp, J. F. Polk, Jr., E. H. Primoff, 
George Purdy, A. S. Rosenthal, C. M. Sandwick, Robin Sibson, D. J. Silverman, Richard Sink- 
horn, Eric Sturley, Simon Vatriquant, Andrew Vince, and the proposer. Not all these solutions were 
complete. 


Polynomials Prime for Prime Argument 


E 1632 [1963, 1005]. Proposed by Michael Fried, Bell Aerosystems, Wheat- 
field, N. Y. 


Show that there is no polynomial which assumes prime values for all prime 
values of the argument. 


Solution by Stanton Philipp, Seal Beach, California. The result is of course 
false as stated. We prove instead that if P(x) is a polynomial with complex 
coefficients such that P(x) is prime for all prime x, then either P(x) =x or P(x) 
=c, a constant. Proof: Suppose that P(x) =ado+taix+ +--+ +a,x" is prime for 
prime x, and that P(x) 4x, P(x) ce. If pi, po, + + +, Pagi aren-+1 distinct primes, 
then the a; are rationally expressible in terms of the p;; so the coefficients of 
P(x) are rational. Then there is an integer K such that f(x) =K P(x) has integral 
coefficients. There exists a prime mw such that (a, f(ar)) =1; for if not, b| KP(p) 
for all primes p, and it would follow that P(x) =0 or P(p) =p for the infinitely 
many primes # satisfying (K, p) =1, and, hence, P(x)=x. Now, by Dirichlet’s 
Theorem, there are infinitely many integers g; such that ¢,f(7)-+7 is prime, say 
qif(r) +ar=s,;,, 7=1, 2,---. But fr) |flaf@) +7} and then KP(m)| KP(s,), 
P(t) | P(s;), P(r) =P(s;), P(x) =P(a), a contradiction. 

Also solved by Jack Abad, J. W. Baldwin, W. R. Becker, E. D. Bender, William Bonney, 
Leonard Carlitz, D. I. A. Cohen, M. J. Cohen, Robert Cohen, E. S. Eby, Michael Goldberg, 
Peter Goldstein, Jerry Goodman, H. S. Hahn, Erwin Just and Norman Schaumberger (jointly), 
Sidney Kravitz, E. S. Langford, E. L. Magnuson, D. C. B. Marsh, L. A. Ringenberg, F. G. Schmitt, 
Jr., E. V. Schuman, Robin Sibson, E. C. Stopher, Rory Thompson, A. M. Vaidya, Simon Vatri- 
quant, W. C. Waterhouse, and the proposer. 

Some of these solutions consisted only of the obvious counterexamples to the problem as 
originally stated. 


A Diophantine Equation in the Calculus 
E 1633 [1963, 1005]. Proposed by Helen M. Marston, Douglass College 


A common problem in elementary calculus is: “An open box is made by cut- 
ting squares of side « from the corners of an a by b rectangle and folding up the 
sides. For what value of x is the volume a maximum?” When a=), the answer 
to this problem is a/6. For what integers a and b, ab, (a, b) = 1, is the answer 
rational, and how many such a by 0 rectangles are there of length less than 50? 


Solution by Loren C. Larson, St. Olaf College, Northfield, Minnesota. It is 
easily verified by the methods of elementary calculus that x is rational if and 
only if a?-++b?—ab is a perfect square. 

Suppose 0<a<0b. It follows that a?<a?+b?—ab<b*. Hence if a?+b2—ab 
is a perfect square, there exist integers m and m such that a?+b?—ab=(a-+n)? 
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and b=a-+m. Solving these latter two equations for a@ and 6 we find that 
a=(n?—m?)/(m—2n) and b= (n(n—2m))/(m—2n). On the other hand, if a and 
6b are given by these expressions then 


+6 = ab = (~) 


m—2n 


From the preceding, it is clear that for every pair of integers 0<n<m, 
a=m'—n? and b=n(2m—n) will give a rectangle with sides proportional to the 
rectangles we desire. Since a <b we may set m = 2n —j and write a = (n—j) (3 —7) 
and b=n(3n—27). Without loss of generality, (n, 7) =1. It follows that (a, b) =1 
unless j is a multiple of 3 in which case (2/3, 6/3) =1. 

There are twelve such rectangles of length less than 50; wz. 5X8, 16X21, 
33X40, 7X15, 3X8, 8X15, 2435, 35 X48, 1135, 13X48, 5X21, and 7X40. 


Also solved by J. W. Baldwin, Merrill Barnebey, M. S. Demos, Michael Goldberg, S. H. 
Greene, T. R. Hoffman and W. C. Stone (jointly), J. E. Jean, Jr., Erwin Just and Norman Schaum- 
berger (jointly), D. C. B. Marsh, R. S. McDowell, F. D. Parker, Stanton Philipp, Eric Sturley, 
J. E. Tyson, Simon Vatriquant, Raymond Whitney, E. J. Ziarelli, and the proposer. Not all solu- 
tions were complete. 

Several references were given for the solution of the Diophantine equation a?—ab+b?=c?: 
L. E. Dickson, Introduction to the Theory of Numbers, Exercise 6, p. 48; this MONTHLY, 21 (1914) 
98-99, and 44 (1937) 113-115. 


Application of an Isoperimetric Problem 


E 1634 [1963, 1005]. Proposed by Erwin Just and Norman Schaumberger, 
Bronx Community College 


Let a,;,4=1, 2,-- +, 7, be the sides of a convex polygon with area K. Prove 
that 


> a; = 4K tan(/n). 
i=l 
Solution by D. C. B. Marsh, Colorado School of Mines. We use the fact that of 
all n-gons with the same perimeter, the regular n-gon has greatest area. Thus 
K Sna?/[4 tan (r/n)| where na= >."., a; However, the Cauchy-Schwarz In- 
equality gives 


i=1 i=l i= 
whence the desired inequality follows. 


Also solved by W. H. Bailey and Guy Torchinelli (jointly), J. W. Baldwin, Leonard Carlitz, 
D. I. A. Cohen, M. J. Cohen, Michael Goldberg, G. A. Kandall, W. W. Leutert, Stanton Philipp, 
Andy Vince, and the proposers. 

A delightful discussion of the isoperimetric property cited in the above solution appears in 
G. Polya, Mathematics and Plausible Reasoning, vol. I, chapter 10. 
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and b=n(3n—27). Without loss of generality, (n, 7) =1. It follows that (a, b) =1 
unless j is a multiple of 3 in which case (a/3, 6/3) = 1. 

There are twelve such rectangles of length less than 50; wiz. 5X8, 16X21, 
33X40, 7X15, 3X8, 8X15, 24X35, 35 X48, 1135, 13K 48, 5X21, and 7X40. 


Also solved by J. W. Baldwin, Merrill Barnebey, M. S. Demos, Michael Goldberg, S. H. 
Greene, T. R. Hoffman and W. C. Stone (jointly), J. E. Jean, Jr., Erwin Just and Norman Schaum- 
berger (jointly), D. C. B. Marsh, R. S. McDowell, F. D. Parker, Stanton Philipp, Eric Sturley, 
J. E. Tyson, Simon Vatriquant, Raymond Whitney, E. J. Ziarelli, and the proposer. Not all solu- 
tions were complete. 

Several references were given for the solution of the Diophantine equation a?—ab-++b?=c?: 
L. E. Dickson, Introduction to the Theory of Numbers, Exercise 6, p. 48; this MONTHLY, 21 (1914) 
98-99, and 44 (1937) 113-115. 


Application of an Isoperimetric Problem 


E 1634 [1963, 1005]. Proposed by Erwin Just and Norman Schaumberger, 
Bronx Community College 


Let a;,4=1,2, +--+, 7, be the sides of a convex polygon with area K. Prove 
that 


> a; = 4K tan(r/n). 
i=1 
Solution by D. C. B. Marsh, Colorado School of Mines. We use the fact that of 
all n-gons with the same perimeter, the regular n-gon has greatest area. Thus 
K Sna?/[4 tan (r/n)| where na= >_"., a; However, the Cauchy-Schwarz In- 
equality gives 


a=1 t=1 i= 
whence the desired inequality follows. 


Also solved by W. H. Bailey and Guy Torchinelli (jointly), J. W. Baldwin, Leonard Carlitz, 
D. I. A. Cohen, M. J. Cohen, Michael Goldberg, G. A. Kandall, W. W. Leutert, Stanton Philipp, 
Andy Vince, and the proposers. 

A delightful discussion of the isoperimetric property cited in the above solution appears in 
G. Polya, Mathematics and Plausible Reasoning, vol. 1, chapter 10. 
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Finally it is clear that f(22) =2f(2n—1) (since every admissible sequence of 
length 2n—1 gives rise to two admissible sequences of length 2”). Therefore 


2n—1 2n 
f(2n) = 2( )=( ), 
n—1 n 
II. Solutton by D. C. B. Marsh, Colorado School of Mines. The proposed prob- 
lem may be identified with “Determine the number of different outcomes of a 
sequence of 2 games which may be played by an individual with a $1 stake, who 
is not ruined during the course of play, by betting $1 a game against an in- 
finitely rich adversary, where each has an equal probability of winning each 
game.” This formulation is completely analysed by J. V. Uspensky in his Intro- 
duction to Mathematical Probability (pp. 147-151). A simple adaptation of his 
equation (12) gives the desired function as 


m  (2k)L 7 
2 2a pe 1~2k where m = [A(n — 1)]. 


[An easy induction shows this sum to have the same value as that in Solution 
I. Ed. | 


Also solved by J. R. Blum, D. I. A. Cohen, Ira Ewen, Michael Goldberg, J. D. Haggard, 
R. E. Jones, David Klappholz, E. S. Langford, S. G. Mohanty, Stanton Philipp, H. S. Piper, Jr., 
Stanley Rabinowitz, V. K. Rohatgi, Max Rosenberg, F. G. Schmitt, Jr., Robin Sibson, Robert 
Singleton, Rory Thompson, B. B. Winter, and the proposer. 

The given problem with solution was located in various guises in W. Feller, An Introduction 
to Probability Theory and tts Applications, 1st ed., pp. 249-257, and 2nd ed., pp. 70-75; P. A. Mac- 
Mahon, Combinatory Analysis, p. 127; and J. Amer. Stat. Assoc., 57, pp. 327-337. 


Number of Fibonacci Numbers Not Exceeding NV 
E 1636 [1963, 1005]. Proposed by J. D. Cloud, North American Aviation, Inc. 


Given a positive integer NV, how many Fibonacci numbers are there not ex- 
ceeding NV? 


Solution by William D. Jackson, State University College, Oswego, N. Y. The 
Fibonacci number u, is the nearest whole number to [(1++/5)/2 ]*//5 (N. N. 
Vorob’ev, Fibonacci Numbers, p. 22). Therefore, given N, u,SN if and only if 
[1 +-+/5)/2]"/-/5<N-+4; in other words, if and only if n<log|[(N+4)V5] 
/log[(1++/5)/2 ]. Since uy = u,=1, the number of Fibonacci numbers not greater 
than JV is the greatest integer less than 


log[(N + 4)V/5] 
1+ /5 
2 


Also solved by J. L. Brown, Jr., Flor Cartuyvels, D. I. A. Cohen, Michael Goldberg, S. H. 
Greene, Cornelius Groenewoud, Kenneth Kramer, D. C. B. Marsh, F. D. Parker, Stanton Philipp, 
Robert Singleton, Rory Thompson, and the proposer. 


log 
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Continuous Connected Multiplicative Subgroups of the Complex Numbers 
E 1639 [1963, 1006]. Proposed by Reuben Hersh, Stanford University 


Find all subsets of the complex plane which, like the positive real axis or the 
unit circle, are (1) subgroups of the multiplicative group of complex numbers, 
and (2) continuous connected curves. 


I. Solution by Miltiades S. Demos, Drexel Institute of Technology. If the sub- 
set contains se‘“(s+1, a0) then it must contain s*e”* by (1) and s‘e by (2), 
where ¢ is any real number. Therefore, setting | 2 =r, arg 2=0, we get r=s', 
§=ta and consequently 7 = s°/# =e" or g=e+*, So all equiangular spirals, pass- 
ing through the point 1, (including the two degenerate ones mentioned in the 
problem), are the only sets satisfying the conditions of the problem. 


II. Solution by the proposer. Evidently if w is an arbitrary fixed complex 
number, and @ is a real parameter running from minus infinity to plus infinity, 
the points =e” are a solution. To prove there are no others, we first remark, 
as is easily verified, that our set can contain a segment of a ray only if it consists 
solely of the positive real axis; but this case is included above, if we take w real. 
For all other cases, then we may use 0=arg zg as the parameter of the curve; 
z=r(0)°, Then, if 2:=7(0:)e* and z,.=7(62)* are two points in our set, there 
must be a value of 6=63 such that 2,2,.=2(63), or 7(0:)e*7(0.)e =7(03)e*8, so 
6,+06,= 63, r(61)7 (62) =7(63) =7(0, +62). Let f() = log r(0). Then f (01) +f (62) 
= f(6,+62). But it is well-known that the only continuous functions f satisfying 
this equation are f(0) =c0. So r=e", and g=et#?, 


Also solved by Flor Cartuyvels, D. I. A. Cohen, Michael Goldberg, Stephen Hoffman, 
D. C. B. Marsh, and Donna Seaman. 


Cubes from Pyramids 
E 1640 [1963, 1006]. Proposed by C. W. Trigg, Los Angeles City College 


The edges of a triangular pyramid and a quadrilateral pyramid are all equal. 
Show that the two pyramids may be dissected into pieces which may be reas- 
sembled into a single cube. 


Solution by Kenneth Kramer, Columbia College. Consider a cube with “top” 
vertices labelled P1, Pe, Ps, Ps (in a clockwise sense, say) and corresponding 
“bottom” vertices Ps, Ps, P7, Ps. Joining Pi, P3, Ps, and Ps to each other yields 
a triangular pyramid whose edges (of length a) are diagonals of the faces of the 
cube. The remaining four congruent solids may then be reassembled to form a 
quadrilateral pyramid with edge lengths a by “matching” right-triangular faces 
as follows: PoP3PeePsP3P 3, PiPsPeoPsPsPs, PyP3PeoP3PiP s. To solve the 
given problem, simply reverse the process. 


Also solved by R. G. Albert, J. W. Baldwin, J. Basile, D. I. A. Cohen, D. E. Daykin, C. M. 
Frye, Michael Goldberg, J. D. Haggard, Ned Harrell, D. C. B. Marsh, Robert Singleton, and the 
proposer. 
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the points =e” are a solution. To prove there are no others, we first remark, 
as is easily verified, that our set can contain a segment of a ray only if it consists 
solely of the positive real axis; but this case is included above, if we take w real. 
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= f(6,+62). But it is well-known that the only continuous functions f satisfying 
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Cubes from Pyramids 
E 1640 [1963, 1006]. Proposed by C. W. Trigg, Los Angeles City College 


The edges of a triangular pyramid and a quadrilateral pyramid are all equal. 
Show that the two pyramids may be dissected into pieces which may be reas- 
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quadrilateral pyramid with edge lengths a by “matching” right-triangular faces 
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Also solved by R. G. Albert, J. W. Baldwin, J. Basile, D. I. A. Cohen, D. E. Daykin, C. M. 
Frye, Michael Goldberg, J. D. Haggard, Ned Harrell, D. C. B. Marsh, Robert Singleton, and the 
proposer. 
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Clearly, S takes Cjo,1; into (in fact, onto) itself. Prove that there exists a unique 
function K on Cio, such that for all f, (1) K({)€ Range (f), and (2) K(Sf) 
= K(f). 


5222. Proposed by M. Rajagopalan and A. Wilansky, Lehigh University 


Must every convergent net in a metric space have a subnet whose range has 
exactly one limit point? 


5223. Proposed by C. R. MacCluer, University of Michigan 

Let LZ be the additive Abelian group of all «©-tuples (a1, a2, - - - ) where the 
nth entry is drawn from the integers modulo ", pa fixed prime, and let addition 
in L be coordinate-wise. Let G be the torsion subgroup and H the subgroup of 
all elements that have almost all zero entries. Show that H is not a direct sum- 
mand of G. (This provides an example showing that purity of H does not imply 
that H is a direct summand even in the torsion case.) 


5224. Proposed by L. Carlitz, Duke Unwersity 
Let (a) = (a/p), the Legendre symbol. Show that, if abcd 40 (mod p), 


p—l 
S= Di Wax? + by* + cz? — 2deyz) = — ply(a) + ¥(b) + We) + W(—abe)}. 
z,y,2=0 
5225. Proposed by Solomon Marcus, University of Bucharest, Romania 


Let B be a given, nowhere dense, and perfect set on the real line. For any 
function F, with continuous derivatives on [0, 1], put 


Si= {ti FP =0$, S.={F@:t € Si}. 


Does there exist a function F such that S.=B? (See a closely related problem, 
no. 5114 [1964, 693].) 


5226. Proposed by E. O. Thorp, New Mexico State University 


Let S and T be arbitrary point sets. The Banach space /,(S) is the set of 
functions x on S such that x(s) #0 for at most countably many s and such that 
the norm of x, defined by | «| = Deg | (s) | is finite. The Banach space /.,(.S) 
is the set of bounded functions x on S with the norm of x defined by |x| 
=SUDses | «(s) . When is /,,S) isometrically isomorphic to /,,.(T)? 


SOLUTIONS OF ADVANCED PROBLEMS 
Weakly Continuous Mapping in a Hausdorff Space 


5069 [1963, 97; 1964, 102]. Proposed by D. R. Andrew, University of South- 
western Louisiana 


Prove or disprove the following statement. If S is a Hausdorff space and 
f: S-T is a weakly continuous one-to-one mapping of S onto the space T such 
that f-': T—S is weakly continuous, then T is necessarily a Hausdorff space. 
(See Norman Levine, A Decomposition of Continuity in Topological Spaces, this 
MOonrTHLY, 1961, pp. 44-46, for the definition of a weakly continuous function.) 
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2. Solution by Kenneth E. Whipple, Auburn University. T is not necessarily 
Hausdorff, as the following counterexample will show. 

Denote by R and J the set of rationals and the set of irrationals respectively. 
Let Fi=(0, 1]-R, EH2=(1, 2)-J, and E;=(2, 3|-R, and let S be the space hav- 
ing as points, points of A, UE, Es, and having a basis B= By. B.,./Bs, where 


By = {(", y)-R: 0<a<y<1}U {(, 1]-R:0<2< 1}, 
Be = {(@, 9) -RU(@+1 9+ D)-LU@+2,9+2)-R:0<4<y< Jf, 
Bs = {(«,y)-R: 2<a<y<3}U[(a, 3]-R: 2<2 <3}. 


It follows that S is Hausdorff, in particular note that if xC@ E, and yC Ee then 
y—x1 since x is rational and y is irrational, which allows a separation by ele- 
ments of B, and Bz. 

Let 7 be the space having as points, points of S and having a basis C 
= C, UC,\UCs3, where 


Ci = {(%, y) RU(@+1,94+1)-1:0<4<y<1} 
U {(a, 1]-RU (+ 1, 2)-2:0<« < 1}, 

Co= {(x, y) I: 1 <a<y <2}, 

Cs = {(x,y) TU (+1 yt+1)-Ril<a<y<2} 
U { (a, 2)-TU (a@ +1, 3]-Rii<«#< 2}. 


T is not Hausdorff since the point 1 cannot be separated from the point 3. 

Let f be the identity transformation from S onto 7. Then f is weakly con- 
tinuous. Suppose that pC TJ and V is an element of C containing p. If pER 
(or Es), then there is an element U of B, (or Bs) containing p such that UC V. 
If pC E, then C, contains an element V’ of the form (x, y)-I, 1<x<y<2, such 
that pEV’CV. Then V’=[x—1, y—1]-RU[x, y]-TU[x+1, y+1]-R, hence 
By contains an element U such that pEUCV’ CY. 

f-' is weakly continuous. Suppose that CS and U is an element of B con- 
taining p. If pC Fo, then C, contains an element V such that pEVCU. If 
p€F,, then B; contains an element U’ of the form (x, y)-R or (%, y]-R, 0<x<y 
<1, such that pEU' CU. Then U’= [x, y]-RU[x+1, y+1]-I and Ci contains 
an element V such that pEVCU'CU. A similar argument holds if pC Es. 


Editorial Note. The former solution [1964, 102] has been criticized because a topology has not 
been properly defined. In particular, {An} is not a base at 1. 
Angle Preserving Map 


5084 [1963, 335; 1964, 223]. Proposed by Robert Spira, University of Cali- 
fornia, Berkeley 


Find a one-to-one continuous function on the unit disk into the plane 
which is angle-preserving, yet not analytic. 
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Further comment by George Bergman, Harvard University. The problem has 
been solved: See D. Menchoff, Sur la représentation conforme des domaines plans, 
Math. Annalen, 95 (1926) 641-670. Menchoff proves: any one-to-one continu- 
ous map of a region of the plane onto a region of the plane which is angle- 
preserving except perhaps at countably many points, is analytic. Rademacher, 
(Uber streckentreue und winkeltreue Abbildungen, Math. Zeitschrift, 4 (1919), 
34-35) gets the same conclusion with the hypothesis “one-to-one” replaced by 


“| f(z") —f(2))/(2’—2)| bounded.” 


Convex Function 


5088 [1963, 336; 1964, 330]. Proposed by Joe Lipman, Queen's Uniwersity, 
Canada 


In Meschkowski, Unsolved and Unsolvable Problems in Geometry (Vieweg & 
Son, 1960) a function defined on a convex set C of reals is called convex if 
2f ((x1+x2)/2) Sf(x1) +f(«2) everywhere in C. 

a) Show that if f is bounded above on some subinterval of C, then this 
definition agrees with the usual one, viz: for any ¢ in (0, 1), f(tx1+(1—£)xe) 
Stf(x1) +(1 —2)f (x2) everywhere in C. 

b) Find a function on (— ©, — ©) which is not convex (in the usual sense) 
but satisfies the inequality 2f((x%1-+-%2)/2) <f(x1) +f(x2) for all «14x». 


Editortal Note. The proposer calls attention to an omission in the published proof [1964, 330], 
where the implicit assumption is made that the function f is bounded on every subinterval [x1, 
x2 | of C. The hypothesis, however, states only that f is bounded on some subinterval of C. 

‘To complete the proof we show that if 2( (f(«i-+-x2) /2) Sf(«1) +f(x2) and if f is bounded on some 
subinterval of C, then f is bounded on every proper subinterval of C. Let f be bounded on the closed 
interval I: [a, b] and suppose that the interval J+: [b, 2b—a] is in C (otherwise start with a sub- 
interval of J). If y is in I+, then (a+) /2 is in IJ and f(y) =2f((a+y)/2) —f(a); that is, f is bounded 
from below on It. For y in the left half of I+, x=2y-+-a—2b is in I and 2f(y) Sf(«)+f(2b—a). 
Therefore f(y) is bounded on the left half of I+. Similarly we can extend the original interval of 
boundedness on the left, and in a finite number of steps such extensions can include any subinterval 
in the interior of C. 


Asymptotic Distribution of Sequences 
5090 [1963, 336; 1964, 332]. Proposed by Fred Suvorov, Princeton University 


Let {x,} be a sequence of positive real numbers. Consider the set A of all 
real numbers a such that {«,} converges to 0 (mod a), and show that this set 
has measure 0. The sequence { <n is said to converge to 0 (mod a) if the residue 
classes of the x, on the circle R/Ra converge to 0, where R is the real numbers 
considered as an additive group, and Ra is the subgroup generated by a. 


Comment by Paul Erdis, University of Windsor, Ontario. In his Remark 3, 
Professor Schoenberg has left open the question as to the enumerability of the 
set B for which {x,} is not equidistributed mod b, }€@B. We shall exhibit a set 
of positive integers {xn}, Xn,— © for which the set B has the cardinality of the 
continuum. Let x,=x! and observe first that x,—0 mod every rational. Also 
(see Remark 4 in Schoenberg’s solution [1964, 332]) {x,} is equidistributed 
mod a for almost all q. 
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LEMMA. Let {nm} be a sequence of reals, X,—>~ and let there be a dense set D 
such that x,—-0 mod d whenever dE D. Then there is a dense set B which 1s a Gs such 
that x,—0 mod b, bE B; B has cardinality c. 


Proof. Given dy, dz, +++ , dy, we may find an n,(>nz_1) such that 
(1) xn (mod a;) << 1/2*, *t#=1,2,-°+,k, n> m. 
Consequently there is an open set O;, containing di, dz, - + + , dx so that x, (mod d) 


<2, n,<n Snr, for every © Oy. 
Define B as the set of all elements contained in all but a finite number of 
the sets Ox, 1.e., 


B= I1( > 01) . 
I= \ i<k 

Then B is a Gs, and for all b€ B, x,—0 (mod 5B). 

B is now a set G; containing the dense set D. Therefore B has the cardinality 
c (see Hausdorff, Mengenlehre, 1935, p. 136). 

The application to the sequence {n! is now immediate. 

(Note a slight misprint in the earlier solution. The summation sign, p. 333, 
should carry n as upper limit, instead of ~.) 


Finitely Generated Groups 


5121 [1963, 764]. Proposed by J. B. Kruskal, Bell Telephone Laboratories, 
Murray Hill, N. J. 


By definition, let G,>G, if group G, contains a subgroup isomorphic to Gp, 
but G_ does not contain a subgroup isomorphic to G;. Can an infinite descending 
sequence Gi>G,>G;> +--+ exist where Gi is finitely generated? 


Solution by J. J. Feltmacher, Jr., University of Illinois. Such sequences exist’ 
For example, let #1, p2, - ++ be the sequence of primes, let o(p,) denote the 
cyclic group of order p,, and let Ga= Dvian (p>). Now Gi>Ge> +--+ for Gass 
contains no element of order p,. By the theorem of Higman, Neumann and 
Neumann (see also Kurosch, Theory of Groups, v. II, p. 54), since Gi is countable, 
there exists a group Gy which can be generated by two elements and which con- 
tains Gi. 


Also solved by J. L. Alperin, George Bergman, Joseph Lehner, and W. R. Scott. 


Irreducible Polynomials 
5122 [1963, 764]. Proposed by Harley Flanders, Purdue University 


Let & be a field of characteristic p and let f(x) be an irreducible polynomial in 
k[x] in the variables x=(m, +--+, x,). Form the polynomial g(x) by { g(x) bp 
=f(x?), and the field F obtained by adjoining to all coefficients of g. Prove that 
g(x) is irreducible in F[x]. 
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Solution by Veselin Perié, Sarajevo, Yugoslavia. Let 


f(x) = agetag® o, oft 
Then, for 6; with 6? =a, and for 


g(x) = DY Byer ag + + + a,” 


we have {g(x)}?=f(«?). Any element a€F is a polynomial h(b1, b2, -* +) in 
b1, bs, > +--+ with coefficients in k and, consequently, a? =h,(b?, 02, --- )ECR. 
Suppose g(x) = (x) -Y(x), where ¢(x) and (x) are nonconstant polynomials in 
F(x]. Then 


{o(x)}? = gi(x?), {v(x)}? = yi(2*), 


where ¢1(x) and ¥1(x) are nonconstant polynomials in k[x]|, for the coefficients 
of these polynomials are the pth powers of the coefficients of (x) and w(x), and 
belong to k. From f(x?) = { g(x) \ p= g,(x?) -Wi(x?) we conclude that f(x) =¢1(x) 
‘Yi(x) in k[x], contrary to the hypothesis that f(«) is irreducible in R[x]. 


Also solved by George Bergman, L. Carlitz, and the proposer. 


Dense Sets of Functions 
5123 [1963, 765]. Proposed by R. W. Newcomb, Stanford University 


Prove that the set of infinitely differentiable functions of support bounded 
on the left is dense in the set of distributions of support bounded on the left. 


Solution by the proposer. We use the notation of L. Schwartz, Théorie des 
distributions, vol. 1, 1957, p. 89, and vol. II, 1959, p. 28. An existence type proof 
for the problem follows immediately from theorems in Schwartz, vol. I. We offer 
the following constructive approach. 

Consider a sequence 1@;} of infinitely differentiable functions of bounded 
support chosen so that lim;,,.¢;=6; ¢6,;€DC£. For any TED',.CH’, form 
@;* T. We know that ¢;* TED, [Schwartz, v. II, p. 29]. Since $;€é and 
TED’, it follows from the continuity of the convolution for such distributions 
[Schwartz, p. 13] that 

lim o*T = 6*T = T. 


j-@ 


Consequently, D, is dense in Dy. 


Addition Chains of Vectors 
5125 [1963, 765]. Proposed by Richard Bellman, The RAND Corporation, 
Santa Monica, California 


It is easy to determine the minimum number of multiplications required to 
generate a% from a. What is the minimum number required to generate a“b% 
starting with a and b? 
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Solution by Veselin Perié, Sarajevo, Yugoslavia. Let 


f(x) = agian . Phas 
Then, for 6; with 6? =a, and for 


g(x) = DY byw ay + + + a,” 


we have | g(x) }P = f(x?), Any element a€F is a polynomial h(d:, bo, +--+) in 
1, bo, +--+ with coefficients in k and, consequently, a?=h,(b?, 62, --- )ER. 
Suppose g(x) = (x) -Y(x), where (x) and (x) are nonconstant polynomials in 
F(x]. Then 


{o(x)}? = gi(x?), {v(x)}? = yi(x*), 


where ¢1(x) and ¥(x) are nonconstant polynomials in k[x], for the coefficients 
of these polynomials are the pth powers of the coefficients of @(«) and w(x), and 
belong to k. From f(x?) = { g(x) \ p= g;(x?) -Wi(x?) we conclude that f(x) =¢1(x) 
‘Yi(«) in k|x], contrary to the hypothesis that f(x) is irreducible in & [x]. 


Also solved by George Bergman, L. Carlitz, and the proposer. 


Dense Sets of Functions 
5123 [1963, 765]. Proposed by R. W. Newcomb, Stanford University 


Prove that the set of infinitely differentiable functions of support bounded 
on the left is dense in the set of distributions of support bounded on the left. 


Solution by the proposer. We use the notation of L. Schwartz, Théorie des 
distributions, vol. I, 1957, p. 89, and vol. II, 1959, p. 28. An existence type proof 
for the problem follows immediately from theorems in Schwartz, vol. I. We offer 
the following constructive approach. 

Consider a sequence 1@;} of infinitely differentiable functions of bounded 
support chosen so that lim;,,.¢;=6; ¢,;€DC£#. For any TED',.CH’, form 
@;* T. We know that ¢;* TED, [Schwartz, v. II, p. 29]. Since $,€é and 
TED’, it follows from the continuity of the convolution for such distributions 
[Schwartz, p. 13] that 

lim o*T = §*x7T = T. 


j-@ 


Consequently, D, is dense in D‘.. 


Addition Chains of Vectors 
5125 [1963, 765]. Proposed by Richard Bellman, The RAND Corporation, 
Santa Monica, California 


It is easy to determine the minimum number of multiplications required to 
generate a% from a. What is the minimum number required to generate a“b% 
starting with a and b? 
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Choosing r=log log | | /k log 2—c log log log | | for suitable c we obtain from 
(3), 


(4) ln) S celal f, + O Caeane)i 


Combining (1) and (4) we have finally 


log 2 
(5) lim 1(n) a 1 


|n]—>00 log | 2 | 7 


Also solved (partially) by H. F. Bennett. 
The proposer agrees that the problems he has posed are not easy and that the minimum chain 
is not known, even for k=1. He is in the process of developing a computational algorithm. 


Closed Sets of Irrationals 


5126 [1963, 765]. Proposed by Erwin Just, Bronx Community College, New 
York 

Prove that there exists an uncountable closed subset of the irrationals in 
[0, 1]. More generally, does every uncountable set of reals contain an uncounta- 
ble closed subset? 


Solution by Fred Galvin, St. Paul, Minnesota. (a) Let re, 73, 74, ° °° be 
the rational points of [0, 1]. Let J, be an open interval of length 2-" about 7;. 
Then [0, 1]—-(LULULVU ---) is a closed set of irrational numbers which is 
certainly uncountable, since it has positive Lebesgue measure. More generaily, 
any set of real numbers that has positive inner measure contains a closed set 
which has positive measure and is uncountable. 

(b) Itis not true that every uncountable set of reals contains an uncountable 
closed subset; if this were true, then the continuum hypothesis would follow, 
for every uncountable closed set has cardinality c. Moreover, assuming the 
continuum hypothesis, Sierpinski proves (Hypothése du Continue, p. 80) that 
there is an uncountable set of real numbers which does not contain an un- 
countable measurable subset. 


Editorial Note. Galvin’s solution contains also the proof of the following generalization: Jf S is 
a complete metric space with no isolated points, and if X ts a subset of S which ts of the first category 
relative to S, then S—X contains an uncountable closed subset. Therefore, if P is a perfect set of real 
numbers and X is of the first category relative to P, then P—X contains an uncountable closed set. 
Thus there is an uncountable closed set of irrational points of the Cantor set. 

Also solved by R. J. Gregorac, J. D. Hill, Solomon Marcus (Romania), and the proposer; also 
part (a) by G. A. Heuer, and R. A. Jacobson. 


Ordered Chains of Sets 
5127 [1963, 765]. Proposed by Alain Etcheberry, Universidad de Chile, San- 
tiago 


Let S= { aa, de, } be a countable, infinite set. Does there exist a strictly 
increasing and uncountable chain of subsets of S? (The problem is suggested by 
a comment of J. E. Hafstrom [1962, 249].) 
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Editorial Note. The problem is equivalent to problem 2 of part II of the 1962 William Lowell 
Putnam Competition [1963, 714; solution on p. 716]. The base example for the chain is the set of 
Dedekind cuts of the rationals and may be found also in the solution of problem 4871 [1961, 300]. 
There can, of course, be no well-ordered chain. A more general example is used for the solution of 
problem 4901 [1961, 578]. 

If S is not countable, and assuming the general continuum hypothesis, Johnston proves that 
there is a maximal chain C in the Boolean algebra of all the subsets of S such that | C | =2I51, 


Also solved by S. T. M. Ackermans (Netherlands), Bruce Blum, P. J. Erdelsky, P. Flor 
(Austria), Fred Galvin, Larry Gerstein, R. J. Gregorac, Melvin Henriksen, G. A. Heuer, A. E. 
Hoffman, L. C. House, J. B. Johnston, E. S. Langford, L. C. Larson, Elinor Lerner, Brockway Mc- 
Millan, B. L. Osofsky, S. M. Robinson, Daihachiro Sato, J. A. Schatz, W. R. Scott, D. L. Silver- 
man, George Van Zwalenberg, W. C. Waterhouse, A. Wilansky, and the proposer. 


RECENT PUBLICATIONS AND PRESENTATIONS 


EDITED By R. A. ROSENBAUM, Wesleyan University 
CoLLABORATING EpitTors: K. O. May, Carleton College, and E. P. VANcE, Oberlin College 


Materials intended for review should be sent directly as follows: Books: R. A. Rosen- 
baum, Wesleyan University, Middletown, Conn. 06457. Programmed Materials: K. O. 
May, University of California, Berkeley, Calif. 94704. Films: E. P. Vance, Oberlin College, 
Oberlin, Ohio. 44074 


MAA Studies in Mathematics, Volume 2, Studies in Modern Algebra. By Saunders 
MacLane, R. H. Bruck, Charles W. Curtis, Erwin Kleinfeld, Lowell J. 
Paige. Edited by A. A. Albert. Distributed by Prentice Hall, Englewood 
Cliffs, N. J., 1963. 190 pp. $4.00. 


This little book consists of six expository articles on modern algebra, with 
an introduction by A. A. Albert. The first two articles are by Saunders MacLane 
and are entitled: “Some recent advances in algebra” and “Some additional 
advances in algebra.” The first of these was published in the MoNTHLY in 1939; 
the second has been written as a supplement to the original article. In this later 
article are presented some recent significant results on old problems as well as 
an indication of certain new trends in algebra. In particular, the emphasis is on 
new results in the theory of finite groups and on the general ideas of homological 
algebra. Each of these articles ends with a brief discussion of the nature of 
algebra, and it is interesting and instructive to compare these two accounts 
written some twenty-four years apart. 

The other four articles are concerned primarily with nonassociative systems. 
They are as follows: “What is a loop?,” by R. H. Bruck; “The four and eight 
square problem and division algebras,” by Charles W. Curtis; “A characteriza- 
tion of the Cayley numbers,” by Erwin Kleinfeld; and, “Jordan algebras,” by 
Lowell J. Paige. 

Of course, in a book of this size it would have been impossible to mention all 
recent important advances in algebra, and no attempt has been made to do so 


810 RECENT PUBLICATIONS AND PRESENTATIONS [September 


either in MacLane’s articles or in the choice of subject matter of the others. 
Nevertheless, a surprising amount has been included. The expositions are all of 
an unusually high quality and this book is therefore a welcome addition to the 
literature on modern algebra. 


NEAL H. McCoy, Smith College 


Analytic Geometry and Calculus, with Vectors. By Ralph P. Agnew. McGraw- 
Hill, New York, 1962. vii+738 pp. $8.95. 


This volume is not a treatise on mathematics, but a “teaching” textbook 
from which a lot about mathematics and many of its applications can be learned. 
The approach of the book is for the most part traditional, with the inclusion of 
the vector treatment a valuable feature. Probably its most attractive and dis- 
tinctive feature is its wealth of problems, many of them quite extensive, in 
which the student is led or enabled to find his way through applications of the 
theory or extensions of the theory already developed in the body of the text. 
The author’s contention, as stated in the preface, is well-founded: it is a text in 
which average students can make satisfactory progress, and in which superior 
students have ample opportunities to acquire large amounts of additional in- 
formation and skill. 

It is obligatory for a reviewer these days to discuss the rigor of any text in 
mathematics. The author defines “rigorous” as “being free from blunders,” 
and by these lights this text can probably be said to pass muster. Those with a 
more rigorous definition of “rigorous” will probably not find the book satisfac- 
tory in some respects. Informal discussions frequently lead to definitions which 
are valid only under the rather special conditions of the discussion; flex points 
(p. 304), for example, could have been more generally defined, and then the 
usual theorems about them, with the conditions on the derivatives included, 
could still have been proved. For another example, conditions stated in the pre- 
liminary discussion of area (p. 236) are omitted in the formal definition which 
follows. The proof of Theorem 4.13 does not immediately follow the statement, 
but is postponed until somewhat later in the text, although an extended dis- 
cussion of some of the implications of the theorem does follow the statement im- 
mediately. Some of these things are understandable in the spirit of the text, 
which in many parts is that of a teacher talking informally to a student, but the 
unevenness of this approach may be unsettling to those who do not relish seeing 
this informality in print. 

The notion of “function” is expounded from both the “transformer” and 
“ordered pairs” points of view, and the decision as to which (if either) of these 
to emphasize is left to the teacher. Fig. 3.151, a fanciful schema illustrating the 
“transformer” approach, may be decisive in inclining a reader toward one point 
of view or the other. 

The style in which Professor Agnew’s books are written is, I believe, well- 
known. The book is replete with sage observations on matters mathematical, and 
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there are even some remarks that can best be described as homilies. This re- 
viewer thinks it likely that this text will in many cases, to use the author’s own 
words, “enable students to decide whether they have the interests and the 
aptitudes required for life-long careers in pure mathematics or in another science 
in which mathematics plays a major role,” for the book is clearly the work of a 
teacher with wide experience who desires and is able to communicate his en- 
thusiasm for and knowledge of mathematics to the student. 
RosBeERtT C. STEWART, Trinity College 


A Programmed Introduction to Vectors. By Robert A. Carman. Wiley, New York, 
1963. xi+121 pp. $2.75. 


Content: The simplest manipulations of vector algebra in two and three di- 
mensions, including cross and dot products, but not including solid analytics, 
vector functions, calculus, proofs, or any depth in theory or applications. 
Quality: Satisfactory. Some minor errors and one poor choice of terms (“group” 
instead of “set”). Possible uses: As a study aid for about one week in an ele- 
mentary calculus course (the material is covered more thoroughly in from 8 to 
16 pages of widely used text books), or for self-study by physics students who 
need these manipulations before reaching them in a mathematics course. 
Format: A branching, scrambled program in which the student is usually referred 
to different pages depending on his response to a multiple choice question. 
There are some variations in this pattern, including review loops and diagnostic 
tests. A glossary and suggestions for further study complete the pamphlet. 

Undoubtedly such programs may be helpful to students, but are they worth 
the cost? If the whole calculus course were programmed at this superficial level, 
the student would be confronted with a three foot book shelf of over 10,000 
pages, costing him several hundred dollars and quite worthless for reference, 
quick review, or connected study of mathematical ideas and methods behind 
and beyond mechanical manipulations. 

KENNETH O. May, University of California, Berkeley 


Projective and Euclidean Geometry. By W. T. Fishback. Wiley, New York, 1962. 
244 pp. $7.50. 


This book is primarily an introduction to projective plane geometry based 
upon a “knowledge of elementary synthetic and analytic Euclidean geometry.” 
A few isolated supplementary sections are concerned with the geometry of space. 
Both synthetic and analytic methods are employed. The development is ap- 
propriate for an advanced undergraduate course. The selection of topics is very 
good for an introduction of projective geometry. In view of its title the book is 
disappointing, at least to this reviewer, in its lack of emphasis upon Euclidean 
geometry. 

B. E. MrEseRvE, University of Vermont 
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Tomorrow's Math. By C. Stanley Ogilvy. Oxford University Press, New York, 
1962. 182 pp. $5.00. 


This book contains statements of more than 150 problems which, according 
to the author, are “unsolved problems for the amateur.” In addition, there are 
included some related expository material and references to the history of the 
problems and to additional information about them. The chapter headings in- 
dicate the subject-matter areas of the problems—geometry, arithmetic, topo- 
logy, probability and combinatorics, analysis, game theory, set theory, etc. As 
the author points out, the title is somewhat misleading in that the book is not 
to be considered a listing of topics which will be of major interest to tomorrow’s 
mathematicians. 

While most of the problems are stated in nontechnical language so that the 
general ideas can be understood by the intelligent layman, it seems unlikely that 
amateurs or students can seriously attack many of them without further study 
and more precise definitions and formulations. For the general reader, the book 
provides enjoyment and an acquaintance with and appreciation of some aspects 
of mathematics and the nature of mathematical problems. For students from 
high school to graduate school the book provides an inspiration for supple- 
mentary study and a source of interesting problems, some of which are classical 
unsolved problems of long standing. 

In general, the style is clear and effective. Such terms as curve of constant 
width (p. 53), connectivity (p. 107), and function (p. 134) may not be known to 
the amateur and need to be defined more precisely for the student. There are 
very few misprints or errors. The index is fairly complete, and numerous dia- 
grams help to illustrate the concepts. 

L. AILEEN HostTINsky, Connecticut College 


Psychological Statistics, 3rd ed. By Quinn McNemar. Wiley, New York, 1962. 
442 pp. $7.75. 


As in earlier editions, McNemar’s text offers unusually complete coverage of 
statistical techniques used in psychology and other behavioral sciences. The 
presentation is, for the most part, pragmatic and intuitive rather than theoreti- 
cal. Sampling distributions are introduced by means of empirical demonstrations 
which can be duplicated by students or by enumerative methods. Underlying 
assumptions are clearly stated and a careful analysis of interpretation of results 
given. As the author states in his preface, “... the level, although designed 
for an intermediate course, is not beyond the grasp of students in elementary 
courses who are unafraid of mathematical reasoning.” 

The new edition has provided additional problems and questions of a more 
challenging nature in the list of exercises for each chapter given at the end of 
the book. Other additions include further derivations or formula developments 
and a chapter on trend analysis. 

GRACE E. Bates, Mount Holyoke College 
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A Simplified Guide to Statistics for Psychology and Education, 3rd ed. By G. 
Milton Smith. Holt, Rinehart, and Winston, New York, 1962. 164 pp. 
$1.75. 


A manual for applying elementary statistical methods in common use in 
psychology and education. Topics covered include elements of descriptive statis- 
tics, significance tests for large and small samples, chi-square tests for goodness 
of fit and for independence, and correlation techniques. The new edition con- 
tains directions for machine computation of means, variances, and correlation 
and regression coefficients, and a section on prediction by means of regression 
equations and the standard error of estimate. 

Grace E. Bates, Mount Holyoke College 


Analysing Qualitative Daia. By A. E. Maxwell. Methuen’s Monographs on Ap- 
plied Probability and Statistics. Wiley, New York, 1961. 163 pp. $3.00. 


A short treatment of chi-square tests including some recent developments on 
testing for trends in contingency tables, partitioning chi-square values, and 
combining and comparing results from different investigations. Ranking meth- 
ods are also treated and some new tests of value in the analysis of serial data. The 
last two chapters deal with classification procedures and item analysis. 

This monograph should be useful to the research worker in the social or 
biological sciences. Illustrative examples are drawn mainly from studies made 
at the Institute of Psychiatry of which the author is a staff member. References 
are generously provided at the end of each chapter. 

Grace E. Bates, Mount Holyoke College 


An Introduction to Vector Analysis. By F. Max Stein. Harper and Row, New 
York, 1963. 209 pp. $6.25. 


This text, intended primarily for mathematicians, physicists, and engineers 
who have had a year of calculus and an introduction to elementary differential 
equations, is well written, clear, and intelligible. Your reviewer found one trivial 
typographical error. In addition to the usual material found in such a text, there 
have been appended three chapters on the application of vectors in theoretical 
physics, which will make a course from this book more meaningful as well as 
useful in subsequent courses. It should be added that this is a text that most 
students will find difficult, although stimulating. 

J. LAWRENCE BoTSsFoRD, University of Idaho 


Algebra: An Introduction to Finite Mathematics. By Israel H. Rose. Wiley, New 
York, 1963. 489 pp. $6.95. 


This book is intended for a one semester freshman course which could ac- 
commodate students with a variety of backgrounds. The first eight chapters 
contain a careful review of high school algebra with emphasis on the funda- 
mental properties of real and complex numbers while later chapters treat such 
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topics as matrices, groups, probability and statistics, and mathematics of 
finance. The level of rigor is quite high although not uniformly so. For example, 
the inductive definition of exponentiation for natural number exponents is not 
mentioned, although at a later point the determinant is discussed in complete 
detail, via permutation functions. 

The strong points of the book include a careful discussion of the little 
theorem that is proved whenever a student solves a simple equation and several 
very interesting historical excursions. On the other side of the ledger there are 
the author’s “definition” of the principal square root of negative numbers with 
resulting confusion in the laws for exponents, the nonstandard use of 2 when the 
only saving is typographical, and the equality axioms (which seem unnecessary 
in view of the assumed intuitive set theory). The reviewer must also object to 
the characterization of rigor in proofs (page 87) although he does not claim to 
have a substitute. 

H. E. CHRESTENSON, Reed College 


Eléments de Mathématique, VI. Premiére partie. Livre II: Algébre. Chapitre 2: 
Algébre linéaire. By N. Bourbaki (Troisiéme édition). Actualités Sci. Indust. 
No. 1236. Hermann, Paris, 1962. 316 pp.-+inserts. 36 francs. 


Both clearly written and definitive, this book should be acquired by all 
serious students and scholarly libraries; the cost is modest for its size, scope 
and worth. One need only glance at the first edition of this volume (1947) to 
realize the extent of the changes in the subject which have taken place in the last 
fifteen years. The age of the exact sequence is upon us! The numbers following 
refer to major subdivisions. 1. Modules over a ring with a unity: exact sequences, 
products and sums of families of modules, length, bases, cyclic modules. 2. Pro- 
jective modules and duals. 3.4. Tensor products and homomorphisms. 5. Ex- 
tending the ring of scalars. 6. Direct and inverse limits. 7. Vector spaces: bases, 
(co)dimension, rank, dual spaces, linear equations. 8. Restrictions to a scalar 
subfield. 9. Affine and projective spaces. 10. Matrices. 11. Graded modules and 
rings. There is a short appendix on pseudomodules, i.e., the ring of operators 
is not necessarily provided with a unity. There are 42 pages of exercises followed 
by indices of notations and terminology, a table of contents, a concordance table 
with the second edition, a table of principal definitions and axioms, a table of 
principal properties of exactness and a table of canonical homomorphisms. 

F. Harmo, Washington University 


Eléments de Mathématique, XX. Livre I: Théorie des ensembles. Chapitre 3: 
Ensembles ordonnés. Cardinaux, Nombres entiers. By N. Bourbaki (Seconde 
édition). Actualités Sci. Indust. No. 1243. Hermann, Paris, 1963. 149 pp. 
+inserts. 36 francs. 


A clear exposition of ordered sets and of elementary cardinal arithmetic is 
given here, for the most part independent of material in prior Bourbaki volumes. 
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Generalized Functions and Partial Differential Equations. By Avner Friedman. 
Prentice-Hall, Englewood Cliffs, N. J., 1963. 340 pp. $10.00. 


This book contains a modern treatment of the theory of generalized functions 
based on the work of L. Schwartz and Gelfand and Shilov. It contains much sub- 
ject matter with great emphasis on concepts of function and functional spaces 
in the theory of generalized functions. In general the subject matter is well or- 
ganized and the book is pretty much self-contained. For those unfamiliar with 
point set topological language a first chapter is included for survey purposes. 
The treatment of the subject matter is not uniformly good. Sometimes the 
wording is a little awkward and there is very little effort devoted to introductory 
or motivating remarks. 

One also feels that the title of the book is a little misleading. Of eleven chap- 
ters, four are devoted to partial differential equations. Two of the chapters on 
differential equations are of special interest, containing original contributions 
of the author. Yet, the four chapters cover such a small portion of the role that 
distributions and generalized functions play in the theory of partial differential 
equations that the title “Generalized Functions with Application to Partial 
Differential Equations” would have been more appropriate. 

To understand the subject matter a knowledge of the theories of real vari- 
ables, complex variables and some functional analysis is necessary. The bibli- 
ography contains 66 references, a majority of which are Russian. Some bibli- 
ographical remarks supply useful historical background on the subject matter of 
each chapter. A listing of the chapters follows. 

1. Linear Topological Spaces; 2. Spaces of Generalized Functions; 3. Theory 
of Distributions; 4. Convolutions and Fourier Transforms of Generalized Func- 
tions; 5. W Spaces; 6. Fourier Transforms of Entire Functions; 7. The Cauchy 
Problem for Systems of Partial Differential Equations; 8. The Cauchy Problem 
in Several Time Variables; 9. S Spaces; 10. Further Applications to Partial 
Differential Equations; 11. Differentiability of Solutions of Partial Differential 
Equations. 

Murray WacumaNn, General Electric Company 


Modern College Mathematics. By W. K. Smith and S. F. Dice. Allyn and Bacon, 
Boston, 1963. 411 pp. $7.95. 


The authors state in the preface that this book grew from three sources: an 
institute for secondary mathematics teachers, a class for select high school 
students, a college course for students whose major interests were in the human- 
ities. On the assumption that the social and behavioral sciences are included in 
the humanities, I would say that the authors have achieved a nice balance of 
simplification, exposition, and rigor. 

The book is modern in spirit, starting with an axiomatic treatment of fields 
and going on to the number systems, sets (with a little logic and switching cir- 
cuits), functions and analytic geometry, the “polynomial” calculus, two-by-two 
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matrix theory, and concluding with probability over finite sample spaces. There 
is nO mention of trigonometry. 
ARNOLD GRUDIN, Denison University 


University Calculus. By Howard E. Taylor and Thomas L. Wade. Wiley, New 
York, 1962. xxi+765 pp. $9.95. 


Subsets of the Plane: Plane Analytic Geometry. By Howard E. Taylor and 
Thomas L. Wade. Wiley, New York, 1962. vii+97 pp. $1.95. 


Together these books constitute a first course in the calculus with the ana- 
lytic geometry necessary to accompany it. The plane analytic geometry of the 
circle, line, and conic sections is contained in Subsets of the Plane. This booklet 
is paperbound and is suggested by the authors for courses in high schools or 
for use along with, or supplementary to, their University Calculus. It is carefully 
written and modern in its treatment, the graph of an equation being taken as 
the set of points whose coordinates are the ordered pairs of a relation. 

University Calculus begins with a detailed discussion of sets, relations, and 
functions. This forms the foundation for the remainder of the book, set notation 
being used throughout and a careful distinction constantly made between a 
function F, the correspondent F(x) of x under F, and the sentence or formula 
specifying F. Limits are presented by the e, 6-definition and all necessary theo- 
rems on limits and continuity proved from this definition. Anti-derivatives are 
introduced by recognition from known results of differentiation. Thus the first 
“integral” to be considered is the definite (Riemann) integral. This also is given 
by the e, 6-definition and is in terms of partitions and augmentations of the 
closed interval of the domain of the function. Several geometrical and physical 
problems lead to definite integrals, which are evaluated by anti-derivatives 
before indefinite integrals and integration by formula are considered. Additional 
applications are then followed by solid analytic geometry, the calculus of func- 
tions with several independent variables, and an introduction to sequences and 
series. An interesting variation is that all approximation procedures are con- 
sidered together in a final chapter. The book confines itself to real variables 
and functions and the only differential equations included are the separable and 
exact types. 

This is a substantial book, both in its size and in the mathematics presented. 
The careful and detailed explanations, however, make the text probably no 
more difficult than the average. There is an admirable consistency throughout. 
All results are given as theorems with the hypotheses fully stated and, in most 
instances, with complete proofs provided in the text or exercises. When such 
proofs are not included, as for instance for the existence of the definite integral, 
no attempt is made to justify the result intuitively, but a reference is given to a 
more advanced text where the proof will be found. 

Illustrative examples and figures are supplied freely and the exercise sets are 
ample. The typography is excellent. Outlines of possible courses from the book 
are suggested by the authors. One interesting inclusion is an extensive develop- 
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ment of the curvilinear (line) integral, together with Green’s Theorem and its 
applications. On the other hand, a number of topics usually found in a first 
course in the calculus are missing. For instance, volumes of revolution when the 
element is a hollow cylindrical shell are not included; and there are several 
others. The very care with which explanations and statements are given some- 
times makes for considerable repetition, and the insistence on detail, while ex- 
cellent for the advanced student, may not appeal to one just beginning the study 
of the calculus. Furthermore, with the emphasis on precision there is less reli- 
ance on intuition and fewer comments on why and how some techniques work 
than a student might desire. Such matters, however, can be taken care of by the 
instructor, if it ig desired to include additional topics or to provide greater 
motivation for those considered. Altogether, the authors have produced a 
stimulating, fresh text. What the student learns here will serve as a sound 
foundation for any further work in analysis, and nothing will have to be learned 
over or learned differently later. 
DoNnaALD H. BALLovu, Middlebury College 


Homology. By Saunders MacLane. Grundlehren der mathematischen Wissen- 
schaften, Band 114. Springer, Berlin, 1963. x +422 pp. $15.50. 


The process of assigning to a topological space its homology (or cohomology) 
groups is a two-step affair: first is produced a chain (or cochain) complex; from 
it, in turn, is calculated the (co)homology. MacLane’s book treats, in the main, 
the second procedure—its tools (categories and functors, diagrams, spectral 
sequences), its algebraic applications (Tor, Ext, and the cohomology of monoids, 
groups, modules, and algebras), its consequences (dimension theory, products) 
and its generalization to abelian categories (derived functors, relative homo- 
logical algebra, bar resolution). 

The topological aspects of homology theory, though not dominant in this 
book, are nevertheless not totally ignored. The second chapter, in particular, 
where chain complexes and their homology are introduced, is a fragrant blend of 
topology and algebra. Elsewhere, in connection with products and spectral 
sequences, respectively, complete semisimplicial (c.s.s.) complexes and fiber 
spaces are introduced. 

The book is very clearly written and, despite its length, finds space for exer- 
cises, historical comments, and remarks (without proof) on theorems and con- 
jectures generalizing and extending the results presented. A novel and intuitively 
appealing feature is that Ext and Tor are initially defined directly, the first, 
with Yoneda, as equivalence classes of long exact sequences, the second by 
means of explicit generators and relations. Their usual definitions then become 
theorems useful for motivating, say, derived functors. For further details the 
interested reader is referred to the table of contents and, more especially, to the 
introduction; to the latter, as a model of lucidity, worthy of emulation, are also 
referred all prospective authors. 

F. E. J. Linron, Wesleyan University 
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An Introduction to Linear Programming and the Theory of Games. By Abraham 
M. Glicksman. Wiley, New York and London, 1963. 131 pp., paper $2.25, 
cloth $4.95. 


The author states in the Preface of the book: “This is by far the simplest 
nontrivial exposition of linear programming and the theory of games which has 
yet appeared. It is eminently suitable for high school ‘honors’ programs, for 
college students, for teachers, and for interested laymen.” Fortunately, this claim 
is not unjustified. The book achieves the desired goals, and, at the very ele- 
mentary level, it constitutes an excellent contribution to the hypertrophic 
literature on the subject. 

The work is divided into five parts, of which the first three contain an intro- 
ductory exposition of the linear programming problem illustrated by examples, 
followed by a rigorous study of the elementary theory of convex functions on the 
euclidean plane and by a treatment of the simplex method of a predominantly 
practical type. The last two parts include an introduction to two person zero 
sum matrix games, solutions of 2X games by graphic methods and the general 
solution of games by linear programming techniques. At this point the simplex 
method is used to obtain both the duality theorem of linear programming and 
the minimax theorem on games. There are numerous well-motivated examples 
and exercises with solutions or indications as to how to solve them. The exposi- 
tion is detailed and the language precise. A few misprints are of minor char- 
acter. 

A. G. Azpritia, University of Massachusetts 


Banach Spaces of Analytic Functions. By Kenneth Hoffman. Prentice-Hall, Engle- 
wood Cliffs, N. J., 1962. xiii+217 pp. $9.00. 

The author presents here the theory of the Hardy spaces H?—-for 1S pS om, 
H? is the Banach space of functions f which are analytic in the interior of the 
unit disc and for which the set of functions f,(0) =f(re®) is bounded in L?-norm, 
with ||f|| taken to be the least upper bound of ||f,||,—and he does so thoroughly 
and engagingly. The first three chapters contain a summary of prerequisites 
and some basic results on Fourier series and boundary values. Chapters 4, 5, 
and 8 contain a description of H', the factorization theory of H? functions, and 
the theory of H® functions on a half-plane. Although the results are drawn 
mainly from the analytic function and Fourier theories of 1936 and earlier, the 
viewpoint taken is that of functional analysis and many of the proofs are recent. 
The material of the remaining four chapters is solely functional analysis and 
covers the subject’s development through 1961. Topics treated are the closed 
ideals of the algebra of functions continuous on and analytic inside the disc, 
multiplication by z as an operator on H?, extreme points of the unit ball of H?, 
projections from L? to H?, and the still largely uncompleted theory of the Ba- 
nach algebra H°. 

As a consequence of the care with which the contents have been organized 
and of generous, well-written discussion, the order of events strikes one as im- 
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pressively natural and easy. Open problems are discussed and at the end of each 
chapter there are historical notes, suggestions for supplementary reading, and 
exercises. 

The author attempts to indicate the level of the book by prescribing as pre- 
requisite a knowledge of the material discussed in the first chapter—roughly 
that of a good measure theory course and a little on Banach and Hilbert spaces. 
It seems to this reviewer that a student with no more than this as background 
and the limited experience in analysis it implies is likely to have considerable 
difficulty with the book. For the proofs are written with rather severe economy, 
and in a number of places more advanced results are used. Usually in such a case 
a reference to a proof is given, but there are exceptions, as in the use of group 
algebra properties on page 54. There are a few errors (three occur in a proof on 
page 90). They are minor ones, however, and neither they nor the other diff- 
culties for the novice will seriously inconvenience the informed reader. Advanced 
students of functional analysis and of function theory will find the book an ex- 
cellent source of results and techniques presented with imagination and fresh- 
ness. 

G. Paitip JoHNsoN, Wesleyan University 


Topics In Mathematics. Translated and adapted from the Russian Series Popu- 
lar Lectures In Mathematics by the Survey of Recent East European Mathe- 
matical Literature. Under the direction of Alfred L. Putnam and Izaak 
Wirszup. D. C. Heath and Company, Boston, 1963. 


Thus far 14 booklets have been published. Translations of other booklets 
are in preparation. Two of the titles on the following list appear also in the Blais- 
dell Scientific Paperbacks series. 

The names of the translators and adaptors appear in parentheses below. 

1. Configuration Theorems. By B. I. Argunov and L. A. Skornyakov. (Edgar 
E. Enochs and Robert B. Brown) 41 pp. $1.40. 

Elementary ideas of projective geometry, including brief mention of the 
algebraic meaning of configuration theorems. 

2. Equivalent and Equidecomposable Figures. By V. G. Boltyansku. (Alfred 
K. Henn and Charles E. Watts) 68 pp. $1.40. 

Sophisticated material presented simply. 

3. Mistakes in Geometric Proofs. By Ya. S. Dubnov. (Alfred Henn and Olga 
A. Titelbaum) 57 pp. $1.40. 

Includes a chapter on mistakes in reasoning connected with the concept of 
limit. 

4. Proof in Geometry. By A. I. Fetisov. (Theodore M. Switz and Luise 
Lange) 55 pp. $1.40. 

Construction of proofs, examples of fallacious reasoning, discussion of the 
axioms of geometry. 

5. Induction in Geometry. By L. 1. Golovina and I. M. Yaglom. (A, W. Good- 
man and Olga A. Titelbaum) 106 pp. $1.40. 
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Interesting uses of mathematical induction to obtain familiar and unfamiliar 
results. 

6. Computation of Areas of Oriented Figures. By A. M. Lopshits. (J. Massal- 
ski and Coley Mills, Jr.) 58 pp. $1.40. 

Simple discussion of oriented areas and the planimeter. 

7. Areas and Logarithms. By A. I. Markushevich. (Roland S. Toczek and 
Reuben Sandler) 48 pp. $1.40. 

The natural logarithm defined as the area under y=x—1. 

8. Summation of Infinitely Small Quantities. By 1. P. Natanson. (Stephen 
Whelan and Coley Mills, Jr.) 59 pp. $1.40. 

The “limit of a sum” applied to the problems of water pressure, work, vol- 
ume, and area. 

9, Hyperbolic Functions. By V. G. Shervatov. (A. Gordon Foster and Coley 
Mills, Jr.) 55 pp. $1.40. 

In analogy with the geometric properties of the trigonometric functions, 
the hyperbolic functions are presented in relationship to the hyperbola. Natural 
logarithms, the base e, and series expansions are also discussed. 

10. How to Construct Graphs. By G. E. Shilov. (Jerome Kristian and Daniel 
A. Levine) Simplest Maxima and Minima Problems. By I. P. Natanson. (C. 
Clark Kissinger and Robert B. Brown) 53 pp. $1.40. 

The first essay discusses plotting “by points” and “by operation” (addition, 
multiplication, division). The second essay solves extremum problems algebra- 
ically, by completing the square. 

11. The Method of Mathematical Induction. By 1. S. Sominskii. (Luise Lange 
and Edgar E. Enochs) 48 pp. $1.40. 

Contains many exercises, with solutions. 

12. Algorithms and Automatic Computing Machines. By B. A. Trakhtenbrot. 
(Jerome Kristian, James K. McCawley, and Samuel A. Schmitt) 101 pp. $1.40. 

An unusually comprehensive treatment, beginning with the Euclidean algo- 
rithm, continuing with machine algorithms, and culminating in the demonstra- 
tion of the nonexistence of an algorithm for the general word problem. 

13. An Introduction to the Theory of Games. By E. S. Venttsel’. (Jerome 
Kristian and Michael B. P. Slater) 66 pp. $1.40. 

Simplified discussion with almost no proofs. 

14. The Fibonacci Numbers. By N. N. Vorobyov. (Norman D. Whaland, 
Jr. and Olga A. Titelbaum) 47 pp. $1.40. 

Origin of the sequence, algebraic and number-theoretical properties, con- 
tinued fractions, geometry. 


Correction: The reviewer of “Elements of Set Theory” by Zehna and John- 
son wishes to replace the fourth sentence of the second paragraph of his review 
(70 (1963) 686) by the following sentence: 

The proofs of several tautological implications are called for in a set of exer- 
cises, yet references to them in justifying steps of later proofs are rare. 
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The first essay discusses plotting “by points” and “by operation” (addition, 
multiplication, division). The second essay solves extremum problems algebra- 
ically, by completing the square. 

11. The Method of Mathematical Induction. By 1. S. Sominskii. (Luise Lange 
and Edgar E. Enochs) 48 pp. $1.40. 

Contains many exercises, with solutions. 

12. Algorithms and Automatic Computing Machines. By B. A. Trakhtenbrot. 
(Jerome Kristian, James K. McCawley, and Samuel A. Schmitt) 101 pp. $1.40. 

An unusually comprehensive treatment, beginning with the Euclidean algo- 
rithm, continuing with machine algorithms, and culminating in the demonstra- 
tion of the nonexistence of an algorithm for the general word problem. 

13. An Introduction to the Theory of Games. By E. S. Venttsel’. (Jerome 
Kristian and Michael B. P. Slater) 66 pp. $1.40. 

Simplified discussion with almost no proofs. 

14. The Fibonacci Numbers. By N. N. Vorobyov. (Norman D. Whaland, 
Jr. and Olga A. Titelbaum) 47 pp. $1.40. 

Origin of the sequence, algebraic and number-theoretical properties, con- 
tinued fractions, geometry. 


Correction: The reviewer of “Elements of Set Theory” by Zehna and John- 
son wishes to replace the fourth sentence of the second paragraph of his review 
(70 (1963) 686) by the following sentence: 

The proofs of several tautological implications are called for in a set of exer- 
cises, yet references to them in justifying steps of later proofs are rare. 


NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news ttems to Raoul Hatlpern, Mathematical Association of America, SUNY at Buffalo 
(University of Buffalo), Buffalo, New York 14214. Items must be submitted at least two months 
before publication can take place. 


PERSONAL ITEMS 


The following mathematicians have been elected to membership in the National 
Academy of Sciences: Professors Lipman Bers and Fritz John, New York University; 
Raoul Bott, Harvard University; and Hans Lewy, University of California, Berkeley. 

Dean Mina S. Rees of the City University of New York has been appointed a member 
of the National Science Board, governing body of the National Science Foundation, fora 
six year term. 

Case Institute of Technology has awarded the honorary degree of Doctor of Science 
to Professor Garrett Birkhoff of Harvard University. 

Professor E. A. Cameron, University of North Carolina, represented the Association 
at the inauguration of Samuel P. Massie, Jr. as the Third President of the North Caro- 
lina College at Durham on April 25, 1964. 

Professor Stevens Heckscher, Swarthmore College, represented the Association at the 
inauguration of William W. Hagerty as President of the Drexel Institute of Technology 
on May 12, 1964. 

Professor R. E. Horton, Los Angeles City College, represented the Association at the 
inauguration of Franklyn A. Johnson as President of the California State College at Los 
Angeles on May 15, 1964. 

Professor R. A. Rosenbaum, Wesleyan University, represented the Association at 
the National Conference on the Nuclear Scientific Era: The Child and his Education, 
held in New York at the Hotel Biltmore on April 24-26, 1964. 

Professor H. S. Thurston, University of Alabama, represented the Association at the 
inauguration of Howard M. Phillips as President of Birmingham Southern College on 
May 14, 1964. 

Professor F. E. Ulrich, Rice University, represented the Association at the inaugura- 
tion of William H. Hinton as President of the Houston Baptist College on May 8, 1964. 

Carleton College: Associate Professor John Dyer-Bennet has been appointed Chair- 
man of the Department of Mathematics and Astronomy; Associate Professor K. W. 
Wegner has been promoted to Professor. 

Case Institute 0° Technology: Associate Professors R. A. Clark and F. C. Leone have 
been promoted to Professor; Mr. F. J. Sansone has been promoted to Assistant Professor. 

Lehigh University: Professors G. E. Raynor and C. A. Shook retired on July 1, 1964. 

Pennsylvania State University: Professor Nathan Fine, University of Pennsylvania, 
has been appointed Professor; Professor Sarvadaman Chowla, University of Colorado, 
has been appointed Research Professor. 

Associate Professor E. Z. Andalafte, Southwest Missouri State College, has been 
appointed Associate Professor at the University of Missouri, St. Louis. 

Dr. N. M. Blachman, on leave from Sylvania Electronic Systems, Mountain View, 
California, will spend the academic year 1964-65 as a Fulbright Lecturer at the Uni- 
versity of Madrid and at the Escuela Tecnica Superior de Ingenieros de Telecomunica- 
cion, 
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Assistant Professor Zakkula Govindarajulu, Case Institute of Technology, has been 
promoted to Associate Professor. 

Mr. George Grossman, Board of Education of the City of New York, has been 
appointed Acting Director of Mathematics. 

Dr. J. H. Halton, University of Colorado, has accepted a position of Mathematician 
in the Applied Mathematics Department of the Brookhaven National Laboratory, 
Upton, Long Island, New York. 

Professor G. A. Hedlund, Yale University, has been appointed to a two-year term as 
Chairman of the Division of Mathematics of the National Academy of Sciences-National 
Research Council effective July 1, 1964. He succeeds Professor E. J. McShane of the 
University of Virginia. Professor Mark Kac of the Rockefeller Institute has been named 
chairman designate. 

Dr. H. N. Laden, Chesapeake and Ohio Railway Company, Cleveland, Ohio, has 
been named Director-Data Systems of the Chesapeake and Ohio Railway Company- 
Baltimore and Ohio Railroad Company. 

Professor G. R. MacLane, Rice University, has been appointed Head of the Division 
of Mathematical Sciences of Purdue University. 

Professor W. D. Maness, Howard Payne College, has been appointed Associate 
Professor at Austin College. 

Professor K. O. May, Carleton College, is spending the academic year 1964-65 at 
the University of California at Berkeley doing research in the history of mathematics. 

Mr. A. C. Moeller, Marquette University, has been appointed Dean of the College of 
Engineering. 

Associate Professor C. S. Ogilvy, Hamilton College, has been promoted to Professor. 

Dr. A. M. Peiser, Socony Mobil Oil Company, New York, New York, has been pro- 
moted to Engineering Consultant. 

Assistant Professor Alvaro Prieto, Xavier University, has been promoted to Associ- 
ate Professor. 

Dr. Perry Scheinok, Radio Corporation of America, Moorestown, New Jersey, has 
been appointed Director of the Computing Center and Assistant Professor of Pharma- 
cology at Hahnemann Medical College. 

Assistant Professor B. J. Schweitzer, San Jose State College, has been promoted to 
Associate Professor. 

Dr. T. I. Seidman, Boeing Scientific Research Laboratories, Seattle, Washington, has 
been appointed Associate Professor at Wayne State University. 

Dr. Seymour Sherman, Republic Aviation Corporation, Farmingdale, Long Island, 
has been promoted to Chief of the Applied Mathematics Subdivision. 

Assistant Professor E. T. Stapleford, Jamestown Community College, has been 
promoted to Associate Professor. 

Mr. M. W. Stone, Rohm and Haas Company, Huntsville, Alabama, has accepted a 
position as Chief of the Mathematics Section, Astran Division of Space Craft, Inc., 
Huntsville, Alabama. 

Associate Professor A. J. Terzuoli, Polytechnic Institute of Brooklyn, has been pro- 
moted to Professor. 

Assistant Professor Abraham Weinstein, Nassau Community College, has been pro- 
moted to Associate Professor. 

Dr. F. J. Weyl, Deputy Chief and Chief Scientist of the Office of Naval Research, 
Washington, D. C., has been chosen to receive one of the ten 1964 Career Service 
Awards. 

Dr. Stanley Winkler, on leave from the International Business Machines Corpora- 
tion, Bethesda, Maryland, has been appointed to the professional staff of the Institute 
for Defense Analyses, Washington, D. C. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


NEW SECTIONAL GOVERNORS OF THE ASSOCIATION 


The following have been elected Governors of the Association for the three year term 
July 1, 1964 to June 30, 1967, by a mail vote of the membership of the Association in the 
Sections indicated: 


Kansas Calvin Foreman, Baker University 

Missouri J. J. Andrews, St. Louis University 

New Jersey L. F. McAuley, Rutgers, The State University 
Northeastern Howard Eves, University of Maine 

Ohio Wade Ellis, Oberlin College 

Pacific Northwest A. T. Lonseth, Oregon State University 
Southeastern J. R. Wesson, Vanderbilt University 
Southwestern Harvey Cohn, University of Arizona 

Upper New York State D. E. Kibbey, Syracuse University 


The highest percentage of voters was 49% in the Missouri Section, followed by the 
Kansas Section with 43% and the Southwestern Section with 40%. 
RAOUL HAILPERN, Associate Secretary 


1965 COOPERATIVE SUMMER SEMINAR 


A second Cooperative Summer Seminar will be conducted by MAA during the 
summer of 1965 at Bowdoin College, Brunswick, Maine, from June 21 to August 13. 
Grants toward the financial support of the seminar have been received from the 
Research Corporation, and the Alfred P. Sloan Foundation. There will be two main 
series of lectures, one in analysis by Professor Lynn H. Loomis of Harvard University 
and the other in algebra by Professor Israel N. Herstein of the University of Chicago. 

Stipends of $1,800 plus travel allowances will be awarded to 30 members of mathe- 
matics departments in institutions which offer an undergraduate major but not a Ph.D. 
in mathematics. Further information and application blanks can be obtained by writing 
the Director of the Seminar, E. A. Cameron, Department of Mathematics, University 
of North Carolina, Chapel Hill, North Carolina 27514. 


THE 1964 WILLIAM LOWELL PUTNAM MATHEMATICAL COMPETITION 


The twenty-fifth annual William Lowell Putnam Mathematical Competition will be 
held on Saturday, December 5, 1964. This competition, made possible by the trustees 
of the William Lowell Putnam Intercollegiate Memorial Fund left by Mrs. Putnam in 
memory of her husband, is under the sponsorship of the Mathematical Association of 
America and is open to regularly enrolled undergraduates in universities and colleges 
of the United States and Canada who have not yet received a college degree. 

Application blanks will be mailed to the regular mailing list about October first. If an 
application blank is not received by October fifteenth, one may be secured by writing the 
director, Professor L. E. Bush, 308 Merrill Hall, Kent State University, Kent, Ohio. 
Your application must be filed with the director not later than November 2, 1964. For 
further details of the examination and the list of prizes, including the William Lowell 
Putnam Prize Scholarship to Harvard University, see the announcement which will 
accompany the application blank. The value of the scholarship has recently been in- 
creased to $2500.00 plus tuition at Harvard. 

Reports of the previous competitions and the examinations may be found in this 
Monrtuiy for May 1938, 1939, 1940, 1941, 1942; October 1946; August-September 1947; 
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December 1948; August-September 1949, 1950, 1951; October 1952, 1953, 1954, 1955; 
December 1956; August-September (announcement of winners) and November (ques- 
tions and solutions) 1957; August-September 1958; August-September 1959; January 
(questions and solutions for eighteenth, nineteenth and twentieth competitions) 1961; 
August-September 1961; October 1962; August-September 1963 and June—July 1964. 


REMUNERATION OF AUTHORS FOR EXPOSITORY WRITING 


In accordance with the Association’s policy of remuneration of authors for expository 
writing felt to be of sufficient quality to justify remuneration (for details see page 1045 
of the November 1963 issue of this MONTHLY), payments at the rate of $6.00 per printed 
page were made to authors of seven papers in the MONTHLY and eight papers in the 
MATHEMATICS MAGAZINE during 1963. The total amount expended was $876.00. 

Henry L. ALDER, Secretary 


SIXTH EDITION OF PROFESSIONAL OPPORTUNITIES IN MATHEMATICS 


A new edition of this booklet was published by the Association in April 1964. The 
sixth edition is a completely revised version of an article which appeared originally in 
the Montuiy for January 1951. The present edition was prepared by a committee con- 
sisting of K. J. Arnold, C. R. Phelps, Mina S. Rees, W. H. Schmidt, C. E. Sealander, and 
J.S. Frame, Chairman. 

The sixth edition of Professional Opportunities in Mathematics is a booklet of 32 
pages. The price remains 25¢ for single copies and 20¢ each for five or more copies. Orders 
with payment should be sent to the Buffalo office of the Association. 


DECEMBER MEETING OF THE TEXAS SECTION 


The Texas Section of the Mathematical Association of America met jointly with the 
sixty-seventh meeting of the Texas Academy of Science at Abilene Christian College in 
Abilene, Texas, December 6-7, 1963. The program was arranged by James F. Gray, 
S.M., St. Mary’s University, Vice-President for Mathematics of the TAS, who presided 
at the Friday afternoon session; H. C. Parrish, North Texas State University, President 
of the Texas Section of the MAA, chaired the Saturday morning session. An invited 
address on “Order Statistics” was given by Professor S. S. Wilks of Princeton University 
on Friday afternoon, through the cooperation of the NSF-Visiting Lecturer Program in 
Statistics. Professor Charles R. Sherer of Texas Christian University was elected Vice- 
President of Section I—Mathematics of the TAS for 1964. 

The following papers were presented: 


1. A class of iterative techniques for the factorization of polynomials, by H. A. Luther, Texas A 
and M University. 


2. The joint distribution of the sums of squares of blocks and treatments (unadjusted) for a 
symmetric balanced incomplete block design, by J. T. Webster, Southern Methodist University. 


3. A necessary condition for a nontrivial solution in integers of X°+-Y?+Z?=0, p an odd prime, 
by W. E. Christilles, Saint Mary’s University. 


4. Order statistics, by S. S. Wilks, Princeton University. (An invited hour addressed through 
the cooperation of the NSF-Visiting Lecturer Program in Statistics.) 


5. A characterization of compact operators, by H. E. Lacey, Abilene Christian College. 


6. A linear space of functions which is a two sided ideal in C’, by D. E. Ryan, University of 
Texas. 


7. A theorem on cubics, by E. E. Moyers, Tidewater Oil Company. 
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8. Primary Abelian groups: Their history and some recent developments, by H. E. Heatherly, 
Texas A and M University. 


9. Some milestones in the development of group theory, by W. S. McCulley, Texas A and M 
University. 


10. An arithmetic identity and its application to the Fermat problem, by Don Edmondson, 
University of Texas. 


11. The place of modern algebra methods in the current public school mathematics curriculum, by 
Woodard Robbins, Abilene Christian College. 

Comments on and evaluation of the reactions of students and secondary teachers to curriculum 
changes in algebra were presented, emphasizing the positive good being accomplished and the re- 
maining problems that must be realistically faced. 


12. On an alternate definition of the pseudo-inverse, by Patrick Odell and James Scroggs, 
University of Texas. 


13. Remarks on closed convex curves of constant width, by Brock Barton, Abilene Christian 
College (undergraduate). 

This paper presented an expository background on convex curves of constant width and 
answers a question posed by B. Grunbaum (Seventh Symposium in Pure Mathematics, June 1961) 
with the Theorem: Precisely three sides of a rhombus cannot be support lines for a convex closed curve 
if and only tf the curve ts a curve of constant width. 


14. A behavioral science test of multiple standard errors of estimate, by Ray Whiteside, Univer- 
sity of Texas. 

Bottenburg and Ward (Lackland AFB) have demonstrated some expanded uses of multiple 
linear regression analysis. With this technique it is possible to achieve quite efficient predictor 
systems with regard to many facets of the behavioral sciences. One of the values of the technique 
is that nonnormally distributed predictor variables may be used, even dichotomous data. It was 
pointed out in this paper that although we may not be too confident about estimating the distribu- 
tion of error scores when predicting with nonnormal data, this does not nullify the fact that often 
nonnormal predictors are more efficient. 


15. Pro’s and con’s, problems and potential of the freshman combined analytics and calculus 
course, a panel discussion by Professors J. F. Gray, S.M., St. Mary’s University (moderator), 
Dale Maness, Howard Payne College, M. E. Mullings, Abilene Christian College, and H. C. 
Parrish, North Texas State University. 

C. R. SHERER, Secretary 


MARCH MEETING OF THE MICHIGAN SECTION 


The annual meeting of the Michigan Section of the Mathematical Association of 
America was held on Saturday, March 28, 1964, at Michigan State University, East 
Lansing, Michigan, in conjunction with the meeting of the Michigan Academy of Sci- 
ence, Arts and Letters. Professor Keith Moore, Albion College, presided at the morning 
session and Professor J. M. Calloway, Kalamazoo College, at the business meeting and 
afternoon session. A total of 91 persons attended the meeting including 84 members of the 
Association. 

At the business meeting, the following officers were elected: Professor George E. Hay, 
The University of Michigan, Chairman; Professor Paul J. Zwier, Calvin College, Vice- 
Chairman; Professor James H. Powell, Western Michigan University, Secretary-Treas- 
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8. Primary Abelian groups: Their history and some recent developments, by H. E. Heatherly, 
Texas A and M University. 
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University. 
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University of Texas. 
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Bottenburg and Ward (Lackland AFB) have demonstrated some expanded uses of multiple 
linear regression analysis. With this technique it is possible to achieve quite efficient predictor 
systems with regard to many facets of the behavioral sciences. One of the values of the technique 
is that nonnormally distributed predictor variables may be used, even dichotomous data. It was 
pointed out in this paper that although we may not be too confident about estimating the distribu- 
tion of error scores when predicting with nonnormal data, this does not nullify the fact that often 
nonnormal predictors are more efficient. 


15. Pro’s and con’s, problems and potential of the freshman combined analytics and calculus 
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Dale Maness, Howard Payne College, M. E. Mullings, Abilene Christian College, and H. C. 
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The annual meeting of the Michigan Section of the Mathematical Association of 
America was held on Saturday, March 28, 1964, at Michigan State University, East 
Lansing, Michigan, in conjunction with the meeting of the Michigan Academy of Sci- 
ence, Arts and Letters. Professor Keith Moore, Albion College, presided at the morning 
session and Professor J. M. Calloway, Kalamazoo College, at the business meeting and 
afternoon session. A total of 91 persons attended the meeting including 84 members of the 
Association. 

At the business meeting, the following officers were elected: Professor George E. Hay, 
The University of Michigan, Chairman; Professor Paul J. Zwier, Calvin College, Vice- 
Chairman; Professor James H. Powell, Western Michigan University, Secretary-Treas- 
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urer. A revised version of the By-Laws of the Michigan Section of the Mathematical 
Association of America was approved unanimously. A copy of these is on file with the 
Secretary. Professor Lyle Mehlenbacher of the University of Detroit gave the report of 
the activities of the Board of Governors. The report of the Seventh Annual Michigan 
Mathematics Prize Competition was given by Professor James H. McKay, Oakland 
University. The competition was held in 536 Michigan high schools with 20,068 students 
participating. A copy of the report is on file with the Secretary. 
The following papers were presented: 


1. Real algebraic geometry, by Professor A. H. Wallace, Indiana University (by invitation). 


2. A Riemann-like method for solving hyperbolic difference equations, by Professor C. S. Duris, 
Michigan State University. 

This paper describes a method for determining the solutions of a certain class of partial differ- 
ence equations in two discrete variables. These difference equations are termed hyperbolic because 
they arise by using difference quotients rather than derivatives in linear hyperbolic differential 
equations. The method of solution described here is patterned after Riemann’s method for solving 
hyperbolic partial differential equations. The procedure is as follows: (1) a discrete Green’s theorem 
is obtained, which gives rise to a discrete adjoint operator; (2) the adjoint operator defines a 
discrete Riemann-Green function, which is used in conjunction with Green’s theorem to express 
the solution of the original difference equation in terms of the initial conditions. 


3. Tsujt functions and their misbehavior, by Professor George Piranian, The University of 
Michigan. 

A function f is a Tsuji function provided it is meromorphic in the unit disk D and maps the 
circles | 2| =r (0<r<1) onto curves of bounded spherical length. Some Tsuji functions exhibit 
astonishingly pathological behavior. For example, a Tsuji function of the form f(z) = > an/(s—&n) 
can have each boundary point of D as a Julia point. 


4, Elementary characterization of the geometric and exponential distributions, by Professor 
Herman Rubin, Michigan State University. 

An interesting property of the geometric (exponential) distribution is that of independence 
of the digits. Also the excess of a geometric (exponential) random variable over a number has the 
same distribution, conditional on being nonnegative. As a converse, we obtain the following result: 
If for a nonnegative random variable X= >_Anb", An integers between 0 and b—1, the A’s are in- 
dependent, and the distribution of X—a given X —aZ0 has the same property for all a>O, then the 


An are constant for n<k—-1 and 14 n+joi ts geometric. If k= — 0, X is exponential. 


5. A pathological example related to surface area, by Professor A. H. Copeland, Sr., The Uni- 
versity of Michigan. 

The theory of surface area is surprisingly difficult. One should expect to be able to approximate 
the area of a surface by the area of an inscribed polyhedron and to base a theory of area on these 
approximations. Certainly one shouldn’t expect trouble in applying such a theory to a spherical 
surface. However, it is possible to inscribe in a sphere a polyhedron which has arbitrarily large 
area and which does not cross itself. This paper contains an unusually simple example of such a 
polyhedral surface. 


6. The integration by parts theorem, by Professor T. H. Hildebrandt, The University of 
Michigan (by invitation). 


7. A dissection problem for sets of polygons, by Professors B. M. Stewart and Michael Goldberg, 
Michigan State University. 


8. An improvement of Milne’s method, by Professor Diran Sarafyan, Michigan State Univer- 
sity. 
J. H. PowE tu, Secretary-Treasurer 
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MARCH MEETING OF THE SOUTHEASTERN SECTION 


The Citadel was host for the 43rd annual meeting of the Southeastern Section of the 
Mathematical Association of America on March 20-21, 1964. Professors Winston Mas- 
sey, A. D. Wallace, Lee P. Hutchison, George E. Reeves, and Henry Sharp, Jr., presided 
over General and Divisional Sections. Addresses by R. P. Agnew of Cornell University 
and M. K. Fort, Jr., of the University of Georgia were featured. There were 242 mem- 
bers and guests of the Section in attendance. At the Business Meeting a motion was 
passed that the Section should accept future invitations for places to meet only from 
schools who can provide completely integrated facilities and where integrated housing is 
available in the area. 

The following officers were elected: Chairman, Professor M. K. Fort, Jr., Vice 
Chairman, Professor B. F. Bryant, Vanderbilt University. Elected a year ago, Professor 
Henry Sharp, Jr.. Emory University, started a three year term as our new Secretary. 
The invitation from Wake Forest College to act as host for the 1965 meeting was re- 
affirmed and an invitation from Emory University for the 1966 meeting was accepted. 
The following program was presented: 


1. Multiplicative triples in a Baer *-semigroup, by Professor R. J. Greechie, University of 
Florida. 

Using the terminology of D. J. Foulis, Relative Inverses in a Baer *-semigroup (Michigan 
Math. J., 10 (1963) 65-84), let S be a Baer *-semigroup, and let P’(S) be the orthomodular lattice 
of closed projections in S. For e, f& P’(S), aC S, define NC(e, f, 2) to mean (ea)”A(fa)"”=[(eAf)a]”, 
and say that (e, f, a) is a multiplicative triple. Theorem: For e, fE P’(S), T.A.E.: (1) eCf, (2) 
SMe, f, f), (3) Wee, e’, f) and MS, f’, e). Hence, multiplicative triples characterize the center of P’(S). 
Other properties of multiplicative triples are given. 


2. On embedding the halfring (P, +, -) of positive integers in the ring (I, +, -) of integers, by 
Professor S. G. Bourne, University of Florida. 

DEFINITION 1. A semiring (S, +, -) is a system consisting of a set S and two binary operations 
in S called addition and multiplication such that (a) (S, +) ts a semigroup; (b) (S, -) is a semi- 
group; (c) (S, +, -) satisfies the left and right distributive laws. 

The set P of positive integers and the compositions of ordinary addition and multiplication in 
P is asemiring with commutative addition. The product P XP forms a semiring with commutative 
addition and cancellative multiplication. 

DEFINITION 2. A subset I of S is a 2-sided ideal in S if (S, +) is a semigroup, SIC S and ISCS. 

The diagonal A= {(p, p)| pC P} is a 2-sided ideal in PXP. 

DEFINITION 3. (f1, 91) =(h2, ge) (A) iff (pi, qi) +(x, «) = (ho, g2)+-(y, y) for some (x, x) and 
(y, y) in A. 

THEOREM. PX P/A&ZI. 


3. Semigroups of N by N matrices over semtrings, by Professor D. J. Foulis, University of 
Florida. 

The problem is to give a intrinsic characterization of the multiplicative semigroup of N by NV 
matrices over a semiring. This has been done for N by N matrices over a field by L. M. Gluskin 
[M.R. 16, 4]. Let S be a multiplicative semigroup with 0. Two idempotents e, fin S are (algebrai- 
cally) equivalent iff there exist x, y in S with xy=e, yx=f. The family { e1, €2,* °°, en} of idem- 
potents in S is homogeneous if e,e;=0 for ij and e; is equivalent to e; for all 4, 7=1, 2,--+,n. 
The family {e1, e2,-- +, én} of idempotents in S forms a basis for S iff it is homogeneous and given 
n* arbitrary elements x:;Ce,;Se; there exists a unique x in S with exe;=xi, i, 7=1, 2,-°°, 1. 
THEOREM: If S has a basis (n2=2), then S is isomorphic to all N by N matrices over a semigroup. 


4. The order of an element in a group, by Professor R. W. Ball, Auburn University. 
This article appears in this issue of the MoNTHLY, pp. 784-785. 
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5. Projective planes constructed from generalized ternary rings, by Professor J. R. Wesson, 
Vanderbilt University. 

The “ternary ring” used to coordinatize the general projective plane has axioms which re- 
quire the existence of a “zero” and a “unit”. These axioms are dropped, and the system R, satisfy- 
ing the remaining axioms is used to construct a plane 7. New operations on the elements of Ri are 
defined so that Ri is changed into a ternary ring R, with a zero and unit. The plane m2 induced by 
Rs: is isomorphic to m. At an intermediate stage of the development, the plane dual to 7 is con- 
structed. 


6. Generalized totients over certain classes of n-square matrices, by Professor M. O. LeVan, 
University of Florida. 


7. The status of mathematics in Shakespeare’s time, by Professor G. E. Reves, The Citadel. 

This paper is presented as part of the commemoration of the quadri-centennial of the birth of 
Shakespeare. Shakespeare’s life fell in the important transition period from ancient mathematics to 
modern mathematics. Developments in arithmetic were primarily of a computational nature and 
no significant advances were made in number theory or geometry. Trigonometry was somewhat 
systematized and Vieta made important contributions to algebra which set the stage for analytic 
geometry and the calculus. 


8. A secondary mathematics teacher training program, by Professor J. L. Tilley, Clemson Col- 
lege. 

This is a report on a new program for the training of mathematics secondary school teachers 
as developed at Clemson. A unique item is that a new general curriculum and degree had to be 
created by the Mathematics Department in order to fit the concepts of the desired curriculum. A 
complementary program under the Master of Education Degree curriculum has also been proposed. 


9. Mathematical libraries in Colombia, by Professor W. L. Furman, Spring Hill College. 
This is a survey of the mathematical books and journals contained in the principal libraries of 
Colombia. 


10. Inverse functions, by Professor W. M. Perel, Charlotte College. 

An easy method of finding the values of the inverse of a function, given the values of the func- 
tion is presented. It is the contention of the author that this presentation generates a more nearly 
correct concept of function in the mind of the student than the more usual treatments. 


11. On traditional versus modern algebra, by Professors W. S. Cannon and P. E. Campbell, 
Presbyterian College. 

The difficulties encountered in the changing of the basic algebra course at a small liberal arts 
college from a traditional to a modern approach are outlined. The fact is noted that there is little 
difference between the modern approach system and the traditional approach in the results, in 
grades, and in student performance. It has been observed that the students with the modern ap- 
proach do better work in future mathematics courses. A comparison of grades under the two sys- 
tems confirms this. 


12. Generalized integers, by Mrs. A. F. Horadam, Visiting Professor at the Univerity of North 
Carolina from University of New England, Australia. 

Generalized integers are defined as follows: Suppose given a sequence {}, finite or infinite, of 
positive numbers (generalized primes) such that 1<fi1<pe<p3< +++. Form all possible products 
pyi-po2 +++ pee where 1%, v2,° ++ v, are integers 20. Call these numbers generalized integers 
{1,} and assume they can be arranged as an increasing sequence: 1=h<h<l;< +++ <In<---. 
Define [J,] to be the number of generalized integers <J, and define ],!=1-le-h - ++ In. Then the 
highest exponent of the generalized prime occurring in In! is [In/ti]+[In/p2|+[n/bs|+ -- > 
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13. Acceptable pairings of finite sets of integers, by Professor G. B. Huff, University of Georgia. 

Mok-Kong Shen and Tsen-Pao Shen have asked (Bull. Amer. Math. Soc., 68, p. 557) if it is 
possible, for each n 23, to group the first 2” natural numbers into pairs (a1, 01), (de, bs), ° °°, 
(dn, bn) with b;>a,; and such that the 2” numbers a;:+0;, 6;—a; are all different. More recently, 
M. Slater (Bull. Amer. Math. Soc., 69, p. 333) has conjectured that, for n#2, 3 and 6, it is possible 
to do this so that 1Sa;Sn and n+1<);S2n. Professor Huff has two results which show the 
existence of several infinite collections of pairings which satisfy both conditions. Lemma I: If a—1, 
a, a+1 are all relatively prime to +1 and @?+-1=0, mod (+1), then the function of f defined 
by f(x) =ax, mod (n-+1) and 1 Sf(x) Sz, is a 1-1 mapping of the set {1, 2,°**, n} onto itself such 
that the 2n integers f(t) +4 and f(z) —2 are all different. Lemma II: If —1 is a square modulo (n+), 
there is a pairing (a1, 31), (ae, be), «+ *°, (aa, bn) of the first 2% natural numbers such that the 22 
numbers a;+0;, bs; —a; are all different and 1Sa;Sn and +153; 32h. 


14. Taylor series for 1/[f(s)]*, by Professor R. C. Meacham, Florida Presbyterian College. 

Recurrence formulae are developed for the generation of Taylor series coefficients for the 
expansion of F(z) =1/[f(z) ]#, where a >0, f(0) 40, and the Taylor series expansion of f(z) is known. 
Specifically, if f(s)=)op=0 p32", then F(z)=) pmo Ap? where Ao=(1/ac)2, and Ay, 
=(—1/pao) Diao [g+a(b—g) Agape for p=1,2 +++. 

15. Aspects of generalized Fibonacci numbers, by Professor A. F. Horadam, Visiting Professor 
at the University of North Carolina from University of New England, Australia. 

From the Fibonacci and Lucas numbers we define for arbitrary integers p, q the generalized 
Fibonacci sequence {H,,} for which the mth term (n22) is Hi=Hy1a—Hn-2= PF, +qFn-1 where 
F, is the nth Fibonacci number. Among the many results obtained the most useful is the “Pythag- 
orean property,” namely, (HnHn+s)*+(2HnyiHn42)? =2HnitHaie+H2 which may be used to 
prove the theorem that all primitive Pythagorean triples are generalized Fibonacci triples. In- 
teresting aspects of the generalized numbers include the extension to complex numbers and quater- 
nions, the use of matrices, and the applications to generating functions for powers of the generalized 
numbers and to tape sorting problems in computers. 


16. Using Grace's theorem to prove a special case of a theorem of W. Specht (SCT'S), by Professor 
Carroll Weber, East Carolina College. 

Given any monic polynomial f€ Cx[z], there is g, apolar to f, with all its zeros on a circle 
centered at an arbitrary point x, with radius "/f(x), m the degree of f and g. This circle must con- 
tain a zero Z of f, and may help us make a good initial guess for numerical determination of Z. 
The case x=0 gives SCTS (Enz.der. Math. Wiss., I.1.3.II1, 1.1.8., p. 27, p=1). This method of 
proof may be new. There seems to be great unused potential of elementary function theory in 
numerical analysis. 


17. Certain properties of P-intersective sets, by Professors A. R. Bednarek and A. D. Wallace, 
University of Florida. 

For a given reflexive transitive relation P one can define minimal P intersective sets and show 
that, among other things, if 1 and N are minimal P-intersective sets then there is a unique one-to- 
one function f from M onto N such that x and f(x) are P-related for each x in M. This extends con- 
siderably some results of Dubreil and Lefebvre for semigroups. 


18. Some characteristic properties of minimal P-intersective sets, by Professors A. D. Wallace 
and A. R. Bednarek, University of Florida. 

A minimal P-intersective set M, defined for a transitive relation P on X, has several charac- 
teristic properties. Principal amongst these are: (1) M is P-intersective and M is a maximal P- 
scattered set; and (2) MC_K and Mf \P, contains a single element for each a@@ K, where K is the 
set of P-minimal elements and Pa= {x|x\/Px=al/Pa}. 


19. The concept of a null set, by Professor C. G. Phipps, Tennessee Polytechnic Institute. 
Among the properties usually assigned to the null set, how many are assumed, how many are 
assigned by definition, and how many are derived as theorems? In most current treatments, cer- 
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points), and tree. For each of these spaces, a monotone relation has been found which preserves 
the space and which gives a metric image when the domain is metric. 


26. Cauchy's functional equation in the positive domain and the area of the rectangle, by Professor 
J. Aczel, University L. Kossuth of Debrecen Hungary and University of Florida. 

A modern version of Legendre’s deduction of the area-formula of rectangles is given under 
supposition of positivity and additivity of the area. This leads to the questions of the general solu- 
tions of Cauchy’s functional equation on the positive domain and of the non-existence of a Hamel- 
basis of the positive real numbers. 

C. L. SEEBEcCK, Secretary 


MARCH MEETING OF THE SOUTHERN CALIFORNIA SECTION 


The forty-fourth regular meeting of the Southern California Section of the Mathe- 
matical Association of America was held at San Fernando Valley State College, North- 
ridge, California, on March 14, 1964. The registered attendance was 184, including 145 
members of the Association. Professor Fred Marer, Chairman of the Section, presided at 
the morning and afternoon sessions. 

At the business meeting the report of Professor R. H. Sorgenfrey, Chairman of the 
Nominating Committee, was read. The following officers were elected to serve for the 
year beginning July 1, 1964: Chairman, Professor Charles J. A. Halberg, Jr., University 
of California, Riverside; Vice-Chairman, Professor Tom M. Apostol, California Insti- 
tute of Technology. The Secretary, R. B. Herrera, was elected for a three-year term. The 
following members of the Program Committee for the 1965 meeting were also elected on 
the ballot: Professor Charles L. Clark, Los Angeles State College, Chairman; Dr. Edward 
C. Posner, Professor M. F. Smiley, and Professor Paul B. Yale. Professor John A. Ferl- 
ing, Claremont Men’s College, was also appointed to the Program Committee by the 
Executive Committee of the Section, to serve as representative of the host institution 
for the 1965 meeting. 

Professor Paul J. Kelly, Governor for the Section, reported on actions taken by the 
Board of Governors at the Annual Meeting of the Association. He reported in particular 
on the plan approved by the Board of Governors to have representatives of the MAA 
appointed in all universities and colleges, including junior colleges, in the United States 
and Canada. 

The following program was presented: 


1. An extension of the inverse power method, by Professor John Blattner, San Fernando Valley 
State College. 


2. In praise of Leibniz, by Professor Abraham Robinson, University of California, Los Angeles. 

Leibniz was a protagonist of the use of infinitely small and infinitely large numbers in the 
development of the Calculus. He regarded such entities as ideal additions to the ordinary (real) 
numbers and likened their introduction to the introduction of complex numbers. Leibniz’ program 
failed at the time, perhaps because he and his successors were unable to see how to satisfy the re- 
quirement (stated explicitly by Leibniz) that the new numbers should have the same properties as 
the old ones, in spite of the evident failure of Archimedes’ axiom. This difficulty has been resolved 
by the use of modern logic, and it has been shown how Leibniz’ ideas can be realized effectively. 


3. Homogeneity, by Professor R. H. Bing, University of Wisconsin, President of the Mathe- 
matical Association of America. 


4, The invisible industrial mathematician, by Dr. Andrew Vazsonyi, Scientific Advisor, North 
American Aviation, El Segundo, California. 


5. Some inequalities of the Markoffs, by Professor John Todd, California Institute of Tech- 
nology. 
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6. Panel Discussion: The preparation of high school mathematics teachers, Professor Paul B. 
Johnson, moderator. Members of the Panel were Professor F. Lynwood Wren, San Fernando Valley 
State College; Professor Charles W. Seekins, Occidental College; Dr. Marian Cliffe Herrick and 
Mrs. Lois Whitman, Los Angeles City Schools. 

Preparation of teachers must be at a truly professional level. Proper attention should be given 
to the various facets of teaching as a career, with emphasis on continuing professional growth on the 
job. Breadth of background rather than advanced specialization should be emphasized in courses 
for teachers. Every effort should be made to interest capable students in secondary school teaching 
as a career, beginning in high school mathematics courses, and continuing through college matne- 
matics courses. 

R. B. HERRERA, Secretary 


APRIL MEETING OF THE MISSOURI SECTION 


The annual meeting of the Missouri Section of the Mathematical Association of 
America was held at the University of Missouri, Columbia, Missouri, on April 18, 1964. 
Professor Nola A. Haynes, Section Chairman, presided. Seventy-six persons, of whom 
sixty-two were members, signed the register. 

Officers elected for 1964-65 are: Chairman Raymond Freese, St. Louis University; 
Vice-Chairman, Russell Michel, Southeast Missouri State College; Secretary-Treasurer, 
Leo J. Lange, University of Missouri. 

Professor R. H. Bing, President of the MAA was present at the tneeting and gave the 
afternoon lecture, titled “Homogeneity ” 

The following papers were presented at the morning session: 


1. A result in number theory, by Frank Gillespie, University of Missouri. 
2. On the estimation of a parameter, by Gerald Haas, School of Mines and Metallurgy. 


3. On some problems in theory and automatic control, by David Gorman, Washington Uni- 
versity. 
4, The Madison Project: A supplementary mathematics program for elementary school teachers, 
by Miss Katherine Kharas, Webster College. 
Mary L. CumMMInNGs, Secretary 


APRIL MEETING OF THE TEXAS SECTION 


The annual meeting of the Texas Section of the Mathematical Association of America 
was held at the Texas Technological College at Lubbock, Texas, on April 10-11, 1964. 
Professor Herbert C. Parrish, Chairman of the Section, and Professor E. A. Hazlewood, 
presided. There were 200 persons in attendance, including 160 official registrants. Dr. 
R. H. Bing, President of the Mathematical Association, was a distinguished visitor and 
gave an hour lecture on Homogeneity. 

At the business meeting the following officers were elected: Chairman, Professor E. R. 
Heineman, Texas Technological College; Vice-Chairman, Professor Charles R. Deeter, 
Texas Christian University; Secretary-Treasurer, Professor Charles R, Sherer, Texas 
Christian University. 

The program was as follows: 


1. Near rings with identities defined on simple groups, by J. J. Malone Jr., University of 
Houston. 

It is immediate that, if the order of the group is a prime p, the only near ring which may be 
defined on the group is the field of order p. In the case in which the group has even composite order 
it is shown, by considering the maximal sub-C-ring and the tnaximal sub-Z-ring, that no near ring 
can be defined on the group. 
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2. Structural determination of a class of primary abelian groups, by Henry E. Heatherly, 
Texas A and M University. 

Let G bea p-primary abelian group and & a positive integer such that h(«-+-y) Sk[A(x) +h(y) | 
for each x and yin G, where x +0. (Note: h(a) is the height of a in G.) The structure (direct sum 
decomposition) of such groups is determined by the following Theorem: If G ts a group as described 
above, then G is (exclusively) either (1) the direct sum of groups each tsomorphic to the additive group 
of rationals or to a quasicyclic group or (2) the direct sum of cyclic groups each of order p. 


3. On subgroups of primary abelian groups, by Charles Megibben, Texas Technological College. 

L. Fuchs (see “Recent results and problems on abelian groups” in Topics im abelian groups, 
Chicago, 1963) has raised the following question: If G is an abelian group, which subgroups H of G 
are the intersection of a family of pure subgroups of G? The solution of this problem for p-groups 
(and hence for torsion groups) is the content of the following Theorem. If G ts a p-group and H 1s a 
subgroup of G, then H is the intersection of a family of pure subgroups of G if and only tf for each 
nonnegative integer, (p"G) [b|CH implies p>GCH. 


4, Nonparametric statistical classification, by Carl F. Kossack, Graduate Research Center, 
Dallas, Texas. 

One of the important applications of population discrimination theory is that of statistical 
classification sometimes referred to as the “diagnosis problem.” In particular, the two-population 
classification problem is that of classifying a single p-variate observation into one of two p-variate 
populations using samples of individuals from each population. The author considers the nonpara- 
metric discrimination theory of Hodges and Fix for the development of a nonparametric classifica- 
tion technique. The weakness in their theory that revolves around the need for a metrix, is resolved 
by introducing the concept of an average ranking for each individual in the samples. This ranking 
is then used to evolve a classification technique for new individuals requiring classification with 
attention being given to an empirical method for measuring the operational effectiveness of the 
method when applied to a given situation. 


5. On the problem of choosing the largest mean, by R. P. Bland, Southern Methodist University, 
Department of Mathematical and Experimental Statistics. 

The problem of choosing, from three or more normal populations with equal variances, the 
population with the largest mean is considered as a multiple decision problem. The decision is to 
be based on independent, random samples of equal size drawn from each population. The loss 
associated with a decision is the sum of losses for each of the means involved, i.e., the loss is addi- 
tive. A Bayes (minimum average risk) procedure is found for the case of three populations where 
the population means have independent identical normal prior densities. 


6. Optimum provisioning policies for reparable spares, by C. H. Boll, Department of Mathe- 
matical and Experimental Statistics, Southern Methodist University. 

A birth-and-death process is sometimes applicable in real-life systems design problems con- 
cerning redundancy and in inventory problems of reparable spares. Using this model, inventory 
policies for stand-by spares which minimize total expected cost are obtained in this paper which 
take into account the following parameters: interchangeability, repair rate, failure rate, unit cost, 
interest rate, length of program, and shortage penalties. 


These optimal policies can be described as follows. The cost indifference curves between hav- 
ing N and (N-+1) spares is a straight line (in the region of interest) when plotted using as coordi- 
nates the logarithm of unit cost and logarithm of ratio of repair and failure rates, The asymptotic 
slopes of the indifference lines are given, and an iteration is suggested for obtaining a point on the 
line in the region of interest. 

Some statistical problems encountered in the application of the above technique are given 
from a multiple decision point of view. 
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7. A class of Riemann surfaces, by T. A. Atchison, Texas Technological College. 

A class of open simply connected Riemann surfaces is considered and the uniformizing func- 
tion and its derivative are exhibited in an infinite product representation. An infinite product of 
the form of the uniformizing function is then shown to produce a surface of this class. 


8. On differential equations of generalized order, by M. A. Al-Bassam, Texas Technological 
College. 

THEOREM. If f(x, y) is a real-valued, continuous and Lipschitzian function on a domain D of the 
(xy)-plane and supw.ye p| f(x, y)| =M<0, then there exists a unique and continuous solution 
y= (x) which satisfies the differential equation y™=f(x, y), O0<aS1, together with the condition 
yO-D(q)=n, in the region RCD: a<xSa-h, | (x —a)!-*y — | <k, where b=n/T(a), and 
k>Mh/T(a+1). Also other existence theorems have been established. 


9. On a system of nonlinear differential equations in Hilbert space, by A. D. Stewart, Prairie 
View A. and M. College. 

H denotes a Hilbert Space, and E! denotes the number-axis, J=[0, 1] on E% Let Y(x) 
= [y!(x), 2(x), °° +, y"(x), °° + ] be a function in H with a continuous derivative on I. Let 
f(x, y) be a continuous function in H+, where H+ means y(x) is in H and x on J. Furthermore, let 
f(x, y) satisfy a Lipschitz condition, that is, |f(x, 2) f(x, y)| <M|z—y|, where (x, 2) and (x, y) 
are in H+ and M>0. Then the system of nonlinear differential equations, DY(x)=f(x, y) has a 
unique solution in H such that Y(0)= Yo, where Yo is in H. 


10. Relations between two classes of singular integral operators, by Chang-Char Tu, William 
Marsh Rice University. 

It is shown that certain singular integral operators considered by Calder6n and Zygmund are, 
in a sense, special cases of a class of singular operators considered by Jones. The relation between 
these two types of operators is studied, the main distinction being the method of defining principal 
value integrals. 


11. Some reproducing kernels for the unit disk, by G. S. Innis, Jr., William Marsh Rice Uni- 
versity. 


12. A predictor-corrector adaptation of Runge-Kutta methods, by A. F. Burger and H. A. Luther, 
Texas A and M University. 

To every one-step method of approximating the solution of ordinary differential equations 
there corrresponds a “backward” formula. The two formulas can be paired to yield a convergent 
predictor-corrector method. 

In this preliminary discussion the technique is exemplified for Runge-Kutta methods involv- 
ing systems of ordinary equations. Accumulated error proves easy to discuss. Results resemble 
closely those for the more usual forward and backward technique. There is reason to hope that the 
present method will permit larger step-sizes. 


13. Generalized second order recurring sequences, by C. R. Wall, Texas Christian University. 

Let (1) Wase=2WaspithWnr, with Wo=q, Wi=p arbitrary; (2) Ya= WapthWii; a, B 
= [2+ 4/(g?+-4h) ]/2, and A = p—q@. For g=h=1, (1) and (2) are generalized Fibonacci sequences. 
Lucas studied the case g=0, p=1, where (1) is #, and (2) is v. Then [Wnase+(—2)*Wa+r]/Wr= dr 
and [Wnir—(—h)"Wa+|/Yn= ur independent of p, g, m. The following de Moivre-type identity 
was also given: [(Yna+(a—8)Wn)/2A ]"= (Vam+(a—B) Wam)/2A. 


14. Concerning the center of the doubly stochastic operators on a Hilbert space, by R. D. Sinkhorn, 
University of Houston. ; 

Let 5C be a complex Hilbert space and let uo@JC be such that ||zo|] =1. Denote by D the set 
of doubly stochastic mappings in [3C], ie. those TE [IC] such that Tuo=T*uo=uo. Then if 
To©D has a one dimensional range, the center of D is precisely @(To) where @ is the collection 
of complex functions f analytic on {0}U {1} with f(1) =1. 
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15. A space of connectivity functions, by S. K. Hildebrand, Texas Technological College. 

Let [X, d] be a metric space where X represents the set of elements and d the metric on the 
set X. A metric ¢ is defined on Xx, where Xx represents the set of all connectivity functions on X 
into X. Additional properties of this structure are investigated. 


16. The inversion of a class of linear operators on QCox, by J. A. Dyer, Southern Methodist 
University. 

Let k denote the topology for QC generated by the uniformity which has as a basis the family 
of all sets of the form N,,.= { (f, g):| fi)—- g(t)| <r, —sStSs,r rational, s a positive integer}, and 
let k’ denote the relative topology for QCoxr. Then each k’-continuous P-operator, &, on QCoz has a 
unique representation of the form £Lf(s) = (eM) fpf(HdL(é, s), where Lit, s) = — {2&r (s) —~Lr:(st) }, 
and 7;(s) = —Jz(s—t). Furthermore a k’-continuous P-operator, £&, on OCozx has an inverse which 
is a P-operator only if for each positive integer 5, the P-operator on 01/0, 5] generated by the 
restriction of L to 0S, $5 has an inverse. Lane’s condition for the invertability of an operator in 
Tox is obtained as a special case of this theorem. 


17. Complete continuity conditions in spaces of type C(K)—Preliminary Report, by H. E. 
Lacey, Abilene Christian College. 

A and Y denote Banach spaces and C(K) denotes the Banach algebra of all continuous real 
(complex) valued functions on the compact Hausdorff space K. T:X— Y denotes a bounded linear 
operator. The operator T': X—>Y is said to be completely continuous if and only if it maps weakly 
Cauchy sequences into norm convergent sequences. Theorem: The following are equivalent: (1) K is 
dispersed; (2) weak sequential convergence equals norm sequential convergence in [C(K) |’; (3) [C(K) |’ 
does not contain any infinite dimensional reflexive subspaces; (4) each T:C(K)—Y combletely con- 
tinuous 1s compact; (5) no infinite dimensional homomorphic image of C(K) is reflexive. 


18. A quadric surface and related identities, by R. S. Underwood, Texas Technological College. 

A particular equation is shown by a brief method to have a cylindrical locus in 3-space. This 
one problem leads to 2178 different equations in four variables, each of which has an unlimited 
number of integral solutions. The method works in similar cases involving n variables. The role of 
intuition in this and related problems is emphasized. 


19. A division algebra for sequences and its associated operational calculus, by Louis Brand, 
University of Houston. 
This article appears in this issue of the MoNTHLY, pp. 719-728. 


20. Implementing CUPM in a school of engineering, by P. W. Latimer, Lamar State College of 
Technology. 

A discussion of some of the problems arising in putting CUPM recommendations into effect. 
Problems considered will be such things as getting the cooperation of the school of engineering, 
what changes must be made in the engineering program, and how the mathematics offering must 
be altered in order to work in the necessary courses. There will also be a discussion of some of the 
problems that have arisen since implementation. 


21. Report of the commission to study college programs for the preparation of mathematics teachers, 
by Dan Cude, Southwest Texas State College. 


22. A topological characterization of countable functions, by Arthur W. J. Ullman, William 
Marsh Rice University. 

A functional is said to be countable if its values are determined by a finite amount of informa- 
tion about its arguments. Classes of (extensional) functionals satisfying these finite amounts of 
information are shown to form a base for a topology. This topology is shown to be metrizable; any 
functional is continuous on this topology if and only if it is countable. These results are obtained 
for all functionals provided they are of a certain form (to which any functional can be reduced) 
and it is shown that this is a necessary condition for a uniform topological characterization. 

C. R. SHERER, Secretary 
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unicity of composite or A/N a free join, or A/N algebraic over K implies splitting. The quotient 
ring Ay of A is also analyzed under the condition that Fo’, Fi’ exist in A. All the results apply in 
particular to the case where A is a quasilocal algebra over K (hence I a coefficient field). 


5. An applied mapping problem, by Major Edwin E. Brown, Offutt AFB. 

The theory of Mercator and Polar Sterographic map projections yields techniques presently 
utilized to produce charts via electronic computers. Mathematical relationships between grids that 
correspond to the character size of a printer and meshes employed for hemispheric analyses of 
meteorological parameters are illustrated. A lattice of approximately 37,000 points that covers 
most of a hemisphere and its mirror image in the opposite hemisphere are discussed. 


6. The Nebraska Mathematics Contest, by John R. Bolingbroke, University of Nebraska, Henry 
M. Cox, University of Nebraska, and James M. Earl, University of Omaha. 

Some 4448 students from 150 high schools enrolled in the Seventh Nebraska (Fifteenth Na- 
tional) Mathematics Contest, held March 5, 1964; 778 students wrote both the Sixth and Seventh 
Contest Examination (r=0.57 with median scores of 9 and 17, respectively). The name of one 
Nebraska contestant appears on the National Honor Roll. The Nebraska Report, which can be 
obtained upon request, includes the Nebraska Honor Roll, tables showing distributions of team 
and individual scores, and an item analysis of the test. 


7. The straight edge and compass construction of the conchoid of Nicomedes and its practical 
application to the trisection of the acute angle, by Helen C. Campuzano, Medical Research Staff, 
Creighton University. 

A discussion of the Conchoid of Nicomedes, a higher plane curve, of quartic dimension, its 
effect upon the radii of a circle, and its practical application to the trisection of the acute angle. 


8. The MAA Secondary School Lecturer Program in Iowa and Nebraska, by W. E. Mientka, 
University of Nebraska. 


9. CUPM recommendations and implications, A Panel Discussion, by G. A. Hutchison, 
Creighton University, Mildred Gross, Doane College, L. M. Larsen, Kearney State College, Duane 
Perry, Coordinator of Mathematics of the Omaha Public Schools, Hubert Schneider, The Uni- 
versity of Nebraska, and J. F. Wampler, Nebraska Wesleyan University. 

H. M. Cox, Secretary 


MAY MEETING OF THE WISCONSIN SECTION 


The thirty-second annual meeting of the Wisconsin Section of the Mathematical 
Association of America was held at Wisconsin State College, Whitewater on May 2, 
1964. Professor C. E. Flanagan, Chairman of the Section, presided. This meeting was 
held jointly with the May meeting of the Wisconsin Mathematics Council and there 
were 137 present, including 88 members of the Association and 53 members of the Wis- 
consin Mathematics Council. 

At the business meeting the following officers were elected for the coming year: 
Chairman, Professor J. M. Osborn, Jr., University of Wisconsin; Vice-Chairman, Pro- 
fessor H. Glander, Carroll College, Waukesha; Secretary-Treasurer, Professor L. F. 
Wahlstrom, Wisconsin State College, Eau Claire. 

The following papers were presented: 


1. Mathematics, physical problems, and the Undergraduate Curriculum at the University of W1s- 
consin, by Professor John A. Nohel, University of Wisconsin. 

The mathematics curriculum for undergraduates in engineering and physical sciences recom- 
mended by the CUPM is discussed. Details are presented of how this program for freshmen and 
sophomores is being introduced at the University of Wisconsin, together with some of the reasons 
for it and the philosophy behind it. 
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2. What ts set theory? by Professor R. L. Wilder, University of Michigan, Ann Arbor. 

The inception and subsequent evolution of set theory are studied with a view to assess the 
present status of the theory in mathematics. Pros and cons for formalizing within an axiomatic 
system are weighed, and the implications of the Godel-Cohen results on the independence of the 
choice principle and continuum hypothesis discussed. 


3. Mathematics for biology, management, and social science students, by Professor T. D. Sterling, 


University of Cincinnati. 


E. F. WILDE, Secretary 


CALENDAR OF FUTURE MEETINGS 


Forty-eighth Annual Meeting, Denver-Hilton Hotel, Denver, Colorado, January 


28-30, 1965. 


Forty-sixth Summer Meeting (Fiftieth Anniversary Celebration), Cornell Univer- 
sity, Ithaca, New York, August 30-September 2, 1965. 

The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY MOUNTAIN 

ILLINOIS, Southern Illinois University, Car- 
bondale, May 14-15, 1965. 

INDIANA 

Iowa, University of Dubuque, Dubuque, April 
23, 1965. 

KANSAS 

KENTUCKY, Eastern Kentucky State College, 
Richmond, Spring, 1965. 

LOUISIANA-MISSISSIPPI, Biloxi, 
February 19-20, 1965. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEW York 

MicuiGan, University of Michigan, Ann Arbor, 
March, 1965. 

MINNESOTA, University of Minnesota at Du- 
luth, November 7, 1964. 

Missour!, University of Missouri, Columbia, 
Spring, 1965. 

NEBRASKA, Nebraska Center for Continuing 
Education, Lincoln, April 30-May 1, 1965. 

NEw JERSEY, Rutgers, The State University, 
New Brunswick, November 7, 1964. 


Mississippi, 


NORTHEASTERN, Worcester Polytechnic Insti- 
tute, Worcester, Mass., November 28, 
1964. 

NORTHERN CALIFORNIA, College of San Mateo, 
February 6, 1965. 

OHIO 

OKLAHOMA, University of Arkansas, Fayette- 
ville, Spring, 1965. 

Paciric NORTHWEST 

PHILADELPHIA, Drexel Institute of Technology, 
Philadelphia, November 21, 1964. 

Rocky Mountain, The Colorado School of 
Mines, Golden, Spring, 1965. 

SOUTHEASTERN, Wake Forest College, Winston 
Salem, North Carolina, April 9-10, 1965. 

SOUTHERN CALIFORNIA, Claremont Men’s Col- 
lege, March 13, 1965. 

SOUTHWESTERN, Arizona State University, 
Tempe, Spring, 1965. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN MATHEMATICAL SoctETy, Denver, 
Colorado, January 26-29, 1965. 

AMERICAN SOCIETY FOR ENGINEERING EpDUCA- 
TION, Illinois Institute of Technology, 
Chicago, June 21-25, 1965. 

ASSOCIATION FOR COMPUTING MACHINERY, 
Cleveland, August 24-26, 1965. 

CENTRAL ASSOCIATION OF SCIENCE AND MATHE- 


TEXAS, Texas Christian University, Fort 
Worth, April 9-10, 1965. 

Uprer NEw York STATE 

WISCONSIN 
MATICS TEACHERS, Detroit, November 


26-28, 1964. 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATIcs, Atlanta, Georgia, November 19- 
21, 1964. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Hotel Leamington, Minneapolis, October 
7-9, 1964. 
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RECENT 

AND FORTHCOMING 
TEXTS 

IN MATHEMATICS 
from HEATH 


AXIOMATIC ANALYSIS: 
An Introduction to Logic and the 
Real Number System 


Robert Katz, Tufts University 


A modern text designed for a one-semester course at any level where a detailed 
axiomatic treatment is desired. The only formal prerequisite is a knowledge of 
high school algebra. The text is divided into 65 lessons: Lessons 1-13: logic; 
Lessons 14-21: sets, ordered pairs, and functions; Lessons 22-65: a new axio- 
matic development of the real number system. 


Hardbound, available now. 352 pages 


ELEMENTARY INTRODUCTION TO NUMBER THEORY 
Calvin T. Long, Washington State University 


This book is designed for an elementary (one-semester) course to be given at a 
level somewhat below that of the usual introductory college course. It contains 
about three hundred exercises, and is characterized by careful exposition with 
many worked examples both in the body of the text and in the Answers to Se- 
lected Exercises. The clear and adaptable material is appropriate for both 
undergraduate courses and teacher pre-service or in-service programs. 


Hardbound, in press. About 180 pages 


INTRODUCTION TO ABSTRACT ALGEBRA 
Wilfred E. Barnes, Washington State University 


This volume treats basic material on groups, rings, and fields, but carries these 
topics further than has been customary in books at this level. It is intended to 
provide a good foundation for any future mathematician, whether he later spe- 
cializes in algebra or not. The level is suitable for the advanced undergraduate 
or beginning graduate student. Since both the terminology and concepts of 
abstract algebra can be expected to be quite new and strange to the reader, 
many illustrations of definitions and theorems have been included. 


Hardbound, available now. 224 pages 


D ¢ \ le Boston 02116 Englewood, N.J. 67631 Chicago 60616 
’ “ E AT San Francisco 94105 


Atlanta 30303 Dallas 75201 


AND COMPANY London W.C. 1 Toronto 2-B 


ITT Federal Laboratories in San 
Fernando, California is a compact 
group of professionals working on a 
fast-expanding, diversified list of 
theoretical and applied studies, in- 
cluding such areas as optical com- 
munications, bio-physical models for 
neutral systems, space guidance and 


eo @ 
control systems. 
ECL AY | OM Your immediate responsibilities will fo- 
cus on applications of probability and de- 


. cision theory techniques across our current 

(PhD Mathematician) study areas. Accordingly, in addition to em- 
ploying a high degree of analytical ability, 

you should be able to call upon your back- 


@ 
ground and aptitude in the physical sciences. 
hy f) | T AY The post is unusual in that it provides oppor- 
tunities to work in advanced mathematical 
areas, while applying the results to a variety of 
@ fields. The professional environment is further 
enhanced by the stable growth pattern of this 
Laboratory, and its association with the world- 


wide ITT corporate family. 


Forward your resume in confidence to Henry P. 
Feldmann, ITT Federal Labs., 15151 Bledsoe St., San 
Fernando, Calif. An Equal Opportunity Employer 


TT fee 
a LABORATORIES 


A Division of international Telephone and Telegraph Corporation 


New Edition: 


PROFESSIONAL OPPORTUNITIES 
IN MATHEMATICS 


Sixth Edition April 1964 


A completely revised and up-to-date version of an article which appeared 
otiginally in the AMERICAN MATHEMATICAL MONTHLY. 


32 pages, paper covers 


25¢ for single copies; 20¢ each for orders of five or more 


Send orders to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
SUNY at Buffalo (University of Buffalo) 
Buffalo, New York 14214 


CALCULUS WITH ANALYTIC GEOMETRY 
By Albert G. Fadell, State University of New York at Buffalo 
1964 Illustrated 644x914 733 pages $9.75 
On the first year volume for the introductory calculus 
course: 
“The chapter on limits is about the best I’ve ever seen. All in all, 


this is @ fine book.” 
Stewart Robinson, Smith College, Mass. 


NOTE: THE SECOND-YEAR VOLUME AND THE THREE-SEMESTER VERSION 
WILL BE PUBLISHED IN THE SUMMER OF 1965. 


PRECALCULUS MATHEMATICS 
By Herman Meyer, University of Miami, Florida 
1964 Illustrated 6x9 377 pages $7.50 


On preparing students for the calculus course: 


“In my opinion, it would be impossible to find a more appropriate 
text to replace the traditional College Algebra texts that we have 
been using for so many years in our pre-calculus course.” 


Don Conway, San Jose City College 


ANALYTIC GEOMETRY AND CALCULUS 


By Gordon Fuller and Robert M. Parker, 
Texas Technological College 


1964 Illustrated 6x9 631 pages $9.50 


This text for beginners in analytic geometry and differential and 
integral calculus can serve a 12-semester-hour course. It is flexible 
and designed to permit the major portion of analytic geometry to 
be taken before differentiation is begun; also, differentiation of 
both algebraic and transcendental functions may be covered ahead 
of integration. This book is outstanding for its smooth development, 
accuracy, clear presentation and illustrative examples. It furnishes 
a good foundation for differential equations and advanced calculus. 


See these and other imporfant books at our exhibit 


D. VAN NOSTRAND COMPANY, INC. 
120 Alexander Street 
Princeton, New Jersey 


OUTSTANDING NEW REFERENCE WORKS 
FROM PERGAMON PRESS 


New Titles in the International Series of Monographs 
on Pure and Applied Mathematics: 


Volume 48 


REGULAR FIGURES 
By Fejes Toth, Hungarian Academy of Sciences 


An unusual new approach to symmetry theory and related problems is explored in 
this book. The systematology of regular figures is developed through discussions of 
isometrics, symmetry and rotation groups, polyhedra, and related geometrical topics. 
The study then shifts to the genetics of regular figures and examines isoperimetrics, 
inequalities, sphere-packings, and the general problems of maxima and minima which 
generate symmetric situations. The interplay of the two lines of investigation makes 
this an absorbing and valuable book. It is generously illustrated with 310 drawings and 
12 plates. 350 pages, $12.00 


Volume 50 


VARIATIONAL METHODS IN MATHEMATICAL PHYSICS 
By S. G. Mikhlin, Leningrad. Translation edited by L. I. Chambers 


This book describes applications of the so-called energy method to problems involv- 
ing the use of variation methods, and to the calculation of Eigen-Values. The nature 
of convergence and the estimation of error are dealt with thoroughly. 

Contents: On the Operators of Mathematical Physics; Energy Convergence; The 
Energy Method; Major Applications of the Energy Method; Problem of Eigen-Values; 
Generalization of Preceding Results; Estimates of Error and of Approximate Solution; 
Numerical Examples; The Bubnov-Galerkin Method; The Method of Least Squares; 
The Methods of Finite Differences. 616 pages, $14.50 


Volume 53 


MATHEMATICAL FOUNDATIONS OF THERMODYNAMICS 


By R. Giles, University of Glasgow 

In a wholly new approach to the subject, this treatment combines a rigorous mathe- 
matical structure with a set of “rules of interpretation” which explain how the mathe- 
matical concepts are related to experience. The first section examines the ideal form 
for a physical theory and establishes certain rules which should be satisfied by such a 
theory. In the second part, which covers general theory, the existence of an entropy 
function, components of content, and components of potential is established. The 
final chapters furnish a precise and entirely new approach to relativistic thermo- 
dynamics. 248 pages, $10.00 


A valuable new reference work: 


MECHANISMS FOR THE GENERATION OF PLANE CURVES 
By I. I. Artobolevskii, U.S.S.R. Academy of Sciences 


This book deals with the generation of plane curves using various kinematic linkages, 
giving new emphasis to the synthesis of mechanisms. The author has tried not only to 
generalize the work of his predecessors, but also to set forth his own, more recent 
discoveries. He has evolved a theory for the synthesis of mechanisms for the generation 
of plane curves, and he proposes a geometric-algebraic method based on this theory 
and on other well-known geometric constructions and analytic theories of plane 
curves. The level of mathematics required does not exceed that possessed by any 
professional engineer. 290 pages, $12.00 


Additional titles on display at Booth #4 
Pergamon Press Books are distributed in the Western Hemisphere by: 


THE MACMILLAN COMPANY 60 Fifth Avenue, New York 10011 


LEADING TEXTS Bea IN MATHEMATICS 


Calculus and Prerequisites 


Richard E. Johnson, University of Rochester, Fred L. Kiokemeister, Mt. Holyoke College 
CALCULUS WITH ANALYTIC GEOMETRY, THIRD EDITION. “. . . the best Calculus on the market. 


It is extremely modern, beautifully written and, of course, accurate."—Cletus Oakley, Haverford 


College. 798 pp. List $11.50 
Abraham Hillman and Gerald Alexanderson, both of the University of Santa Clara 
ALGEBRA AND TRIGONOMETRY. 514 pp. List $7.95 
FUNCTIONAL TRIGONOMETRY. 327 pp. List $5.95 


Peter W. Zehna, Naval Postgraduate School, Monterey, Calif., Robert L. Johnson, Colorado 
State College 


ELEMENTS OF SET THEORY. 194 pp. List $6.50 


College Mathematics 


J. Houston Banks, George Peabody College for Teachers, F. Lynwood Wren, San Fernando 
Valley State College 


ELEMENTS OF ALGEBRA. 514 pp. List $7.75 
Julian D. Mancill and Mario O. Gonzalez, both of the University of Alabama 
BASIC COLLEGE ALGEBRA. 458 pp. List $6.75 


Refresher Mathematics 
Donald S. Russell, Ventura College 


ELEMENTARY ALGEBRA, SECOND EDITION. 316 pp. List $5.95 
Edwin I. Stein 

ARITHMETIC FOR COLLEGE STUDENTS, REVISED. 530 pp. List $5.50 
Myron H. White 

ELEMENTARY ALGEBRA FOR COLLEGE STUDENTS, REVISED. 385 pp. List $4.75 
INTERMEDIATE ALGEBRA FOR COLLEGE STUDENTS, REVISED. 460 pp. List $4.95 


General Surveys 


J. Houston Banks, George Peabody College for Teachers 


ELEMENTS OF MATHEMATICS, SECOND EDITION. 465 pp. List $7.75 
Edgar D. Eaves, University of Tennessee, Robert L. Wilson, Ohio Wesleyan University 
INTRODUCTORY MATHEMATICAL ANALYSIS, SECOND EDITION. 496 pp. List $8.75 
Harold Feldman, John H. Hindle, both of Fairleigh Dickinson University 

MATHEMATICS OF BUSINESS AFFAIRS, SECOND EDITION. 293 pp. Paperbound List $4.95 
Robert H. Oehmke, Michigan State University 

FUNDAMENTALS OF COLLEGE MATHEMATICS. 397 pp. List $7.95 
William K. Smith, Bucknell University, Stanley F. Dice, Carleton College 

MODERN COLLEGE MATHEMATICS. 411 pp. List $7.95 


For examination copies, write to: ARTHUR B. CONANT, Dept. E. 
ALLYN AND BACON COLLEGE DIVISION 


150 Tremont Street, Boston, Massachusetts 02111 


METHODS OF REAL ANALYSIS 

by Richard R. Goldberg, Northwestern University 
Emphasis is placed on using examples, theorems, and tech- 
niques in analysis in order to prepare the student for courses 


in general topology, measure theory, and functional analysis. 
384 pages. $9.50. 


PARTIAL DIFFERENTIAL EQUATIONS 

by Gunter Hellwig, Technical University Berlin. Translated 
by E. Gerlach under the direction of R. Adams, both of the 
University of Kansas. 


This introduction to the wide field of partial differential 
equations traces the important development which the theory 
has undergone in the last decade. The book is mainly dedi- 
cated to the problem of the initial value of hyperbolic sys- 
tems and the problem of marginal value of elliptic differen- 
tial equations. 288 pages. $9.50. 


FUNCTIONAL ANALYSIS 
by Albert Wilansky, Lehigh University 


The two main features of this book are the use of nets in 
an introduction to topology, resulting in an economy of 
presentation, and the abundance of problems designed to 
test the student’s comprehension. 304 pages. $10.00. 


ELEMENTARY CONTEMPORARY 
MATHEMATICS 


by Merlin M. Ohmer, University of Southwestern Louisiana, 
Clayton V. Aucoin, Clemson College, and Marion J. Cortez, 
University of Southwestern Louisiana. 


Written for a course on the structure of the number system, 
the book includes the following topics: logic, sets, numera- 
tion systems, elementary number theory, and the rational 
numbers. 400 pages. $7.50. 


Blaisdell] publishing Company 
135 West 50th Street, 
New York, N. Y. 100 


A division of GINN & COMPANY SI 


PRINCIPLES OF MATHEMATICAL ANALYSIS 
Second Edition 


By WALTER RUDIN, University of Wisconsin. In- 
ternational Series in Pure and Applied Mathe- 


matics. 270 pages, $7.95. 


A thorough revision of an outstanding text for 
the advanced undergraduate or graduate course 
in mathematical analysis. The major change is a 
more extended treatment of functions of several 


variables. 


FOUNDATIONS OF GEOMETRY 


By CLARENCE R. WYLIE, University of Utah. 350 
pages, $8.50. 


Provides a sound elementary introduction fo the 
foundation of conventional Euclidean Geometry, 
the Euclidean Geometry of 4-dimensions, and 
Plane Hyperbolic Geometry. Extensive material 
is included on the axiomatic method, the char- 
acteristics of axiomatic systems, the relation of 
inductive and deductive reasoning, and the rela- 
tion of mathematics to the physical sciences. 


FOUNDATIONS OF MATHEMATICAL LOGIC 


By HASKELL CURRY, The Pennsylvania State Uni- 
versity. International Series in Pure and Applied 
Mathematics. 408 pages, $11.50. 


Describes the constructive theory of the first order 
predicate calculus. The point of view expounded 
is we may interpret our systems in the more cir- 
cumscribed set of statements we form in dealing 
with some other formal systems. 


DIFFERENTIAL GEOMETRY 


By HEINRICH GUGGENHEIMER, University of 
Minnesota. McGraw-Hill Series in Higher Mathe- 
matics. 378 pages, $12.50. 


Presents local differential geometry as an appli- 
cation of advanced calculus and linear algebra. 
Requiring a minimum of geometric background, 
the book offers a rigorous, modern development, 
successfully presenting classical problems with 
modern methods. 


Significant Mathematics Texts 


AN INTRODUCTION TO TOPOLOGY AND 
MODERN ANALYSIS 


By GEORGE F. SIMMONS, Colorado College. In- 
ternational Series in Pure and Applied Mathe- 
matics. 384 pages, $9.50. 


For senior and graduate courses. Part One pre- 
sents the hard core of fundamental topology in 
a form general enough to meet the needs of 
modern mathematics and is suitable for a one- 
semester course. Part Two—applications in mod- 
ern analysis—can be used second semester. 
Part Three is for individual study by readers 
with a reasonable knowledge of complex analy- 
sis. 


ALGEBRAIC NUMBER THEORY 


By EDWIN WEISS, Massachusetts Institute of 
Technology. International Series in Pure and Ap- 
plied Mathematics. 275 pages, $9.95. 


Presents basic classical results of Algebraic 
Number Theory. Modern techniques are empha- 
sized, but an attempt has been made not fo lose 
sight of the classical approach. Designed for 
those not acquainted with the subject, but reader 
should have the equivalent of a van der Vaerden 


course in algebra. 


FUNDAMENTAL STRUCTURES OF ALGEBRA 


By GEORGE D. MOSTOW,, Yale University; J. H. 
SAMPSON and JEAN-PIERRE MEYER, both of The 
Johns Hopkins University. 588 pages, $8.95. 


Presents in one volume all the modern algebra 
required for students entering undergraduate sci- 
ence and engineering studies. Basic concepts of 
alegbra are developed systematically through an 
axiomatic approach, but the authors avoid more 
abstraction than is necessary for comprehension. 


Examination Copies Available on Request 


McGraw-Hill Book Company 


330 West 42nd Street / New York, New York 10036 


Outstanding Mathematics Texts and References 
MEASURE AND INTEGRATION 


by Sterling K. Berberian, State University of Iowa 

Part I is designed for first-year graduate students with one term of previous training in set 
theory, while Part II requires an additional term of general topology. Discusses the basic 
theory of measure and integration over abstract measure spaces, as well as the theory of 
measure and integration over locally compact topological spaces. Also includes invariant 
integration and the theory of convolution over locally compact topolgical groups. Detailed 
Pree 8000 Allendoerfer Advanced Series. Ready January, 1965, approx. 320 pages, 
prob. $10.00 


APPLIED COMPLEX VARIABLES 
by John W. Dettman, Oakland University 
A modern, overall view of the subject of complex variables, this new book is heavily 
weighted with applications. The first half develops the necessary mathematics, and the sec- 
ond half concentrates on applications to specific engineering and scientific problems. The 
wide range of selections therein makes this volume highly flexible for the instructor. Fully 
illustrated. Allendoerfer Advanced Series. Ready May, 1965, approx. 400 pages, prob. $10.00 


REAL ANALYSIS 


by H. L. Royden, Stanford University 

This text is designed for the student with a general background in undergraduate mathemat- 
ics and a general acquaintance with the fundamental concepts of analysis. Covered are 
those parts of modern mathematics that have their roots in the classical theory of functions 
of a real variable. These include the classical theory of functions of a real variable itself, 
measure and integration, point-set topology, and the theory of normed linear spaces. The 
order of material enables the student to become familiar with many of the theorems in a 
concrete setting before he meets them in an abstract setting. 1963, 290 pages, $9.00 


DYNAMICS OF NONHOMOGENEOUS FLUIDS 

by Chia-Shun Yih, The University of Michigan 

Here is a professional level treatment of the flow of fluids of variable density or entropy in 
avitational fields. It incorporates very recent findings in the field, extensive line drawings, 
alf tones, and a comprehensive bibliography. The book is designed to stimulate the stu- 

dent’s interest in the many areas of fluid mechanics awaiting scientific exploration. Mac- 

millan Series in Advanced Mathematics and Theoretical Physics. Ready February, 1965, 

approx. 304 pages, prob. $12.00. Sent on 30-day approval* 


FIRST COURSE IN NUMERICAL METHODS 
by Walter Jennings, United States Naval Postgraduate School 


Constructed for a one-term course for advanced undergraduate students of science and en- 
gineering, this text provides an introduction to scientific computing and to the basic ideas 
of numerical mathematics The book is centered around the basic problems of approxima- 
tion of functions, numerical integration of ordinary differential equations, numerical solu- 
tion of polynomial equations, and systems of algebraic equations. 1964, 249 pages, $7.50 


REGULAR POLYTOPES, Second Edition 
by H. 8S. M. Coxeter, University of Toronto 


This is a new edition of a masterpiece in the field of geometry by one of the world’s major 
geometers. Self-contained, the book is designed for the student with a background in ele- 
mentary algebra, geometry, and trigonometry. Macmillan Mathematics Paperbacks. 1963, 
343 pages, $450. Sent on 30-day approval* 


THEORY AND SOLUTION OF ORDINARY 


DIFFERENTIAL EQUATIONS 


by Donald Greenspan, Purdue University 

A modern, one-semester text that presupposes considerable mathematical maturity. The 
book treats fully: linear differential equations and existence theory; topics important in the 
applied sciences; and related branches of mathematics such as topology and functional 
analysis, Allendoerfer Advanced Series. 1960, 148 pages, $550. Sent on 30-day approval* 
You'll want to evaluate these important titles. 

Write to Judith Wight for complimentary or approval copies. 


* Under Macmillan’s new “30-day approval plan,” a book is billed only if you decide 
not to adopt it, but wish to keep a personal copy. 


THE MACMILLAN COMPANY 60 Fifth Avenue, New York 10011 


GEORGE BANTA COMPANY, INC., MENASHA, WISCONSIN 
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INVARIANCE OF PROBABILITIES IN FINITE SAMPLE SPACES 
UNDER STOCHASTIC OPERATIONS 


C. E. LANGENHOP, Southern Illinois University, AND 
J. C. MATHEWS, Iowa State University 


The classical concept of probability depends strongly on the notion of 
“equally likely cases” and the valid application of a mathematical probability 
model of a combinatorial type of problem requires a clear recognition of the 
appropriateness of the identification of the mathematical “equally likely” with 
the physical “equally likely.” The analysis of several simple combinatorial prob- 
lems leads one to recognize a vague sort of equivalence between the assignment 
of probabilities to events based on the intuitively obvious equally likely out- 
comes and a type of invariance of the probability itself. 

For example, suppose an urn contains one white ball and two red balls and 
the balls are withdrawn “at random” without replacement; then the probability 
that the white ball is the zth (¢=1, 2, 3) one withdrawn is 4 regardless of the 
value of 7. To motivate the concepts introduced in this paper we might view this 
result in another way. Let individual A draw the first ball; the probability of his 
getting white is 3. On the other hand, if individual B draws the first ball and then 
individual A the second, the probability A gets white is again 3. (That is, the 
probability is 4 for A to get white if he draws first and, at the risk of confusing 
the issue with subjective probabilities, it is 3 for A to get white if he draws 
second, providing he is not informed of the actual outcome of B’s drawing.) Of 
course, this fact is dependent on B’s drawing being random as well as A’s for 
obviously if it is known that B’s hand has some peculiar affinity for white balls, 
then A may have little or no chance of getting the white ball if B draws first. 

The type of invariance of the value of a probability as exemplified here seems 
to be essentially a result of the correct assessment of the equally likely cases 
and assignment of equal probabilities thereto. Strictly speaking, of course, the 
events of A getting white on first draw or on second, although having the same 
probability, are in fact different events. They do have, however, a sort of same- 
ness in so far as the outcome to A is concerned. The results presented below 
represent some initial explorations into the relationship between this type of in- 
variance and the nature of the probability distribution on the elementary events 
in combinatorial situations. In particular one might consider the possibilities of 
using this as a defining criterion for the word “random” in such simple contexts 
as drawing balls from urns or selecting cards from a bridge deck, etc. It seems 
preferable, however, at this point to introduce other concepts not so commonly 
used as “random” and to give precise definitions in abstract terms. It may be of 
aid to the reader to recognize that the terms stochastic operation, stochastic tn- 
variance and uniform defined below are exemplified in the urn model described 
above by B’s drawing first, A’s probability of 4 for getting the white ball whether 
he draws first or second, and random in the context of selection from a finite set 
with each selection being “equally likely,” respectively. 
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1. Basic definitions. Throughout the sequel we consider a finite set 


S= 1 St, Sat, Sa} with 222. On S there will be assumed a probability meas- 
ure P and for convenience we let 
(1.1) p; = P(s,), 4=1,2,--+-,n. 
Of course we require 
(1.2) (a) p20, i=1,2,---,n, (b) D p= 1, 

i=1 


but in order that (S, P) exhibit a bone fide stochastic character we shall also 
assume that 


(1.3) bd; <1, 4=1,2,---,n. 
(Conditions (1.2) (b) and (1.3) imply that »22.) The set A= {i|p;>0} is, of 
course, not void but the set J,— A, where J, = 4, 2,¢°°¢, nk, may or may not 


be void. The number of elements in A will be denoted by a and clearly 2SaXn 
by virtue of (1.3). 


DEFINITION 1.1. A finite probability space (F, 7), where F= {fa fo, - +, fm} 
and 7 1s a probabiliy measure on F, together with a stochastic matrix B= (b;,;) 
(j=1,2,--++,m,t=1,2,---, x, 03,20, yo b;;=1) will be called a stochastic 
operation on (S, P) af the b;,’s are functions b;;(p) of the vector p= (pi, po, + + +, Pn). 


DEFINITION 1.2. If (F, 7, B) ts a stochastic operation on (S. P), then the set 
FX S witha probability measure P* will be called the product of (S, P) by (F, 7, B) 
af for all possible j and 1 


(1.4) P* (fj, 8s) = wybyi(p) where mm; = (fj), g=il,2,---,m. 


DEFINITION 1.3. The space (S, P) will be said to be stochastically invariant 
under (F, 7, B) af 


(1.5) > P*(fj, 5) = P(s,), 1=1, 2,°°°,%, 
j=l 

1.€. 

(1.6) Dd, Tibs(p) = Pi, i= 1,2,---,m. 
j=1 


The element f; of / may be interpreted as a specific operation on the space 
GS, P) which is performed with probability 7; and, in view of the joint proba- 
bilities P*(f;, s;) assigned in (1.4), 0;,(p) may be interpreted as the conditional 
probability of the event s; given that f; acts on (S, P). The collection F with 
measure 7 and matrix B is called a stochastic operation since each specific f;E F 
acts on (8S, P) only with probability 7; The sum 5)”, 7,b;:(p) is, of course, a 
probability measure on S and may be interpreted as the measure which results 
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after (F, 7, B) acts. Thus stochastic invariance of (S, P) means that this result- 
ing measure is the same as the original measure P. 

It is evident that any finite probability space (/, 7) together with any fixed 
stochastic matrix B of the proper number of rows and columns is a stochastic 
operation on (.S, P) according to our Definition 1.1. A finite Markov chain pro- 
vides a well-known interpretation of this situation. Indeed, if S is the set of 
states of the chain and B the matrix of transition probabilities then (S, P) is 
stochastically invariant under (GS, P, B) if the measure P is given by a station- 
ary probability distribution on the states of the chain. (See for example Chapter 
XV of the reference. ) 

In the two cases considered below the matrix B is a nontrivial function of 
the probability vector ». The functional form of the 0;,;()) is suggested by a 
type of physical operation on the elements of the set S. The intuitive basis for 
the particular functions used is discussed in each case and it should then be clear 
why the terms stochastic removal and stochastic permutation are applied in 
these situations. 

In the statement of the results in the cases considered below we find it con- 
venient to use the following: 


DEFINITION 1.4. If (O, W) ts a finite probability space then W will be said to be 
uniform on YCO tu 


(1.7) Wy) = ¢ = W(Y)/(number of elements in VY) 
forall yEY. If W ts untform on QO tt will be satd to be untform. 
2. Stochastic removal of one element from S. 


DEFINITION 2.1. (F, 7, B) will be called a stochastic removal of one element 
from S if F={fu, fo, +++, fn} and the matrix B is defined by 


(2.1) b= pl — pi), tJ (2.2) bj; = 0. 


In this case the element f; of the set / may be interpreted as the removal of 
s; from S and the probabilities 0;; for 17 are taken proportional to the p; with 
b;;=0. This preserves the odds among the remaining elementary events of S 
after s; is removed and, of course, if s; is removed from S this becomes an im- 
possible event. 


THEOREM 2.1. Let (F, 7, B) be a stochastic removal of one element from S. Then 
(S, P) ts stochastically invariant under (F, 7, B) tf and only tf for all tC A 
= {i|p:>0} 


(2.3) n= (1 —p)(1- Xn) /e- t), 


where ats the number of elements in A. 
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Proof. By (1.6), (2.1) and (2.2) GS, P) is stochastically invariant under 


(F, w, B) if and only if for alli=1,2,---,n 
(2.4) bi = Dy mipi(l — pi. 
jHt 


Since p;=0 for i¢£A equations (2.4) hold in any case for such z so (S, P) is 
stochastically invariant under (F, 7, B) if and only if for all t€GA 
(2.5) 1 = Do aj(1 — pi)7 

j#t 


or, equivalently, 


(2.6) 1+ (1 — 9) = Do aj(1 — ps). 

j=l 
Thus (GS, P) is stochastically invariant under (F, 7, B) if and only if for all 
i€CA 7,(1—p)-1=C or 


(2.7) r, = C(1 — p,) 
for some number C. The particular value of C is determined by the fact that 
wis a probability measure. Thus 


1= Vat Dm =CDA-p) t+ Day; 


tc A JEA tEA JEA 


and since 


n 


Di-p)=D1-Dp=aa-Dip=a-l 


1EA tEA tEA t=1 
we find C=(1— >) ;¢4 ,)(a—1)~! which in (2.7) gives (2.3). 


CoROLLARY 2.1. Under the hypothesis of Theorem 2.1 let (S, P) be stochastically 
invariant under (F, 7, B). If P 1s uniform on Ag= {s;ES| 1CA \ then w 1s unt- 
form on Ap= { fiCr | 1ECA } ; further, 1f r 1s uniform and nonzero on A p, then P ts 
uniform on Ag. 


Proof. By Theorem 2.1 equations (2.3) or (2.7) hold for all 14 A. From these 
equations we see that if p; is the same for all © A, then 7; is the same for all 
iG A (although 7m; will be zero in case >)j;¢4 7;=1) and conversely providing 
w;is not zero for 1CA. 


COROLLARY 2.2. Under the hypothesis of Theorem 2.1 let US, P) be stochastt- 
cally invariant under (F, 7, B) and let A=In. Then r 1s untform if and only tf P 
1s uniform. 


Proof. In this case I, -A=@ so )\j¢4 7;=0 and 7; must be positive on A. 
Thus p; is independent of z for all s;€.S (hence P is uniform) if and only if 7; 
is independent of 7 for all f;€ F (a is uniform). 
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3. Stochastic permutations. In this section g, will denote a permutation on 
the integers 1, 2, -- +, which will be considered as a mapping, i.e. if j= g;(t) 
the permutation takes 7 into 7. 


DEFINITION 3.1. Let g,, R=1, 2,---+-,N, N=n!, denote the distinct permuta- 
tions of the integers 1 through n. (F, 7, B) will be called a stochastic permutation 
of the elements of Sif F= i fay fo, * 0° fw} and the matrix B 1s defined by 
(3.1) Oni = Poxti)s k=1,2,---,N; a= 1,2,---,n. 


The element of f;, of F may be interpreted as the permutation on the elements 
of S which corresponds to g, acting on the integers 1 through n. To gain an 
intuitive view of the situation in this case we might consider the following model. 
Suppose that we have m urns U;, U2, - +--+, Un, and in U; there is a ball B;. Let 
an urn be chosen so that ; is the probability that urn U; is selected. Then ); 
is also the probability that ball B; is selected. Suppose, however, that before 
an urn is chosen the balls are interchanged among the urns so that B; which was 
in U; is placed in U;, where j=g;(1). Now to get ball B;, it is necessary that U; 
be selected so the probability of getting ball B,; after the balls are switched ac- 
cording to gz is pj=Pg). That is, we may interpret b,; as defined in (3.1) as 
the conditional probability of getting ball B,; given that the permutation gz 
acted on the balls assuming that in any case urn U; is chosen with probability 
bj, j7=1, 2,--+,n. Thus the probability that the balls are permuted among 
the urns according to the permutation g;, and following that, ball 2 is obtained 
when an urn is chosen, is as given in (1.4), i.e. 


(3.2) P*¥ (fis Si) = WeDo, Cs) 


Now let (F, 7, B) be a stochastic permutation of the elements of S. Then by 
(3.1) and (1.6) GS, P) is stochastically invariant under (F, 7, B) if and only if 
for allz=1,2,---, x! 


nt} 
(3.3) bi = Di tebe, Where m = (fi). 
k=1 


THEOREM 3.1. Let (F, 7, B) be a stochastic permutation of the elements of S. If 
P 1s untform on S, then (S, P) ts stochastically invariant under (F, 7, B). 

Proof. Equations (3.3) hold if p;=1/n for 7=1, 2, +--+, inasmuch as 7 is 
a probability measure and ar w,e=1. 

This result is hardly surprising. Theorem 3.2 and Corollary 3.1 below are 
partial converses of Theorem 3.1 and are perhaps less intuitively obvious. It is 
helpful with 5 meaning “such that’’, to introduce 


DEFINITION 3.2. The matrix V=(v;,) where 


(3.4) v5 = » Tie 


k3gn()=J7 


will be called the matrix of the stochastic permutation (F, 7, B). 
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In some of the following proofs we rely strongly on certain results in the 
theory of Markov chains. These may be found in Chapter XV of the reference. 


LEMMA 3.1. The matrix V of the stochastic permutation (F, 7, B) is doubly 
stochasttec. 


Proof. We have for each 1€ J, 


(3.5) Dy = > ( > n). 
j=l j=l \ kD 9K) =i 
In the double sum on the right of (3.5) each R=1, 2,---, n!is represented at 
least once since g, maps J, onto J, so g,(1)=j for some jE J,. But each k can 
appear no more than once since for fixed 7 g;(z) is unique since g; is a function. 
Thus the sum on the right of (3.5) is the same as >(71, m,=1; the latter sum is 
equal to 1 since 7m is a probability measure. 
Similarly for each jE I, 


(3.6) D0 = > ( > mn). 
t=1 t=1 Nk3Dg,(t)=J 


Again each k is represented on the right at least once since the g, are mappings 
onto I, so g.(t)=7 for some 1=1, 2,---, m. But again each k can appear no 
more than once since each g; has an inverse so that gz(2) ¥g,(2’) if 172’. Thus 
the sum on the right of (3.6) is also 1 so V is doubly stochastic. 


LemMA 3.2. Let p denote the column vector whose 1-th component 1s p;. Then 
equations (3.3) are equivalent to 


(3.7) p= Vb. 
Proof. Equation (3.7) is equivalent to the system 


(3. 8) bi = Do vii, t= 1,2,---,m. 
j=l 
For fixed 2 and any k, g;(t) =j for some j=1, 2, -- - , n,soif on the right in 


(3.3) we collect all terms for each j such that g,(z) =j7 then (3.3) may be written 
pi = > ( > nba) = > ( 2 ns) Dis 
j=l \ kD 94 (1) =i j=1 \ bP 9K (4) =i 
which by virtue of (3.4) is the same as (3.8). 


LemMA 3.3. The Markov chain with matrix V 1s composed of o Sn irreducible 
subchains and there are no transient states. 


Proof. We shall consider the set J, as the set of states of the Markov chain 
with matrix V. Suppose the set X of transient states is not void and let &>0 
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be the number of states in X. Then for at least one 1.€X and one 7»>ClI,—X 
we have v,,;,>0 but for alltGl,—X and jE X we have v;,=0. Since V is doubly 
stochastic, for all 7EX 


Dewy =1- DY ow = 1, 


ieX t€In—X 
so that 


Dy de 5 = &. 


jEX ieX 
But for all ze X — {io} 
» Ua <1 while » Vigj <1- Vioig 1, 


jex jeX 
so that )Jjex jex 01; <£, which is a contradiction. Hence the set of transient 
states is void. The structure of the chain then is such that it decomposes into 
on irreducible subchains some of which may be periodic, of course. 


DEFINITION 3.3. Let G denote the group of permutations generated by { ge | Tr >O } , 
A nonvoid set ICI, such that g(I) =I for all gEG and having no proper (nonvoid) 
subset with this property will be called a minimal invariant set under G. 


LemMA 3.4. The minimal tnvariant sets under G are the sets of states of the tr- 
reducible subchains of the Markov chain defined by V. 


Proof. By (3.4) if j7=g,(t) for k such that 7,>0 then v;,>0 so 7 can be 
reached from i in the Markov process. Thus with K = {k|a,>0} we see that if 
ky, Ro, + + +, kp»>CK then the integer 


Bex(Bia( «+ + (ger(i)) «+ + )) 
can be reached from 7 in the Markov process. Thus for any 7 and any g€G, 
g(t) can be reached from i. Now let i be fixed and consider I(i) = { g(i)|gEG}. 
Every such set is invariant under G. For if jE J(2), then 7=g’(z) for some g’ EG. 
Thus for any g€G we have g(j) =g(g’(1)) =(go 2’) (4) EI) so g(l(t)) CI). 
Moreover, since (g~!o g’)(4)€ I(t) we have j=g(g7'(g’(2)))Eg((2)). Thus 
g(I(t)) =I (2) and this for every g€@G. Suppose now that J is a minimal invariant 
set under G. Then if 7, 7]EJ we have j=g(t) for some g€@G. Otherwise [(z) CI 
is a proper invariant subset, contradicting the minimality of J. Thus every 
element in a minimal invariant set under G is reachable from every other in 


that set so such a set is a set of states of an irreducible subchain of the Markov 
chain defined by V. 


LEMMA 3.5. Let p be a probability vector satisfying (3.7) and let I, [@, +--+, 
I‘) denote the irreducible subchain sets defined by V (1.e. the minimal invariant 
sets under G). Then for all 1€I®, pr=dc. 
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Proof. As usual, the possible existence of periodic subchains confounds the 
issue. If [© has period r, under V let J®, J@,---, Je denote the decom- 
position of J) into disjoint sets such that the states JS go into states in J, 
for g=1, 2, --+-,7:, where 

12a= 7° 
Then with V* as stochastic matrix each J is an irreducible subchain which is 
ergodic. If I is ergodic let 7,-=1 and J’ =I). Now let r denote the least com- 
mon multiple of 71, 72,--:+, T- and consider the stochastic matrix V’. The 
irreducible subchains are all J, c=1, 2,--+,0,=1,2,-+-+,7,and they are 
all ergodic. Hence with w taking on positive integral values only, V* = limy..( V7)” 
exists and if V*=(v;) then 


« (ng >0 for ijeuse 
(3.9) vy = ‘ (ce), (er), 
0 for 1€J, ,7EC Jn if c¥ec, or z# 2’. 


But from (3.7), i.e. p= Vp, it follows that p= V*p for any positive integer x so 
p=(V*)"p =limy.0 (V")"p= V*p. Hence from (3.9) we have for all 1€ J? 


La (c) 
(3.10) bi = Lordi) = LL, neidi = be 
j=1 jess 


Now by the definition of the J sets it follows that 


(3.11) of =0 for i€sS, jEIS if c¥e or & Xe 4+1, 


where again JO = © Returning to p= Vp we have for ic J® 


= (c) (c) 
(3.12) bi = Dy 5b; = a VigPi = iS ( » ni = b241 


¢ 
j=l jeden jeder 


by (3.10) (3.11) and the fact that V is stochastic. Now (3.12) and (3.10) to- 
gether imply 69, =o for all c and z. Thus 0 is independent of z, and if we 
define b, =’? we have p;=b, for all iG J for all z, so p;=b, for all iE, 


THEOREM 3.2. Let (F, 7, B) be a stochastic permutation of the elements of S, 
let (S, P) be stochastically invariant under (F, 7, B) and let G be the group of 
permutations generated by { ge | (fr) >0O Then P 1s untform over each minimal in- 
variant set under G. 


Proof. This is the essence of the results given as Lemmas 3.1 through 3.5. 


COROLLARY 3.1. Under the hypotheses of Theorem 3.2 if G ts such that In, is 
the only invariant set under G, then P 1s uniform. In particular tf G is the full group 
of permutations of n things or tf n>2 and G 1s the alternating group of permutations 
of n things, then P 1s untform. 
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Proof. The first statement is an immediate consequence of Theorem 3.2 and 
Definition 1.4. Certainly if G is the full group, a minimal invariant set must 
be all of J, since for any 7 and j, j=g(z) for some gEG. If n=3 we may take g 
such that g(1) =2, ¢(2) =3, g(3) =1 which is an even permutation and the group 
generated by g has J; as the only invariant set and this group 1s the alternating 
group on three elements. If 724 let 2 and 7 be distinct elements of J,. Then there 
are distinct elements 2’, 7’€J,— {7,3} and g defined by g(t) =7, g(j) =1, g(t’) =’, 
2(7’) =7 with g(a”) =2” for 77 EI, — 4, j,v,j § isan even permutation for which 
j=g(z). Thus in this case also J, is the only invariant set under the group gener- 
ated by all permutations of the type described and this is a subgroup of the 
alternating group on mv elements. Thus J, is the only invariant set under the 
groups in the second statement so this statement is proved since it 1s a special 
case of the first statement. 


4, Concluding remarks. It is clear that other “stochastic operations” can be 
defined and given suitable interpretations and analogous theorems developed. The 
authors plan to explore other cases in a later paper. The results for the cases 
considered here are perhaps not too surprising since they pretty well confirm 
one’s intuition regarding the situations described. 

We should like finally to give another interpretation of the concepts intro- 
duced here which bears directly on some of the philosophical considerations 
concerning the meaning of “equally likely.” The space (S, P) may be thought 
of as characterizing each of a sequence of independent experiments from the out- 
comes of which the measure P might be estimated. The space (FX S, P*) simi- 
larly characterizes each of a sequence of independent two stage experiments, 
the first stage being (F, 7) and the second the “image” of (S, P) under (fF, 7, B). 
Again from the outcomes of the second stages of such a sequence the marginal 
measure P’ defined by P’(s;)= >."., P*(fj, s;) might be estimated. Now if an 
estimate of P’ can be made on the basis of these outcomes, then it would be 
impossible to detect the fact that the stochastic operation was active if (S, P) 
is stochastically invariant under (fF, 7, B) and conversely, at least in principle. 
In the second case (stochastic permutations) this impossibility of detecting the 
operation implies that the outcomes in (S, P) must in fact be equally likely (P is 
uniform) providing, of course, sufficiently many elements of the operation are 
possible (Corollary 3.1). In this case also if the outcomes in (S, P) are equally 
likely then the operation can’t be detected (Theorem 3.1). In the first case (re- 
moval of an element from S), if all elements are equally likely to be removed, 
then the action of the operation can be detected unless they were all equally 
likely to be selected anyway (Corollary 2.2). Or conversely, if all elements are 
equally likely to be selected, then the operation can be detected unless all ele- 
ments are equally likely to be removed. 
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THE OPERATOR (a7A)” AND STIRLING NUMBERS 
OF THE FIRST KIND 


H. W. GOULD, West Virginia University 


1. Introduction. In this paper we develop two novel expansions for the 
operator (a7A)"f(x«) = (a7A)(a7A) - - - (a*A)f(«), both expansions involving the 
g-binomial coefficients. In the limiting case g—>1 we deduce as a novel result the 
Stirling numbers of the first kind. Other new results follow. 

We shall need some well-known results concerning the difference operator 


f(a + h) — f(x) 
(1.1) Af(«%) = A f(x) = ——-_—_——- 
zh h 
It is easily shown by induction that 
1 2 [n 
(1.2) arf) = (-9-i(" ) see + 5h 
zh h” 520 J 
Inversely, one may prove that 


(1.3) fle + jh) = ps @L a f(). 


Indeed (1.3) depends upon nothing more difficult than the orthogonality 
relation 


(1.4) Zev (T)G)= 1 Lo 


as may be seen by substitution of (1.3) into (1.2) and making an interchange of 
order of summation. 

When there is possibility of confusion we shall always adjoin the subscripts 
x, hin order to be explicit. This will also be important because we later encounter 
another difference operator which is easily confused with (1.1). 


2. The q-binomial coefficients. We shall need some elementary facts about 
g-binomial coefficients [1], [2], [6], [7], [11]. By a g-number [x] we mean 


qg—1 


(2.1) (| = 


so that [x]—x as g—1. By a g-binomial coefficient we mean 
x x kh ge itl — 1 

2 py yp at 
k [A]! jar gi? -1 


where the g-factorials are defined by [x],=[x][«—1]--- [«—R+1] and [R]! 
=[k],, [(O]!=1. 


850 
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In case x= is a nonnegative integer we may also express (2.2) as 


(2.3) cern 


and we note that 
x x 
( ) = lim | | 
k q—l1 k 


Properly speaking we should adjoin a subscript q to the symbol for the 
g-binomial coefficients and write [{], so as to indicate the g-base meant. Indeed 
we may change the g-base and have the useful transformation, for example, 


2 ice 


The q-binomial coefficients satisfy relations somewhat similar to the rela- 
tions satisfied by ordinary binomial coefficients. It is felt to be important to list 
a few of these, especially those which are used in some way later in this paper: 


(2.5) let de for k <0 or k> 7; Se l-aliail 
0) TN -GbI 


—x x+k-—1 
(2.7) | , | _— (= phe] , |rvmnn, 


and the very important recurrence relation 


ay [tt ]eeft]-0[,2 +f 7] 


There are many q-analogues of the binomial theorem, and we mention here 
only 


(2.9) i (12) = —oe[ "| ponret 


3. The first expansion of (aA). We are led to formulate the theorem 


qr n 


os (- ym id giDPf(x + jh), 
j 


hn j=0 


(3.1) (a? A )f(e) = 


where g=a*. This generalizes relation (1.2) which occurs for a=1, q=1. 
This is readily proved by induction, using the second form of (2.8). Indeed 
we have 


852 THE OPERATOR (a*A)” AND STIRLING NUMBERS OF FIRST KIND [October 


(a7A)"* f(x) = en) (a*A)*f “ 


nN 
7 : vfs own + i‘ 
g (ntl)z n+l 
= fe Spee] [geen + itp 


+E Cor] "eevee +i} 


j=0 


Therefore the induction goes through because we only need to show that 


n+ 1 n ayes ny) _. 
giF DIP —_ q” P Janeen + | | gis D!2 
j j-1 j 


Since (j—1)(j—2)/2 =j(j —1)/2 —(j—-1) we must show that 


Pp dee Gh 


but this is the second form of (2.8), and the proof i is complete. 
Now let h=1 in (3.1) and we have 


(3.2) A )¥e) =a Dy] | geonye +9, 
This should be carefully distinguished from the expansion 
3.3) are = Dd (-o|" lone tna, 
q 
given by Carlitz [1] who defines q-differences by 
A f(x) = fle + 1) — f(x), 
(3.4) 
Ant f(z) = An f(w + 1) — gq An f(a) 


Now of course the expansions (3.2) and (3.3) are related in that we may ex- 
press one in terms of the other. For example we find 


(3.5) gr Rg (ge A f(x) = An (go-D f(x). 


We are mainly interested here, however, in our general expansion (3.1) since 
we may find later some interesting results by letting h-0. 


4, Second expansion and the Stirling numbers. We find a second expansion 
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by substitution of (1.3) into (3.1) and making an interchange of the order of 
summation. This gives 


(4.1) (a? A )*f(x) = <. > hk A* f(x) > (—1)"-4 " (’) giG-4I2 


where g=a"*. 
Since h = (log q)/(log a), we have h*-* = (log a)"~*(log g)*-" so that (4.1) may 
be written in the form 
(4.2) , , ; 
(a A yee) = a YO (log a)™* at f(a)(log go (ayy ["] (7) gone 
zh zh j=k J 


k=0 


Now, in the limiting case that h-20 we should have a formula for (a*D)"f(x«). 
Considering the first few values of 2 we find 


(a*D) f(x) = a*Df(x), 
(a*D)?f(x) = a%{ (log a) Df(x) + D°f(x)}, 
(a*D)*f(x) = a**{ 2(log a)? Df(x) + 3(log a) D°f(x) + D%f(x)}, 


and we are led to formulate the theorem 
(4.3) (a Dz)'f(x) = a” dy (—1)” “s(n, k) (log a)” Df (x), 
&=0 


where the coefficients s(m, k) are the Stirling numbers of the first kind in the 
notation of Riordan ({9] p. 33) and which satisfy the recurrence relation 


(4.4) s(n + 1, k) = s(n, k — 1) — n-s(n, R). 

We should remark that the Stirling numbers of the first kind are defined by 
Xx n 

(4.5) ( x = >° s(n, k)x*. 
n k=0 


Now the inductive proof of (4.3) uses nothing more difficult than (4.4): 
(a7D)"**f(a%) = (a*D)(a7D)"f(x) 


=@ jo» 35 (—1)#s(n, b) (log @)*-!D*Y(x) 


k=0 


+ at*n(log a) 33 (—1)*-#s(m, B) (log aD) 


= atv) 3 (-1)H4s(n, & = 1) (log a) *H4DY(x) 


k=1 


— Jy > (— 1)"-*tI5(n, k) (log apy) 


k=0 
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which reduces to a@t)2 )"tl (—1)#t1-ks(y+-1, k) (log a)"+!-*D*f(x) in virtue of 
(4.4) and the fact that s(n, k) =0 for R<O or k>n. 

Now since (4.2) must agree with (4.3) in the limiting case h--0, and since 
g=a" implies that g—1 as 4-0, we are led to the conclusion that 


(4.6) (— T)'s(n, &) = lim (log g)*™ > (—1)"4 "| @ gar, 


j=k 


In terms of the q-differences (3.3) we may write this as 


(4.7) (—1)*s(n, k) = lim (log g)*-™ A” (,’) 


c=—n 


Using the 1/q transformation (2.4) we may write (4.6) as follows: 


1 k-n on Tn q 7 
s(n, k) = lim (10g —) » (| | ( ) nn 
a1 qg jak JAq\k 


n n , 
= lim (log g)*-" >) (— yes] | @ g-iG-D PR 
g—1 j=k 1/q k 


J 
. = FO) (I\ seeeny se 
= lim (log q)*-" > (yf | ( ) giomqric-nn 
ql j=k jiq\k 
so that 
, ~ La1(I\ 
(4.8) s(n, k) = lim (log g)* Dy (—1)"-9 | ) giverigem, 
q—1 j=k Jj k 


These limiting forms for the Stirling numbers should be compared with the 
limiting cases which would follow from some other relations given by the author 
[6] which, however, do not involve the appearance of log g. We shall return to 
this in a later section of this paper. 

Of course the limit formula is hardly an effective method for computing 
the well-tabulated Stirling numbers, but the formula is of theoretical interest. 

Now in contrast to expansion (4.3) we should like to point out an alternative 
relation. Let z=a?. Then D,z=a*(log a), so that 


(a*Dz)f(%) = (log a)(2’D.)f(«), 
and inductively 
(4.9) (a*Dz)"f(%) = (log a)"(2?Dz)"f(x). 
But it is readily shown by induction that 


(e°D.)"e(2) = > <("\= 2" D.g(2), 
n \kR ! 


k=0 
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whence we have 


(a*Dz)"f(x) = (log a)"(z?Dz)"f(x) 
a0 xen BAC) Maton, 


where z=a’. 


5. A formula of Carlitz. Expansion (4.3) allows us to derive as a byproduct 
an expansion recently posed by Carlitz [10]. Indeed setting again z=a* we have 
(log a)(2D.) f(z) =Dzf(«), and inductively 


(5.1) D:f(x) = (log a) (2D.) f(x). 
With this we have from (4.3) 


n 


(a*Dz)"f(x) = z”(log a)" D) (—1)"-*s(n, k)(zD.)*f (x). 


k=0 


Then, noting (4.9), we have (also replacing f(x) by g(z)) 


n 


(5.2) (2?Dz)"g(z) = 2" D) (—1)"-*s(n, k) (zDz)*g(z) 


which is the desired formula. 


6. The qg-Stirling numbers of the first kind. In a previous paper [6] the 
author introduced the following notation for a type of Stirling number of the 
first kind in the q-setting: 


(6.1) grr *) [n]! = i fx] — [#]) = 3 (—1)*54(n — 1,0 — b, 9) [a]. 


In analogy with (4.5) we may now extend the meaning of Riordan’s s(n, R) 
and define 


(6.2) goon] *) alt = s(,# OLaP 
n k=0 

so that 

(6.3) s(n, k, q) = (—1)"*Si(n ~~ 1, i k, q). 


It was shown by the author [6, (3.19) ] that we may take 


(6.4) Sil, by) = (= 1) D (1) "| (" {got 


j=0 ~J 
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and consequently one possible extension of s(n, R) is 
nok n-1]/n-—-1-j 

(6.5) s(n, k, q) = (¢— 1)" DO (- 3] | ( ’) gi Ft) 12, 
j=0 j k— 1 


7. Inversion of expansion (3.1). We wish next to invert (3.1) in the same 
way that (1.3) inverts (1.2). To do this we shall need some further results about 
the g-binomial coefficients. 

From the q-binomial theorem (2.9) we have with x=1 the orthogonality 
relation 


(7.1) x (- 1) |" -_ ' in \" i” " 


1, gun 


which we may use to invert a q-series. An alternative proof of (7.1) can be made 
to rest on the following g-theorem (cf. Carlitz [1]): If f(w) = Duj-o Ajq’* is a 
polynomial in g* of degree Sz, then its finite (q-Taylor) series is 


n Tx 
(7.2) fle +») = Z| 7] a8s00, 
z=0LkI 2 
with the q-differences defined as in (3.4). Moreover, if m>n, then 
Am f(#) = 0. 


In view of (2.6) it is evident that (7.1) is equivalent to an analogue of (1.4): 


: 0, kn, 
1)"-3 (n—j) (n—-J-1)/2 — 
2a (—1) " | HE tL k= n. 


We have the pair of inverse relations 
(7.3) Poa) =D (—1)4|"] gener ronyey 
a 
if and only if 
(7.4 fo) =D (-9'| "|r. 


To illustrate the proof we show that (7.4) does yield f(z): 


x (- pe] ”|F@ = p> -” [zc 1) F _ [goer 
=X (-1) |" "1M E- yess] 1 fate = sem, 


j=0 k=0 


in virtue of (7.1). Since (n—j)(n—j—1)/2 =n(n—1)/2—j(j—-1)/2+j7(4—n), we 
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may restate these in the form 

7.5) (a) =D (—1y4| "| giemrservycy 
2 

if and only if 

(7.6) fn) = >|" gD AF(j). 


Perhaps we should remark that by means of the 1/q transformation (2.4) it 
is evident that (7.5) may be stated more simply, and we thus have the quite 
elegant pair of inverse relations: 


(7.7) P(n) = >|") p10 14(4) 


if and only if 
a . nN ese 
(7.8) fon) =H (-1|"] gover, 
j=0 Jad 
provided that the bases p, q satisfy pg=1. When p=q=1 this pair reduces to the 


familiar case for binomial coefficients. 
It is evident then from (7.3) and (7.4) that (3.1) inverts to yield 


n tn 
79) flat my = So)" | gi mqrvernrnierm(ar a 9G) 
j=0 z,h 
where, of course, g=a". Or we may say that 
n —n 
(7.10) fe + mk) = "| prnrrnia-m(ar a )fC) 
j=0L J p ah 


with pg=1 and g=a". Since it is easily proved that 


an Sf" e=["t'] 


a) jrl 


we have from (7.10) the interesting summation formula 


12) Spl aw) = |" | prerortniere (ar a 9), 
k=0 j=0 LJ + 1 p zh 
which reduces to a well-known result when a= p=q=1. 
As a final result we observe that a relation inverse to (4.1) is readily found. 
Indeed, substitution of (7.10) into (1.2) and an interchange of order of summa- 
tion give 
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(713) anya) = enpre-orere(ar ayia) Dye (“) ET 
zh k=0 z,h j=k j/ LEI p 

where pg=1, g=a*. Thus we may, by use of qg-binomial coefficients, express 

ordinary differences in terms of (a7A)"f(x) and conversely. 

The inner summations in (4.1) and (7.13) may be viewed as generalizations 
of the orthogonality relation (1.4) noted at the outset. On the other hand we 
have also seen that a limiting case (4.6) led to the Stirling numbers of the first 
kind. 

There is an extensive literature relating to g-numbers. In addition to the 
list of references at the end of this paper the reader may consult the many papers 
of F. H. Jackson in the Messenger of Mathematics, Quarterly Journal of Mathe- 
matics, and other British journals. We should also mention the extensive papers 
of R. Tambs Lyche, e.g. [11]. But perhaps the most interesting application of 
g-number relations is in the study of Gaussian sums. Instead of taking q=1, let 
gq be some primitive root of unity. From a suitable q-identity Gauss was able to 
determine the (closed) numerical value of a sum such as 

nat 2amki 


exp 
k=0 


it is said, however, that the correct determination of the algebraic sign required 
him some four years. Since the time of Gauss many shorter derivations have 
been given. All of this leads one to look for other applications of g-identities be- 
yond the case g= 1. The reader is also referred to a paper of Carlitz [12]. 
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EXISTENCE AND UNIQUENESS THEOREMS FOR 
SOLUTIONS OF DIFFERENCE EQUATIONS 


SELMO TAUBER, Portland State College 


1. Introduction. Existence and uniqueness theorems for difference equations 
are known and can be found in [1] for linear equations, in [2], and in [3] for 
the general equation of order n. On the other hand the same theorems have been 
proved for differential equations in a unified form by the use of vector spaces in 
[4], [5], and [6]. The unified proofs include the equation of order and the 
general system of simultaneous equations of order 1, provided it can be put into 
“normal form,” i.e. can be solved with respect to the highest order derivative for 
every unknown function. 

It is the aim of this paper to give the same unified proofs for difference equa- 
tions and systems of simultaneous difference equations in normal form. 

It is known (see [3]) that equations involving the operators A, M, E, can 
be reduced to equations containing only the E-operator. As is usually done, we 
limit ourselves to the case where h=At=1, so that Ef(t)=f(¢-+1). 


2. Reduction to a first order vector difference equation. Let «x,(d), 


j=l, 2,---+,%, be m functions and let us consider a system of ” simultaneous 
difference equations 

(1) Exim = fmt, V1, %2,° °°, Xn)» m= 1, 2, ct yh. 
A solution of (1) isa set of functions x4, %2, - - - , X,, that satisfies (1) for 4p StSh. 
We consider the n functions %1, Xo, --+, Xn, as Components of the vector 
X = [x1, «2, - + +, X,]. By definition of the operation E on the vector X we have 
(2) EX = [Ex, Ex, +--+, Exp]. 


It follows that the system (1) can be written as a unique vector difference equa- 
tion 
(3) EX = F(X, 2), 
where F is a vector such that F= [f,, fo, -- >, fr. 
Let us now consider a difference equation of order nv of the function x(é), i.e. 


o(t, x, Ex, H*x, ---, Ex) =0. We assume that it can be solved with respect to 
E”; thus we can write 


(4) Ens = f(t, +, Ex, E’x,---, E"1y), 
which is called the normal form of the equation. Let then x=%,, Ex=x., Ex 
=%3,°: °°, E™1x=x,. It follows that 
| Ex, = Xs 
Ex, = X3 
(5) 
ExXn—1 = Xn, 
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so that letting X = [x, x2, -- +, %nj, and, F=[%o, x3, -- +, Xa, f], we can write 
again 


(3) EX = F(X, 2). 
Finally we consider an arbitrary system of simultaneous difference equations 
(6) O;(t, 1, Hay, E201, - + + , EM141, Xo, Eve, E22, - + - , EH ixe, 3, Hx3,-- - , 
© + Xn, Extn, Btn, +--+, E™ix,) = 0, j=1,2,---,42, 


and where the numbers az,; are clearly positive integers. Let max(dz,1, dz, ° °°; 
Qtn) =b,. We assume that it is possible to solve (6) with respect to H%x,, and 
to obtain the normal form 


(7) By = fill, 1, Her, +++, e+ +, Mtn, +, Foret 44, "tty Xn, 
Etn, E?4n,° +> , B-lx,), k=1,2,---,n. 
Taking 
“1 = Vi, Ex, = Ya, °°", Heil yy = Voy, %2 = Yoy4+1) Ex. = Voit+2, ° °°» 

EP lx9 = Voitbe, * °° » | ia a a Voy+bet + + -+bn—1 

Ln = Vorpbet est bgatly 20 On = Voppbet s+ bday 
we obtain 

Fy; = yo, Eys = ys, ++ +, Eyey-1 = ¥,, Eon, = fry 


Ey o41 = Vbit+2, °° * 3 EY 5469-1 = Ybit+be) Ey +05 = fa, 


Eye +bo+« ot bp—ptl = Voytbet s+ ++bn-it2) °° * > Eye. -++b, tiny 
where the functions f,, R=1, 2, ---,m, are defined in (7). 
Taking X= [y1, yo. + +) Yoi4bq¢-- +4, ], We have 
(3) EX = F(X, 2), 


with F= [y., V3, ° * ° y Voay Si VYbi+2) Vby+8) ° ° ° y Vbyt+Bes fey rs tn |: We can 
state the following theorem to summarize the preceding results: 


THEOREM I. A difference equation of order n or a system of simultaneous dtffer- 
ence equations that can be written in normal form are equivalent to the vector differ- 
ence equation (3). 


3. Existence theorem for EX = F(X, t). We assume that the function F is 
defined for all ¢ and X, and we look for a solution X such that for f=t), X =Xo 
= [x1(to), X2(to), - - - » Xn(to) |. Since EXo= F(X, #), and F is determined for all 
X and ¢, we have 


EX) = EG + 1), xo(t + 1), my Xn(t + 1)| = X= F(Xo, to), 
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so that xX is determined. But EX,= [x1 (to +2), xXo(to-+2), cot y Xn(to+2) |= Xe 
= F(X, to +1), so that X2 is determined. To complete the proof by induction 
we assume that X,= [xi(to+h), xe(tot+k), - ++, Xn(fo +k) ] is determined and 
since F is defined for all X and ¢, we have 


EX, = [ar(t) + B+ 1), woxlto + R+1),-- +, onto +k +1)] = Megs 
= F(X:, to + R), 


so that X;,41 is determined. In conclusion we see that X is determined for fo-+h, 
where & is an arbitrary positive integer or zero. This however does not prove 
that X exists for any ¢ since we have limited ourselves to values tp-+, where 
k is a positive integer or zero. To determine X for any value of ¢ we need more 
specific initial conditions. 


We assume then that for #) S$#Sto +1, X=Xo=([fild), fol), « - > , fn(t) |, where 
the f;(#), 7=1, 2, +++, m, and thus the vector Xo, are defined for fp) S$iSép-+1. 
Then 


EXo = F(Xo, t) = X1 = [mQ), me, +++, (AI, 
which defines X for fp +1S/Si)+2, 
EX, = F(X1,t+1) = Xe = [m(), m(d), --- , ar(O], 
which defines X for tp +2 StSto+3, 
Assuming. that X,= [xi(#), xo(f), -- +, n(4)], for fo +k StStp+k+1, 
EX, = F(Xn,t+k) = Xuas, 


which defines X for the interval tp+kA+1isStStp+A-+2. 
Thus X is determined for fp) St Sto +h, where & is an arbitrary positive integer 
or zero. We can state this result as follows: 


THEOREM II. The vector difference equation EX = F(X, t), where X= [x(8), 


x(t), - ++, Xn(t)], has a solution X defined for ty) StStot+k, where k is a positive 
integer or zero, provided that F exists for all X and t, and that for tyStSto+1, 
X(t) =X o=([fil), fold), -- +, fa], where the functions f(t), j=1, 2,---, 


are defined for tp) StSto+1. 


4. Uniqueness theorem. Suppose that (3) has two solutions X, and Y, 
satisfying the conditions of Theorem II, then 
EY = F(Y,?) 
EX = F(X, 0), 


with, Y= Xo(¢) =X, for fp StSip +1. It follows that 
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EX = F(X,t) = F(Y,#) = EY, to StSt +1, 
P2X =F(FX,t+1)=F(EV t+) =EY, tot+1St5h+4+2, 


and, assuming that E*X =F’ Y for tp) +k—1StSio+h, then, 
EEAX = F(RPX,t +k) = F(X Y,t+k) = E*'Y, 
for tp +kSiSt)+k+1, which completes the proof by induction. We state 


THEOREM III. The solution whose existence has been proved by Theorem IT 1s 
unique. 


5. Initial conditions. According to Theorems II and III, the solution of (3) 
whose existence and uniqueness has been proved depends on m functions f;(2), 
j=1, 2,---+,n, defined for tSfSto+1. We may assume that the functions f 
are periodic of period one, i.e. f;(t)=f,(¢+1), which in turn is equivalent to 
fj(t) =f;(t +k), where & is an arbitrary integer. 

In fact, periodic functions f; are defined for the given interval, and thus 
satisfy the condition imposed on the functions f. On the other hand to every 
function defined for the given interval which is not periodic there corresponds 
by extension a periodic function. Thus our assumption that f is a periodic func- 
tion is legitimate. We can state this result as follows: 


THEOREM IV. The solution of the vector difference equation (3) in an n-dimen- 
stonal vector space depends on n arbitrary functions that are periodic of period one. 


6. Remark to “Educators.” The preceding proofs performed in a vector space 
are simple and can be used as a prelude to the existence and uniqueness proofs 
for differential equations in vector spaces (see [4], [5], and [6]) which can be 
given in an elementary course in differential equations. 

The calculus of finite differences and difference equations can be introduced 
into a course in differential equations, analogies can be pointed out in many 
places and the course could be supplemented by the introduction of vector spaces 
and the proof of existence and uniqueness theorems, first for difference equations 
and then for differential equations. 
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FACTORIZATION OF THE GENERAL POLYNOMIAL BY MEANS 
OF ITS HOMOMORPHIC CONGRUENTIAL FUNCTIONS 


DANIEL B. LLOYD, D. C. Teachers College, Washington, D. C. 


The discovery of linear factors of polynomials is ordinarily accomplished by 
synthetic division, using factors of the constant term as trial divisors. When 
these factors are few the method is practical, even if not elegant. It is impractical 
in more general cases, however, when the coefficients are large or the factors are 
numerous or nonlinear. This implies the need for a general scheme which will 
discover factors of any degree more quickly and with less indirection. 

We advance here a theory and a method to determine the reducibility of the 
general polynomial P by a study of its reduced analog P». The scheme yields a 
procedure for determining the possible pattern of factors and also an exact 
determination of those factors, if any. 

We propose to set up the correspondence a—a,, which carries each integer a 
into its residue class modulo m, where m is a prime. This is a homomorphism of 
the ring of integers to the finite ring of integers Am. We then consider the general 
polynomial P with rational integral coefficients. The correspondence P—P,» 
carries P into a finite ring of polynomials, with coefficients in Am. Use will be 
made here of the following theorems: 

I. If a polynomial P is reducible into rational integral factors, then P,» is 
similarly reducible in Am, where Am is the ring of integers modulo m, and Pm is 
the polynomial P with its coefficients reduced modulo m, (m a prime). 

II. The factors of P, are congruent to the factors of P modulo m. 

III. If P» is irreducible in Am, then P is irreducible over the rational integers 
(contrapositive of I). 

The following simplified proof of these principles uses linear factors but may 
easily be generalized: Let 


(1) P= YC 
(2) = II @- 8). 


Then P,,= ar c'. Now each C;=mq,;+c;, and each K;=mr;+k;, where the 
r; and q; are integers, and the integers c; and k; have the property (if m2) that 
c:|, |R:| S$(m—1)/2. Hence 


(3) P =D (ngs + ca = TI [x — Gnrs + a]. 


+=0 i=0 
Reducing (3) by the modulus m we have the desired result: 


(4) P, = TL (@— 2). 


1=0 
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The truth of principles II and III is now immediate. 
Linear factors. 


Illustration 1: Since P = x* — 9x? — 34x-+336 factors into (x+6)(*—7)(«*—8), 
the corresponding polynomial reduced modulo 5: P;=x?+?+%+1 yields the 
corresponding factors 


(@ + 1)(~? + 1) = (w+ 1)(a? + 5x + 6) 
= (x + 1)(% + 3)(% + 2), 


factors clearly congruent with those of P. 

Illustration 2: Similarly, to determine whether the following polynomials 
are factorable or not, we form their homomorphic congruential polynomials and 
note from the Factor Tables (page 869) whether or not the latter are prime. 
Thus, forming P,,=P, in the following examples: 

(a) «?®—114?+ 7% —16=«3-+422+% (mod 2), which is composite. But P3=x? 
+x?-++*—1 (mod 3), which is prime; hence P is prime. 

(b) «§—12%?—174+25=%3+2+1 (mod 3), which is composite. But P2,=x? 
+x+1 (mod 2), which is prime; hence P is prime. 

(c) x*—13x8— 1942+ 214+45 =44+43+42+%+1 (mod 2) which is prime; 
hence P is prime. 

(d) #4+72?+ 74% —35=4!+43+4-+1 (mod 2 and 3). 

This is composite in Az and A3, so the test is indecisive from the tables alone. 
It could be tested for factors, as shown below. 

(Actually it is prime by Eisenstein’s Theorem [1].) 

The efficacy of the new method for factoring the general polynomial will be 
demonstrated by the following examples of the more difficult type: 

Example 1. Let P=x?+2x?—531x%+3888. Form Py =x?+2x%2—3x+5, or 
better, to facilitate factoring, 


Piz = 08 + 2x? — 3x — 6 Also form Py3 = x? + 24? + 2x%+- 1 
= (% + 2)(x? — 3) = (« + 1)(#? + x + 1) 
= (% + 2)(x? — 25) = (4% + 1)(4? + x — 12) 
= (~ + 2)(~ + 5)(% — 5). = (x + 1)(4 + 4% — 3). 


One next finds factors of 3888 (= 24-35) which will be congruent with 2, 5, 
and —5, respectively (mod 11); and with 1, 4, and —3, respectively (mod 13), 
—simultaneously. The possibilities are, mod 11: 2, +6, —9, +16, 24, +27, 72, 
—108, 324; and, mod 13: 1, 4, —3, —9, —12, —16, 27, 36, —81, 108, —324, 
—432. The intersection of these two sets gives —9, —16, and 27. 


. P= (« — 9)(4% — 16)(% + 27). 
(The reader may practice reducing polynomials to a finite field, and factoring 


them. For example, #2+6«%+5 (mod 5); «?+10x+9 (mod 7); «?—67x%+126 
(mod 9 and mod 11); and #4—7x?—78x%?+144%+864 (mod 13).) 
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Example 2. Let P=x*—3x?—70”%+144. Trying Ps=x*?—3x?+4, we observe 
the factor («+1), and thence by division, Ps= (#+1)(*—2)(«—2). The reader 
may readily complete the solution. It is suggested that P; also be formed, and 
that the two sets of columns of possible factors be intersected to give the desired 
unique coefficients. They are (x —9)(«+8)(x—2). The factors should be written 
down, a separate column for each residue class, and then sets of three made, by 
selecting one factor from each column, that will produce the product 144. 

Instead, a larger modulus such as 23 could have been used, but would prove 
to be more involved,—as the reader may verify. 

Example 3. P =9x4—254x3—4016x2+56,736x« — 103,680. 

Try Pig =9x4— 7x43 — 7x? +2x+3 

= (4 — 1) (9x? +2%? —5x —3). 
Trying small factors, we find that dividing the cubic factor by («+2) yields a 
remainder of —57. This suggests adding 57 (=19). Hence 


Pig = (9x3 + 2x4? — 54 + 54)(x% — 1) 


which now factors into («+2)(9x2—16«%+27)(«—1). To make the x?-coefficient 
unity, add 133% (=7-19x) to the x-term, yielding 9(#?-+13%+3). And after 
adjusting coefficients, we obtain 


x? + 134+ 3 = x? — 6x — 16 = (4% — 8)(x% 4+ 2). 


As before, we next seek numbers congruent with —1, —8, and 2, which also 
will be factors of 103,680 (= 28-34-5). We readily spot the set 18, —8, and — 36. 
Then by division, the fourth factor is found to be (9x—20). As a check at this 
stage, we have 


O(~ — 1)(4 + 2)2%(~% — 8) = 9x4 — 7x3 — 7x? + 2x + 3. 
Therefore, 


P = (x — 8)(% + 18)(% — 36)(9% — 20). 


At this stage of the game the reader might enjoy trying to factor x*— 21x? 
— 5850x — 129,600, using Pip and Ps; and noticing the form of P; might narrow 
the selection, as indeed might also the discovery by synthetic division that all 
the factors must be between 100 and —100. 


Nonlinear factors. The discovery of nonlinear factors of polynomials is also 
attainable by congruential polynomials. Historically, this problem has always 
been tedious, and prior to our attack here, methods have invariably been highly 
empirical. Previous methods for decomposing P = >_j a;x‘ into irreducible poly- 
nomials have been presented by Kronecker [4], Runge [8], Mandl [6], Glenn 
[3], and Frumveller [2]. A summary of these is available in English [5] and 
will not be repeated here. It should be noted however that each of them, though 
ingenious, is quite lengthy. 

Our principles I-III above state that if P factors in the rational field, then 
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there are corresponding factors for Pm in A» The choice of factors in the finite 
ring is more limited and hence the experimental aspect is minimized. It is pos- 
sible to list all the prime factors in a finite ring Aj», and to classify them accord- 
ing to their degree. This the author has done in his Factor Tables. Such tables 
serve to indicate, though not assure, possible factors of P. Illustrative examples 
here will serve to clarify the method. 

Example 4. Let P=«*+1403+4?—15%+16. 

Next, form Pp=x'+2?+4=2«(«%3+4+1). The cubic factor is prime, by the 
Factor Table. From this, P may either have a linear factor, or else be prime. But, 
by trial divisors of 16, we find that P has no linear factor. Hence it is prime. 

Example 5. Let P=7x1+3523+174?+154+6. 

We shall seek a quadratic factor here, whether the same is prime or not (the 
chances are 2:1 against a quartic having a prime cubic factor). So P would 
factor into the form (7%?+-ax-+b)(x?+cx+d). By multiplying out and equating 
coefficients, we have 


7c + a= 35 

act id+b=17 

©) ad + be = 15 
bd = 6. 


We note that a is of the form 7k. So, trying a=0, we have c=5, b=3,d=2, and 
thence P =(7x%?+3)(x?+5x%+2) proves to be the winning combination. 

However, the use of congruential functions could have guided us more cer- 
tainly to the factors. For instance, 


Ps = 2x4+ 227+ 1 
= 24! + 7x2 + 6 
= (24? + 3)(x? + 2) 
= (7x4? + Sku + 3)(x? + Sma + 2). 
On multiplying out and equating coefficients, we have: 
7(5m) = 35 
17 + (5k)5m = 17 
10k + 15m = 15 
whence k=0, m=1, and the correct factors emerge at once. Our new method 
thus obviates the difficulty of solving the set of coefficient equations (5) above, 
as was done by Frumveller and others. 


Further simplification of the procedure is often attained by first transforming 
the given polynomial into a monic polynomial. 


Example 6. Let P=x*— 3x? — 8x? — 12% —48. 
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Form 
(6) Ps = x4 + x? = x?(x? + 1), 
and 
Ps = x4 + 2x3 + 2x? + 3x 4+ 2 
on = (e+ 1(@@+atte+2 


= (4 + 1)(~ — 1)(4? + 2x — 2) 

= (a? — 1)(~? + 2% — 2). 

Rather than testing for linear factors by the tedious routine of trying factors of 
the constant term, we shall play the game for higher stakes, quadratic factors, if 
any. To identify therefore suitable factors of the constant term, we note that 4 
and —12 are the only two numbers whose product is —48 and which are con- 
gruent with 1 and 0, respectively, modulo 3 (using (6) above), and simultane- 
ously with —1 and —2, modulo 5 (using (7) above). Therefore, set P = (x?-+kx 
+4) («?-++-mx—12), which gives, as before, k=0 and m= —3, yielding the factors 


(a? + 4)(4? — 34 — 12). 
Example 7. Let 
(8) P=x'—x!+743 —3x2+114—5. 
Form 
Pyp=H=xeiiteitatoettet+i 
= (% + 1)(a* + x? + 1) 
= (x + 1)(4? + « + 1)(4? — x + 1) 
= («+ 1)(#?+ 44 1)’. 


Also Pg3=x'—x+*+x3—x+1. Trying each of the three prime quadratics of 
Ag; in the Factor Table, we find that («?—x—1) divides this quintic. Hence, 


(9) P3; = (x? — x — 1)(4? — x — 1). 


Since these factors are both prime (per table), therefore P, if factorable, must 
factor in the form (#?+ax+))(«'-+cx?+dx+e). Whence, using (8), 


atc=-—l1 
actb+t+d=7 
be +ad+e= — 3 
ae -+ bd = 11 
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To aid in solving this set of equations, we further construct 
P, = x8 — xt + 2x3 + 2x? + x 
= x(t — 43 + 24? + 24+ 1) 
x(a — 1)(x3 + 2% — 1). 


l 


Grouping the factors to agree with P3: 
(10) Ps = (x? — x)(x? + 2% — 1). 


Since the cubic is prime, this is the only way the factors could group to give a 
quadratic times a cubic. The factors of P,; must also be grouped to correspond 
with those of Ps and P;: 


(11) o Pa = (x? + 2 + 1)(43 + 1), 


Using (9), (10), and (11), the coefficients of Pe, P3 and Ps impose the following 
congruence conditions on the required coefficients: 


Pr» P; Ps 


a= —1 —1 
= —1 
c=0 0 
d =0 —1 
e=1 —1 —1, 


To agree therewith, the only values for } and e are 5 and —1. Thence d=2 is the 
only possibility giving reasonable values to ¢ and a, which are 0 and —1, respec- 
tively. So P= (x?—x-+5)(x?+2x—1) and the factorization is complete. 

Space limitations here preclude the extension of these examples to poly- 
nomials of higher degree. The method is thoroughly general for all polynomials, 
but additional tables are needed for the higher degrees. The author has applied 
this method through the ninth degree, however, and has carried the Factor 
Tables through the eleventh degree, for moduli 2, 3, and 5. They will soon be 
extended to other moduli. In dealing effectively with the higher degree poly- 
nomials the author has found certain additional artifices and devices helpful to 
shorten the computation. Those interested in this aspect may approach him 
directly. 

After a restful pause the reader may enjoy attacking the following poly- 
nomial with renewed vigor (it is reducible): 


xg + On? + 244? — 184% — 216. 


May his quest be rewarding as well as pleasurable! 
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GENERALIZATIONS OF THE FORMULAS OF 
RODRIGUES AND SCHLAFLI 


JAMES M. HORNER, University of Alabama 


In the study of orthogonal polynomials special attention is given to express- 
ing the polynomials in terms of a Rodrigues’ formula. Frequently, when the 
primary concern is the differential equation satisfied by the polynomials, the 
Rodrigues’ formula is generalized to provide contour integral solutions when 
the parameter which is the index of differentiation in the Rodrigues’ formula 
takes nonintegral values. 

A classic example is the Legendre equation 


(1) (22 — 1)y” + 2zy’ — n(n + 1)y = 0. 


It is well known (e.g. [1] pages 303, 304, 317) that for positive integral values 
of 2 two linearily independent solutions to (1) are 


n 


(2) P,(2) = Den) de { (22 — 1)°} 
and 
— (—2)"n! a” 2 n ° 2 —n—1 
(3) On) = OE fe — yn for — mah 


For arbitrary values of 2 a solution to (1) is given by Schlafli’s contour 
integral 


1 (t2 — 1)"de 


z)=— | ———— 
(2) 2ntJ g 2(t — g)*t 
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GENERALIZATIONS OF THE FORMULAS OF 
RODRIGUES AND SCHLAFLI 


JAMES M. HORNER, University of Alabama 


In the study of orthogonal polynomials special attention is given to express- 
ing the polynomials in terms of a Rodrigues’ formula. Frequently, when the 
primary concern is the differential equation satisfied by the polynomials, the 
Rodrigues’ formula is generalized to provide contour integral solutions when 
the parameter which is the index of differentiation in the Rodrigues’ formula 
takes nonintegral values. 

A classic example is the Legendre equation 


(1) (22 — 1)y” + 2zy’ — n(n + 1)y = 0. 


It is well known (e.g. [1] pages 303, 304, 317) that for positive integral values 
of 2 two linearily independent solutions to (1) are 


n 


(2) Pie) = = i — I} 
and 
— (—2)"n! a” 2 n . 2 —n—1 
(3) Qn) = Ne — ay fe = tmtanh 


For arbitrary values of 2 a solution to (1) is given by Schlafli’s contour 
integral 


1 (2 — 1)"di 


Z)=— | —————— 
at anid ¢ 2°(¢ — grt 
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provided that Cis any contour such that (#?—1)"+1(¢—z)—"—? resumes its original 
value after describing C (see [1], page 306). 

The purpose of this paper is to present solutions to a certain class of second 
order differential equations in terms of generalized Rodrigues’ formulas and 
generalized Schlafli contour integrals. 

The differential equation to be discussed 1s 


(4) (Ax? + Bu + C)y’’ + (Dx + E)y’ + Fy = R(x), 


where A, B, C, D, E, and F are constants, | A| +|B| +| C| 0, | A| +|D| 0, 
and (except in Theorem 4) x is a real variable. 
For convenience let P(x) = Dx+E, P2(x)=Ax?+Bx+C and 


(5) W(x, xo) = exp - J an 


where Xo is any point for which the integral exists. 

According to the Abel identity ([2], page 119), W(x, xo) is a constant multi- 
ple of the Wronskian of any two solutions of (4). 

The results to be obtained are dependent on the roots of a quadratic equa- 
tion associated with (4). 


DEFINITION. The associated equation of the differential equation (4) 1s the quad- 
ratic equation 


(6) AB +(A— Dit+F=0. 


THEOREM 1. If R(x) =0 and the associated equation (6) has a positive integral 
root t=n, then two solutions to (4) are 

q”-} 

ax} 


y= { [P2(x)]"W (x, 0) } 


and 


n—l On—1(t) dt \ 
2 = ’ 


ar { [Pace 1 ss) f "SN 


where Qn-s(t) is an arbitrary polynomial of degree S(n—1) and x 1s any point for 
which the integral extsis. 
Proof. The proof that ; satisfies (4) has been given by the author in [3], but 


a similar proof gives both results simultaneously. 
Consider the first order differential equation 


(7) Po(x)v’ + [Pilx) — Ps (x)]o = k1Q,1(2) 
which has the general solution 


k10,-1 (t) dt 


v= (Pala) "W (a, 20) fi: + J moro 


P2(t) |" W(t, xo) 
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where k; and kp are constants. 
Differentiation of (7) 2 times gives 


Po(x)o) + Py(x)o™ — [An? + (A — D)njo-) = 0, 


Since R(x) =0 and x is a root of (6) this is exactly (4) with y replaced by 
y@—) so v@— is a solution to (4); y1 is obtained by taking ke=1 and k,=0 while 
ye results from taking k,=0 and ki=1. The definite integrals may, of course, be 
replaced by indefinite integrals. 

Example 1. For positive integers m the Legendre equation (1) has the associ- 
ated equation /?—t—n(n-+1) =0 which has the root t=n+1. Taking m4 =+ 0, 
Qr-1(t) =1, and replacing the definite integral in W(x, x9) by the indefinite 
integral in Theorem 1, we obtain constant multiples of the solutions (2) and (3). 

Example 2. For positive integers n the differential equation 


(a? + 1)y” — y' — n(n + 1)y = 0 
has the associated equation (¢—2)(¢+2+1)=0 so one solution is 
n—l 


om { (x? + 1)" exp [arctan «]} 


yi(a) = 


Example 3. In the Hermite equation (as given in [4]) 
vy’ — 2x0’ + 2nv = 0 


put v=exp(x’)y. This yields y’’+2xy’+2(n+1)y=0 which has the associated 
equation 2(¢—n—1)=0. So by Theorem 1 (with x»=0) one solution is 


n 


d 
ya(a) = — exp (—x*)}. 


an 

Thus one solution to the Hermite equation is 
qd” 

ax” 


v(%) = exp (x?) { exp ( —x2)}, 

Results similar to the first solution in Theorem 1 have been given by 
Brenke [5], when the differential equation (4) has polynomial solutions. His 
results depend on a Rodrigues’ formula, due to Abramescu [6], for a general 
class of orthogonal polynomials (also see [7], pages 272-273). The method of 
Brenke consists essentially of showing that the polynomials given by the 
Rodrigues’ formula satisfy a special case of the homogeneous form of (4). 


THEOREM 2. If the associated equation (6) has a positive integer root t=n then 
a particular solution to (4) is 


nl I,(bdt 
Vp = \ 5) 


d x 
sa (Pe) W(x, Xo) J [Pod |" Ut, a) xo) 
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where In(x)=Ja Se, °° ° SR) (dv)" and x, a1, de, +++, Gn are any constants 
for which the integrals exist and I(x) = R(x). 


Proof. The proof is identical to the previous proof after replacing #;Q,_1(x) 
by In(x) in (7) and replacing the general solution to (7) by the particular solu- 
tion (inside the braces of the expression for y,). Because of the previous theorem 
any polynomial of degree <(n—1) occurring in J,(#) may be omitted before 
computing y, and as before all of the definite integrals may be replaced by in- 
definite integrals. If a,=a,= -- + =a,=a, then J,(x) can be written 


I(x) = J ; CaO Redo 


Example 4. The differential equation x?y’’ —2y=x? has the associated equa- 
tion (¢+2)(¢—1)=0. So, with n=1, Theorem 1 (with indefinite integrals and 
Qo=1) gives as solutions to the homogeneous form of the equation 


yi= x? and y= of x—*dx = — 1/3x. 


Theorem 2 (with indefinite integrals) gives the particular solution 


f x?dx 


1 
yy = at f ——— dv = =a log | «|. 
x 


So a general solution is y(x) = Cyx?-+ Cox71+4 x? log | x]. 
The idea of interpreting “derivatives of negative order” as integrals suggests 
the following results when the associated equation has a nonpositive integer root. 


THEOREM 3. If n is a nonnegative integer such that t= —n is a root of the asso- 
ciated equation (6) and if R(x) is of class C*, then every solution of (4) can be ob- 
tained from 


y(x) = ff. fl [ P2(x) | —"W (x, X0) L +f OE =| (dxx)n+1 


for appropriate values of Rk, x1, and the n+1 constants of integration. 
Proof. Let y be any solution to (4). Differentiation of (4) times yields 
Po(a)y) + [ Pils) + nPd (x)]y OP + [n(w — 1)A + nD + Fly = R(a), 


Since —1 is a root of (6) the coefficient of y™ is zero and y+» satisfies the 
differential equation 


P2(x)v’ + [Pi(x) + n Pd (x)]o = R™ (x), 


So for some constants k and x, depending also on xp, 
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x R™ (#) di 
intl) = [P2(«)|-"W (x, Xo) L + f Tees 


and the conclusion follows. Again the integrals can be indefinite. 
Example 5. The differential equation xy’’—xy’+y=0 has the associated 
equation t+1=0 so every solution can be obtained from 


y({x) = eff x le*(dx)?. 


The case when the associated equation has a negative integer root has been 
discussed by Abbé Lainé [8]. The solutions presented there, however, are in a 
considerably different form from the result of Theorem 3, (see also [7] page 481). 

All of the previous results can be extended to include functions of a complex 
variable, but additional restrictions are necessary for the various definite inte- 
grals. For example, in the Wronskian W(x, xo) it is necessary that the integral 
exist and that the path of integration lie within a region containing x» within 
which P;(x)/P2(x) is holomorphic (see [2], page 356). Similar restrictions must 
be applied to the various other integrals. 

Suppose now that the Wronskian W(x, xo) is interpreted in the complex 
variable sense. Schlafli’s integral solution to the Legendre equation and the 
contour integral representation of the first solution of Theorem 1 suggest the 
following result. 


THEOREM 4. If R(x) =0 and r is a root of the associated equation (6), then a 
solution to (4) ts 


(8) (2) = f PO} — 9-6, sat 


provided that T 1s any contour on any Riemann surface of the integrand such that 
g(x, t) = [Po] — x) 7 WG, a0) 


resumes us original value after describing 1, and provided that differentiation with 
respect to x under the integral sign 1s valid for I. 


Proof. Substitution of (8) into (4), with R(x) =0, yields 
(9) Pala)y” + Palady’ + Fy = f [PQIG =) WG, 20) V, Ode, 
r 


where V(x, ¢)=r(r+1)P2(x)+rPi(x)(¢—x)+ FU—x)2. After rearrangement of 
terms this becomes 
V(x, t) = [Ar?+ (A — D)r + F] + F(@ — 2txw) + r(r + 1)(Bx + C) 
+ 7rDix + rE — x). 
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can be transformed to the form (4) by the transformation y= ev, where a is a 
root of the quadratic equation A#??+Ci+H=0. 
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1. Introduction. It is known that there exist certain classes of functions k(z) 
and f(z) such that 


(1) c(e) = f bwsif(w)d, ED 
D 

implies that 

(2) je) = | b(ws)e(w)dw, 2€ D 
D 

where D is either the positive real axis or the unit circle. In this paper a pair of 

equations such as (1) and (2) will be called a reciprocity. In the former case g¢(z) 

is the general Fourier transform of f(w) (see [1]|). In the latter case g(z) is the 


circular transform of f(w) (see [2]). This suggests the following question: 
For which other curve C can there exist reciprocities such that 


(3) aCe) = J awayf(uae, 2EC 
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can be transformed to the form (4) by the transformation y= ev, where a is a 
root of the quadratic equation A#??+Ci+EH=0. 
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1. Introduction. It is known that there exist certain classes of functions k(z) 
and f(z) such that 


(1) c(@) = f bwsif(w)d, ED 
D 

implies that 

(2) je) = | b(ws)g(w)dw, 2€ D 
D 

where D is either the positive real axis or the unit circle. In this paper a pair of 

equations such as (1) and (2) will be called a reciprocity. In the former case g(z) 

is the general Fourier transform of f(w) (see [1]|). In the latter case g(z) is the 


circular transform of f(w) (see [2]). This suggests the following question: 
For which other curve C can there exist reciprocities such that 


(3) aCe) = J etwayf(uae, 2EC 
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implies that 
(4) js) =f k(ws)g(w)dw, 5 C? 
C 


In this paper we shall prove that other such curves do exist and that they 
are equiangular spirals. The case where C is the positive real axis or the unit 
circle can be regarded as limiting cases of this more general result. Furthermore, 
we are able to show that such a theory of spiral kernels can be developed from 
the theory of general Fourier transforms and from the theory of Watson trans- 
forms. 


2. Possible contours. For which type of curves do there exist reciprocities 
such that g(z) = [ck(wz)f(w)dw, z€C implies that f(z) =[ck(wz)g(w)dw, EC 
where k(z) is defined on C? 

The curve C must be such that if w and zg are on C, so is wz. Let 


(5) p = f(9) 


be the equation of C in polar coordinates. 
Let arg z=01, arg w=02. Since 2, w, wz are on C we must have 


r= f(ne, w= f(os)e™ 
we = fae? = flAr)fB2)eOrr™, 
This implies that 6=6,+62 and hence that 
(6) f(O1 + 82) = f(61)f (42). 


The only continuous real solutions of equation (3) are of form f(@) =e” where 
h is real (see [3]). Therefore equation (5) becomes 


(7) p = e??, 
For any real h, (7) is the equation of an equiangular spiral. 


3. Extension. We extend the above result to the case in which w, zg, wz move 
on different curves. Assume that w is on Ci, g on Cy, and wz on C3 and that 
p=f(0), p=2(0), p=h(8) are the equations in polar coordinates of Cy, C2, and C3 
respectively. Then proceeding as before we would have 


(8) F(O1)g (62) = h(O1 + 42). 
Let 6.=0. Then f(@:)g(0) =A(6:) or 

(9) h(8) = Af(§). 
In the same way 

(10) h(8) = Bg(9), 


where A and B are constants. Now (8) becomes 
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(11) h(0:)h(O2) = ABh(61 + 02). 
The only real continuous solutions are 
h(0) = ABe™®, f(@) = Be, g(0) = Ae, 
where a is real (see [3]). Thus the curves C,, C2, and C3 are equiangular spirals 


with the same parameter a. 


4. Fourier spiral kernels. The following theory is stated formally. A func- 
tion k(x) is a Fourier kernel [1] if for some class of functions f(x) the equation 


(12) ea) =f k(anploae 
implies that 
(13) f(x) = f ON (x real positive). 


A characteristic property of a Fourier kernel k(x) is that its Mellin trans- 
formation, 


k*(s) = f ” b(ae) aed 


satisfies the functional equation [1] 
(14) k*(s)kR*(1 — s) = 1. 


Next, let £=w*, a=a-+12b, and w= pe*; then 


(15) f= ei(Atid)O, patid — p%—b0. gi(b log p28) | 


Thus é will be real and positive if 6 log p-+a@=0 (mod 27), i.e., if w moves along 
the equiangular spiral 


(16) p = Aen! A = ermld, 
where m is an integer. 


Arguing in the same way about x= g* one finds that z moves along the equi- 
angular spiral 


(17) p= Be7410, B = etn. 

For simplicity we shall assume that w and z move in the same equiangular 
spiral S 
(18) p = e75/8, 


Consider the reciprocity determined by equations (12) and (13). Let t be 
real and positive and t=w* where w is on p=e74/, 
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Let x be real and positive and x=2*%, where z is on p=e-”/, Then equation 
(12) becomes 


(19) g(2%) = af k(2¢w%) f(w%) w* dw, Z2€ 8. 
s 
Multiplying both sides of (19) by g¢-?/2 we obtain 
(20) gel) l2o(ge) = f (zw) 1128 (22) w (e-1) /2F (gy) dw, 
s 


Now, put G(z) =2¢-D/2g9(ge), F(z) = g@-D/2F(g2), K(z) =2(—-)/2k(g¢), Then (20) 
becomes 


G(z) = J K (wz) F(w)dw, Z2€S, 
s 
We obtain similarly the inverse formula 
F(z) = f K(wz)G(w) dw, zES. 
s 


Therefore, we have this formal result: 

If k(x) isa Fourier kernel for the positive real axis then K(z) =az@-)/2R(g*) is 
a Fourier spiral kernel for the spiral p= e~?*!®, 

Example. Let a=b=1, i.e. p=e~*, and use the Fourier kernel »/2/7 cos x; 
then 


2 
K(x) = \/— (1 + i)x*/? cos xt? 
T 


is a Fourier spiral kernel for the spiral p= e7®. 


5. Watson spiral kernels. A general theory of Fourier transform is difficult 
to obtain due to the fact that one would expect that a Fourier kernel would be 
of the form (see |1]) 


1 ioe) 
(21) Re) = = J BRC Litho ied. 
T Y 


In this case k(x) is the inverse Mellin transform of k*(s). Although k*(s) is 
assumed to satisfy equation (14) there is no reason to believe that the integral 
(21) exists. Therefore a different approach was investigated by Watson [4] 
using an integrated type of kernel k,(x) called the Watson kernel. 

Let Ri(x)/xEL2(0, ©) and let fo ky(xu)ky(yu)u-*du=min(x, y). Let f(x) 
€L2(0, ©). Then [1] 


(22) f cerae = felony urtau 
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SOME INEQUALITIES FOR A TRIANGLE 
L. CARLITZ, Duke University 


1. If P is a point inside a triangle Ad BC whose distances from the vertices 
are x, y, g and whose distances from the sides are p, g, r, then it is well known 
that 


(1) extytes2 264+ ¢4+7) 


with inequality if and only if the triangle ABC is equilateral and P is its center. 
The inequality (1) is due to Erdés; it was first proved by Mordell and Barrow 
[1]. Oppenheim [5] has recently proved a number of inequalities connecting 
the distances x, y, 2, , g, r; for example he has proved that 


(2) pu + qy + rz 2 2(qr + rp + pg), 

(3) yz + 2x + xy 2 A(gr + rp + pq), 

(4) aye = 8pqr, 

(S) ptt+gqitrt 2et+ytt+ 2), 


As above, let P be a point inside the triangle ABC and let AP, BP, CP inter- 
sect the sides BC, CA, AB, in L, M, N, respectively. We denote PL, PM, PN 
by u, v, w. The object of the present note is to find inequalities connecting the 
distances %, y, 2, u, v, w. In particular we shall show that 


¥+yte>utrvty, xvw + ywu + suv = 6uow, 
xyz = 8uvw, uyz + vex + wuv = 12usw, ye + set xy 2 12(usw)?2/3, 
2(/y2 + Vex + Say) Sex tytet2ut+vt+v). 
See also (18), (19), (22), (24), (27), (28), (29) below. 
2. We recall first (see for example [2] pp. 162~3) that 
PL PM PN 
AL BM ' CN 


(6) 1 
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that 
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with inequality if and only if the triangle ABC is equilateral and P is its center. 
The inequality (1) is due to Erdés; it was first proved by Mordell and Barrow 
[1]. Oppenheim [5] has recently proved a number of inequalities connecting 
the distances x, y, 2, , g, r; for example he has proved that 


(2) pu + qy + rz 2 (qr + rp + pq), 

(3) yz + 2x + xy 2 A(gr + rp + pq), 

(4) aye = 8pqr, 

(S) pirt+gqitrt 2 et+ytt 2). 


As above, let P be a point inside the triangle A BC and let AP, BP, CP inter- 
sect the sides BC, CA, AB, in L, M, N, respectively. We denote PL, PM, PN 
by u, v, w. The object of the present note is to find inequalities connecting the 
distances x, y, 2, u, v, w. In particular we shall show that 


¥+yte>u+trvty, xvw + ywu + suv = 6uow, 
xyz = 8urw, uyz + vex + wuv = 12usw, ye+ sxe+ xy 2 12(uw)?/8, 
2(/ys + Vee + Suey) Seatyte2t+2ut+ot+ yw). 
See also (18), (19), (22), (24), (27), (28), (29) below. 
2. We recall first (see for example [2] pp. 162~3) that 
PL PM PN 
AL BM ' CN 
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AP AM AN BP BN BL CP CL CM 


— 
ee See 


PL MC NB’ PM NA' LC PN LB. MA 
In terms of x, y, 2, u, v, W, (6) becomes 


v 


+ + = 1 
L+u yruv s+w 
or what is the same thing 
(8) xyz = 2uvw + xow + ywu + zur. 


We shall show first that 
(9) extyte>utotw. 


If a, b, c denote the sides of ABC, it is evident that y+z2a, 2+x2), 
x+yz2c. It follows that 


(10) xtyte2s=F(atd+o). 

On the other hand, it is known that if c is the longest side of ABC then [4, 
p. 89, Problem 41] 

(11) utotw<e. 


Combining (10) and (11), we get 
(12) otyte>— utot). 
C 


Since s>c, it is evident that (12) implies (9). 

We note that (9) cannot be improved; more precisely, if k>1 then the in- 
equality x+y+z>k(u+v-+w) cannot be asserted. This can be seen from con- 
sideration of the triangle ABC with AC=BC and the angle at C slightly less 
than 180°; P is taken at the midpoint of AB. Another example is furnished 
when 4 C=BC and the angle at C is very small; P is taken on AC and close to A. 


3. Returning to (7), put 


_ BL CM _ AN 
~ rC’ "MA ~ NB 
Then (7) becomes 
x 1 y 1 Z 1 
(13) = —+y =—4+d, —=—H+u. 
U Lb v y w nN 


Adding these equations we get 
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ey 8B 1 1 1 
—++—-+—-=A4+—+4p7+—-+74+—) 

u v w rN be y 


which yields 


x y Z 
(14) —+—+—26 

u vy, WwW 
or equivalently 
(15) xvw + ywu + suv = 6uow. 


Combining (14) with (8), we get 
(16) xyz = 8uvw. 


Neither (14) or (16) can be improved. Indeed equality holds only if P is the 


centroid of ABC. If 
x y Z 


v Ww 


then it is clear from the proof that \=y=v=1. Thus, (13) becomes x=2u, 
y=2v, z=2w. If xyz=8uvw, (8) reduces to xvw+ywu-+zuv=6uvw, which is 
identical with (17). 


4. Returning to (13), we have 


W U v 
et yten (r+ 2)4 (wot) + (+=), 
nN Lb y 


Since 
Ww 
Av + LY = 2+/ow, 
it follows that 


(18) xtyts 2 2(f/ow + SMwut+ Vu). 
It also follows from (13) that 


iv 1 
yZ—- 1W = (= + av t+ —) ow, 


v V 
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Since 
Me y rN wu 
— ow + — wu + — uv = 3(uvw)?!8, Auow + —— = 2w+/u10, 
r r uv Ay 
urv/ow + vr/wu + wr/uv = 3(uvw)?!?, 
we get 
(19) ye + sx + ey = ow + wu + uv + 9(uow)?!8, 


We have also 


yo-+ 2x + xy — 3 


which yields 


(20) += 2 12, 
vw wn uv 

or if we prefer 

(21) uyz + v2x + wuv = 12u0w. 
Similarly we can show that 

(22) x2 4 vy? + 2? > 2(vow + wu + uv) + 6(uow)?!8, 
Note that (19) and (22) imply 

(23) yz + sa + xy = 12(uvw)?/8 

and 

(24) x? + y? + 22 > 12(uvw)?!8, 


In the next place, since u=a(x+u), v=B(y+v), w=y(z+w), where atB+y 
=1, it follows from the Cauchy inequality that 


(VutVvot+t Vey serytetutroty. 
This reduces to (18). Since 
a=(l—a)*«#+4), y=(1-ft+7), %2=1—-ye+»), 
we have also 
(Jat Vy + V2)? S24 +yt+e+uto+ yw). 
This reduces to 


(25) W(Jf/y2 + Sex + Sey) Sextyte2+%u+rv+v), 
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an inequality of a rather unusual kind. Incidentally (25) reduces to an equality 
when P is the centroid of ABC. 


5. Finally we note that 


h x+u h + y h z+w 
(26) = ) mY ) i 
p U q v r Ww 


) 


where fy, he, hs are the altitudes of ABC and p, q, r have the same meaning as in 
(1). Applying (14) we get 


(27) —+—+— 2%. 


Since by (26) 


nite (14 2)(142)(142) 
pqr U v w 


it follows from (14), (16) and (20) that 
(28) hihehs = 27 qr. 


We may also mention 
(29) (hi — p)(h2 — g)(hs — 7) 2 8p9r. 


The inequality (16) is known. See O. J. Ramler and C. W. Trigg, E1043, 
Property of three concurrent cevians, this MONTHLY, 60(1953) 421. 
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A CORRECTION FOR “N-GON ROTORS MAKING N-+1 CONTACTS 
WITH FIXED SIMPLE CURVES” 


MICHAEL GOLDBERG, Washington, D. C. 


Professor W. Wunderlich, of the Technische Hochschule in Vienna, has 
pointed out an error in the writer’s note “n-gon rotors making »+1 contacts 
with fixed simple curves,” which appeared in volume 69 (1962), pages 486-491 
of this Monruiy. The error appears in Figure 1, in some of the subsequent 
figures, and in some of the conclusions that may be drawn from these figures. 
The curve is not as smooth as shown in these figures. Instead, the more compli- 
cated curve, shown below, is a truer pictorial representation of the curve for 
Figure 1. 


Fic. 1 


The vertices of the rotating triangle trace the curve. At each stage, at least 
one of the sides of the triangle is tangent to the curve. Thus, 7-1 contacts are 
made. But the triangle is not confined within the curve as was erroneously as- 
sumed from Figure 1. 

In Figure 6, however, the triangular rotor is always within the stator curve. 
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If the set S is not empty, then it has a largest member 0. This follows from the 
left continuity of g and from the fact that, since g(a) <A, the set cannot be the 
whole interval (0, 1). Thus 


g(b) 2 A > g(a) 
so that )<a, and 
m}{ x: g(x) = A} =b<as mm x2 f (2) > A}. 


This completes the proof of the theorem. 

The interval (0, 1) of the theorem may, of course, be replaced by the interval 
(0, ©). 

The concept of rearrangement in decreasing order has also been defined for 
functions of two variables [1] and an analogous uniqueness theorem may be 
formulated for the “decreasing” functions occurring in this context. The contour 
lines used to define such functions form a one-parameter family of curves so 
that the problem is essentially the one-dimensional one treated above. 
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INVARIANT UNIFORMITIES ON COSET SPACES 
T. S. Wu, Stanford University 


It is known that a topological group has a right invariant metric if and only 
if the topology of the group space is first countable (see [4]). It is also known 
that if K is a closed subgroup of a topological group G then G acts on the right 
coset space G/K as the right transformation group in a natural fashion (see 
[2 |). In this note we are interested in the following question. When does G/K 
have a metric, which is invariant under the action of G (or G-invariant)? More 
generally, we would like to find the relationship between the uniformity on G 
and that on G/K, and also the invariance of such uniformities under the action 
of G. In the following we shall discuss the case when K is a compact subgroup 
of G. 

Standing notations: G is a topological group and K is a compact subgroup 
of G. Let G/K be the right coset space with decomposition (quotient) topology 
and (G/K, G, 7) be the right transformation group, i.e., (Kg, h)m=KghCG/K. 
Let U be the right uniformity of G, and WU’ be the partition uniformity induced 
by U on G/K. We say that a uniformity is invariant if it has a basis each mem- 
ber of which is invariant. 


PROPOSITION 1. U? is G-invariant and UW 1s compatible with the quotient space 
G/K. 
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INVARIANT UNIFORMITIES ON COSET SPACES 
T. S. Wu, Stanford University 


It is known that a topological group has a right invariant metric if and only 
if the topology of the group space is first countable (see [4]). It is also known 
that if K is a closed subgroup of a topological group G then G acts on the right 
coset space G/K as the right transformation group in a natural fashion (see 
[2 |). In this note we are interested in the following question. When does G/K 
have a metric, which is invariant under the action of G (or G-invariant)? More 
generally, we would like to find the relationship between the uniformity on G 
and that on G/K, and also the invariance of such uniformities under the action 
of G. In the following we shall discuss the case when K is a compact subgroup 
of G. 

Standing notations: G is a topological group and K is a compact subgroup 
of G. Let G/K be the right coset space with decomposition (quotient) topology 
and (G/K, G, 7) be the right transformation group, i.e., (Kg, h)r=KghCG/K. 
Let U be the right uniformity of G, and WU’ be the partition uniformity induced 
by U on G/K. We say that a uniformity is invariant if it has a basis each mem- 
ber of which is invariant. 


PROPOSITION 1. U? is G-invariant and UW’ 1s compatible with the quotient space 
G/K. 
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Proof. Let @ be the canonical map from G onto G/K. It is well known that 
gd is an open map. Since K is compact, it is also a closed map. So, by a theorem. 
in [1], UW is compatible with the topology of G/K. 

Let [V,|AGA] be a filter base of neighborhoods of the identity in G. Let 
a, = [(Kg, Kf)€G/K XG/K|KgCV,Kf and KfCV,Kg]. Then [a,|XEA] is a 
basis for W*. It is clear that Kgh C V,Kfh for all hEG if and only if Kg CV, Kf. 
So WU” is G-invariant. 


PROPOSITION 2. G/K has a G-invariant metric p® tf and only tf the topology of 
G/K ts first countable. In case G/K has a G-invariant metric p’, then p® can be 
induced by the partition uniformity WU’. 


The first part of Proposition 2 is known but the proof presented here is ap- 
parently new. See “Invariant Metric on Coset Spaces,” by Leif Kristensen, 
Scandinavica Mathematica, (1958) 33-36. 


Proof. The necessity is clear. We prove the sufficiency. Since the topology of 
G/K is first countable and K is compact, there are countably many open sets 
W, in G, nEN (integers) such that (i) KCW,, (ii) [[Kg|geW,]|nEN] isa 
filter base of neighborhoods of K in G/K, (iii) W,=W,*. Let B,=[(Kg, Kf) 
€G/K XG/K|KgCW,Kf and KfCW,Kg]. We are going to prove that 
[Bn| n€N] isa basis for Ww. If V is any symmetric open set in G, i... V= V—}, 
then KVCKW, for some nC N and W,KCVK. Hence, if KfCW,Kg, then 
Kf CVKg; so [B,|nEN] isa basis for W’. As [8,|2€N] is countable, it induces 
a metric p” on G/K, and p” is G-invariant as B, is G-invariant, (cf. Exercise N, 
Chapter 6, in [3]). 

In a routine manner it can be shown that any two metrics for G/K which are 
G-invariant and induce the same topology also induce the same uniformity. 
Thus, the second part of Proposition 2 follows from the first part. 


PROPOSITION 3. If the topology of G 1s first countable, then G has a right invari- 
ant metric p, and the right invariant metric p® on G/K is equivalent to the Hausdorff 
metric induced by p on the decomposition space G/K. 


Proof. Since the uniformity defined by p is equivalent to the right uniformity 
UW, the proposition follows from Propositions 1, 2 and the definition of Hausdorff 
metric. 


We should like to express our thanks to R. W. Bagley for his helpful correspondence during 
our preparation of this paper. 
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this result in another journal. Conditions for equality in (6) seem difficult to ob- 
tain. 


Research done while M. F. Smiley held NSF Grant GP1447. 
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Editorial Note. The questions raised by Dunkl and Williams were also answered in letters to 
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Advanced Study, and by James P. Crawford, Lafayette College. 


PERIODS OF MEASURABLE FUNCTIONS AND 
THE STONE-CECH COMPACTIFICATION 


Z. SEMADENI, Poznaf, Poland 


1. Periods of measurable functions. A number T is called a period of a 
function f defined for — 0 <t< o if f¢+7) =f() for all ¢. Obviously, the set of 
all periods of f is an additive subgroup of the reals and for any periodic function 
we have two possibilities: Either there exists the smallest positive period J» and 
all periods are of the form nT» with n=0, +1, +2,--- or the set of periods 
is dense. We have two typical examples of functions with dense set of periods: 
the characteristic function of the set of rationals and the function f(«) =¢(x) 
—(1)x, where ¢ is any nonmeasurable Hamel solution of the equation ¢(*+y) 
=(x)+¢(y); in both cases any rational number is a period. Obviously, a con- 
tinuous function with dense set of periods must be constant. There exist a 
nonconstant measurable function with an uncountable set of periods and a 
measurable function with Darboux property and a countable dense set of pert- 
ods (cf. [4] pp. 833-836). 

The purpose of this note is to give a simple proof of the following theorem due 
to A. Lomnicki ([4], Theorem 5). 


THEOREM 1. If a measurable function has a dense set of pertods, then tt 1s con- 
stant almost everywhere. 


The proof is founded on the following well-known 


Lema. If T is a positive period of a measurable function f and fo | f(t) | di<o, 
then the lomat 


mf) = tim — (fai 
2xd _» 


zr 


exists and is equal to Tif (é) dt. 
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THE NUMBER OF UNITARY DIVISORS OF A GENERALISED INTEGER 
E. M. HorapaM, University of New England, Australia 


The object of this note is to follow the work in [1] for generalised integers 
which are defined as follows. Suppose there is given a finite or infinite sequence 
{bp} of real numbers (generalised primes) such that 1<pi;<po< -++. Form the 
set {1} of all possible p-products, i.e., products py!po2 +--+ where vj, Ye, °°: are 
integers 20 of which all but a finite number are 0. Call these numbers general- 
ised integers and suppose that no two generalised integers are equal if their 
v's are different. Then arrange {2} in an increasing sequence 1=]),<h<-:-> 

Suppose now that 7*(J,) represents the number of unitary divisors of 1,; 
that is the number of divisors d of ], such that d is relatively prime to the comple- 
mentary divisor |,/d. Let [x] denote the number of generalised integers Sx 
and assume that 


(1) [~] = «+ R(x) where R(x) = O(x*) and 0<a <1. 


Let ¢(x, J,) denote the number of generalised integers Sx which are prime to J, 
and let w(l,) be the Mobius function defined by p(/,) =0 if 1, has a square factor; 
wl) =(—1)*, where k denotes the number of prime divisors of J, and J, has no 
square factor; w(1)=1. Then 


(2) 6b) = D wa | =. 


d\l, 


This is a simple consequence of Sylvester’s theorem (see [2], Theorem 26). 
Define ¢(s) = ee l7*(s>1). Then it is shown in [3] that 1/¢(s) = er wln)l,* 
and also that 

1 iB BAI 
3 — + ¥p + O(a), 
(3) 5 r ~3t% (x9-*) Lo 
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uw(l,) =(—1)*, where k denotes the number of prime divisors of J, and J, has no 
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d\l, 


This is a simple consequence of Sylvester’s theorem (see [2], Theorem 26). 
Define {(s) = ee L7*(s>1). Then it is shown in [3] that 1/¢(s) = er wl,)l,* 
and also that 

iB Bl 


1 
3 —_ = O a—B) 
(3) 2 prog t wt Or) Le 
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and yg is a constant. 


1 
(4) > — = logx+ y+ O(¢}). 
l,s2 ln 
1 
(5) > = = $6) - D- —= O(a), B>1. 
l,>2 IB lL, 32 ip 
log L, l 
(6) >> 8 -0(==*). 
L,>2 L, 7 
Define T*(x) = Do1,<27*(I,). Then 
THEOREM lI. 
T*(x) = {ioe — 292) + 2491 —- it + O(a te) /2) | 
£(2) ¢(2) 


Proof. Substitution of (1) in (2) gives 


= wo ((Z) + 0) 


d| lp dll, a 


xf (In) + O(%%fa(ln)) say. 


(x, In) 


Also 
1 u(d) -, bd) u(d) 1 
® sty . -pt@ yt. 
Insz 'p all, @° dis a" t*G" dez UT genjq O 
Now 
T*() = Dorn) = DD t= dot 
L, Sz L,sv db5=l, dészx 
(4,8)=1 (d,8)==1 


But if di Sx, then d and 6 cannot simultaneously assume values >+/x. Hence 


T*(x)=2 DO 1- Dd 1 
disz,dsvz dsvz,bsvz 
(d,6)=1 (d,6)=1 


=2 > (=. )- 2 ve — 


dsvVz 


xX x 
-2> {= fa) +0(=sca) ~ > {vaf@ + O(w*"F.(0)} 


dsVz dsvVz 
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from (7) 
d 1 d 
= 2% ud) yy —— ale SY a ud) > 1 
dsvz a? 8sva2/d dsvVz d ésv2/d 
d 1 d 
+ 0(« > u( ) > 4); o(» a2 p( ) > t) 
devz2 @* geyaja 5% devx @* fseVzja 

from (8) 


=22x >) nd) (10g + 71+ 0 (<)") 


dsvz dq? 


ae ud) (Wx va\" 

7 we 2 d (F +o(S)) 
u(d) (/«x\* ne /% 
+o(s ar (~) )+ 0( = ome =) 


from (4), (1) and (3) 


a(log « + 2y1 — 1) » Wo Ix >» oe + 0(: L+o/2 > =) 


dsvz d dsvVz a? dsvz dite 


seas 2m (ch + o($,))~1e(E, +02) 


+ O(a (ire) /2) 
from (5), (6) and (3) (here ¢’(s) is the derivative of ¢(s)) 
x 2¢"(2) \ 
= l — 1 O(a (ite) /2). 
£(2) ne 52) Foc 


This completes the proof of Theorem 1. It will be noted that the form of the 


answer is very similar to that given in [1] for the average order of the number 
of unitary divisors of an integer. 
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his a homotopy of f | C into 7. By hypothesis, # can be extended to a homotopy 
h*: X XI-T with h*(x, 0) =f(«). We show first that the existence of this exten- 
ston wmplies that C 1s a Gs. 

Let m: X XI--X be the projection a(x, t) =x. For each positive integer m, 
let Xm=a{ [XX [0, 1/m)]An*“[CX(0, 1]]}. The two intersecting sets are 
each open in X XJ, and 7m is interior, so that X is always open. We show that 
(\Xm=C. Suppose that « is in X—C. By continuity and the definition of f, 
there is an integer m such that h*(xx [0, 1/n]JANCXD=Q@, since h*(x, 0) =x. 
It follows that x is not in X,. Thus C contains 1X». If ¢ is in C, then 
h*-(¢X (0, 1])=cX(0, 1), and {cx [0, 1/m)}Acx(0, 1]=cX(0, 1/m), which 
projects onto c. Therefore C is in (\Xm. This proves that c is a Gs. 

It is easy to see that C1s a neighborhood deformation retract in our weak sense. 
Let U be the set of all points « in X such that h*(x, 1) isin CX(0, 1]. Then U 
is open and contains c. The composition (ar | T) (h*| UXI): UXI—X is continu- 
ous, leaves each point of C fixed at each ¢, and maps UX1 into C. This completes 
the proof. 

I will remark that the two conditions, of being a G; and of being a neighbor- 
hood deformation retract, are independent. Since every closed set in a metric 
space is a Gs, it is clear that this does not imply the deformation property. To 
see the other, let W denote the compact ordered space consisting of all ordinals 
not greater than the first uncountable ordinal, which I will call w. The space 
W XI can be deformed onto WX 1 in the natural way. Let W’ be the decomposi- 
tion space of WXJ formed by collapsing WX1WUw XT toa point p. The natural 
map of WXJ onto WX1 induces a contraction of W’ onto p. If p were a Gs, 
then w would be a G; in W. But it is not; see [2], p. 55. 


The research on this paper was partially supported by NSF Grant GP-1634. 
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RELATION OF ZEROS TO PERIODS IN THE FIBONACCI 
SEQUENCE MODULO A PRIME 


BRoTHER U. ALFRED, St. Mary’s College, Calif. 


In an article in this Montuty [1], D. D. Wall has worked out the main 
theorems regarding the zeros and periods of the Fibonacci sequence modulo m. 
The purpose of this note is to show the relationship between zero placement and 
periods for primes in the special Fibonacci sequence: uw) =0, #4.=1, u2.=1, u;=2, 
Us=3, Up=5, °°. 

The notation in the article by Wall will be kept. R=k(p) is the period of 
un (mod p), where p is a prime. d=d(p) is the spacing of the zeros in u, (mod ?). 

It has been shown in [1] that d| k; that for p=10x+1, k(p)|p—1; and that 
for p=10x+3, Rk(p)|2p6+2. 
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Case B: k=2?(2\-+1). From the fact that uz,2=0 (mod ~) and uajy1= —1 
(mod p) it follows that wa@y.=(—1)'u, (mod p). Setting t=k/4, Ursa —Unse 
(mod ~) so that u%;4=0 (mod p). Thus in this case k= 4d. 

Case C: R=2™(2X+1), mZ3. If wej4=0 (mod p), then by (1), waar 
U(k/4)414s (mod p). Setting t= (k/4) +1, we get 


2 k/4 
Wu 241 = Ua/a41 (mod p) = (—1)” (mod #) by (2) = 1 (mod ), 
since k/4 is even. Thus “@/2)41 would simultaneously be congruent to +1 and 


—1, a contradiction. Hence uz;440 (mod p) and k=2d. 


Summary. The results of the above discussion may be summarized in the 
following statements which apply to all primes including 2. 

(A) If the period k(p) is of the form 2A+1 or 2(2A+1), then d=. 

(B) If the period k(p) is of the form 22(2A\+1), then k= 4d. 

(C) If the period k(p) is of the form 2™(2\+1), m2=3, then R=2d. 

For a prime modulus other than 2, the above statements can be reversed to 
read: 

(A) If d is of the form 2(2A+1), then R=d. 

(B) If d is of the form 2A+1, then k=4d. 

(C) If dis of the form 2”(2A-++1), m=2, then k=2d. 


The author wishes to thank the referee for various suggestions. 
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CONGRUENCES FOR THE COEFFICIENTS OF THE &-th 
POWER OF A POWER SERIES 


JosErH ARKIN, Spring Valley, New York 10977 
Put 


00 k oe) (k) n 
(1) (Xcue*) =DCr «, 
n=0 n=0 
where the C, are integers and & is an integer 21. We define C® by means of 
(1) for all integral k. We have the following: 
THEOREM. Jf R21 then 
(2) Cy =0 (mod k/(n,#)) (w= 1,2, 3, +++) 
holds for all integral k. 
Proof. Differentiation of (1) leads to 
RY rat SOS" = nc a”. 
r=0 n=0 


n=0 
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Comparing coefficients we get nC =k >0"_, rC,C%,”, and (2) follows immedi- 
ately. 
When 2 is a prime, we have the familiar congruence 


oe) k 0 
( » Ca") = >) Crrx™ (mod R), 
n=0 n==0 


which is evidently in agreement with (2). More generally, when k=", where 
p is a prime and 721, it follows from (2) that, when p?| nand sr, 


(3) C, =0 (mod g’). 


Corotuary. If Co =1 and we put (dor5 Cax™)—*§ = 2, COP xr, 
(k=1, 2, 3,--+-+) then, exactly as above, nC>” = —k do" 1C,CoY, 
It follows, as desired, that 


(4) Co” = 0 (mod k/(n, #)) and (5) Cy =0 (mod p). 


The Ramanujan 7-function is defined by x [[7., (1Q—x")*= 07, r(n)x*. 
Applying (2) we get 


(6) t(n + 1) = 0 (mod 24/(n, 24)). 
In particular we have 
(7) 7(3n) = 7(3n + 2) = 0 (mod 3), 
a congruence due to Lahiri [2]; see also Gandhi [1]. It also follows from (6) that 
(8) 7(2n) = 0 (mod 8). 
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A CORRECTION FOR “CLASSES OF PAIRS OF COMMUTING 
MATRICES OVER A FINITE FIELD” 


L. Caruitz, Duke University 


J. Towber has kindly pointed out to the writer that there is an error in the 
paper: Classes of pairs of commuting matrices over a finite field (this MonTHLY, 
70 (1963) 193-195). The error occurs in equation (5) of the paper. The results 
of the paper remain valid if we redefine Q(m) as equal to the number of pairs 
of n Xn matrices (A;, B;) with elements in GF(q), where 4; runs through a com- 
plete set of nonsimilar matrices and for each A;, B; commutes with A;. 

Thus the problem of determining the number of classes of pairs of commut- 
ing matrices remains open. 
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EDITED BY GERTRUDE EHRLICH, University of Maryland 


This department welcomes brief expository articles on problems and topics closely related 
to classroom experience in courses that are normally available to undergraduate students, from 
the freshman year through early graduate work. Items of interest to teachers, such as pedagog- 
ical tactics, course improvement, new proofs and counterexamples, and fresh viewpoints in gen- 
eral, are invited. All material should be sent to Gertrude Ehrlich, Mathematics Department, 
University of Maryland, College Park, Maryland 20740. 


A COMBINATORIAL PROOF OF THE EXISTENCE OF GALOIS FIELDS 
R. C. MuLtin, University of Waterloo, Canada 


In a first course in combinatorial mathematics one often desires to show the 
existence of finite fields of all orders p" where # is a prime and 7 a positive inte- 
ger. One may easily show that the ring of integers modulo # is a field (usually 
denoted GF(p)) but one must show that there exists an irreducible polynomial 
of degree x over GF(p) in order to construct the mth degree extension GF(p"). 
The classical proof of this fact is algebraic in nature and requires a lengthy de- 
velopment of the structure of polynomials over GF(p). The following proof, 
which I believe is new, is combinatorial in nature and somewhat shorter than 
the classical proof. For those familiar with Polya’s theorems [1] the proof can 
be made somewhat shorter. By considering the product (1+x+x?+ +--+)" or 
some other elementary method one notes that 


(1) (1 — a)" = 2 C(n, rx 


where C(n, r) is the number of combinations of 2 objects taken r at a time, 
repetitions allowed. Having made this observation we prove the 


THEOREM. The number of irreducible monic polynomials of degree n over any 
finite field K 1s strictly positive for any positive integer n. 


Let us assume that K contains s elements. Let f, represent the number of 
irreducible monic polynomials of degree over K. Clearly f, Ss", the number of 
monic polynomials of degree n. | 

Since any polynomial over a field can be factored uniquely into a set of 
monic irreducible factors, and since there are s* distinct monic polynomials of 
degree n, 

(2) se = > II C(fi, ai), 

(a) ¢ 
where the sum is taken over all nonnegative integer solutions of a,+2a,+ -- - 
+ka,=n. Also 


3) TIla-#,P = > ( > I cths x) ) w= Soman = (1 sx); 


nol n=0 (a) @ n=0 
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hence, taking logarithms 


»= 


gnyn 


= In (1 — sx) = “Eee — 4") 


(4) = 
=> a 
n=l m=1 n=1 d\n 
Equating coefficients yields 
(5) sh = 2 dfa or (6) = 5h — 2 df a. 


d<n 


Since fg enumerates polynomials, fa=0, and hence by (6) f, <s"/n. Therefore 


n—l1 n—1l 
nin Ss" — > ft = st — >> st 
k=1 


k=l 


srt 1 1 (: 1 ) 
a — 5” — 
s—-1 s-—1 s—1 
which is positive for s>1. 
Since f;Ss* all infinite series and products are absolutely convergent for 
| «| <|s-1|. This completes the proof. 


Relation (5) may be used to verify that f, is a polynomial f,(s) of degree 2 
in s. The identity 


(7) 


4(a) In (1 — sx) = DO fp(s) In (1 — x”) 
n=l 
may be used to show an interesting property of the polynomials f,(s). Indeed 


In (1 — x”) = > In (1 — e?#rlimy) = x In (1 — x”) Df, (e2rt/m) | 


[=1 d=1 


hence 
(8) Do fale) = Sams 
l=1 


where 6,,m is the familiar Kronecker delta. 


Reference 


1. G. Polya, Kombinatorische Anzahlbestimmungen fiir Gruppen, Graphen, und chemische 
Verbindungen, Acta Math., 68 (1937) 145, 253. 
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Pr (Im <p) = fod = I,(mn—m-+1). 


We conclude with two additional observations. The density function g(p) 
can be obtained directly by a somewhat nonrigorous though often helpful argu- 
ment. If g(p) is the density function of T,,, the probability that T,, takes a value 
between p and p+dp is equal to g(p)dp (ignoring terms of order smaller than 
dp). On the other hand, according to the multinomial theorem, this probability 
(again ignoring terms of order smaller than dp) is equal to 

n! ; 
9) (m — 1)!(n — m) ii? = pnd 
since we must have m— 1 observations smaller than p, 2 —m observations greater 
than p+dp, and one observation between ~ and p+dp. It is seen that (5) is 
simply the right side of (4) multiplied by dp. 

In our earlier discussion we assumed for reasons of simplicity that we were 
sampling from a uniform distribution on the interval (0, 1). Actually we could 
have considered samples from any continuous distribution F(x). Let P, satisfy 
F(P,) =p so that P, is a 100p-percentile of F(x). Let T;, again be the mth small- 
est observation in a random sample of size n from F(x). Then Pr(Im<P,) 
= B(m;n, p) since as before the probability that a single observation from F(x) 
is smaller than P, is given by F(P,)=p. This result illustrates a property of 
order statistics that makes them useful in nonparametric statistics. Probability 
statements like Pr(IT,<P,) do not depend on the parent distribution F(x) be- 
yond the assumption that F(x) is continuous. 


A MODIFIED DIFFERENTIATION 
Martinus Esser, University of Dayton and Aerospace Research Laboratories, 
Wright-Patterson AFB, Ohio 
AND 
O. SuisHa, Aerospace Research Laboratories, Wright-Patterson AFB, Ohio 


1. We consider a modified form of the concept of derivative (“strong deriva- 
tive”). Some results are given, particularly continuity properties and necessary 
and sufficient conditions for “strong differentiability.” 


2. We assume throughout this section that fis a real function whose domain 
D is an open subset of the real line. 


DEFINITION. f is strongly differentiable at a point a 1ff the lamit 


lim f (2) — f(r) } /(#2 — 1) 
(21,22) >(a,a) 


exists and is finite. If these conditions hold, we denote the limit by f*(a) and call tt 
the strong derivative of f ai a. 
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f(s) — for) _ 


Xq—~ X41 


L 


= | (x2 — en MIKO — Lat Se. 


71 


Therefore f is strongly differentiable at a. 


3. We conclude with two examples. 

Example 1. Let f(x), with domain (— ©, »), be defined as x? sin (1/x), ex- 
cept that f(0) =0 (and so f’(0)=0). Then f is absolutely continuous in, say, 
[—1, 1] (for f’ is bounded there). On the other hand, limz. f’(x) does not exist, 
and therefore, by Theorem 3, f is not strongly differentiable at 0. 

Example 2. This example gives a function which is strongly differentiable at 
0, but which is differentiable at no one of the points 1/2, 1/3, 1/4, - - - . Define 
a function g with domain (—1, 1) as follows: g(é)=0 if #€(—1, 0] and if 
t€ [1/(n + 1), 1/n) (wn = 2, 4, 6,--+), and g(t) = tif t © [1/(m + 1), 1/n) 
(n=1,3,5,---). Let f(x) (with domain (—1, 1)) be /Gg(é)dt (and so f is contin- 
uous in (—1, 1)). Obviously 

lim { f(a2) — f(a1)}/(ae — a1) = 0. 


(x1 ,22)—(0,0) 
U1 2X2 


However, at every point 1/n (n=2, 3, 4,---) f is not differentiable. 


FIXED POINTS 
IGNACE I. KOLODNER, University of New Mexico 


In order to solve a functional equation of the second kind, one frequently 
proceeds to solve the iterated equation, and concludes that if the latter has a 
solution which is unique, the former also has a solution. In one case (in [1]]), 
I noticed that such a process requires some effort. The result is, however, a con- 
sequence of a very general theorem proven below. 

Let X be any set and let f be a mapping of X into X. Let S,= { x| x = f"(x) } ; 
the set of fixed points of f*. Clearly S; CS, for all x, but S,; could be empty. 


THEOREM. If for some k, S.={z}, a singleton, then Sy= {2}. 


Proof. f®(f(z)) =f*t'(z) =fCf*(z)) =f(z). Thus f(z) €.S;, ie, f(z) =2, and z€S,. 
Reference 


1. R. Courant and D. Hilbert, Methods of Mathematical Physics, vol. II, Interscience Publ., 
New York, 1962, pp. 364-365. 


CORRECTION FOR “INDEFINITE INTEGRATION BY RESIDUES” 
R. P. Boas, Jr., Northwestern University 


L. Schoenfeld has pointed out to me that the theorem of this note [this 
MontTHLy, 71 (1964) page 298] is correct only when the integrand has no poles 
at all on the unit circumference. He and I are preparing a note dealing with the 
general case. 
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A HIGHER REMEDIAL PROGRAM 


RoBert T. Stusss, Armstrong College, Savannah, Georgia 


A somewhat unusual remedial program in algebra was given at Armstrong 
College to about 200 students during the academic year 1962-63. 

Each of the students met the normal admissions requirements, and was 
placed in a remedial algebra category by placement examination. (The place- 
ment criterion used was the American Council on Education Cooperative 
Mathematics Pre-test, Form Y (1948). Scores less than or equal to 20 were 
considered remedial.) The object of the new program was to replace a very rou- 
tine course in remedial algebra by a more valuable course. It was expected that 
the incorporation of appropriate topics which were new to the student would 
enhance his interest, and prepare him for a more rigorous treatment of the ele- 
mentary algebraic concepts. The main purpose of this note is to describe the 
content of the course, and to give some analysis of the success of the program. 


1, Content. The course can be divided into three parts: symbolic logic, set 
theory, and elementary algebraic concepts; an approximately equal amount of 
class time was devoted to each part. There were five class meetings per week for 
one quarter in each section of the course which was offered. 

The topical content of the course is listed below. 


I. Symbolic Logic. Axiomatic systems, mathematical truth, five logical oper- 
ators, properties of the logical operators, apparent and actual sub-propositions, 
mathematical proof, propositional functions, and quantification. 


Il. Set Theory. Primitive notions, set equality, subsets, the axiom of speci- 
fication, set theoretic operators, algebra of sets, complementation, generalized 
operators, set theory and symbolic logic compared, ordered pairs, Cartesian 
product, relations, the function concept, and graphical considerations. 


III. Elementary Algebraic Concepts. 

A. THE ELEMENTARY OPERATIONS. Natural numbers, composite and prime 
numbers, properties of + and xX, subtraction, the order relation, division and 
the set of rational numbers, absolute value, operations with real numbers, and 
operations with fractions. 

B. Exponents. Integral exponents, principal mth root, properties of the 
absolute value of a real number, properties of real exponents. 

C. ALGEBRAIC EXPRESSIONS. Polynomials, operations with polynomials, 
factoring, operations with rational and algebraic expressions. 
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D. EQUATIONS AND INEQUALITIES. Linear equations, quadratic equations, 
graphical considerations, inequalities. 


2. Discussion of Content. 

I. Symbolic Logic. The approach in symbolic logic was naive, but the pre- 
sentation was careful. The treatment of the implication p=>q, where p and gq 
denote propositions, was thorough. Some typical results which were established 
will be listed. For all propositions p, g, r it was shown that: 


[not-(p => q)] = [p A not-g], 
lp = q| = [not-g => not-p], 
p=saqArlelGeQaA (PSI, etc. 


The above results were established by the truth table method, and by the 
application of appropriate properties of the logical operators. The material on 
mathematical proof included a treatment of the method of indirect proof with 
a proof of 


(p= @) @ (f A not-¢>r / not-r). 


II. Set Theory. While the approach was naive, a careful development was 
given. The axiom of specification was stressed, and a discussion of the paradoxes 
was not given. The standard results of the algebra of sets were presented. 
Emphasis was placed upon the relation between set theory and logic. The treat- 
ment of the concept of ordered pair included a proof that 


(a,b) = (c,d) @a=c/)b=d, 


where (a, 0) denotes the ordered pair whose elements are a and 0. The function 
concept was presented carefully, following the necessary preliminaries on Car- 
tesian product and relations; the latter included equivalence relations, but did 
not include equivalence classes and partitioning. Into, onto, one-to-one, and 
inverse functions were discussed. Graphical results were obtained by interpret- 
ing an ordered pair of real numbers as a point in Euclidean 2-space. 


III. Elementary Algebraic Concepts. The role of + and X as primitive opera- 
tions was discussed. The presentation of the algebraic part of the course was 
influenced by a desire to prepare the student for an axiomatic development of 
the structure of the set of real numbers from the field axioms. The development 
given was naive; the basic field properties were identified, however, and some 
proofs were given. Moreover, attention was given to the computational aspects. 

In the material on exponents the standard properties were treated. Special 
attention was given to the concept of the principal mth root of a real number. It 
would have been difficult for a student to have avoided learning that for all real 
a it is true that »/a?=|a|. The treatment of the remaining topics was standard. 


3. Evaluation of the Program. It is felt that the program was very success- 
ful; it will be continued in the coming academic year. The text for the course 
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consisted of material prepared by the author; a revised version of this material 
was used in 1963-64. 

In addition to giving the student the needed review of the elementary 
algebraic concepts, the program gave him some insight into several areas which 
were new to him. In the study of symbolic logic students were not particularly 
hindered by their poor background in mathematics. Furthermore, for many 
students a good performance in the first part on symbolic logic seemed: to set 
the pace for their work in the balance of the course. 

Set theory served as another sort of self-contained study. While some results 
from logic were applied in the study of set theory, it was not necessary for the 
student to have any prior detailed knowledge about sets. Moreover, the set 
theory made it possible to treat the concept of function in a rather sophisticated 
way. 

The students who were successful in the course achieved an insight into some 
theoretical aspects of the algebra of real numbers, and they also achieved some 
proficiency with the manipulative aspects. In comparing the new program with 
the old it was found that there was no significant difference in the grade dis- 
tributions of the progams. A student’s performance in higher courses was sig- 
nificantly better if he came from the new program. 


NEW MATHEMATICS TEACHER TRAINING PROGRAMS AT CLEMSON COLLEGE 


Recently Clemson College has planned and had approved by the faculty a 
new mathematics education program at the undergraduate and master’s degree 
level. At the undergraduate level a program leading to a new degree, bachelor 
of science in science teaching with majors in biology, chemistry, mathematics 
and physics, is planned at Clemson College which has no College of Education. 
Many of the students who have selected the teacher training program in mathe- 
matics had begun other curricula, primarily engineering. The requirements in 
mathematics for the major considerably exceed those required by the state and 
are comparable to the Level III program suggested by the Committee on the 
Undergraduate Program. In addition, eight hours of general physics are required 
as well as six hours of the history of civilization. Experience has shown that 
prospective teachers who take history of civilization do better on the national 
teachers examination which is used in South Carolina as a basis for determining 
salary. 

The master’s degree program is offered under a Master of Education cur- 
riculum and includes thirty semester hours, no more than twelve of which are 
in the field of professional education. Requirements in mathematics are some- 
what similar to those of Level III, but also more extensive. It is hoped that both 
programs will be in full operation in the fall of 1964. This report was submitted 
by Professor John L. Tilley of Clemson, and a part of the report was given as a 
paper at the Southeastern section meeting of the Association in Charleston on 


March 20. 
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content development in mathematics are already receiving support under this 
division. Persons interested in submitting proposals should correspond directly 
with Dr. Ianni. 


PROBLEMS AND SOLUTIONS 


EDITED BY E. P. STARKE, Bloomfield College 


COLLABORATING EpiTors: J. BARLAZ, Rutgers—The State University; L. Car.iTz, 
Duke University; H. S. M. CoxeETEer, University of Toronto; H. Eves, University of 
Maine; A. E. Livineston, University of Alberta; and A. Wi1LaNnsxy, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department 
should be sent to E. P. Starke, Bloomfield College, Bloomfield, N. J. 07003. Proposers of 
problems are urged to enclose any solutions or information that will assist the editors. Ordinar- 
ily, problems in well-known textbooks and results in generally accessible sources are not appro- 
priate for this Department. No solutions (other than proposers’) should be sent to Professor 
Starke. 


ELEMENTARY PROBLEMS 


All solutions of Elementary Problems should be sent to A. E. Livingston, Dept. of Math., Uni- 
versity of Alberta, Edmonton, Alberia, Canada. To facilitate their consideration, solutions for 
Elementary Problems in this issue should be submitied on separate, signed sheets and should 
be mazled before January 31, 1965. 


E 1721. Proposed by J. C. Van Rhijn, Vollenhove, The Netherlands 


Given an ellipse E with foci #, and F:, a point P outside E, the tangents 
PR, and PR, from P to £, and a positive number f(0<f<1). Find the locus of 
P if PR, PRe=f: Ply: PFs. 

E 1722. Proposed by Norman Schaumberger and Erwin Just, Bronx Commu- 
nity College, New York City 


It is known that }>.%., cos j@ does not approach a limit as n— © for any 0. 
Show that as n>, lim }°%., (7) cos j@ does not exist or is zero. 


E 1723. Proposed by Franklin C. Smith, Minneapolis, Minn. 
If k is a positive integer and 6=27j/k, 7=1, 2, ---+,k—1, show that 
[(k—-1) /2] 
cos nO = — 2{2 + (—1)#8 + (—1) 4, 
N=] 
where [x] denotes the greatest integer not exceeding x. 
E 1724. Proposed by H. W. Guggenheimer, University of Minnesota 
If S is the area of triangle A BC, show that 
abe = 8S8/2/33/4, 


with equality for the equilateral triangle. 


912 PROBLEMS AND SOLUTIONS [October 


E 1725. Proposed by Hwa S. Hahn, Pennsylvania State University 


If f(x) is Euler’s function and 7 is a positive integer with the prime decom- 
position n= [[ in p*, prove that 


> de(@) = JI (p44 1)/@4+ Dd. 


d\n pin 
E 1726. Proposed by Daniel I. A. Cohen, Princeton University 
Prove (or disprove): every planar map of convex countries can be colored 
with three colors. 
E1727. Proposed by Raul Machuca, Fairleigh Dickinson University, Tea- 
neck, N. J. 
If the a; are real and distinct show that the following equation is true for 2 


real values of x: 


a 4 Qe dee eh Qn 


a1, — x ag — x Qn — X& 


= nN. 


E 1728. Proposed by Jet Wimp, Midwest Research Institute 
For £20, 0<aSK1, let f(t) be defined by 


1 f(t) ax 
ref 
/2ad 1 (In x — In a)!/? 


1 rr@ 
t= —{ er 24d xe, 
av 0 


E1729. Proposed by Azriel Rosenfeld, The Budd Company and the University 
of Maryland 

A 3X3 arithmagic square is an arrangement of nine of the digits 0,1,---, 9 
into a 3X3 matrix such that if the rows and columns are regarded as three-digit 
numbers, then the sum of the first two rows is equal to the third row, and 
similarly for the columns. Prove there is only one such arithmagic square. 


E 1730. Proposed by Robert Spira, Duke University 
Let (a, b) =1. If m is any integer, there is an x such that (ax+), n) = 1. 


Show that 


SOLUTIONS OF ELEMENTARY PROBLEMS 
Sum of Consecutive Odd Numbers 


E 1641 [1963, 1099]. Proposed by W. C. Waterhouse, Harvard University 


Prove that for any integer k>1 and any positive integer n, n* is the sum of 2 
consecutive odd integers. 
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914 PROBLEMS AND SOLUTIONS [October 


A Characterization of Linear Polynomials 


E 1642 [1963, 1099]. Proposed by Ralph Greenberg, University of Pennsyl- 
vania 


Prove that a polynomial P(x) with rational coefficients which assumes ra- 
tional values for rational x and irrational values for irrational x must be linear. 


1. Solution by S. Chowla, Pennsylvania State University. We may assume 
that the polynomial P(x) is monic. If now P(x) =x"+a,_\x"-!+ --- +aye+ay, 
then for any prime ~, the polynomial Q(x) =P(x)—p—day also has the stated 
property. Since Q(0) <0, there is a real root of Q(x) =0. Now the only possible 
rational roots of Q(x) =0 are +1, +. But if 2>1, we can choose the prime » 
so large that none of the numbers +1, +> satisfies O(x) =0. Thus we must have 
Q(x) =0 for some irrational x, which contradicts the fact that Q(x) is irrational 
for irrational x. 


Il. Solution by A. M. Vaidya, Pennsylvania State University. Let P(x) 
= OyX"TAnaiX"—!+ + + + +49(dn¥0). We assume, without loss of generality, 
that the coefficients are integers. Then a” 'P(x) =a"x"+a, 1077x714... 
+ aan *=Q(anx), say. Since Q(x) =a?" f(x/an), Q(x) also has the stated prop- 
erty. If now, 222, then we can find an integer k such that O(k+1)—O(k)>1, 
and hence there is an integer h such that O(k) <h<Q(k+1). It now follows from 
the continuity of Q(x) that there is an m such that k<m<k-+1 and O(m)=h; 
this real number m is rational because Q(m) is, and it is an integer because Q(x) 
is monic. But this contradicts k<m<k+1. This proves the assertion. 

Also solved by Shair Admad, W. R. Becker, J. L. Brenner, Leonard Carlitz, M. J. Cohen, 
H. L. Montgomery, A. E. Newman, Hugh Noland, Ulrich Seip, and the proposer. 


Brenner, Carlitz, and the proposer point out the assumption that P(x) has rational coefficients 
is redundant. 


An Inequality 
E 1643 [1963, 1099]. Proposed by J. E. MacDonald, Jr., International Busi- 
ness Machines Corporation, Poughkeepsie, New York 


Given that 5>07.,0;=0) with each b,; a nonnegative integer, prove that 
Dijat b,Dj41 = b?/4. 

I. Solution by Lieutenant Rudolf Tabbe, Department for Mathematical Sta- 
tistics, Chalmers University of Technology, Gothenberg, Sweden. The following 
proof shows that the restriction to nonnegative integers is avoidable. In fact 
the inequality is valid for arbitrary nonnegative numbers {b;}% with sum 


ym b;= b, 


The function f(x) =x(b—x), xE [0, b], satisfies f(x) $b2/4. We thus have 


b?/4 > ( > b) ( > s,) > bibs 


4 odd j even 


II. Solution by Martin J. Cohen, Beverly Hills, California. Let b, = max { b; } arr 
so that 
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n-1 k—-1 n-1 
Dy bibint = Do bibs + DS babes 
i=l 


t= t==k 


k—-1 n—1 
S be Dobe + by Dy byt 
i=1 


i=k 
b? b 2 
=——|[—— 
4 € ) 
b? 
<—-: 
4 


Note that there is equality if and only if b,=0/2, in which case »=2. Thus for 
n2=3, dort bibs << 02/4. 


ITI. Solution by Miltiades S. Demos, Drexel Institute of Technology. We have 


n 9 n : 2 [n/2] [7/2] n—l 
30? {yin 2 - af > bah J > ban-ah > 45 dybjas 
a=1 4=] 


k=l m=1 j=l 


since every term on the right is included in the product in the middle. Since 


n 2 n—1 
(>> (—1)%,)? 20, ~=we have b2 = ( >» s.) > 4 >) bybj41. 


j=l j=l 
Note that the statement is true if each 0; is any nonnegative real number. 


Also solved by Shair Ahmad, K. F. Bailie, Raymond Balbes, J. E. Barger, R. J. Bridgman, 
Robert Burton, Leonard Carlitz, D. H. Carlson, D. I. A. Cohen, G. C. Dodds, Michael Goldberg, 
Mark Hayamizu, Stephen Hoffman, J. L. Howell, R. F. Jackson, R. A. Jacobson, Norman Schaum- 
berger and Erwin Just (jointly), E. S. Langford, W. W. Leutert, Tung-Po Lin, Jiang Luh, E. L. 
Magnuson, D. C. B. Marsh, H. L. Montgomery, C. B. A. Peck, Stanton Philipp, L. J. Pratte, 
George Purdy, B. E. Rhoades, Dennis C. Russell, L. Sauvé, P. H. Schottler, Richard Sinkhorn, 
R. A. Smith and A. M. Vaidya (jointly), Guy Torchinelli, R. P. Soni, R. L. Syverson, Simon Vatri- 
quant, Charles Wexler, K. S. Williams, K. L. Yocom, and the proposer. 


A Well-Known Inequality 
E 1644 [1963, 1099]. Proposed by T. R. Curry, College on Long Island, State 
University of New York 


Prove that the sum of the sines of a triangle never exceeds 3+/3/2, with 
equality when and only when the triangle is equilateral. 


I. Solution by Andrew N. Aheart, West Virginia State College. Let A, B, C 
be the angles of a triangle opposite the sides a, b, c. Let R=circumradius, 
y=inradius, and s=semi-perimeter. Then 2R=a/sin A=b/sin B=c/sin C. 
Hence, 


sin A-+sinB+sinC = (a+b0+c)/2R = s/R. 
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n—1 k—-1 n—1 
>» bbi41 = > bbe + » biDi44 
i=l i=l imk 
k—-1 n—1 
<b, Dobe t+ be DS Bigs 
i=l i=k 
b? b 2 
=—-—(—-}3 
4 ( 2 ) 
h2 
<—. 
4. 


Note that there is equality if and only if b,=0/2, in which case »=2. Thus for 
nN = 3, ar b Diss <b?/4, 


III. Solution by Miltiades S. Demos, Drexel Institute of Technology. We have 


n 9 n : 2 [n/2] [7/2] n—1 
Db — {> (—1) ss = af » bat ‘ > bans} = 4D) bybs41 
i=1 1=1 


k=l m= j=l 


since every term on the right is included in the product in the middle. Since 


n 2 n—1 
(do (—1)%,)? 0, we have 6? = ( 2 s.) > 4D) bibins. 
t=1 


j=1 
Note that the statement is true if each 0; is any nonnegative real number. 


Also solved by Shair Ahmad, K. F. Bailie, Raymond Balbes, J. E. Barger, R. J. Bridgman, 
Robert Burton, Leonard Carlitz, D. H. Carlson, D. I. A. Cohen, G. C. Dodds, Michael Goldberg, 
Mark Hayamizu, Stephen Hoffman, J. L. Howell, R. F. Jackson, R. A. Jacobson, Norman Schaum- 
berger and Erwin Just (jointly), E. S. Langford, W. W. Leutert, Tung-Po Lin, Jiang Luh, E. L. 
Magnuson, D. C. B. Marsh, H. L. Montgomery, C. B. A. Peck, Stanton Philipp, L. J. Pratte, 
George Purdy, B. E. Rhoades, Dennis C. Russell, L. Sauvé, P. H. Schottler, Richard Sinkhorn, 
R. A. Smith and A. M. Vaidya (jointly), Guy Torchinelli, R. P. Soni, R. L. Syverson, Simon Vatri- 
quant, Charles Wexler, K. S. Williams, K. L. Yocom, and the proposer. 


A Well-Known Inequality 
E 1644 [1963, 1099]. Proposed by T. R. Curry, College on Long Island, State 
University of New York 


Prove that the sum of the sines of a triangle never exceeds 3./3/2, with 
equality when and only when the triangle is equilateral. 


I. Solution by Andrew N. Aheart, West Virginia State College. Let A, B, C 
be the angles of a triangle opposite the sides a, b, c. Let R=circumradius, 
r=inradius, and s=semi-perimeter. Then 2R=a/sin A=b/sin B=c/sin C. 
Hence, 


sin A-+sinB+sinC = (a+b+c)/2R = s/R. 
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A Unimodular Matrix 
E 1645 [1963, 1099]. Proposed by E. R. Barnes, Morgan State College 


Let r be a nonnegative integer and let A = [a,;| be an » by m matrix where 
aij=(i+jtr—2)!/G—1)!G+r—-1)!. Show that | A] =1. 


Solution by William M. Stone, Oregon State University. Problem 3468, re- 
printed in the Dunkel memorial pamphlet, and E 1600 amount to the statement 


that 

s 
nm a nonnegative integer. A more general statement is that any determinant 
“hung” from the Ath one at either side of the Pascal triangle is unity, 


Gea ee 
5 “ 4) 


h a nonnegative integer. Replace each row of the F(n, h) by the difference be- 
tween itself and the preceding row; do likewise with columns of the resulting 
determinant, arriving at 


Gam ore") (Gane (Geen 
—_—>? — — 
S S S s—l 
r+sth—2 rt+sth-—2 
+( )=( ) 
s—l s—l 
That is, F(n, h)= F(n—1, h) with F(O, 2) =1. 


Also solved by M. T. L. Bizley, A. W. Brunson, Robert Burton, Leonard Carlitz, David Carl- 
son, D. I. A. Cohen, R. F. Jackson, R. A. Jacobson, P. G. Kirmser, E.S, Langford, E. L. Magnuson, 
D. C. B. Marsh, S. G. Mohanty, J. W. Moon, D. E. Nixon, F. D. Parker, C. B. A. Peck, Stanton 
Philipp, L. J. Pratte, George Purdy, V. K. Rohatgi, Perry Scheinok, R. P. Soni, Guy Torchinelli, 
R. Vande Velde, Simon Vatriquant, David Zeitlin, and the proposer. 

Zeitlin points out that this problem and E 1600 are special cases of Example 729 in Muir, A 
Treatise on the Theory of Determinants, Dover, p. 679. 


= |, OSr, sn, 


F(n, h) = 


Derived Sets of a Finite Topological Space 
E 1646 [1963, 1099]. Proposed by L. J. Green, Case Institute of Technology 


Exhibit a finite topological space and a subset A such that A, A’ (theset 
of all limit points of A), A”, ---, A are all different, none of them closed. 


Solution by Jack Williamson, University of Wisconsin. Let X = {0, 1,2,-°°-, 
k+1} and consider the following topology for X: 


T= {1,2,---,j[/f7 Sk+1} U{X} VU {9}. 
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Let A= {1, 2,¢¢¢, k+1}. Then, A is clearly not closed, since O€ A’ and 
0€ X—A. Now 1 is not an accumulation point of A since #= {1} is a neighbor- 
hood of 1 disjoint from A — { 1 } - further, if 7€ A (j#1), then 7 is an accumulation 
point of A since every neighborhood of 7 contains 1. Hence, 


A’={2,---,k+1} 


and clearly A’ is not closed. Similarly, 4’’={3,---, k+i},---, A@ 
={jt1,---,k+i},---,4={k4+1}. 


Also solved by M. D. Mavinkurve and the proposer. 


Sum of Exponentials 
E 1647 [1963, 1099]. Proposed by P. R. Chernoff, Harvard University 


Sum the infinite series })~., 1/(kn)!, where R is any positive integer. 


Solution by D. I. A. Cohen, Princeton University. We have 


1 & . 1 4. © pirijl/k 12 1 & oo 1 
— > PL = — — » __ > ermigllh m= > 
Ro jai Ronin «(b! ko ya 0! jaa 1 (Ri)! 


since if R/1, then >o*_, e2t#i/k§ = 0. 


Also solved by E. R. Barnes, M. T. L. Bizley, Robert Burton, S. Chowla and R. A. Smith and 
A. M. Vaidya (jointly), C. A. Church, Jr., and D. P. Roselle (jointly), M. J. Cohen, John de Pillis, 
D. T. Dwyer, J. A. Faucher, H. E. Fettis, Michael Goldberg, Ralph Greenberg, S. H. Greene, J. E. 
Hafstrom, Eldon Hansen, Stephen Hoffman, R. F. Jackson, D. E. Johnson, Erwin Just and Nor- 
man Schaumberger (jointly), R. N. Kesarwani, P. G. Kirmser, E. S. Langford, W. W. Leutert, 
D. C. B. Marsh, Imanuel Marx, H. L. Montgomery, M. G. Murdeshwar, Hugh Noland, C. S. 
Ogilvy, Walter Penney, Stanton Philipp, George Purdy, D. L. Ragozin, John Raleigh, D. C. 
Russell, C. M. Sandwick, Jr., F. C. Smith, R. A. Smith and A. M. Vaidya (jointly), R. P. Soni, 
W. M. Stone, L. K. Tolman, Guy Torchinelli, Robert Weinstock, K. S. Williams, Kung-Wei Yong, 
David Zeitlin, and the proposer. 
The distinct solutions to this problem were too many to reproduce in their entirety: Writing 
y=f(x) = >... _» x*"/(kn)! several solvers observed that the series in the problem is the solution of 
the initial-value problem 


yh=y f0)=1, (OO) =-+- =f YO) = 0; 


Stone used Laplace transforms and Tolman a combination of MacLaurin series and Mikusinski 
operators; Kesarwani obtained the solution as a hypergeometric function; and so on. 

The problem is not new: references were given to A. J. Carr, Mathematical Gazette, vol. 
XLVII (1963); A. Erdelyi, et al., Higher Transcendental Functions, vol. 3, McGraw-Hill (1953); 
I. J. Schwatt, An Introduction to the Operations with Series, 2nd ed., Chelsea (1924); Problem E844, 
this MontHiy, 56 (1949) 474. 


Rings of Order Four 
E 1648 [1963, 1099]. Proposed by David Singmaster, University of California 
at Berkeley 


(1) What is the order of the smallest nontrivial ring with identity which is 
not a field? Find two such rings with this minimal order. Are there more? 
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Let A= {1, 2,°¢¢, k+1}. Then, A is clearly not closed, since O€ A’ and 
0€X—A. Now 1 is not an accumulation point of A since t= {1} is a neighbor- 
hood of 1 disjoint from A — { 1 } - further, if 7G A (j¥1), then 7 is an accumulation 
point of A since every neighborhood of 7 contains 1. Hence, 


A’ = {2,---,k+1} 


and clearly A’ is not closed. Similarly, A’’= {3, vey k+1}, cee AW 
={j+1,---, k+1},---,AM= {e+1}. 


Also solved by M. D. Mavinkurve and the proposer. 


Sum of Exponentials 
E 1647 [1963, 1099]. Proposed by P. R. Chernoff, Harvard University 


Sum the infinite series })~., 1/(kn)!, where k is any positive integer. 


Solution by D. I. A. Cohen, Princeton University. We have 


1 3 enti fi 1 AQ erttitik > 1 3 > 1 
—)> er = — = — ST e2riillk = 
R ji kjain 2! kya Ob! jaa 1 (Ri)! 


since if R/l, then >“, ec?" =0, 


Also solved by E. R. Barnes, M. T. L. Bizley, Robert Burton, S. Chowla and R. A. Smith and 
A. M. Vaidya (jointly), C. A. Church, Jr., and D. P. Roselle (jointly), M. J. Cohen, John de Pillis, 
D. T. Dwyer, J. A. Faucher, H. E. Fettis, Michael Goldberg, Ralph Greenberg, S. H. Greene, J. E. 
Hafstrom, Eldon Hansen, Stephen Hoffman, R. F. Jackson, D. E. Johnson, Erwin Just and Nor- 
man Schaumberger (jointly), R. N. Kesarwani, P. G. Kirmser, E. S. Langford, W. W. Leutert, 
D. C. B. Marsh, Imanuel Marx, H. L. Montgomery, M. G. Murdeshwar, Hugh Noland, C. S. 
Ogilvy, Walter Penney, Stanton Philipp, George Purdy, D. L. Ragozin, John Raleigh, D. C. 
Russell, C. M. Sandwick, Jr., F. C. Smith, R. A. Smith and A. M. Vaidya (jointly), R. P. Soni, 
W. M. Stone, L. K. Tolman, Guy Torchinelli, Robert Weinstock, K. S. Williams, Kung-Wei Yong, 
David Zeitlin, and the proposer. 

The distinct solutions to this problem were too many to reproduce in their entirety: Writing 
y=f(x) = >... _» x*"/(kn)! several solvers observed that the series in the problem is the solution of 
the initial-value problem 

y)=y, fO=1, fMO)=--- =f V0) = 0; 
Stone used Laplace transforms and Tolman a combination of MacLaurin series and Mikusinski 
operators; Kesarwani obtained the solution as a hypergeometric function; and so on. 

The problem is not new: references were given to A. J. Carr, Mathematical Gazette, vol. 
XLVII (1963); A. Erdelyi, et al., Higher Transcendental Functions, vol. 3, McGraw-Hill (1953); 
I. J. Schwatt, An Introduction to the Operations with Series, 2nd ed., Chelsea (1924); Problem E844, 
this Montuty, 56 (1949) 474. 


Rings of Order Four 
E 1648 [1963, 1099]. Proposed by David Singmaster, University of California 
at Berkeley 


(1) What is the order of the smallest nontrivial ring with identity which is 
not a field? Find two such rings with this minimal order. Are there more? 
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(2) How many rings of order four are there? 


Solution by D. M. Bloom, University of Massachusetts. There are 11 rings of 
order 4: 
(A) 1. I/(4) (the integers mod 4). 
(A) 2. The 4-element subring of J/(8). 
(A) 3. The 4-element subring of 7/(16) (null ring). 
. GF(A). 
. GF(2) XGF(2). 
. GF(2) XN, where JN is the null ring of two elements. 
NXN. 


ION 


0 


8. Matrices |x 


y 


oO Oo © 


0 
over GF (2). 
0) 


on) 


x 
9. Matrices ( 


) over GF(2). 
y 


8 


x 
(B) 10. Matrices (; ‘) over GF(2). 


x O 
(B) 11. Matrices ( ») over GF(2). 
y 


(A) additive group is cyclic. 
(B) ring is noncommutative. 


Proof. Ring No. 10 has a left identity whereas ring No. 11 does not. The 
three multiplication tables for rings 1, 2, 3 yield different numbers of zero 
products in each. The same is true for the five rings 4, 5, 6, 7, 9. Each of these 
latter five rings contains no element M such that M*’=0+4 M®, but ring 8 does 
contain such an element. From all of these observations, we conclude that the 
11 rings listed are mutually nonisomor phic. 

Conversely, suppose that R is any ring of four elements; we wish to show that 
R is one of the 11 rings in the list. 

If the additive group of R is cyclic with generator e, then the structure of R 
is uniquely determined by the product ee, and we see that R is one of the rings 
1, 2, 3. 

Assume on the other hand that R ts the four-group under addition. In each 
row or column of the multiplication table for R, we must either have one element 
appearing 4 times, 2 elements appearing twice each, or 4 elements appearing once 
each; from this, the following observations easily follow: 

1. If R has a left annihilator a and a right annihilator 0, but no two-sided 
annihilator, then the multiplication table is 
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Postulates for a Group 
E 1649 [1963, 1100]. Proposed by R. A. Jacobson, South Dakota State College 


Let “*” be a binary operation on a set S. Do the following axioms define a 
group? 

Al. There exists an element e€ S such that x * e=x for all xCS, x¥e. 

A2. For all x, y, z€ S, s¥e, x * (y * 2) =(x * y) *2. 

A3. « *w=y has a unique solution wCS, for each ordered pair x, yES, 
XY. 


Solution by E. S. Langford, Autonetics Division, North American Aviation. 
We replace A3 by the weaker 


A3’, Every xe has a unique right inverse x” relative to e. 


Let us examine the product e?=w. (We write ab for a * b throughout). Assume 
that we. Then w® #e, since w®=e implies that e=ww? =we=w. Likewise 
wkk ~e, etc. Consider 


wh = wre = wk (wRRyRRR) —_ (wR wRR) wRRR _ EMRE | 


Thus e= ww? = w(ewFF2) = (we)wkFF = wwkFk, By A3’, we have that w®=wFF2F, 
and so wk=ew®, Hence e= ww? = (ew®) wk? = e(wew®®) = e2=w, a contradic- 
tion. Thus e?=e. It is clear that the associative law now holds for z=e. But it is 
well-known (Jacobson, vol. I, problem, p. 24) that a semigroup with a right 
identity and right inverses is a group. 


REMARK. If we replace A1 by “ex=x for all xe,” then S need not be a group; 
for example, we can define xy=y for all x, yES. 


Also solved by R. D. Bird and G. W. Lofquist (jointly), Robert Burton, J. M. Cardoso, W. 
Fairchild, Francis Florey, W. E. Gould, Stan Hales, Stephen Hoffman, D. C. B. Marsh, Paul 
Pang, Richard Paul and Raymond Whitney (jointly), J. R. Porter, H. L. Rolf, R. P. Soni, Guy 
Torchinelli, Simon Vatriquant, Jim Wahab, and the proposer. 

Cardoso calls attention to E. Artin, Modern Higher Algebra. Galois Theory (mimeo notes), 
New York (1956). 


Simultaneous Approximation 
E 1650 [1963, 1100]. Proposed by J. L. Brenner, Stanford Research Institute 


Let a, B be any two real numbers and ¢€ any positive quantity. Prove that 
there are integers a, b, m, q such that the inequalities 


| qa -a—b/m| < eq, |¢8 -— a+b /m| <eq 
hold simultaneously, and m is not a perfect square. 


Solution by Leo J. Pratte, Norman, Oklahoma. We prove the following more 
general result: Let a, 8 be any two real numbers and y any nonzero real number. 
Let e>0 be given. Then there are integers a, b, gq such that the inequalities 


(A) |ga -a—by| < «, |g -a+by| < eq 
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hold simultaneously. To this end, choose integers fi, qi: >0, pe, g2>0, such that 
| (a—B)/27 —bi/q1| <€/2| |, | (@+8)/2 — b2/a2| <€/2. 
Let b=pige, d= poi, I= Ug. Then b/q=pi/h, 4/¢= 2/g2, and 


| (a — B)/2 — by/q| <«/2, | (a+ 8)/2 — a/q| < &/2. 


Now, 
la — a/g — by/g| = | (@ + B)/2+ (a — B)/2 — a/g — By/q| 
< | (a —B)/2 — by/q| + | (a +8)/2 — a/q| 
< = + = = € 
Hence, 
(1) log —a—by| < «9. 
Also, 
| 6 — a/q + by/g| = | (@+8)/2 — (a — 8)/2 — a/q + by/q| 
< | —(a—6)/2+by/q| + | (@+8)/2 — a/q| 
<6(2+¢/2= 
Hence, 
(2) | Bg -a+by| <« 


Equations (1) and (2) give (A). In (A) we choose y = /m, where m is a posi- 
tive integer that is not a perfect square, to get the result in this problem. 


Also solved by J. W. Baldwin, Robert Burton, D. I. A. Cohen, M. J. Cohen, E. S. Langford, 
W. W. Leutert, D. C. B. Marsh, Stanton Philipp, R. A. Smith and A. M. Vaidya (jointly), R. 


Stroud, and the proposer. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Ruigers—The State Univer- 
sity, New Brunswick, N. J. 08900. Solutions of Advanced Problems in this tssue should be 
submitted on separate, signed sheets and should be matled before Apri 30, 1965. 


5227. Proposed by Jiang Luh, Indiana State College, Terre Haute 


Following E. H. Feller, a ring A is called a duo ring if every one-sided ideal 
of A is a two-sided ideal. Prove that a ring is duo and right (or left) primitive if 
and only if it is a division ring. 
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hold simultaneously. To this end, choose integers fi, qi>0, po, g2>0, such that 
| (a—B)/2y—pi/qu| <€/2| 7], | (@+8)/2 —b2/q2| <¢/2. 
Let b=pige, @= peg, T= Hg. Then b/g=pi/q, 4/¢= f2/g2, and 


| (a — B)/2 — by/q| <«/2, | (a+ 8)/2 — a/q| < &/2. 


Now, 
| — a/q — by/q| = | (@+6)/2 + (a — B)/2 — a/q — by/q| 
< | (a ~ 6)/2 — by/q| + | (w@+8)/2 — a/4| 
<= 45 é. 
Hence, 
(1) | og — a—by| < eg. 
Also, 
| 8 — o/g+ by/g| = | (e+ 8)/2 — (@— B)/2 — a/g + by/q| 
< | —(@—6)/2+by/q| + | (@+8)/2 — a/q| 
<e/@t+el=e 
Hence, 
(2) |Bg-at+by| <e. 


Equations (1) and (2) give (A). In (A) we choose y= +/m, where m is a posi- 
tive integer that is not a perfect square, to get the result in this problem. 


Also solved by J. W. Baldwin, Robert Burton, D. I. A. Cohen, M. J. Cohen, E. S. Langford, 
W. W. Leutert, D. C. B. Marsh, Stanton Philipp, R. A. Smith and A. M. Vaidya (jointly), R. 


Stroud, and the proposer. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Ruigers—The State Univer- 
sity, New Brunswick, N. J. 08900. Solutions of Advanced Problems tn this tssue should be 
submitted on separate, signed sheets and should be matled before Apri 30, 1965. 


5227. Proposed by Jiang Luh, Indiana State College, Terre Haute 


Following E. H. Feller, a ring A is called a duo ring if every one-sided ideal 
of A is a two-sided ideal. Prove that a ring is duo and right (or left) primitive if 
and only if it is a division ring. 
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5235. Proposed by Hans Schneider, University of Wisconsin 


Let Rk be an associative ring with unity, and let J be a transfinite cardinal. 
If Fis a left R-module which is the (weak) direct sum of J copies of R, then it is 
known that every other representation of F as a direct sum of copies of R con- 
tains J summands. 

Now let J be an arbitrary cardinal. Show that there exists a ring R (depend- 
ing on J) with unity, which is isomorphic as a left R-module to the (complete) 
direct product of J copies of R. 


SOLUTIONS OF ADVANCED PROBLEMS 
Arithmetic for x" Modulo z 


5128 [1963, 764]. Proposed by E. A. Franz, Culver-Stockton College, Canton, 
Mo. 

For a given positive integer m consider the function f(x) =x”. If the domain of 
f is {0, 1,2,---:, n—1} and the arithmetic is mod n, what is the range of f? 


Solution by L. Carlitz, Duke University. Let Q(n) denote the range of 
x" (mod 7); also let Qo(~) denote the range of x (mod x), where (n, x) =1. Let 
w(n) denote the number of distinct members of Q(7) and wo(m) the number of 
distinct members of Qo(7). 
First suppose =p" where p is prime and 721. Since 
(ap)? = 0 (mod *) 
it follows that Q(p") — Qo(p”) consists of the single number 0. Again if a =b (mod 9), 
then 
a?’ =? (mod pr) 
and conversely. Since 
a? =a (mod $7”) 
it follows that Qo(p") consists of the p—1 numbers that are prime to p and of the 
form 
a? (mod °). 
In particular we have wo(p”) =p—1, w(p") =p (721). 


Now suppose 
Tk 


m= p++ dy 
and put 
P= 9p), mj=n/P; (j=1,+-+, 2). 
If aPi= 4; (mod P;), where 4;€(P;), it follows that 


n 


(1) a =4;' (mod P,)) (j=1,---, 2). 
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Put d;=(n;, p;—1), G=1,---, &). Then if p; is not a divisor of a it follows 
that the number of incongruent numbers in (1) is (p;—1)/d;; if p;|a we get 
the single number 0. Applying the Chinese Remainder Theorem we get 


k p,—1 k ;-1 
wo(n) = |] ? ) w(n) = (1 +* ). 
jar j=l d; 


It is worth noting that the reduced range Qo(z) evidently constitutes an 
abelian group relative to multiplication (mod ) of order wo(m). 


Counting Triangles 
5129 [1963, 765]. Proposed by D. S. Mitrinovic, Belgrade, Yugoslavia 


I. Let bea plane, Oa point of 7, and L,(k=1, 2, - +--+, s) a finite sequence 
of lines passing through O and lying in mw. Let Ey = {Sts Shore, Sue be a set 
of ; points of line Lx. 


(a) How many triangles are there whose vertices belong to the set 


(b) How many triangles are there whose vertices are O and two other points 
belonging to two distinct lines /;? 

Il. Let L; (R=1, 2, +--+, 5) bes lines passing through O such that no three 
lines are coplanar. Let E;, have the same significance as in I above. 

(a) Determine the cardinal number of the set of tetrahedrons whose vertices 
belong to 


(b) How many tetrahedrons are there whose vertices are O and three points 
belonging to three distinct E,? 
III. Generalize the problem for space of W(=4) dimensions. 


Solution by D. I. A. Cohen, Princeton University. A generalization of the 
problem is equivalent to determining the number of ways in which z points can 
be taken from s24mn sets E; of mx points (k=1, 2,°--, s), subject to the re- 
striction that no three points come from the same set; (part (b) restricts any 
two of n—1 points to come from different sets). 

If there are h pairs of points which come from the same sets then the number 


of figures possible is 
Nap 
. (Hangs) °° * (Mann), 


=(N)0) 


2 
where the summation is extended over all sets { a;} (t=1, 2,-+-+-,n—h) which 
are subsets of {1, 2,---, s}. If we sum this number over h from 0 to [$n] we 


have the answer to part (a). 

The answer to part (b) is simply >) []#-1 %<,, where the summation is ex- 
tended over all sets {a;} (i=1, 2, ---+-,) which are subsets of (1, 2, °°, s}. 
This is just the term corresponding to h=0 in part (a). 
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Editorial Note. The solution tacitly assumes that three different points (s) chosen from three 
different lines form a proper triangle, with similar assumptions in the other cases. It is clear that 
the problem as stated requires such an assumption. 


Maximal Conjugate Classes in Finite Groups 


5130 [1963, 766]. Proposed by Barbara L. Osofsky, Douglass College, Rutgers, 
The State University 


Let G be a finite group in which any two elements that have the same 
period are conjugate. If G has a nontrivial character of degree $3, then G is 
either S2 or Ss. 


Solution by the proposer. Since all generators of each cyclic subgroup of G 
are conjugate, every character of G is a rational integer. Let p be a prime divid- 
ing the order of G, p>3. All rational characters of a cyclic » group of degree 
less than p—1 are multiples of the identity. Hence all p elements of G lie in the 
kernel of any character x of degree $3, and the order of G/kernel x = 2*3/¥1. 

G/kernel x, having order divisible by at most two primes, is solvable, hence 
it has a homomorphic image of prime order. All characters of any homomorphic 
image of G are rational, so G must have a homomorphic image of order 2. Call 
the kernel of this homomorphism H. 

If H is of even order, all involutions of G lie in H, so if xGG, x EH, then 
xxx-1, but there is a yEG such that yxy-!=x-!. Then for m=2n-+1, y™xy™ 
=x! so there is an element z@G of order 2', such that sxzg-!=x71, 

(2x)? = gxsxg—lg = gxx—1g= 22, Since the order of 2? is 2*~! and neither zx nor 
z is the identity of G, both z and zx are of order 2%. Hence 2 is conjugate to gx in 
G. But if «GH, GH; and if ex EH, CH; so z cannot be conjugate to 2x. 

Hence # is of odd order. An involution of G must take every element of H 
into its inverse, so H is abelian. Then an involution must take every element of 
H into each generator of its cyclic subgroup. Thus H is elementary, abelian, 
and of order 3%. Since all three elements of H are conjugate, 1=0 or 1=1; that is, 
G= Se or G= S3. 


Atomless Boolean Algebras 
5131 [1963, 897]. Proposed by J. L. Pietenpol, Columbia University 


Let an element A of a Boolean algebra be called a “point” if and only if 
A#0 and A=BUC implies B=A or C=A. Show that there exists a Boolean 
algebra having no points. 

Solution by Robert Bowen, Fairfield, California. Let S be the family of sets 
consisting of 

(i) all arithmetic sequences of integers, 

(ii) all unions of finitely many such sequences, 

(ili) the empty set. 

It is easily verified that S forms a Boolean algebra without points under the 
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usual set theoretical operations, for (1) the complement of an arithmetic sequence 
relative to the integers is the finite union of arithmetic sequences and (2) each 
arithmetic sequence may be expressed as the union of two other distinct arith- 
metic sequences merely by taking every other term of the sequence. 


Also solved by Andrew Astromoff, P. S. Bloch, W. S. Brainerd, G. W. Day, Jim Dombek, 
D. P. Giesy, E. D. Goodrich, G. A. Heuer, Charles Himmelberg, R. D. Horowitz, R. R. Korfhage, 
Jeanne LaDuke, E. S. Langford, Brockway McMillan, M. D. Mavinkurve, R. A. Melter, T. T. 
Raghunathan, D. L. Silverman, James Singer, R. T. Sandberg, W. A. O’N. Waugh, Alan Wein- 
stein, A. B. Willcox, and the proposer. 


It was noted by several solvers that a point as defined in the problem is equivalent to an 
“atom” and that examples of Boolean algebras without atoms are well known. See, e.g., The Ele- 
ments of Mathematical Logic, P. C. Rosenbloom, p. 27, ex. 4; Lectures on Boolean Algebras, P. R. 
Halmos, p. 69. Day suggests the diplomatic advisability of referring to such examples as “atomless” 
rather than “pointless.” 


Zeros of the Derivatives of a Complex Polynomial 
5132 [1963, 897]. Proposed by H. T. Croft, University of California, Berkeley 


Let f(z) be a complex polynomial of the complex variable z and let f(1) 
=f(—1)=0. Prove or disprove: f’(z) =0 has a root in the strip —1S Re(z) $1. 

1. Solution by A. J. Casson, Trinity College, Cambridge, England. The 
proposition is false, for consider 


f2) = fw — (e+ bi))Mw — (—a + bi) Ad, 


where a, b are real and a>1. Then f’(z) has no zeros in the strip — 1S Re(z) $1, 
and f(—1)=0. It remains to satisfy the condition f(-+1) =0, ie. 


1 
I(a, b) = f (g — a — bi)*(2 + a — bi)*dz = 0. 
—1 
1 
I(a,b) = (g —a-+ bi)*(2 + a+ bi) 4dz 
—1 
1 
= (—z—a+bi)*"(—-zstat+bi)tde [s>—3z] 
—1 


= [ e+ a — b1)*(2 — a — b1)*dz = I(a, b). 


—1 


Therefore J(a, 6) is real for all real a, D. 

We show that J(a, b) takes positive and negative values in the domain 
a>1; it then follows that J vanishes at some point of this domain. Since I is a 
continuous function of (a, b), it is sufficient to show that J(1, 0)>0>J(1, 1). 
Now J(1, 0) = f2,(22—1)4dz>0 obviously. Further, 
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Tai,1) = ‘G@-i- 1)4(7g —i+1)4dz = ‘(e—)2 — 1)4dz 


1s 1 pit 
= | (22 — 1)4dz = — (2? + 1) ‘dz 


—1—i 4 1-7 


I+¢ 


1 
= — (28 + 426 + 6¢4 -+ 42? + 1)dz 


4 1-i 


|= ye of =| 
7 9° 7 5 3 1 


9 16 32 4 24 8 , | 0 
iG *) ( ett!) <* 

2. Solution by Gabor Szegé, Stanford University. It is possible to show that 
there is no necessary bound to the real part of f’(z). Let f(z) = {7,(1—N42/n) "di, 
where is to be so chosen that /2,(1—D22/n)"dt=0. The zeros of f’(z) are 
+n'/?/) and it is sufficient to show that \ may be found in a fixed neighborhood 
(independent of x) which does not intersect the imaginary axis. 

a) We see first that h(A) =/2, exp(—2)dt has zeros and these can not be 
pure imaginary. If (A) had no zeros then we could write #(A) =exp(g(A)) where 
g(\) must be an even quadratic in \ with leading coefficient —1. Setting \=0 
yields the representation h(\) =2e—’ and e’h(\) 2 as A> «©. However, e”h(d) 
>e’ [i exp(—d#)di-—> «© as \— «©. Thus A(A) must have zeros. 

b) Designate by Xo one of the zeros of h(A). Choose a neighborhood of 
Xo: |A—Ao| $8 which contains no other zero of #(A) and which does not inter- 
sect the imaginary axis. Now, as n— 0, (1 —#\2/n)"—exp(—d2?) uniformly for 
A in this neighborhood and for —1St<1. Therefore, for sufficiently large 


| ‘(1 — MB/n)"dt — hd) < min | A(A)|. 


A—Agl =S 


Therefore by Rouché’s theorem [*,(1—)%2/n)"di has, for all sufficiently 
large, a zero in |A—Ao| S6 and this completes the proof. 


Counting Inversions in a Permutation 
5133 [1963, 898]. Proposed by D. S. Mitrinovic, Belgrade, Yugoslavia 


Let k, n be positive integers and £ = {1, 2, °° 4%, kn}. For every 
re{0,1,--+,—-1} let E, denote the ordered set of all numbers in E having 
yas remainder upon dividing by k. The sets Eo, Fu, -- +, He_z yield a set of ! 
permutations. If k is even, one of them is (*)FHoF4 + - - HyoFiF3 +--+ + Ex_s. 

Determine the number of inversions in the permutation (*). Answer the 
same question for other elements of P. 
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Soluiton by Oswald Wyler, University of New Mexico. We change the nota- 
tion slightly, replacing Ey by Ey. Then the “word” E,E, has (§) inversions if 


4<j, and (§)-++” inversions if 7>j7. Thus for a permutation %,-:-, % of 
(1, cy k} with 7 inversions, the number of inversions in the permutation 
E,Ei +++ Ey of {1,+--, kn} is ()()+rn. Replacing EF, with FE, in the 


permutation (*) and setting R=2h, we have r=(5) +h—1=(k—2)(k+4)/8. 
Subsets of Finite Groups 


5134 [1963, 898]. Proposed by Joseph R. Landau, University of California, 
Berkeley 


Let G be a finite group of order mn, and let K be a subset of G containing m 
elements. If g@G, the set of all kg for RE K may be called a coset of K. Prove: 
if K is not empty, then if K has just ” cosets, one of these cosets is a subgroup 
of G; in particular, if K contains the identity and has just cosets, then K itself 
is a subgroup. 


Solution by M. G. Murdeshwar, University of Alberta. Since every element 
of G belongs to some coset, and there are exactly 1 cosets, it follows that if two 
cosets are not identical then they are disjoint. Let H= Kk where REK. If a 
and } are elements of H, then a=k,k—!, b= kok for some ki, kn K. This implies 
ab-'=k,ky!CKkr'. But Kky!'=Kk7! since they have a common element e. 
Therefore, ad—'€ H. Thus H is a subgroup. If K contains identity, then H=K. 


Also solved by R. W. Ball, T. B. Berger, Zwi Birnbaum and U. J. Shild, Robert Bowen, John 
Bramsen, Martin Broekhuysen, H. L. Chow, T.S. Frank, Stephen Fisk, D. P. Giesy, Ralph Green- 
berg, G. A. Heuer, R. D. Horowitz, Victor Keiser, H. Kestelman, B. M. Kiernan, Jr., E. S. Lang- 
ford, C. C. Lindner, M. D. Mavinkurve, Stephen Montague, Jim Morrow, Barbara L. Osofsky, 
Veselin Peri¢é, Hermann Simon, John Stout, W. C. Waterhouse, Oswald Wyler, and the proposer. 


Greenberg and Montague observed that the critical situation was the disjointedness of the 
cosets of K, and given such a hypothesis, it is not necessary to have G finite. 


Quadratics Irreducible over Fields of Characteristic 2 
5135 [1963, 898]. Proposed by Seth Warner, Duke University 


Give an example of a quadratic over a field of characteristic 2 which is not 
solvable by radicals. 


Solution by Joseph Schoenfield and the proposer. 


THEOREM. Jf K 1s a field of characteristic 2 which contains a primitive n-th 
root of unity for every odd n and if f(X) =X*®+aX-+b ts an irreducible quadratic 
over K such that a0, then f(X) ts not solvable by radicals. 


Proof. Suppose the contrary, and let F be an extension of K obtained by 
successive adjunction of radicals in which f(X) has a root c. Then there is a sub- 
field Z of F containing K such that cEL but c€ L(u) where for some prime 
p, u®=dEL. 


930 PROBLEMS AND SOLUTIONS [October 


Case 1: pis odd. By a well-known theorem, g(X) = X?—d is either irreducible 
over L or has a root gin L. The former case is impossible, since the degree of c 
over L divides the degree of u over L, and therefore if g(X) were irreducible 
over L, we would have 2 | bp. The latter case is also impossible, for if g is a root of 
g(X) in L, then g factors completely in L|X ]. Hence L(u)=L, since z, fz,---, 
¢>—lz are p distinct roots of gin L, where (CK is a primitive pth root of unity. 

Case 2: p=2. Let c=x-+yu where x, yEL. Then 


0O=+actb= (2+ yd + ax + b) + ayn; 


so ay=0 and hence y=0 since {1, u} is a basis of L(u) over L. But then c=x EL, 
a contradiction. 

For the desired example, let 2 be an algebraically closed field of characteristic 
2, and let K=Q(X) be the field of all rational functions in one indeterminate 
over 2. Then Q has a primitive nth root of unity for every odd integer n, and 
consequently the same is true for K. If g(X)€K is a polynomial of odd degree 
then the quadratic Y?-+ Y+g(X)EK|[Y] is easily seen to be irreducible over K 
and hence by the theorem is not solvable by radicals. 


Exponential Approximation and Euler’s Constant 


5136 [1963, 898]. Proposed by A. V. Boyd, University of Witwatersrand, 
Johannesburg, South Africa 


Prove that, for x>0, 


00 t {2 —| nin—1 —})n 
f fet ppm pp SO ON iy 
0 


(1) 1! 2! (n— 1)! nie + 1) 
(= 1) mt 
= fy — tog # = ot 
n!} r-1 7 
“Sete bP ee 
(2) i} ‘ it 1! 2! + + (n— 1)! = mi(t2x? + 5 m 


- Ly ~ loge — > <\ 


n! r=1 7 


Solution by M. Laurence Glasser, BattelleMemorial Institute, Columbus, Ohio. 
Call the first integral [,, the second J, We first note that 


h-h= a (1 — u)du _ 
n! 0 (u+ 1)(w?+ 1) 


Using a formula due to Cauchy and Saalschiitz (Zezt. fur Math. u. Physics, 33 
(1888)) 


T( y= fo “F—jf{+t Z + + ee 
nnn " 21 (n — 1)! 
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with 0<e<1. From the integral for the Beta function we obtain 


in te-1dt _ ~<1 rt 
ml e) I( €). 


Now using the recursion relation for the I’-function we find 


L= i} {[1/(e— 1) +++ (e— m)] — (—1)e"T(1 — ©)/n}} 
L= lim 2) 


e0+ {1/T(€)} 


This is of the form 0/0. Using |’Hospital’s rule, in view of the well-known results 


d d 
lim — {1/T(6)} = |, lim —Tr(i-6)=y7; 


e—0+t GE e—0t GE 
we obtain the stated result after noting that 


«0+ de -+(€ — n) n! pu 


Also solved by J. Boersma, P. J. de Doelder, J. Koekoek, Eldon Hansen, and the proposer. 
Koekoek and de Doelder prove that the formula remains unaltered when the denominator 
2x21 is replaced by é*x*+1, k a positive real number. 


Topologies on Finite Sets 
5137 [1963, 898]. Proposed by R. A. Rankin, Glasgow University, Scotland 


Let S, be a set consisting of 2 different points and let T»(7) be the number 
of different T-topologies that can be formed on S,; let T.(m) be the number of 
different connected topologies on S,; and let T*(m) be the number of different 
connected T-topologies on S,. For example, To(1)=7.(1) =7*(1) =1; To(2) 
= T,(2)=3, T*(2)=2; To(3) =Te(3) =19, T*(3) =12; To(4) =219, T.(4) = 233, 
T*(4) = 146. 

Prove that T)(n) and T.() are odd for all n21, and that T*(m) is even for 
n=2. 


Solution by J. L. Pietenpol, Columbia University. With each topology on a 
finite set we can associate a dual topology by interchanging the notion of open 
and closed. The dual topology has the 7) or connected property if and only if 
the original topology has the same property. Thus the topologies of the three 
types occur in pairs, and we need count only those which are their own duals. 
The only self-dual connected topology is the trivial topology (i.e. only two open 
sets), and therefore T.(m) is odd. The only self-dual 7) topology is discrete, so 
that T,(n) is odd. For n22, the trivial and the discrete topology are different, 
so that there is no self-dual connected 7) topology, and thus 7*(m) is even. 


Also solved by M. D. Mavinkurve, Henry Sharp, Jr., and the proposer. 
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Introduction to Statistical Inference. By Harold Freeman. Addison Wesley, Read- 
ing, Mass., 1963. 445 pp. $7.75. 


This book is divided into five parts: (I) Probability and Random Variables, 
(II) Specific Probability Distributions, (III) Sampling Theory, (IV) Statistical 
Inference, and (V) An Application to Regression. 

Part I is a fairly routine, but effective, presentation of basic notions in 
probability. The chapter on change of variable is especially good, with both dis- 
tribution function and Jacobian techniques used. 

Of the distributions presented in Part II, the Poisson, Hypergeometric, and 
Negative Binomial are most interestingly given. 

Sampling from partitioned populations and from finite populations (without 
replacement) are included in Part III, but the emphasis is on sampling from a 
normal population. The necessary distribution theory for developing topics in 
statistical inference are clearly presented. 

The climax of the text is Part 1V-—statistical inference. Properties of point 
estimators—unbiasedness, invariance, consistency, and sufficilency—are de- 
veloped and used in discussing maximum likelihood estimates that follow. Test- 
ing statistical hypothesis and interval estimation receive lucid and thorough 
treatment. Decision theory is not introduced. 

Part V contains a short chapter on regression. 

This excellent book (about on the level of Brunk) can be used for a one- 
semester course in probability, a one-semester course in statistical inference, or 
a two-semester course in which both areas are covered. Its strengths lie in its 
clarity, depth of presentation, and choice of topics and methods of current inter- 
est to the statistical community. 

Problems are few in number but well chosen. It is the author’s intent that 
the student work through derivations and examples in the text and make use 
of the 211 references to relevant journal articles and books. 

ANDREW STERRETT, Denison University 


Variationsrechnung und thre Anwendung in Phystk und Technik (Grundlehren 
der mathematischen Wissenschaften, Band 94). By Paul Funk. Springer- 
Verlag, Berlin, Géttingen, Heidelberg, 1962. 676 pp. D.M. 92,60. 


The author of this book thought it desirable that the pure mathematician 
should become acquainted with applications that stimulated the development of 
the calculus of variations. On the other hand it seemed desirable that the ap- 
plied mathematician, the physicist, and technologist who is looking for methods 
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of solving practical problems should find theorems and general principles ex- 
plained in the clearest way. The material is presented with the historical de- 
velopment of the calculus of variations in mind. 

This is a treatise containing a vast amount of material, rather than a class- 
room text book. The following list of a few of the many names of those whose 
contributions are mentioned will give some idea of the variety of topics dis- 
cussed: Baire, Bernoulli, Bliss, Bolza, Born, Carathéodory, Courant, Dirichlet, 
Du Bois-Reymond, Euler, Haar, Hamel, Hilbert, Jacobi, Lagrange, Legendre, 
Lorentz, Morse, Maxwell, Noether, Rayleigh, Ritz, Schrédinger, Schwarzschild, 
Tonelli, Weierstrass, Weyl. The following list of some of the applications will 
give an idea of the variety to be found here, too: Maxwell’s fish eye problem, 
theory of beams, electron index of refraction, cylindrical coordinates in electron 
optics, Carathéodory foundation of thermodynamics, plane problems of elasto- 
statics, stability of separation surfaces between fluids, Rayleigh-Ritz method of 
computing eigenvalues for vibrating string and tuning fork, principle of Fried- 
richs and its application to elastostatic problems. A chapter is devoted to Finsler 
spaces. 

Glancing through the book one might get the impression of a vast mélée of 
theory and applications of all sorts. But careful reading rewards one with an 
insight into the ideas that led to the development of the calculus of variations. 

ALINE H. FRINK, Pennsylvania State University 


An Introduction to Digital Computing. By B. W. Arden. Addison-Wesley, Read- 
ing, Mass., 1963. 389 pp. $9.75. 


The title of this book is an accurate description of its contents, and of its 
weakness. This would have been a far better book had the author not attempted 
to cover all aspects of the digital computing field in less than 400 pages. The 
major part of the book is devoted to an introduction to numerical analysis. This 
section is clearly written, and within the scope of the student with a knowledge 
of elementary calculus. 

The section of the book on programming, however, is another matter. The 
style of writing here is simply not clear; too often the author uses complicated 
phrasing where simple phrasing is indicated. The discussion of programming is 
based on the MAD (Michigan Algorithmic Decoder) compiler, a system which 
appears to have some definite advantages as far as ease of programming is con- 
cerned. 

There are a few brief illustrations of assembly language programming, most 
of which are lumped together with a discussion of computer hardware in a single 
chapter. The reviewer believes that assembly language programming should 
either be discussed in detail, or omitted entirely. 

The chapter on nonnumerical problems, particularly the discussion of recur- 
sive definitions, will be of great interest to the more advanced programmer, 
as will the chapter entitled “A Simple Compiler.” 

E. J. SELIGMAN, United Aircraft Research Laboratories 
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Programming and Coding Digital Computers. By Philip M. Sherman. Wiley, 
New York, 1963. 444 pp. $11.00. 


This is a complete and well-written book for the beginning or prospective 
programmer. The book starts at the very beginning—the first chapter, in fact, 
would make a good article for a popular monthly magazine. The gentle introduc- 
tion, however, soon gives way to plenty of good, solid programming and coding 
information. Several chapters, particularly those entitled “Non-numerical Prob- 
lems,” “Macro-instructions,” and “Interpreters and Simulation” will be of value 
to the experienced programmer. The major emphasis is on assembly language 
programming, but FORTRAN and ALGOL are also discussed in detail. Each 
chapter is followed by a set of questions and problems. 

There are a few minor faults. A hypothetical computer (“DELTA 63”) is used 
for coding; in the reviewer’s experience, students are better motivated by using 
a real (and widely-used) computer for learning purposes. The author states that 
several different supplemental booklets will be published with all examples in 
this book coded in the language of each of several computers in common use 
today. There are a few places where the author uses terms which are not defined 
until later in the book. The style is generally very clear, however, and, with the 
exception of a few coding examples, the book is within the grasp of the reader 
with a good high-school mathematics background. 

The book is recommended as a text for a programming course, as a self- 
teacher, or as a reference volume for a computing laboratory library. 

E. J. SELIGMAN, United Aircraft Research Laboratories 


Introduction to the Theory of Games. By Ewald Burger, translated by John E. 
Freund. Prentice Hall, N. J., 1963, 202 pp. $7.95. 


This is a remarkably self-contained and strictly mathematical treatment of 
the subject in which, as the author states in the Preface, “intuitive considera- 
tions have been reduced to a minimum.” On the other hand a fortunate selection 
of applications and examples, most of them from mathematical economics, help 
to clarify the crucial ideas very successfully. The result is a book which will be 
highly useful to any reader with a reasonable degree of mathematical training, 
who may wish to acquire a solid enough knowledge of the theory of games to 
be able to start reading research papers. It is possibly less useful as a text, and 
the fact that no exercises or problems are made available to the student is per- 
haps a not too minor handicap that should be recorded. 

The work is divided into four chapters and one Appendix. Chapter IJ, after 
several introductory considerations and examples, states the basic definitions 
on games in normal form. Chapter II contains the theory of equilibrium points 
for noncooperative n-person games followed by applications to the oligopoly 
model and to Gale’s model for economic equilibrium of exchange. Chapter III 
is devoted to zero-sum two-person games with sections on matrix games, infinite 
games, applications (expansion and production equilibria in economics), and 
an independent exposition of the essentials of linear programming. Chapter IV 
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discusses the cooperative theory and ends with a study and comparison of the 
von Neumann and Shapley definitions of solution in this case. A short Appendix 
on fixed point theorems closes the book. 
A precise style and a careful translation contribute to make this book a 
pleasant reading for a mathematician. 
A. G. AzpritiA, University of Massachusetts 


Noies on Intrinsic Calculus, Paris I and II. By Bernard Friedman. Wiley, New 
York, 1963. iii-+329 and iii+321 pp. (Prepublication edition.) 


These volumes of photographically reproduced notes appear to be aimed at 
science and engineering students with one or two years of collegiate mathe- 
matics. The title stems from the coordinate-free treatment of vectors and deriva- 
tives of vector-valued functions in the early chapters of Volume I. The other 
major topics are: transformations and matrices, wedge products, set functions 
and multilinear forms, the differential and integral calculus of functions of sev- 
eral variables (including change of coordinates via Jacobians, Stokes’ theorem, 
etc.) convergence, series and differential equations. 

The approach is mainly heuristic, but in the sections on convergence, series, 
and differential equations, a fair degree of rigor is maintained for such a course. 
Physical and geometrical explanations are readable and leisurely, and the sec- 
tion on circulation of a vector field is noteworthy. The main effect of the 
coordinate-free treatment is the underscoring of the concept of a scalar or vector- 
valued function defined on some set. That is, f(P) rather than e.g. f(x, y, 2). 
This paves the way for the use of additive set functions in discussing “change of 
variables” in a multiple-integral, but certain abstract topics, such as groups, 
receive insufficient discussion. Although the definition is given early, the student 
must wait until the last section, “Groups and Differential Equations,” to get 
any reason for the formulation of the concept of a group. 

A number of problems are interspersed in the notes, but few are deep, and 
some which could be slightly challenging have hints which relieve the student 
of the need to think. 

Typewritten letters are satisfactorily reproduced, but a number of figures 
do not fare so well. There is no index, but a number of chapters have summaries. 

There are some minor inaccuracies, and the definition of “vector” in Chapters 
1 and 10 are different. This could aid the student’s intuition, as well as hinder 
him. 

On the whole, the ordinary student would probably be swamped with the 
vast number of concepts and be left mainly with terminology to impress his 
associates and potential employers. The notes could serve as collateral reading 
for able students taking a modern advanced calculus course covering relatively 
few topics but covering them rigorously. That is, the notes would provide an 
easy way to learn techniques covered in the traditional advanced calculus course, 
but passed over in some present day analysis sequences. 

MALCOLM GOLDMAN, New York University 


936 RECENT PUBLICATIONS AND PRESENTATIONS [October 


Morse Theory. By J. Milnor. Annals of Mathematics Studies, Number 51. 
Princeton University Press, Princeton, N. J., 1963. 153 pp. $3.00. 


This beautiful book makes available to the mathematician with some 
knowledge of homology theory the spectacular developments and applications 
of Morse theory. This theory concerns a smooth real valued function f on a 
manifold M and the sets M?*= {xe M; f(x) Sa}. 

Part I (39 pages) presents the relation of the critical points of f to the 
homotopy type of M (which is that of a CW-complex with one cell of dimension 
r for each critical point of f of index A, provided no critical point of f is degener- 
ate and each M@ is compact) and derives the original inequalities of Morse relat- 
ing the Betti numbers of M and the number of critical points of f of index 2. 

Part II (24 pages) is a brief discussion of contemporary Riemannian geom- 
etry which leads in Part III (42 pages) via the calculus of variations to the funda- 
mental theorem of Morse Theory: If Mis a complete Riemannian manifold and 
b, EM are not conjugate along any geodesic, then the space Q(M; p, q) of 
smooth paths from p to q (in a suitable topology) has the homotopy type of a 
countable CW-complex which contains one cell of dimension A for each geodesic 
from to g of index X. Part IV (40 pages) treats the results of R. Bott obtained 
by applying Morse Theory to Lie groups and symmetric spaces. For example, if 
G is a compact, simply connected Lie group, then Q(G; p, p) has the homotopy 
type of a CW-complex having only finitely many cells in each dimension and no 
cells in odd dimensions. A brief appendix indicates an alternative proof of the 
fundamental theorem. 

Many other related results are discussed and adequate citations of the 
relevant literature are included. 

This book is highly recommended not only for its expert presentation of 
known results but for the sake of future applications of the fundamental ideas 
of Morse. 

M. F. Smitey, University of California, Riverside 


Fundamentals of Banach Algebras. By Kenneth Hoffman. Monografias Mate- 
maticas da Universidade do Parana, Vol. 3. Instituto de Matematica da 
Universidade do Parana, Curitiba, 1962. 116 pp. $2.00. 


Each mathematician has his own pet example of a “typical” Banach algebra: 
C(X), I1(G), functions continuous on a closed disc and analytic in the interior, 
operator algebras. The present book is a revised and enlarged version of M.I.T. 
lecture notes, cleanly multilithed and adequately bound, though unfortunately 
not indexed. It touches upon all aforementioned aspects of Banach algebras. 
The preparation required of the reader, if elementary, is yet fairly extensive, 
including familiarity with ring theory, Banach spaces (especially the theorems 
of Hahn-Banach, Krein-Mil’man, and Stone-Weierstrass), integration, and 
analytic functions. Two (only apparently contradictory) consequences are the 
ease and rapidity with which important results are obtained (see below, bearing 
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in mind the number of pages) and the relative inaccessibility of the presentation 
to the mathematical novice. 

The book begins with the spectral radius theorem, the Gelfand representa- 
tion for commutative algebras, and some of their applications (e.g., Gelfand- 
Mazur theorem on Banach fields, uniqueness of the norm-topology for com- 
mutative semi-simple algebras, joint spectrum and polynomial convexity for 
e.g. commutative algebras). Then an operational calculus is presented, using 
analytic functions on spectral neighborhoods (in the last chapter, the calculus is 
extended to functions of several complex variables analytic in a neighborhood of 
the joint spectrum). Next, spectral synthesis is touched upon, after which the 
Shilov boundary is defined, its representation by measures obtained, and 
Bishop’s theorem on strong boundary points (elsewhere sometimes called peak 
points) proved. Finally, in two stages, the Gelfand-Neimark theorem (B* = C™*) 
is proved: first the commutative case, using (not the operational calculus but) 
the Shilov boundary to see that the Gelfand representation preserves the con- 
jugation, and then the general case, adding together all representations due to 
states and using the commutative case to get the square root lemma. 

F. E. J. Linton, Wesleyan University 


Theory of Formal Systems. By Raymond Smullyan. Rev. ed. Ann. of Math. 
Studies, 47. Princeton University Press, Princeton, N. J., 1961. 147 pp. 
$3.00. 


Some of the results contained in this book, and some of the novel techniques 
used in it, have made their appearance before, as papers presented at meetings 
of the ASL and the AMS, but they have appeared in print only in the form of 
abstracts. The novelty of the approach, the elegance of the presentation, and the 
fact that many of the results are new or are extensions of known results or 
are proved on a far slenderer basis than usual, combine to make this an exciting 
book. 

The basic notion is that of representation in an elementary formal system; 
recursive enumerability is defined as representability in a particular elementary 
formal system. The first chapter concludes with a very short and simple proof 
of Church’s unsolvability theorem. The second chapter is devoted to developing 
results needed for later chapters, and in particular for Chapter 3 in which Gédel’s 
and Rosser’s incompleteness theorems are treated. Gédel’s theorem is presented 
in an extended form: (Theorem 19, p. 57) If a formal system 1s strong enough so 
that every recursive set 1s representable in tt, then 1t must be either inconsistent or in- 
complete. The last section of this chapter deals with the relation between un- 
decidability and recursive inseparability. Chapter 4 presents recursive function 
theory, using the technique of relating everything to elementary formal sys- 
tems; and the final chapter presents new results on creativity and inseparability, 
and on the theory of universal sets and double universal pairs. The applications 
of the results of Chapter 3 to mathematical logic are treated separately in a 
supplementary section. 
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Problems in Differential Equations. By J. L. Brenner. Adapted from Problems in 
Differential Equations by A. F. Filippov. Freeman, San Francisco, 1963. 
ix +157 pp. $2.00. 


From the preface: “At the beginning of every paragraph, the basic ideas 
needed for solving the problems are given... . The explanations are so exten- 
sive that this book is almost a complete course in itself.” 

The major contribution, I think, is to subjects which are not standard in the 
American colleges: stability, singular points, theory of oscillations. But even in 
the standard topics there are many ingenious and demanding exercises. 

HARRY POLLARD, Purdue University 


Probability Theory and Mathematical Statistics. 3rd ed. By Marek Fisz. Wiley, 
New York, 1963. 667 pp. $15.75. 


The first two editions of this book appeared in Polish and German, and 
although this new edition is the first appearance of the book in English, it does 
manage to attain the quality expected of a third edition. It is not, however, 
simply a translation of the earlier editions, for a number of sections have been 
revised and brought up to date. 

The book is divided into two main parts, with the first one devoted to proba- 
bility theory. It contains chapters on random variables, distributions, character- 
istic functions, Markov chains and stochastic processes. This is very definitely 
the strongest part of the book; it is well written, the ideas follow along in an 
orderly fashion, and very good sets of problems follow each chapter. This part 
of the book contains a considerable amount of asymptotic theory. For example, 
Chapter 6 entitled “Limit Theorems” has the most pages (75) and the most 
problems (50) of any chapter in the book. This could be either an advantage 
or a disadvantage depending upon the user’s point of view. 

Part 2 is an introduction to mathematical statistics and contains chapters 
on sample moments, order statistics, significance tests, estimation, sampling 
theory and the analysis of variance. It should be pointed out that the author’s 
objectives include stressing “the intuitive approach as well as the applicability 
of the concepts and theorems” in addition to introducing probability theory and 
mathematical statistics. But unfortunately, the book is not too well suited “for 
nonmathematicians,” and by the nature of the material this shows mostly in 
Part 2. The chapters on sampling theory and analysis of variance are short, and 
have only eight and four problems respectively. Furthermore, some of the dis- 
cussion and the examples are open to question as presented; for instance, the 
definition of random sampling and the related example could create a consider- 
able amount of confusion in the minds of readers. 

In conclusion, I believe this book is a very good introduction to probability 
theory and the mathematical aspects of statistics. Unfortunately the attempted 
appeal to nonmathematicians has added to the length and price of the book, 
and this may deter from its use in an appropriate course in mathematical sta- 
tistics. It would not be a good book for other than a curriculum in mathematics 
or mathematical statistics. 

W. H. WIttiams, Bell Telephone Laboratories, Inc. 
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Compact Calculus. By Philip Franklin, McGraw-Hill, New York, 1963. 245 pp. 
$6.50. 


The choice of title is accurate: the print is large and uncrowded on pages of 
medium size, the tersely phrased text is divided into sections of about one page, 
the total number of pages is small for the ground covered, which is differential 
and integral calculus of one variable, infinite series, and partial derivatives and 
multiple integrals (eight pages plus problems). The book is a challenge to the 
thick all inclusive texts which dominate today’s scene. 

The author states that he has attempted to provide a sequel to present-day 
reformed high school mathematics courses. In so far as the philosophy of these 
courses is to motivate, to stimulate creativity, and to educate without shrouding 
mathematics in mystery, the compactness of this text opposes this philosophy. 
On the other hand, do instructors who use thick texts take advantage of their 
fullness and let the students work and perform, or do they make them listen? 

The problem sets at the end of chapters are sometimes too brief, but there are 


challenging problems. 
N. D. KazarinorrF, University of Michigan 


Logic, Computing Machines, and Automation. By Alice Mary Hilton. Spartan 
Books, Washington, D. C., 1963. 427 pp. 


The author states: “It is the purpose of this book to tie together the basic 
principles gathered from various disciplines that form the foundations for the 
development of automation and its tools, the computing machines, and to ex- 
plain the fundamental laws of logic without which one cannot understand the 
real power of these devices.... There are no prerequisites.... Training in 
mathematics beyond simple calculus and elementary algebra is not required.” 

As it turns out, this book is weak on fundamentals, but does contain a lot 
of information about topics related to computers. It is eloquently but unevenly 
written, and generously sprinkled with the author’s sometimes quite opinion- 
ated comments on all the ills of “our detail-ridden world.” At the same time it 
conveys the author’s enthusiasm and some feeling for the magnitude of com- 
puter based “cyberculture revolution” which our generation is witnessing. Since 
the computer revolution is not very well understood by most people (including 
mathematicians) who are not directly connected with it, and since its scientific 
parts have not yet found their proper academic setting, this book may serve a 
limited purpose by informing the reader about computers and some computer 
related topics. 

The mathematical parts of this book are quite disappointing and contain 
many mistakes. For example, five pages (!) are dedicated to the discussion of 
“The =-Notation for Sums” and “The II-Notation for Products.” It is easy to 
find more than five errors in these five pages, some of them quite basic (p. 138). 
A mathematician’s nightmare occurs on page 188 where the “Stone Representa- 
tion Theorem” and the distributive laws are massacred. 

J. Harrmants, G.E. Research Laboratory, Schenectady, N. Y. 
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Calculus for Students of Engineering and the Exact Sciences. By Hugh A. Thurs- 
ton. Prentice Hall, Englewood Cliffs, N. J., 1963, vol. I, 193 pp. $4.95, vol. 
II, 208 pp. $5.95. 


A review of this two-volume, two-year calculus text must come to grips with 
the fundamental question, “What is the place of rigor in a beginning calculus 
course?” The author believes, quite rightly, that the beginning student is not 
ready for a mathematically rigorous treatment from the start. However, he be- 
lieves that rigor should be introduced within the first two years since he gives 
proofs about half way through the second volume and proves, using e’s and 4’s, 
the earlier theorems which up to this point have been discussed only intuitively. 
At the beginning he substitutes “practical rigor.” What then is practical rigor? 
The author defines it in the preface as follows: “Practical rigor entails the proper 
statement of all theorems and definitions ....” Let us see how this turns out. 
The closest thing to a proper definition of function we can find is the following 
statement on page 5: “To define a function W we have to say, for each and every 
x, whether (x) is defined, and if so what it is.” On page 42, we learn that “If 
o(a) =limz.0¢(a+h) we say that ¢ is continuous at a.” Yet the very next theo- 
rem depends on a more general definition of continuity. On page 76, we learn 
that the definite integral is “the net area under the graph” with no reference to 
the Riemann sums. On page 133, we learn that “... if d’(x) is negative when- 
ever x <2 and positive when x>2, then d(x) - -- is least when x=2.” We might 
add, “What if ¢ is discontinuous at x =2?” The “mean-value theorem” is stated 
on page 143 in such a way that a counter example can easily be constructed using 
a function defined on a closed interval aX<xXb, discontinuous at a and J, but 
differentiable in the open interval a<x<b. This reviewer feels that this kind of 
“rigor” is far from practical, for it tends to confuse the good students and to 
delude the poor students into thinking that they understand the calculus when 
they really do not. It may turn out that the rigor in the advanced calculus-like 
material of volume two is impractical for a different reason. The nonmathe- 
matics major, who is not interested in the details of the mathematical proofs, 
will probably not find the latter parts interesting and will end up wishing that 
there had been more rigor at the beginning and less at the end. 

J. W. Detrman, Oakland University 


Numerical Methods of Curve Fitting. By P. G. Guest. Cambridge University 
Press, New York, 1961. xii+422 pp. $15.00. 


This is a working manual for applied statisticians and others concerned with 
processing observational data. It consists of theoretical discussions, informal 
derivations of formulas, detailed calculating schemes and numerical examples. 
There are adequate reference notes and a bibliography. Though the author dis- 
cusses iterative methods of solving the normal equations and touches briefly on 
the use of orthogonal polynomials in curve fitting, the book is written from the 
standpoint of desk computation and is not addressed to users of high speed com- 
puters. 

NATHANIEL Macon, Auburn University 
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BRIEF MENTION 


Theory of Probability, 2nd ed. By B. V. Gnedenko. Chelsea, New York, 1963. 471 pp. 
$8.75. 


This book differs from the first edition primarily in the inclusion of answers to the 
exercises. 


Neue topologische Methoden tn der algebratschen Geometrie. By Friedrich Hirzebruch. Zweite 
erginzte Auflage. Springer-Verlag, Berlin-Géttingen-Heidelberg, 1962. viii +181 pp. 
DM 30.80. 


Cargése Lectures in Theoretical Physics. By M. Lévy. Benjamin, New York, 1963. ix+456 
pp. $13.00. 


Lectures on the many-body problem and elementary particle physics given at the 
1962 Cargese Summer School in Corsica. 


Deductive Geometry. By E. A. Maxwell. Macmillan (Pergamon Press, The Common- 
wealth and International Library), New York, 1963. viii +180 pp. $1.95. 


Designed for courses in the United Kingdom for General Certificate of Education at 
advanced and scholarship levels. 


Elementary Particle Physics and Field Theory, 1962 Brandeis Lectures, vol. 1. Benjamin, 
New York, 1963. vii+532 pp. $5.95 (paper) $11.00 (cloth). 


Astrophysics and the Many-Body Problem, 1962 Brandeis Lectures, vol. 2. By E. N. 
Parker, J. S. Goldstein, A. A. Maradudin, and V. Ambegaokar. Benjamin, New 
York, 1963. vii-+438 pp. $5.95 (paper) $11.00 (cloth). 


Statistical Physics, 1962 Brandeis Lectures, vol. 3. By G. E. Uhlenbeck, N. Rosenzweig, 
A. J. F. Steigert, E. T. Jaynes, and S. Fujita. Benjamin, New York, 1963. vii+252 
pp. $4.95 (paper) $10.00 (cloth). 


Theory of Linear Physical Systems. By E. A. Guillemin. Wiley, New York, 1963. xvii 
+586 pp. $12.50. 


Theory of physical systems from the viewpoint of classical dynamics, including 
Fourier methods. 


Mathematics and the Physical World. By Morris Kline. Doubleday and Company, New 
York, 1963. x+548 pp. $1.95. 


A republication of a book first published in 1959. 


Cases in Management Statistics. By Norbert Lloyd Enrick. Holt, Rinehart, and Winston, 
New York, 1963. xvi+158 pp. $2.50. 


A collection of problems, mostly actual cases, designed to supplement any standard 
introductory statistics textbook. 


Measurement in Economics, Studies in Mathematics, Economics, Econometrics in Memory 
of Yehuda Grunfeld. By Christ, Friedman, Goodman, Griliches, Harberger, Liviatan, 
Mundlak, Nerlove, Patinkin, Lester, and Theil. Stanford University Press, Stanford, 
California, 1963. xiii+320 pp. $10.00. 


Scientific Change. Edited by A. C. Crombie. Basic Books, New York, 1963. xii+896 pp. 
$17.50. 


Historical studies in the intellectual, social and technical conditions for scientific 
discovery and technical invention, from antiquity to the present. 
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Nonlinear Control Systems Analysis. By R. H. Macmillan. The Commonwealth and 
International Library of Science, Technology and Liberal Studies, Macmillan (Perga- 
mon Press) New York, 1963. x+174 pp. $3.75. 


The contents of this book are compiled from articles recently published in the journal 
Process Control and Automation. 


Light, Principles and Experiments, 2nd ed. By George S. Monk. Dover, New York, 1963. 
xi +489 pp. $2.45. 


First edition published in 1937. 


The collected works of John von Neumann, vol. 5, Design of Computers, Theory of Automata 
and Numerical Analysis. Edited by A. H. Taub. Macmillan (Pergamon Press) New 
York, 1963. x +784 pp. $14.00. 


Republication of von Neumann’s articles in these fields. 


Collected Works of John von Neumann, vol. 6. Edited by A. H. Taub, Macmillan (Perga- 
mon Press) New York, 1963. x +536 pp. $14.00. 
Papers on the theory of games, astrophysics, hydrodynamics and meteorology. 


The Scientist Speculates, An anthology of parily-baked ideas. I. J. Good, editor. Basic 
Books, New York, 1963. xvii+413 pp. $6.95. 


An anthology of articles in which leading scientists divulge some of their wilder 
brainstorms about every field from physics to sociology. 


Readings in Mathematical Psychology, vol. 1. By R. Duncan Luce, Robert R. Bush, and 
Eugene Galanter, editors. Wiley, New York, 1963. ix-+535 pp. $8.95. 


Handbook of Mathematical Psychology, vol. I and II. By R. Duncan Luce, Robert R. 
Bush, and Eugene Galanter, editors. Wiley, New York, 1963. x+490 pp. $10.50. 


The Handbook consists of chapters written by experts in various subfields of mathe- 
matical psychology. Vol. I includes measurement, psychophysics, reaction time, com- 
puters, and statistics; Vol. II, learning models, formal theories of language, and models 
for social interaction. A third volume is planned. 

The Readings is a companion to the Handbook containing research papers reprinted 
from journals. Vol. I treats measurement, psychophysics, reaction time, learning and 
stochastic processes. A second volume is planned. 


Operational Methods in Applied Mathematics, 2nd ed. By H.S. Carslaw and J. C. Jaeger. 
Dover, New York, 1963. xvi +359 pp. $2.25. 
Republication of the second edition (1948) of the work first published in 1941. 


Probability and Statistics for Everyman. By Irving Adler. John Day, New York, 1963. 
256 pp. $5.95. 


Mathematics for Science and Engineering. By Philip L. Alger. McGraw-Hill, New York, 
1963. xi+366 pp. $2.95. 


Based on “Engineering Mathematics” by Steinmetz. First published in 1957. 


50 Brain-Twisters, A Book of Mathematical and Reasoning Problems. By D. St. P. 
Barnard. Van Nostrand, Princeton, N. J., 1962. 107 pp. $2.50. 


Selections from the author’s column in the Observer. 
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Fundamental Electromagnetic Theory, 2nd ed. By Ronold W. P. King, Dover, New York, 
1963. xvi+580 pp. $2.75. 


First edition, 1945. Formerly titled Electromagnetic Engineering. 


Introduction to the Theory of Statistics, 2nd ed. By Alexander M. Mood and Franklin A. 
Graybill. McGraw-Hill, New York, 1963. xv-+445 pp. $8.95. 


Modernization of a text first published in 1950. 


Probability Theory, 3rd ed. By Michel Loeve. Van Nostrand, Princeton, N. J., 1963. 
xvi-+ 685 pp. $14.95. 


Revision of a standard reference and graduate text first published in 1955. 


Tables of Integral Error Functions and Hermite Polynomials. (Volume 19 of Mathematical 
Table Series.) By O. S. Berlyand, R. I. Gavrilova, and A. P. Prudnikov. Translated 
by Prasenjit Basu from the Russian. Macmillan (Pergamon Press) New York, 1962. 
163 pp. $15.00 


NEWS AND NOTICES 


EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news ttems to Raoul Hatlpern, Mathematical Association of America, SUNY at Buffalo 
(University of Buffalo), Buffalo, New York 14214. Items must be submitted at least two months 
before publication can take place. 


PERSONAL ITEMS 


Professor Herbert Busemann, University of Southern California, has been elected 
as a foreign member of the Royal Danish Academy of Arts and Sciences. 

Dean Mina S. Rees, City University of New York, has been awarded honorary 
Doctor of Science degrees by Oberlin College, Wheaton College (Massachusetts), and 
Wilson College. 

Professor Alice T. Schafer, Wellesley College, has been awarded an honorary Doctor 
of Science degree by the University of Richmond. 

Professor J. N. Eastham, Queensborough Community College, represented the Asso- 
ciation at the inauguration of Alan Simpson as President of Vassar College on October 16. 

Western Washington State College: Associate Professor F. H. Young, Oregon State 
University, has been appointed Professor; Dr. Ling-Erl Eileen T. Wu, University of 
Washington, has been appointed Assistant Professor. 

Dr. Paul Brock, Hughes Aircraft Company, Fullerton, California, has accepted a 
position with the senior staff of the Logistics Department of the Rand Corporation, 
Santa Monica, California. 

Dr. W. O. Buschman, California State Polytechnic College, has been appointed 
Coordinator of the Computer Center. 

Assistant Professor Torcom Chorbajian, University of Alaska, has been promoted to 
Associate Professor. 
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Dr. J. R. Durbin, University of Kansas, has been appointed Assistant Professor at 
the University of Texas. 

Visiting Professor Robert Ellis, Wesleyan University, has been appointed Professor. 

Dr. E. C. Kennedy, Senior Research Engineer at the Ordnance Aerophysics Labora- 
tory, has been appointed Professor at Arlington State College. 

Professor M. S. Klamkin, SUNY at Buffalo, has been appointed Visiting Professor 
at the University of Minnesota. 

Dr. J. P. Mayberry, Office of the Vice Chief of Staff, U. S. Air Force, has been pro- 
moted to Chief of the Research Team. 

Professor C. L. Riggs, on leave of absence at Occidental College, has returned to Texas 
Technological College. 

Dr. R. T. Sandberg, University of Arizona, has been appointed Assistant Professor 
at California State College at Fullerton. 

Associate Professor D. R. Sudborough, San Jose State College, has been appointed 
Associate Professor at Southern Oregon College. 


Dr. L. A. Hazeltine, Maplewood, New Jersey, died on May 24, 1964. He was a mem- 
ber of the Association for 31 years. 

Dr. E. C. Molina, Newark College of Engineering, died on April 29, 1964. He wasa 
charter member of the Association. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


APRIL MEETING OF THE IOWA SECTION 


The fifty-first regular meeting of the Iowa Section of the Mathematical Association 
of America was held at Luther College, Decorah, on April 17, 1964. Chairman C. H. 
Lindahl presided. Total attendance was 95, including 48 members of the Association. 
Routine business was considered during the afternoon meeting. 

A report of the Iowa 1964 high school mathematics contest was given by T. A. 
Moilien of the Des Moines Actuaries Club, which sponsors the contest. A treasurer’s re- 
port was given and a balance of $251.92 was indicated. The following officers were 
elected: Chairman, R. V. Hogg, State University of Iowa, Iowa City; Vice-Chairman, 
D. E. Sanderson, Iowa State University, Ames; Secretary-Treasurer, E. L. Canfield, 
Drake University. 

The following papers completed the program: 


1. Engel conditions on groups, by D. H. Pilgrim, Luther College, introduced by the Chairman. 

Let g, c denote positive integers. A group is said to have type (g—c) if every subgroup which can 
be generated by g elements is nilpotent of class at most c. A result of R. H. Bruck shows that 
groups of type (4—5) without elements of order 2 are nilpotent of class at most 7. In the present 
paper the following result is reported: If G is a (4-5) group on 5 generators without elements of 
order 2, then G is nilpotent of class at most 6. 


2. Relations between local and global properties, by D. E. Sanderson, Iowa State University. 

Two-neighborhood and one-neighborhood definitions of a local property and their relation 
to one another and to the corresponding global property are discussed. In particular, four defini- 
tions of locally compact are shown to be equivalent for Hausdorff spaces but to be distinct in gen- 
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general linear k-step operator for the numerical solution of ordinary differential equations. The 
existence of various families of stable and unstable operators for a given & and a given order is dis- 
cussed. 


12. Some results using either stable or unstable linear operators, by Ronald Mehaffey, Iowa State 
University, presented by the Chairman. 

The formulae presented show that an unstable explicit linear operator, used as a predictor for 
a stable implicit linear operator, may reduce the number of iterations necessary to converge to the 
solution of the difference equation, when the procedure is used in the numerical solution of ordinary 
differential equations. By examining the non-homogeneous difference equation satisfied by the error 
of the combined predictor-corrector method, an appropriate choice of the unstable explicit linear 
operator can be found. An example is provided to demonstrate this reduction of the number of 
iterations. 

E. L. CANFIELD, Secretary 


APRIL MEETING OF THE KANSAS SECTION 


The forty-ninth annual meeting of the Kansas Section of the MAA was held at Kan- 
sas State University, Manhattan, Kansas, on April 18, 1964, in conjunction with the 
annual meeting of the Kansas Association of Teachers of Mathematics. There were 275 
persons registered including 108 members of the Association. Chairman Robert Thomp- 
son presided at the morning and afternoon sessions. 

The following officers were elected: Chairman, Laura Z. Greene, Washburn Univer- 
sity, Topeka; Vice-chairman, Gilbert Ulmer, University of Kansas, Lawrence; Secretary- 
Treasurer, Helen Kriegsman, Kansas State College, Pittsburg. 

The following papers were presented: 


1. A variation on Steiner's problem, by Dale Brownawell and Victor Goodman, University of 
Kansas. 

The problem of finding the point P’ which maximizes the expression OP-AP-BP, where 
A, B, and O are three arbitrary points in the plane is considered. If xX OAB260° and Xx OBA 260°, 
then P’ is given by X.OP’A = xX.0P’B=60°. Then, letting OA =a, OB=8, AB=y, Daf =aT+prt+y', 
and Ya26? =a262+a2y2+ p22, 


4/ Da? — «/6Sais? — 3Eat 
2 


In any other case, P’ is either A or B, whichever is farther from O, and OP’ — AP’ — BP’ 
=max{a, B} —yY¥. 


OP’ — AP’ — BP’ = 


2. A coordinate approach to 25-point geometry, by Martha Heidlage, Mount St. Scholastica 
College. 

The twenty-five point, thirty-line miniature coordinate geometry (so called “Mini-Co Geom- 
etry”) was developed by associating an ordered pair of numbers from the set of residue classes 
mod 5 with each of the twenty-five letters of a miniature, synthetic geometry. The author compared 
and contrasted these miniature coordinate systems in terms of point, line, parallelism, perpendicu- 
larity and distance, and general equations of lines and conic sections were developed. 


3. Translations of infinite subsets of a group, by W. R. Scott and L. M. Sonneborn, University 
of Kansas. 

An infinite Abelian group G has the property that for every infinite subset H whose comple- 
ment 7 is infinite there is an element x€G such that (x +H KE i is infinite if, and only if, G is 
uncountable or G is countable and possesses an element which generates an infinite subgroup of 
infinite index. For more general results, see the paper with the same title and authors in Colloquium 
Mathematicum, 10 (1963) 217-220. 
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4, Some thoughts on groups and orthogonal matrices, by L. J. Dixon, Kansas State University. 

An introductory course in modern algebra normally includes a discussion of elementary groups 
and numerous examples, usually selected from various well-known numerical examples. A survey 
of texts currently available revealed lack of examples from matrix theory. The set of 22 orthog- 
onal matrices represents an example of a multiplicative group with many interesting finite sub- 
groups. A limited knowledge of matrix theory is needed in the presentation of these examples of 
groups of orthogonal matrices. 


5. Negative base numeration systems, by G. E. Bartel, Kansas State Teachers College, Em- 
poria. 

To express a number in a negative base it is first necessary to determine the largest exponent 
to which the base must be raised to express the number. The digits are then determined from left 
to right. Polynomial expansion and repeated division can also be used to change from one base te 
another. In some addition problems the regrouping process continues indefinitely, but this can 
be avoided by subtracting the additive inverse of what is carried. In subtraction the digits in the 
minuend are increased instead of decreased when regrouping is necessary. After proving the theo- 
rem that a number and the sum of the digits in the numeral that represent the number are con- 
gruent, modulo base-minus-one, the operations of addition, subtraction, and multiplication can be 
checked by casting out base-minus-one. 


6. On set theoretic matrices, by R. H. Lohman, Kansas State College of Pittsburg. 

A system of matrices whose elements are subsets of a universal set is defined. Definitions of 
equality, addition, and multiplication of these matrices are presented. Some elementary properties 
of these operations are stated. The determinant of a matrix, partitioning, and a system of linear 
homogeneous set equations are defined. These concepts are said to be useful in proving a theorem 
concerning necessary and sufficient conditions for the existence of an inverse of a matrix of this 


type. 
HELEN KRIEGSMAN, Secretary 


APRIL MEETING OF THE SOUTHWESTERN SECTION 


The annual meeting of the Southwestern Section of the MAA was held at New 
Mexico State University, University Park, New Mexico on April 10-11, 1964. There 
were 79 persons in attendance including 53 members of the Association. E. A. Walker, 
Chairman of the Section, presided. P. D. Lax, AEC Computing and Applied Mathe- 
matics Center, New York University, gave the banquet address on “Scattering Theory.” 

At the business meeting the following officers were elected: Chairman, E. D. Nering, 
Arizona State University; Vice-Chairman, Jorg W. P. Mayer-Kalkschmidt, University 
of New Mexico. 

The following papers were presented: 


1. The number of coprime chains with largest member n by R. C. Entringer, University of New 
Mexico. 

An increasing sequence { aa, - ++, ax} of integers greater than 1 is a coprime chain iff it con- 
tains exactly one multiple of each prime equal to or less than a,. If s(~) is the number of coprime 
chains with largest member , and # is a prime, then s(p)= >_ s(n) for n <p and n not prime, and 
log s(n)~+/n. 


2. Quotient categories of modules by Carol Walker, New Mexico State University. 


3. Concordant and harmonic functors by Elbert Walker, New Mexico State University and the 
Institute for Advanced Study. 


4, The algebra of functions by Berthold Schweizer, University of Arizona. 


5. Abstract characterization of the mapping algebra of Schweizer and Sklar by H. Ian Whitlock, 
University of Arizona (introduced by Professor Schweizer). 
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Mexico State University, University Park, New Mexico on April 10-11, 1964. There 
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Chairman of the Section, presided. P. D. Lax, AEC Computing and Applied Mathe- 
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group and of algebraic and transcendental group extensions were augmented by defining conjugacy 
(over a subgroup) of pairs of elements in an algebraically closed abelian group. Normal and separa- 
ble group extensions were defined and analogies of several theorems from the field theory were 
stated for abelian groups and their extensions. 

E. L. WALTER, Secretary 


MAY MEETING OF THE ILLINOIS SECTION 


The forty-third annual meeting of the Illinois Section of the MAA was held at Brad- 
ley University, Peoria, Illinois, on May 8 and 9, 1964. Professor Eugene Hellmich, vice 
chairman of the Section, presided due to the illness of the chairman, Professor Charles 
Moulton. Sessions were held Friday afternoon and Saturday morning. There were 119 
persons in attendance, including 88 members of the Association. 

The following officers were elected: Chairman, Eugene Hellmich, Northern Illinois 
University; Vice Chairman, Amos Black, Southern Illinois University; Secretary- 
Treasurer, Arnold Wendt, Western Illinois University. 

The business meeting opened with a eulogy for the late Professor T. E. Rine of Illinois 
State University, who passed away suddenly of a heart attack on April 23, 1964. The 
eulogy was read by Professor Francis Brown of Illinois State University. Professor Rine 
was a past chairman of the Illinois Section and was the regional representative of the 
Secondary Lecturers Program in Ilinois-Indiana at the time of his death. In his memory 
the section voted to send a check for $100 to Mrs. Rine along with heartfelt condolences. 

Professor Douglas Bey of Illinois State University, the former chairman of the Com- 
mittee on Secondary School Lecturers, gave the report for the committee. He reported 
that the NSF grant for the Illinois-Indiana sections amounted to $4500. In addition to 
this there was the allocation of $500 made by the Illinois Section toward support of the 
program in Illinois. Forty-eight of the sixty-five Illinois schools applying were granted 
lecturers. Each of the sixteen Indiana schools applying was granted a lecturer. Twenty- 
six lecturers from Illinois and fourteen from Indiana participated. 

The Membership Committee under the chairmanship of John Schumaker reported 
sending membership materials to the 37 nonmembers attending last year’s meeting and 
sending copies of the Section Newsletter to 15 college and junior college mathematics 
departments having no known members in the Association. The committee is pleased to 
learn of the MAA Representative plan since the committee has been conducting a similar 
activity the past year. 

Hiram Paley, chairman, gave the report of the Undergraduate Participation Com- 
mittee. The committee recommended that increased undergraduate participation in 
section activities be encouraged by having an invited address specifically for under- 
graduates by a prominent mathematician from academic or industrial ranks, by instruc- 
tors being alert for students capable of presenting acceptable papers, and by the Illinois 
Section encouraging participation in the Putnam competition by offering prizes to those 
Illinois students scoring highest. 

The Section voted to grant the committee $200 to implement its third recommenda- 
tion, and the first and second recommendations were commended to the attention of the 
Program Committee. 

The Contest Committee report was presented by its chairman, Walter McCurdy. He 
reported another highly successful year, both from the standpoint of participation and 
finances. 16,664 students from 316 schools participated. Lane Technical High School 
for the second year was the winning team and also had, for the third consecutive year, 
the highest scoring individual in Richard Schroeppel. 

The Section realized a profit of $607 from conducting the contest, indicating a large 
amount of volunteer work on the part of the committee. 

An ad hoc committee, the Committee on Subject Matter Organizations, under the 
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6. Repeated quadrature methods for the numerical solution of differential equations, by L. D. 
Gates, Jr., Southern Illinois University. 

A one-step method for numerical solution of differential equations uses a first order difference 
equation in place of a first order differential equation, the best known being the Runge-Kutta 
methods. A new family, the methods of repeated quadratures, is described. A method having order 
of accuracy 7 is obtained by using a quadrature formula of mth order accuracy with one-step meth- 
ods whose accuracy is at least of order 7 —1. The methods of repeated quadrature are much easier 
to derive than the Runge-Kutta methods, and are somewhat better with respect to error propaga- 
tion at the cost of being less efficient in computing time. 


7. Groups with nilpotent commutator subgroup, by E. E. Shult, Southern Illinois University. 

The following results are presented: 

(a) Let V be a group of order pg acting as a fixed-point-free group of automorphisms on a 
solvable group G. If pq does not divide o(G), the order of G, and if neither nor g are Fermat 
primes when 0(G) is even, then G has nilpotent length at most 2. 

(b) If, in (a), Vis the symmetric group S;, then G has nilpotent commutator subgroup. 

(c) Let V be a solvable group with the property that whenever V is a fixed-point-free group 
of operators on a solvable group, G, for which (0(G), o( V)) =1, G’ is nilpotent. Then V is either cy- 
clic of prime order, has order 4, or is S3. 

ARNOLD WENDT, Secretary 


MAY MEETING OF THE INDIANA SECTION 


The spring meeting of the Indiana Section of the MAA was held on Saturday, May 2, 
1964, at Butler University, Indianapolis. Ninety-eight persons attended of whom 60 
were members of the Association. Chairman Harley Flanders of Purdue University pre- 
sided. The meeting consisted of a symposium on Probability and Statistics. Discussions 
centered around the following hour lectures: 


1. The Zero-One laws of probability theory, by D. L. Burkholder, University of Illinois. 
2. The statistical basis of decision under uncertainty, by Leo Katz, Michigan State University. 
3. Industrial applications of quality control statistics, by Irving W. Burr, Purdue University. 


4. Statistical inference in a problem of disputed authorship, by D. L. Wallace, University of 
Chicago. 

The authorship referred to is that of the Federalist Papers. This lecture has been published 
under the title “Inference in an Authorship Problem” in the Journal of the American Statistical 
Association, 58 (1963) 275-309. 


The meeting also included a period for discussion of the role of the Section in high 
school contests. In the past, two types of contest have been held in the state, that of the 
Mathematical Association of America and a special contest sponsored by Indiana Uni- 
versity. A crisis has been created by the recent decision of Indiana University to discon- 
tinue its contest, which had enjoyed considerable popularity, especially for use at the 
more elementary levels. Several school teachers expressed the opinion that the MAA 
contest cannot fill the void thus created and that a new contest is needed to replace the 
Indiana University contest. The question considered was whether the Section should as- 
sume the responsibility for this new contest. There was general agreement that it should 
not, since by so doing it would be putting itself in competition with its national parent 
organization. It was the consensus rather that the Section should actively encourage 
state schools to use the MAA contest and also to seek means within the MAA for giving 
the contest wider appeal. 

At the business meeting there was a discussion of the Visiting Lecturer Program of 
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the Indiana Academy of Science by Prof. W. G. Kessel of Indiana State College, director 
of the program. 

Officers elected for the coming year are: R. E. Dowds, Butler University, Chairman; 
Robert Troyer, Indiana University, Vice-Chairman; and Paul Mielke, Wabash College, 
Secretary-Treasurer. 

P. T. MIELKE, Secretary 


MAY MEETING OF THE KENTUCKY SECTION 


The Kentucky Section of the MAA met May 1-2, 1964 at the University of Ken- 
tucky, Lexington, Kentucky. Professor J. C. Eaves, Chairman of the Section, presided. 
The first session dealt with mathematical education. Participants in this program were 
Professor J. C. Eaves, University of Kentucky, Chairman of the Kentucky Section; 
Dr. Sidney Simandle, Kentucky State Department of Education; Dr. Allan Anderson, 
Western Kentucky State College; Professor Alvin McGlasson, Eastern Kentucky State 
College; Brother Edward Daniel, St. Xavier High School; Dr. T. J. Pignani, University 
of Kentucky and Dr. Leland Scott, University of Louisville. 

The following officers were elected for the coming year: Chairman R. S. Park, 
Eastern Kentucky State College; Secretary-Treasurer, W. C. Royster, University of 
Kentucky. 

Papers presented at the second session were: 


1. Fintte difference formulae for the Laplacian operator, by W.S. Krogdahl, University of Ken- 
tucky. 

For the purposes of numerical computation, the Laplacian operator is customarily given by 
some suitable finite difference operator. Such operators are generally represented by symmetric 
stencils which represent the array of coefficients of the values of the function at the points of a 
square grid. These stencils are not unique. It was shown how suitable stencils might be generated 
and a method was suggested for eliminating the ambiguity in a systematic way. 


2. Restricted convergence of multiple series, by Henry Spragens, University of Louisville. 
A discussion of various schemes for summing multiple series was given along with several 
examples, 


3. Quast-conformal mappings by the Grotzsch definition, by Harold Robertson, University of 
Kentucky. 

An expository talk on the Grotzsch definition and quasi-conformal mappings was given. A 
generalization of the Schwarz lemma was obtained for K-quasi-conformal mappings. 


4, Simple applications of functional analysts, by Casper Goffman, Purdue University (by in- 
vitation). 

Two examples, one concerning summability and one concerning universal series, were used 
to indicate how functional analysis can be applied to give simple and precise results in analysis. 


5. Remarks on product integrals, by Raymond Cox, University of Kentucky. 

The notion of a product integral for a function A, from the real line to a set of nn matrices, 
was discussed. 

In particular, necessary and sufficient conditions on A were given to insure the existence of 
the product integral; and several properties of the integral, such as its plane series expansion, were 
given, 


6. On matrix representation of cubic forms, by J. C. Eaves, University of Kentucky. 

The multiplication of matrices is extended to include three dimensional matrices in such a 
way that the expression for the general cubic in ” variables is given as a product of matrices, one 
of which is of dimension n XnXn. 

W. C. RoysTEr, Secretary 
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Eastern Kentucky State College; Secretary-Treasurer, W. C. Royster, University of 
Kentucky. 

Papers presented at the second session were: 


1. Finite difference formulae for the Laplacian operator, by W. S. Krogdahl, University of Ken- 
tucky. 

For the purposes of numerical computation, the Laplacian operator is customarily given by 
some suitable finite difference operator. Such operators are generally represented by symmetric 
stencils which represent the array of coefficients of the values of the function at the points of a 
square grid. These stencils are not unique. It was shown how suitable stencils might be generated 
and a method was suggested for eliminating the ambiguity in a systematic way. 


2. Restricted convergence of multiple series, by Henry Spragens, University of Louisville. 
A discussion of various schemes for summing multiple series was given along with several 
examples, 


3. Quasi-conformal mappings by the Grotesch definition, by Harold Robertson, University of 
Kentucky. 

An expository talk on the Grotzsch definition and quasi-conformal mappings was given. A 
generalization of the Schwarz lemma was obtained for K-quasi-conformal mappings. 


4. Simple applications of functional analysis, by Casper Goffman, Purdue University (by in- 
vitation). 

Two examples, one concerning summability and one concerning universal series, were used 
to indicate how functional analysis can be applied to give simple and precise results in analysis. 


5. Remarks on product integrals, by Raymond Cox, University of Kentucky. 

The notion of a product integral for a function A, from the real line to a set of Xn matrices, 
was discussed. 

In particular, necessary and sufficient conditions on A were given to insure the existence of 
the product integral; and several properties of the integral, such as its plane series expansion, were 
given. 


6. On matrix representation of cubic forms, by J. C. Eaves, University of Kentucky. 

The multiplication of matrices is extended to include three dimensional matrices in such a 
way that the expression for the general cubic in ” variables is given as a product of matrices, one 
of which is of dimension 2 XnXn. 

W. C. RoysTEr, Secretary 
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MAY MEETING OF THE MARYLAND-DISTRICT 
OF COLUMBIA-VIRGINIA SECTION 


The annual spring meeting of the Maryland- District of Columbia-Virginia Section of 
the MAA was held at the Westinghouse Defense Center, Friendship International Airport, 
Glen Burnie, Maryland, on May 2, 1964. Dr. John W. Wrench, Jr. Chairman of the sec- 
tion, presided. There were 101 persons in attendance, including 89 members of the Asso- 
ciation. The invited address on “Information Theory” was delivered by Dr. Brockway 
McMillan, Under Secretary of the Air Force for Research and Development. 

At the business meeting the following officers were elected: Chairman Daniel Shanks, 
Consultant, Applied Mathematics Laboratory, David Taylor Model Basin; Vice Chair- 
men, J. W. Brace, University of Maryland; and J. E. Shockley, College of William and 
Mary; Secretary, S. S. Saslaw, U. S. Naval Academy; Treasurer, S. B. Jackson, Univer- 
sity of Maryland. 

The following program was presented: 


1. Calculus of variations solution for minimum energy transfer between two coplanar circular 
orbits, by W. H. Land, Jr., IBM Federal Systems Division, Rockville, Maryland. 

This paper presents a variational formulation, whereby the optimum thrust magnitude and 
thrust direction of a satellite are programmed in such a way that the satellite will traverse between 
two coplanar circular orbits with a minimum expenditure of fuel. Also included are the Weierstrass 
Excess function, the first integral, the transversality conditions and the dynamical and kinematical 
equations of motion as they apply to this problem. A method for solving the two-point boundary 
problem by iterative means is developed along with the computer flow chart for the complete sys- 
tem solution. 


2. A generalization of Rennie’s inequality, by A. J. Goldman, Operations Research Section, 
National Bureau of Standards. 

A useful inequality due to Kantorovich, giving an upper bound for the product of a weighted 
mean and the corresponding weighted mean of reciprocals, was extended by Rennie (this MoNTHLYy, 
70) to an additive inequality. This is now generalized to a bound for a certain linear combination 
of an rth order moment and an sth order moment. The generalization yields the Cargo-Shisha 
bounds on ratios of weighted means (J. Res. Nat. Bur. Stand., 66B) in the same way that Rennie’s 
inequality yields Kantorovich’s. To appear in J. Res. Nat. Bur. Stand., 68B. 


3. Computer assisted instruction in mathematics, by Joseph Hilsenrath, National Bureau of 
Standards. 

The present method of using computers in the undergraduate program in mathematics and 
other departments requires the student to learn to program. This time-consuming activity leaves 
room for little more than one or two simple applications. Although it may motivate some students 
to become programmers, this system does not help the student obtain a deeper insight into mathe- 
matical and physical concepts being treated in the normal curriculum. 

The use of a general purpose interpretive program like OMNITAB or COGO which instructs 
the machine via simple English words permits the teacher to plan dozens of exercises to be solved 
by the students on the machine. Examples are given from elementary mathematics, statistics, and 
physics, in which the computer can give insight and experience which would ordinarily be ruled out 
by time limitations. 


4. A note on the use of the Laplace transform and inttial conditions tn the solution of a system of 
linear differential equations, by F. Marion Clarke-Carroll, Computer and Data Systems Technology 
Group, Westinghouse Electric Corporation. 

The easy application of the Laplace transformation to the use of nonzero initial conditions 
in the solution of a system of linear differential equations with constant coefficients, together with 
its preservation of the jump capability of the system, and the adaptability of the result to high 
speed digital techniques are compared with the hazards of classical integration procedures through 
a simple example. 
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and Huntington. Report of special committee of National Academy of Sciences. Detailed discussion 
of method of equal proportions which has been used beginning with the reapportionment after the 
1940 Census. Discussion of minimum range solution proposed by Burt and Harris in paper pub- 
lished in Operations Research, July-August 1963. Reference to papers by Richard Bellman on 
Dynamic programming. 

S. S. SASLAW, Secretary 


MAY MEETING OF THE MINNESOTA SECTION 


The annual spring meeting of the Minnesota Section of the MAA was held on May 9, 
1964, at the College of St. Thomas, in St. Paul, Minnesota. Hubert Walczak, College of 
St. Thomas, presided at the morning session, and the Section Chairman, Seymour 
Schuster, University of Minnesota, presided at the afternoon session. There were 129 
persons registered for the meeting, of whom 108 were members of the Association. 

At the business meeting copies of the report of the 1964 Minnesota High School 
Mathematics Contest were distributed. The Minnesota Section is one of the sponsoring 
agencies for this contest. Ten thousand four hundred and fifty Minnesota students 
participated this year. 

The following officers were elected to serve during the school year of 1964-5: Chair- 
man, Robert Cameron, University of Minnesota; Secretary-Treasurer, Walbert Kali- 
nowski, St. John’s University; Members of the Executive Committee: Seymour Schuster, 
University of Minnesota, Frank Arena, North Dakota State University, and Stanley 
Dice, Carleton College. 


At the close of the regular session, for any who wished to participate, Dr. Robert 
Smith, of Control Data Corporation, and Professor James Lindsay, College of St. 
Thomas, conducted a short seminar on computer operation, in St. Thomas’s new comput- 
ing center. There were about twenty-five participants, each of whom had an opportunity 
to compose programs and try them on the computer. 

The following papers were presented: 


1. Near rings on groups of prime order, by R. A. Jacobson, South Dakota State University. 
This note develops the structure and, consequently, the exact number of left near rings on 
groups of prime order. 


2. On the derived set operator, by Shair Ahmad, South Dakota State University. 

The four axioms for a derived set operator as given by Harvey are shown to be equivalent to 
three somewhat simpler axioms. A slight modification of these axioms renders them absolutely 
independent. 


3. New identities for Chebyshev polynomials and Fibonacci numbers, by David Zeitlin, Minne- 
apolis. 


4. Solution of a boundary value problem for the biharmonic difference operator, by Charles Turner, 
Macalester College. 

A formula was discovered for writing explicitly the solution to a particular boundary value 
problem for the biharmonic partial difference operator over any by m region. 


5. A note and a query on X and Il, by Daihachiro Sato, University of Saskatchewan, Regina. 


6. Directed graphs and the structure of powers of nonnegative matrices, by A. L. Dulmage, Uni- 
versity of Manitoba (by invitation). 

The connection between the structure of powers of a nonnegative irreducible matrix and the 
directed graph of the matrix is well known. In this paper the structure of powers of a reducible 
matrix is discussed. The structure of the sub-diagonal blocks in powers of such a matrix is seen to 
depend strongly on the sets of imprimitivity of the directed graphs of the constituents of the matrix. 
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7. A Fourier-type shift theorem for Walsh Functions, by F. R. Ohnsorg, Honeywell Corporation, 
Minneapolis. 

In a Fourier series representation of a function the amplitudes of the harmonic components 
are invariant under the shift transformation f(x)—f(x+<o). It is shown that similar though not 
identical invariant functionals exist for finite sets of Walsh functions under the corresponding shift 
transformation where now xo is dyadically rational. The proof and generation of these functionals 
are obtained through Hadamard matrices corresponding to the Walsh sets. 


8. Absolutely independent axioms for groups, by K. L. Yocom, South Dakota State University. 
Recently, Harary introduced the notion of absolute independence of axiom systems. In 
this note, such axiom systems are exhibited both for a semi-group with right identity, and for a 


group. 


9, Etymology of mathematical terms, by Margaret W. Perisho, Mankato State College. 

The origin of words used in mathematics is an interesting study and aids in understanding 
the present meaning of terms. The etymology of some words with interesting origins was given, 
and non-mathematical related words were discussed. 


10. Independence and quantification, by Kenneth O. May, Carleton College. 

The word “independent” is often used in analysis to emphasize order of quantification, e.g., 
in the definition of uniform convergence: For every epsilon ... there exists a delta independent of 
*.... This usage is redundant, falsely suggests that lack of “independence” means functional de- 
pendence, and may lead to error when used to indicate the order of universal quantification. The 
reality of this danger is illustrated by E. D. Rainville’s treatment of Saalschiitz’ theorem (Special 
Functions, New York 1960, pp. 86 ff.), where the order of universal quantification of four variables 
in the proof is reflected in a restriction that the first three must be “independent” of (not func- 
tionally dependent on) the fourth. 


11. The first course in computer programming, by C. B. German, College of St. Thomas. 

Over 500 colleges and 100 high schools now offer courses in computer programming. These 
courses for the most part are of four types: (1) Covering only machine language. These courses are 
most common at the high school level and account for about 5% of the students who receive in- 
struction in computing. (2) Covering only Fortran and intended to enable the freshman engineer 
to use the computer much as he now uses a slide rule. About 75% of the students fall into this 
category. (3) Covering machine language, symbolic programming, and an introduction to Fortran. 
About 8% of the students, mostly in business courses, fall into this category. (4) Covering machine 
language, Fortran, symbolic programming and sometimes numerical analysis. About 12% of the 
students fall into this category. 


12. The image of the set where the derivative ts zero, by D. E. Varberg, Hamline University. 
For a real valued function f defined on [a, 5], let D { 3¢| f(x) is a maximum or a minimum } 
and E= { x] f(x) =O}. It is shown that: f(D) is at most countable, f(Z) may be uncountable (cf. 
problem 5114 this MonTuLy) but the Lebesgue measure of f(£) is zero. 
Murray BRADEN, Secretary 


MAY MEETING OF THE OHIO SECTION 


The forty-eighth annual meeting of the Ohio Section of the MAA was held at the 
University of Akron, Akron, Ohio, on Saturday, May 9, 1964. Professor Charles Capel, 
Chairman of the Section, presided at the general sessions, and Professors Robert Roberts 
and John Warner presided at the sectional sessions. One hundred fifty-one registered in 
attendance, including one hundred seventeen members of the Association. 

Officers elected for the following year are: Chairman, Andrew Sterrett, Denison 
University; Chairman-elect, W. T. Fishback, Ohio University; Secretary-Treasurer, 
Foster Brooks, Kent State University. Program Committeé: Robert Roberts, Denison 
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4, The number of divisions required to find the g.c.d. of two numbers is never greater than five 
times the number of digits in the smaller number, (this depends on the denary scale). 

5. There are just five complex fields F(./m) for which there is a euclidean algorithm, viz., 
m=-—1i, —2, —3, —7, —11. 

6. There are just five known Fermat primes 27°44, (¢=0, 1, 2, 3, 4). 

7. Every map on the sphere can be properly colored if no two regions having a whole segment 
of their boundaries in common, receive the same color. 

8. Kuratowski’s Theorem on nonplanar graphs. 

9. Heawood’s Theorem that every planar graph is 5-chromatic. 


7. Computation of elliptic integrals using Gauss’ transformation, by H. E. Fettis, Applied 
Mathematics Research Laboratory, Aerospace Research Laboratories, Wright-Patterson Air Force 
Base. 

By means of Gauss’ transformation, the computation of the three kinds of elliptic integral 
may be reduced to routine operations involving only elementary functions, without any further 
restrictions on the modulus and parameter. The resulting formulae are easily programmed to pro- 
vide subroutines for a digital computer. 


8. Projective invariants of a curvilinear element, by Rodney Angotti, University of Akron. 

The projective invariants of certain configurations associated with a regular third order 
differential element, i.e., expansions including the third degree terms in a projective three space 
are discussed; in particular, a construction of one such invariant is exhibited. 


9. The construction of the real numbers, by L. D. Rodabaugh, Ohio Northern University. 
An extension and refinement of the author’s earlier work on this subject as reported to the 
Illinois Section in May 1951, (see this MONTHLY, 59 (1952) 286). 


10. Some theorems about simple semigroups, by C. E. Aull, Kent State University. 

The following are proved: A semigroup S is a simple semigroup iff for a, bE.S, the equation 
xay =b has at least one solution x, yE&S. A simple semigroup S, with identity is a group if any of the 
following conditions is satisfied: (a) S is commutative, (b) S is left (right) cancellative, (c) Sis finite. 


11. Statistical hypothesis modification —a new point of view for statistical inference, by Thaddeus 
Dillon, Youngstown University. 

Instead of accepting or rejecting the hypothesis 6=6’, it is suggested that the hypothesis be 
modified to 9=(Q+)6’)/(1-+-A), where Q is a statistic and \ is a nonnegative real function of three 
variables: (1) sample size, (2) population size, and (3) the probability used for comparison to decide 
whether to accept or reject the hypothesis. Under rather general conditions on the power function 
such procedures are self-correcting in the sense that the worse of two theories is likely to receive 
less weight and a really bad theory 6’ is likely to receive negligible weight. 

FosTER Brooks, Secretary 


MAY MEETING OF THE ROCKY MOUNTAIN SECTION 


The forty-seventh annual meeting of the Rocky Mountain Section of the MAA 
was held at Colorado College, Colorado Springs, Colorado, on Friday and Saturday, 
May 1 and 2, 1964. 

The following officers were elected for 1964-65: Chairman, F. M. Carpenter, Colo- 
rado School of Mines; Vice-Chairman, F. M. Stein, Colorado State University; and 
Secretary-Treasurer, W. N. Smith, University of Wyoming. E. R. Deal, continues, in 
his second year of a three-year term, as coordinator of High School Mathematics Con- 
tests. 

The 1965 spring meeting will be held at the Colorado School of Mines, Golden, Colo- 
rado. 

Changes in the By-Laws for the section were considered and discussed and a new 
draft approved for presentation to the Board of Governors for approval. 
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The Friday evening guest speaker was Professor W. J. LeVeque, visiting professor at 
the University of Colorado; his topic was Probability and Number Theory. 
The following papers were presented: 


1. Idempotent matrices (mod *), by J. H. Hodges, University of Colorado. 

For positive integers m, a and prime p, the number NV(m, p, a) of idempotent matrices (mod #*) 
of order m is determined. First, the number for a =1 is determined by using canonical forms, involv- 
ing elementary divisors, for matrices under similarity. Then it is shown that N(m, p, a+1) 
= N(m, p, 1) for all a2=1. The method employed in the second step is the standard recursive one in 
number theory of using solutions mod p% to generate solutions mod p*t!, N(m, p, 1) can be ex- 
pressed as a simple sum involving the number g, of nonsingular matrices of order r (mod ). 


2. An application of symmetric functions to statistics, by P. W. Mielke, Colorado State Univer- 
sity. 

It is well known that symmetric functions have desirable statistical estimation properties. 
Methodology for treating the two-way classification finite model with disproportionate population 
subcell sizes is discussed. In particular some symmetric function variance component estimators 
are introduced which can be applied to this present model even if the sample subcell sizes are dis- 
proportionate. An immediate consequence of the use of symmetric functions is the unbiased estima- 
tion of the sampling variance for these variance component estimators. 


3. Estimation with some prior information, by M. M. Siddiqui, Colorado State University. 


4. Chebyshev lines, by B. L. Foster, Denver Research Center, Marathon Oil Company. 

The best fitting line for a set of data points depends on what is meant by best. According to 
Chebyshev, that line is best which minimizes the worst data deviation. The x-Chebyshev line is 
the one minimizing the worst x-deviation; the y-Chebyshev line minimizes the worst y-deviation. 
With uninteresting exceptions, these lines are the same. Using the over-under-over theorem dis- 
cussed by Scheid (this MonTHLY, 68 (1961) 862), this can be proved by a simple geometrical argu- 
ment that extends to oblique coordinate systems. A different proof was announced at this meeting 
of the Association by Professor M. M. Siddiqui. 


5. Some results on T-fractions, by B. W. Jones and W. J. Thron, University of Colorado. 

A T-fraction is a continued fraction of the form (1-+doz)+2/(1+diz)+2/(1+doz)+++-, 
where z is a complex variable and the d, are complex numbers. Among convergence criteria for T- 
fractions given by W. J. Thron (Bull. Amer. Math. Soc., 54 (1948) 206-218) is the following: if 
d,>0 for n20, the 7-fraction converges for all z, not on the negative real axis, to a function f(z) 
which is holomorphic in the interior of this region. In the present work the authors show that if 
d, > 0 for x = O, there exists a bounded, nondecreasing function y(t) such that f(z) = 1 + doz 
+2f~ ody(t)/(2—t). If o is the largest point of increase of ¥(#) then z=¢ is a singular point of f(z) 
or if {d,} is unbounded then f(z) has a singularity at z=0. 


6. Hankel transforms and entire functions II, by K. R. Unni, Utah State University. 
7. The value of a coalition in applied games, by W. C. White, Cadet, USAFA. 


8. The University of Colorado Computer Center for secondary schools, by R. L. Albrecht, Control 
Data Corporation. 

A center for exploring methods of secondary school computer education has been established 
by the University of Colorado, College of Engineering, Denver Center, with the cooperation of 
the Control Data Corporation and the Denver Chamber of Commerce. During the 1963-64 school 
year, 144 high school students and 26 high school teachers were enrolled in an experimental pro- 
gram. The main objective is the development of methods for using a computer to reinforce class- 
room training in secondary school mathematics and science. The computer is regarded as a “mathe- 
matics laboratory” with which students solve textbook problems, perform mathematical experi- 
ments, and process scientific data. 
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CALENDAR OF FUTURE MEETINGS 
Forty-eighth Annual Meeting, Denver-Hilton Hotel, Denver, Colorado, January 


28-30, 1965. 


Forty-sixth Summer Meeting (Fiftieth Anniversary Celebration), Cornell University, 
Ithaca, New York, August 30-September 2, 1965. 

The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY Mountain, Carnegie Inst. of Tech. 
Pittsburgh, Pa., May 1, 1965. 

ILLINo1s, Southern Illinois University, Carbon- 
dale, May 14-15, 1965. 

INDIANA 

Iowa, University of Dubuque, Dubuque, April 
23, 1965. 

Kansas, Washburn University, Topeka, April 
10, 1965. 

KENTUCKY, Eastern Kentucky State College, 
Richmond, Spring, 1965. 

LOUISIANA-MISSISSIPPI, Buena Vista Hotel, 
Biloxi, Mississippi, February 12-13, 1965. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 
Goucher College, Towson, Maryland, No- 
vember 21, 1964. 

METROPOLITAN NEW YORK 

MIcHIGAN, University of Michigan, Ann Arbor, 
March, 1965. 

MINNESOTA, University of Minnesota at 
Duluth, November 7, 1964. 

Missour!, University of Missouri, Columbia, 
Spring, 1965. 

NEBRASKA, Nebraska Center for Continuing 
Education, Lincoln, April 30-May 1, 
1965. 


New JERSEY, Rutgers, The State University, 
New Brunswick, November 7, 1964. 
NORTHEASTERN, Worcester Polytechnic Insti- 
tute, Worcester, Mass., November 28, 
1964. 

NORTHERN CALIFORNIA, College of San Mateo, 
February 6, 1965. 

OHIO 

OKLAHOMA, University of Arkansas, Fayette- 
ville, Spring, 1965. 

Paciric NorTHWEST, University of Oregon, 
Eugene, June 18, 1965. 

PHILADELPHIA, Drexel Institute of Technology, 
Philadelphia, November 21, 1964. 

Rocky Mountain, The Colorado School of 
Mines, Golden, Colorado, Spring, 1965. 

SOUTHEASTERN, Wake Forest College, Winston 
Salem, North Carolina, April 9-10, 1965. 

SOUTHERN CALIFORNIA, Claremont Men’s Col- 
lege, March 13, 1965. 
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Tempe, Spring, 1965. 

TEXAS, Texas Christian University, 
Worth, April 9-10, 1965. 

Upper NEw York STATE, Colgate University, 
Hamilton, May 15, 1965. 

WISCONSIN 
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FUTURE MEETINGS OF OTHER ORGANIZATIONS 
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MENT OF SCIENCE, Montreal, December 
26-31, 1964. 

AMERICAN MATHEMATICAL SOCIETY, Denver, 
Colorado, January 26~29, 1965. 

AMERICAN SOCIETY FOR ENGINEERING EpuCA- 
TION, Illinois Institute of Technology, Chi- 
cago, June 21-25, 1965. 


ASSOCIATION FOR COMPUTING MACHINERY, 
Cleveland, August 24-26, 1965. 

CENTRAL ASSOCIATION OF SCIENCE AND MATHE- 
MATICS TEACHERS, Detroit, November 26— 
28, 1964. 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Atlanta, Georgia, November 19- 
21, 1964, 
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ASSOCIATION FOR COMPUTING MACHINERY, 
Cleveland, August 24-26, 1965. 
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IMPORTANT NEW PERGAMON PRESS BOOKS IN HIGHER MATHEMATICS 


INTEGRATION OF EQUATIONS OF PARABOLIC TYPE 
BY THE METHOD OF NETS 


International Series of Monographs on Pure and Applied Mathematics, Volume 54 
by V. K. SauPyev, Institute of Atomic Energy, Academy of Sciences of the U.S.S.R. 


This is a comprehensive survey of classical net methods for the approximate solution of 
partial differential equaticns of parabolic type and a study of methods recently de- 
veloped by the author and his colleagues which may be used in conjunction with high 
speed computers. Most of the novel methods described are intended to permit the com- 
puter take small increments and so arrive at a good approximation without generating 
a divergent series which would make the program unstable. 
CONTENTS: Absolutely Unstable Net Equations. Six-point Symmetric Equations. 
Asymmetric Net Equations. Alternating Method. Method of Mean Arithmetic, and 
Multi-nodal Symmetric Method. Comparison between Explicit and Implicit Equations, 
and the “Implicitly-Explicit” Methods. Spherical and Cylindrical Regions. Equations of 
Increased Accuracy. Net Equations with Fictitious Nodes. On Bilateral Approxima- 
tions. Two-dimensional and Three-dimensional Equations. 

Two-dimensional and Multi-dimensional Net Equations of Increased Accuracy. Non- 
uniform Nets. Multi-step Equations. General Case of Variable and Discontinuous Co- 
efficients. Parabolic Equations of Higher Than the Second Order. Non-linear Equations. 
“One-dimensional” Elliptic Net Equations. Direct Methods. Ill-conditioned Net Mat- 
rices. Simplest Iterative Method. Variational Methods. Methods Using Chebyshev 
Polynomials. Iterative Methods of the Second Degree. Iterative Methods of the n‘® De- 
gree. Methods of Successive Displacements. Methods of Block Iteration. Appendix. 
References. Index. 346 pages, $12.00 


INTEGRAL EQUATIONS and Their Applications to Certain Prob- 
lems in Mechanics, Mathematical Physics, and Technology, Sec- 


ond Revised Edition 


International Series of Monographs on Pure and Applied Mathematics, Volume 4 
by S. G. Mikhlin. Translated from the Russian by A. H. Armstrong. 


This book develops the essential elements of the theory of integral equations and the 
methods for their approximate solution. The major part of the book is devoted to 
practical applications in the theory of elasticity and hydrodynamics. 

CONTENTS: Equations of the Fredholm Type. Symmetric Equations (Theory of Hil- 
bert-Schmidt). Singular Integral Equations. Dirichlet’s Problem and Its Applications. 
The Biharmonic Equation (Application of Green’s Function). The Generalized Method 
of Schwarz. Certain Applications of Integrals Analogous to Potentials. Application of 
the Theory of Symmetric Integral Equations. Certain Applications of Singular Integral 
Equations. 341 pages, $12.50 


MECHANISMS FOR THE GENERATION OF PLANE CURVES 
by I. I. Artobolevskii, Academy of Sciences of the U.S.S.R. 
Translation edited by W. Johnson, Manchester College of Science and Technology 


This unique volume deals with the theory of mechanisms for the generation of curves 
which are the trajectories of points on the links of mechanisms. Many examples are 
given of useful linkages and a general geometric-algebraic method of construction is 
described. These devices are of key importance in automation and automatic control. 
CONTENTS: Basic Theory of the Generation of Curves by Mechanisms with Higher 
Pairs of the Fourth Class. Fundamentals of the Theory of Generation of Curves using 
Mechanisms with Lower Pairs of Class V. Mechanical Generation of Straight Lines 
and Circles. Mechanical Generation of Ellipses, Hyperbolas, and Parabolas. The Me- 
chanical Generation of Third Degree Curves. Mechanical Generation of Curves of the 
Third Degree. Mechanical Generation of Certain Algebraic Curves of Higher Degree, 
and of Transcendental Curves. Index. 296 pages, $12.00 


A COURSE OF MATHEMATICS FOR ENGINEERS AND SCIENTISTS, 
Volume 5 
by C. Plumpton and B. H. Chirgwin, Queen Mary College 


This, the fifth volume of a projected seven volume course, continues the study of ad- 
vanced topics commenced in the fourth volume. It deals with various forms of solu- 
tions to differential equations. 

CONTENTS: Fourier Series. The Laplace Transformation. Functions of a Complex 
Variable. Fourier Integrals and Transformations. The Inversion Integral of the Laplace 
Transformation. Answers to the Exercises. Bibliography. Index. 210 pages, $3.75 


Send for a descriptive catalog of Pergamon Press mathematics titles 


Pergamon Press Books are distributed in the Western Hemisphere by 


THE MACMILLAN COMPANY 60 Fifth Avenue, New York 10011 


PRENTICE-HALL MATHEMATICS TEXTS 


THE THEORY OF BRANCHING PROCESSES Theodore E. Harris, Rand Corporation, Santa 
Monica, California; 1964, 230 pp., Text Price $6.75 


STATISTICS FOR SCIENTISTS AND ENGINEERS R. Lowell Wine, Arizona State University; 
1964, 671 pp., Text Pr. $9.00 


PARTIAL DIFFERENTIAL EQUATIONS OF PARABOLIC TYPE Avner Friedman, Northwestern 
University; 1964, 347 pp., Text Pr. $12.00 


FUNCTIONS OF A COMPLEX VARIABLE Dr. Gino Moretti, General Applied Science 
Laboratories, Inc.; Westbury, Long Island, New York 1964, 456 pp., Text Pr. 
$9.00 (In the P-H Internat’l Series in Applied Mathematics) 


DIFFERENTIAL EQUATIONS, 4TH EDITION Max Morris; and Orley E. Brown, Research 
Engineer, Babcock and Wilcox Research Center, Penna., August 1964, 366 pp., 
Text Pr. $8.50 


GROUP THEORY William Scott, The University of Kansas; 1964, 479 pp., Text Pr. $9.95 


ELEMENTARY GENERAL TOPOLOGY Theral O. Moore, University of Florida; 1964, 
170 pp., Text Pr. $5.95 


For approval copies, write: Box 903 


PRENTICE-HALL, INC., ENGLEWOOD CLIFFS, NEW JERSEY 


A-C-C’s NEWEST TEXT ... 
ELEMENTARY CONCEPTS 


of 
MODERN MATHEMATICS* 


By Flora Dinkines, University of Illinois 


* IN THREE PARTS, available either in a single hardbound volume 
(404 pp., illus., $6.50) or separate paperbacks, as follows: 


Elementary Theory of Sets (Part 1) 
190 pp., illus. $2.45 


Introduction to Mathematical Logic (Part II) 
100 pp., $1.45 


Abstract Mathematical Systems (Part III) 
90 pp., illus., $1.45 


Appleton-Century-Crofts 


Division of Meredith Publishing Company bd 440 Park Ave. S., New York, N.Y. 10016 


Four Outstanding Texts . . . 


e An Introduction to the 
History of Mathematics 


Revised Edition 
Howard Eves, University of Maine 


As in the highly successful first edition, the student is not merely taught 
that the Greeks solved quadratic equations geometrically. He is pre- 
sented with problems to be solved by the Greek method. He achieves 
not only a mastery of the method, but an appreciation of Greek 
mathematical accomplishment. 


March, 1964 464 pp. $7.95 


e Plane Trigonometry, Revised 
Frank A. Rickey and J. P. Cole, Louisiana State University 


Retains all the virtues of the authors’ highly successful first edition, 
while providing extended coverage of the modern analytic treatment. 
Major emphasis is on the relational aspects of trigonometry, but at- 
tention is also given to the subject of triangle solution and its applica- 
tions. 


March, 1964 240 pp. $4.50 


e Principles of Abstract Algebra 


Richard W. Ball, Auburn University 


Dr. Ball’s book leads up to proofs and methods of proofs in a gradual 
and painless manner by covering topics in order of increasing com- 
plication instead of the strict logical order of texts for more mature 
students. Treated in detail are the common and non-specialized parts 
of the theory of equations and the theory of numbers; Polynomials as 
forms and their arithmetic; number fields as the answer to problems 
involving the equality of numerals, and the theory of limits. 


1963 304 pp. $6.00 


e Fundamentals of College Mathematics, 


Rev. 
John C. Brixey and Richard V. Andree, both of the 
University of Oklahoma 


This successful text has been brought up to date and delves more deeply 
into the area of modern mathematics. The authors have changed some 
of the notations and introduce the integral, both as a generalization of 
area and as a limit of a sum in the revision. 

1961 764 pp. $8.95 


~ and WI NSTON, a te In Canada: 833 Oxford Street, Toronto 18, Ontario 


383 Madison Avenue, New. York, N. y. 0 7: 


Selected Books on Mathematics ......... 


STATISTICAL ANALYSIS —secone Edition 


SAMUEL B. RICHMOND, Columbia University 


New! In this modern treatment of the subject, statistics and statistical anal- 
yses are considered as major tools in the decision-making process. Although 
no mathematical preparation beyond secondary school algebra is required, 
theoretical correctness has not been compromised. Recently developed ideas 
involving Bayes’ theorem and subjective problems are discussed. Extensive 
illustrative problems. 2nd Ed., 1964. 644 pp. illus. $8.50 


BASIC MATHEMATICS 


H. S. KALTENBORN, SAMUEL A. ANDERSON, and 
HELEN H. KALTENBORN—all Memphis State University 


This eminently teachable book is designed to give freshmen a sound intro- 
duction to college mathematics. Requiring only a knowledge of simple 
arithmetic, it emphasizes basic principles, mechanical procedures, and the use 
of the slide rule. Book covers the essentials of arithmetic, elementary and in- 
termediate algebra; the theories and techniques of trigonometry, analytic 
geometry, and statistics. 1958. 392 pp., illus. $5.50 


ROY DUBISCH, University of Washington 


An outstanding textbook which presents trigonometric functions as func- 
tions of real numbers, with trigonometric functions of angles as a supporting 
topic. This approach relates the subject more closely to other courses in mathe- 
matics. Book features early definitions of functions in general, and emphasizes 
the distinction between a function and a function value; includes many ex- 
amples and problems. 1955. 396 pp., illus. $5.50 


For your professional library— 


STATISTICS in PHYSICAL SCIENCE 


WALTER CLARK HAMILTON, Brookhaven National Laboratory 


This concise book presents statistical methods in a form which can be readily 
and confidently put to use by the laboratory scientist. It offers a thorough dis- 
cussion of least squares techniques and multivariate hypothesis tests. Assum- 
ing little experience in the field, book progresses from basic statistical con- 
cepts through theory of estimation in the multivariate systems to a considera- 
tion of special topics. Included is the important application of least squares 
methods to non-linear systems. 1964. 230 pp., illus. $10.00 


The Ronald Press Company 


cece cet c eet ee seco sec eeees 15 East 26th Street / New York, N.Y. 


This unique series of books is written by professional 
mathematicians to make important mathematical ideas 
understandable to interested laymen. It is published 
under the supervision of a distinguished editorial panel 
of the School Mathematics Study Group. Here are the 
first thirteen titles: 


1. Numpers: RATIONAL AND [RRATIONAL by Ivan Niven 
2. Wuat Is Cacutus Anout? by W. W. Sawyer 
3. An INTRODUCTION TO INEQUALITIES by E. Beckenbach 
and R. Bellman 
4. Crometnic Inequarities by 
N. D. Kazarinoft 


| 
® Tue Conrest PROBLEM Boox: 
High School Contest Problems of 
the Mathematical Association of 
America 
6. Tue Lore or LarcE NUMBERS 


by Philip J. Davis 
7. Uses or Inrinity by Leo Zippin 
8, GEOMETRIC TRANSFORMATIONS by I. M. Yaglom 
9. ContINUED Fractions by C. D. Olds 
10. GrarHs AND THEIR Uses by Oystein Ore 
11. Huncartan ProsteM Boox I, based on the Edtvos 
Contests, 1894-1905 
12. Huncarian ProstemM Boox Il, based on the Edtvos 
Contests, 1906-1928 
13. EpisopEs FROM THE Earty History oF MATHEMATICS 
by Asger Aaboe 


Paperbound, $1.95 each, now at your bookstore 
Published by RANDOM HOUSE, INC. 
Special edition for high school teachers and students pub- 
lished by the L. W. Singer Company, 249 West Erie Blvd., 
Syracuse 2, N. YX., 90¢ each 


C] CALCULUS 


CALCULUS WITH ANALYTIC GEOMETRY 
Third Edition 

Richard E, Johnson, University of Rochester 
Fred L. Kiokemeister, Mi. Holyoke College 
1964 798 pp. List $11.50 


CALCULUS AND ANALYTIC GEOMETRY by Walter Leighton, Western Reserve 
University. 1960 483 pp. List $8.75 


INTRODUCTION TO DIFFERENTIAL EQUATIONS by Richard A. Moore, Carnegie 
Institute of Technology. 1962 236 pp. List $7.50 


INTRODUCTION TO MODERN ALGEBRA by Neal H. McCoy, Smith College. 1960 
304 pp. List $7.95 


INTRODUCTION TO TOPOLOGY by Bert Mendelson, Smith College. 1962 
217 pp. List $8.50 


LINEAR ALGEBRA: An Introductory Approach by Charles W. Curtis, University 
of Oregon. 1963 210 pp. List $8.25 


THE REAL NUMBER SYSTEM by Grace E. Bates and Fred L. Kiokemeister, both 
of Mt. Holyoke College. 1960 Paperbound 82 pp. List $1.50 


A SURVEY OF GEOMETRY, Volume | by Howard Eves, University of Maine. 
1963 489 pp. List $9.95 


A SURVEY OF MATRIX THEORY AND MATRIX INEQUALITIES by Marvin Marcus 
and Henryk Minc, both of the University of California, Santa Barbara. 1964 
180 pp. List $8.75 


[|] COLLEGE MATHEMATICS 


MODERN COLLEGE ALGEBRA by Julian D. Mancill and M. O. Gonzalez, both 
of the University of Alabama. 1960 386 pp. List $6.50 


[] SURVEYS 


INTRODUCTORY MATHEMATICAL ANALYSIS, Second Edition by Edgar D. Eaves, 
University of Tennessee and Robert L. Wilson, Ohio Wesleyan University. 1964 
496 pp. List $8.75 


MATHEMATICS OF FINANCE by Edwin D. Mouzon, Jr., Southern Methodist Uni- 
versity and Paul K. Rees, Louisiana State University. 1959 464 pp. List $7.95 


MODERN COLLEGE MATHEMATICS by William K. Smith, Bucknell University and 
Stanley F. Dice, Carleton College. 1963 411 pp. List $7.95 


For your examination copies, please write to: 
ARTHUR B. CONANT, Dept. E. 


ALLYN AND BACON -: COLLEGE DIVISION 


150 Tremont Street, Boston, Massachusetts 02111 


Outstanding MACMILLAN Mathematics Titles 


THEORY OF NUMBERS 
by Neal H. McCoy, Smith College 
Of interest to undergraduate mathematics majors and students of number theory, Pro- 
fessor McCoy’s book is designed specifically for a one-term course. It is a self-contained, 
concise treatment of number theory by a leading mathematics expositor. Some previous 
preparation in abstract algebra on the part of the student is assumed. Allendoerfer Advanced 
Series. Ready May, 1965, approx. 160 pages, prob. $5.00. Sent on 30-day approval* 


STOCHASTIC PROCESSES 

by N. U. Prabhu, The University of Western Australia 

Mathematically rigorous and advanced, this text requires a solid background in mathe- 
matical statistics and probability theory on the part of the student. It is highly inclusive, 
and carefully binds applications on a firm foundation of formal theory. Examples are 
thoughtfully worked out to illustrate theory, and there are numerous problems involving 
both theory and application. The treatment is thoroughly modern, and takes account of 
many recent research findings which have not previously appeared in textbook form. 
Allendoerfer Advanced Series. Ready April, 1965, approx. 304 pages, prob. $9.00. Sent on 
30-day approval* 


INTRODUCTION TO PROBABILITY AND STATISTICS 
by B. W. Lindgren and G. W. McElrath, University of Minnesota 
Assuming some previous training in calculus, this text presents in a relatively brief scope 
classical and modern statistical methods based on a preliminary treatment of probability. 
Includes exercises, problems with solutions, 12 pages of tables, a glossary of symbols, and 
64 line drawings. 1959, 277 pages, $6.95. 


ORTHOGONAL FAMILIES OF ANALYTIC FUNCTIONS 
by Bernard Epstein, University of New Mexico 
Designed to be used as a supplement for courses in advanced mathematical analysis, espe- 
cially complex variables, this paperbound book provides a brief discussion of several func- 
tions. Topics include: The Reproducing Kernel of a Domain, Applications to Conformal 
Mapping, The Szego Kernel, others. Macmillan Mathematics Paperbacks. Ready April 
1965, approx. 96 pages, prob. $2.00. Sent on 30-day approval* 


ELEMENTARY MATRIX ALGEBRA, Second Edition 

by Franz E. Hohn, University of Illinois 

Retaining the scope and spirit of its widely used predecessor, this second edition reflects the 
growing list of areas in which matrix methods are applicable. Beginning with the con- 
crete and familiar, the book proceeds generally to the abstract as it covers a careful selec- 
tion of elementary matrix algebra topics commonly used in the physical and social sciences. 
Includes numerous exercises, many new to this edition. Allendoerfer Advanced Series. 
1964, 350 pages, $8.00 


INTERMEDIATE DIFFERENTIAL EQUATIONS, Second Edition 
by Earl D. Rainville, The University of Michigan 
Written in the same clear expository style that characterizes Dr. Rainville’s other highly 
successful books, this volume is designed for a one-term course at the advanced level. It 
presents a broad selection of topics in classical analysis at a level beyond the introductory 
courses but below the highly advanced treatises. 1964, 307 pages, $9.50. Sent on 30-day 
approval* 


METHODS IN NUMERICAL ANALYSIS, Second Edition 
by Kaj L. Nielsen, Battelle Memorial Institute 
This new edition is a practical text for a one-term course for engineers and others who use 
desk calculators and wish to prepare to use large-scale computers. It preserves the theme 
of its predecessor by presenting classical numerical analysis with a minimum of mathe- 
matical background. Much of the material has been rewritten for increased clarity, and a 
new chapter on linear programming has been added. 1964, 384 pages, $9.00 


You'll want to evaluate these important new titles. Write to Judith Wight 
for complimentary or approval copies. 


* Under Macmillan’s new “30-day approval plan,” a book is billed only 
if you decide not to adopt it, but wish to keep a personal copy. 


THE MACMILLAN COMPANY 60 Fifth Avenue, New York 10011 


NEW FROM McGRAW-HILL 


INTRODUCTION TO FORTRAN: A Program for 
Self-Instruction 


By STEPHEN C. PLUMB, IBM. 192 pages, $5.50 
(cloth), $3.50 (soft cover) 


In an average of 16 hours a student can learn 
the basic information and skills needed to write 
computer programs, using the FORTRAN II sys- 
tem designed for the 704/709/7090 family of 
computers. The material is also applicable to 
several other makes and models of computers. 
Previous programming experience is not es- 
sential. 


BASIC SLIDE RULE OPERATION: A Program for 
Self-Instruction 


By W. S. MITTELSTADT, Eastman Kodak Com- 
pany. 228 pages, $4.95 (Cloth), $2.95 (Soft 
Cover). 


Teaches the student the operations and appli- 
cations of the slide rule in an average of five 
hours. Emphasis is on the slide rule as an effec- 
tive working tool which can be mastered easily 
and quickly with no prior experience. The ma- 
terial is written in such a way that a student 
need learn only the parts of the slide rule for 
which he has specific use. 


HANDBOOK OF MATHEMATICAL TABLES AND 
FORMULAS, Fourth Edition 


By RICHARD S. BURINGTON, Chief Mathema- 
tician, Bureau of Naval Weapons, Navy De- 
partment, Washington, D.C. 448 pages, $4.50. 
(Text Edition also available). 


A major revision of an outstanding handbook 
designed to meet the needs of students and 
workers in mathematics, engineering, physics, 
chemistry, sclence and other fields. Provides 
accurate, up-to-date, and quick reference to 
mathematical information. Includes both review 
and refresher material as well as a large col- 
lection of most frequently needed tables. 


McGRAW-HILL BOOK COMPANY 


MATHEMATICAL METHODS IN RELIABILITY 
ENGINEERING 


By NORMAN H. ROBERTS, University of Wash- 
ington. 300 pages, $12.50. 


Provides the fundamental mathematical and 
analytical tools which are the basis for reli- 
ability engineering. These include statistics, the 
rudiments of set theory and Boolean algebra, 
simple model theory, and a few subsidiary 
topics in analysis. 


CONVEX SETS 


By FREDERICK A. VALENTINE, University of 
California, Los Angeles. McGraw-Hill Series in 
Higher Mathematics. 232 pages, $12.00. 


Develops the fundamental theory of convexity 
for both classical Euclidean geometry and mod- 
ern infinite dimensional spaces. Presents numer- 
ous concepts and theorems which lead directly 
to the frontiers of current research in the theory 
of convexity. The basic approach is geometric. 


INTRODUCTION TO GENERAL RELATIVITY 


By RONALD ADLER, Stanford University; 
MAURICE BAZIN, Princeton University; and 
MENAHEN SCHIFFER, Stanford University. In- 
ternational Series in Pure and Applied Physies. 
Available in December. 


An introduction to the fundamental mathe- 
mathematical and physical concepts of the 
general theory of relativity. Explains the in- 
tuitive physical aspects of the theory for the 
mathematician, and the mathematical ideas, 
motivations and tools for the physicist. Particu- 
lar stress has been placed on a clear, logical 
and technical exposition. 


Examination copies available on request 


= 330 West 42nd Street, New York, N.Y. 10036 


GEORGE BANTA COMPANY, INC., MENASHA, WISCONSIN 
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NONORTHOGONAL IDEMPOTENTS WHOSE SUM IS IDEMPOTENT 
J. G. MAULDON, Corpus Christi College, Oxford 


Throughout this paper 9% will denote an associative ring with a unit element 
€, whose additive group is torsion-free. The main result is 


THEOREM 1. For every integer n> 2, there exists a ring R, whose additive group 
1s torsion-free, containing a set { a1, Qo,°**, an} of n wdempotents whose sum ts 
idempotent, such that a,a;0 for all 1,j=1, 2,°°-,n. 


Two interesting special cases, used in the proof of Theorem 1, are 


Lemma 1. There exists a ring Ri, whose additive group 1s torsion-free, contain- 
ing a set of four mutually nonorthogonal idempotents whose sum 1s the unit e. 


LEemMaA 2. There exists a ring Ro, whose additive group is torsion-free, containing 
a set of four mutually nonorthogonal 1dempotents whose sum 1s Zero. 


Any three of the idempotents in Lemma 1 yield a negative answer to the 
question raised in Problem 5082 [5], namely: 


Let R be a ring in which, tf erther x+x=0 or x+x+x=0, tt follows that x=0. 
Suppose that a, b, canda+b-+c are all idempotents in KR. Does tt follow that ab =0? 


A rather more general question is answered in Section 15, where there are 
also some conjectures on uniqueness of the solution of this and related problems. 
In Section 14 it will be seen that, for certain fairly general types of ring, the 
answer to [5] is affirmative. 

As a result of careful and valuable criticism by a referee, hereby gratefully 
acknowledged, the presentation of the results has been entirely recast, clarifying 
both the motivation of the method and the possibility of its wider applicability 
—see, in particular, the end of Section 1 and (13) and (14) in Section 10. 


1. An outline of the construction. We start in Sections 2 and 3 by attempt- 
ing a familiar method of attack on Lemma 1. Our primary object is to exhibit a 
ring $t, with a torsion-free additive group, containing elements A, B, C satisfy- 
ing the conditions 


(1) 42=A, Be=B, C2?=C, (A+B+O2?=A+B+C, AB XO. 


We therefore construct a ring § containing elements a, b, cand d=e—a—b—c 
such that the ideal a generated by a?—a, b?—b, c?—c and (a+b-+c)?—(a+b+c) 
(=d?—d) does not contain the element ab. Then the residue class ring R= B/a 
clearly satisfies the required conditions, provided that its additive group is 
torsion-free. 

Looking at the matter in a slightly different way, we may say that the 
ring B is to admit an equivalence relation (x=y@x—y€a) such that (i) the set 
of equivalence classes forms a ring in a natural way, (ii) a?=a, etc., (iii) ab 40 
and (iv) x40=3x+x+ ---+-+x#0. The advantage of using a ring 8 larger 
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than the required ring ® (in fact, having as a homomorphic image) is that we 
can weaken our equivalence relation beyond the trivial one (x=y@x—y=0), 
giving more flexibility in our attack on (iii) and (iv). 

Unfortunately, while (as will be seen in Section 3) it is easy to find rings B 
for which (iii) holds, and also those for which (iv) holds, we have not succeeded 
in finding a ring $8 admitting a direct proof of (iii) and (iv) simultaneously. The 
main novelty of the present method is that, in order to weaken our equivalence 
relation still further, we introduce in Section 4 an even larger algebraic system 
©, admitting % as a homomorphic image. We then find that a direct proof of (i), 
(ii), (iii) and (iv) is possible for the equivalence relation in © corresponding to 
the above equivalence relation in % (and to the identity relation in ®). This 
enables us to prove Lemma 1, which is a substantial step in the proof of Theo- 
rem 1. 

The author owes to the referee the observation that this technique can be 
applied to other problems of the type: 


Given an ideal a generated by certain elements of the semigroup algebra & of a 
free semigroup relative to a ring A, and an element zC&, show that Ea. 


Two such problems are solved in Section 10—see (13), (14). 


2. The free semigroup M. The free multiplicative semigroup or monoid gener- 
ated by a given set E may be defined [2, p. 18] as the set of all finite sequences 
of elements of £ with multiplication defined by juxtaposition, so that the 
product of the sequences did2 + * + Gm and Dibe + + - by (a;, 6; F) is simply the 
sequence @i@2° + * Gmbibe + + + bz. (Such sequences, with or without a scalar 
coefficient, may be referred to as monomials.) The empty sequence is conven- 
tionally included and (by the above definition) it is in fact the unit element of the 
monoid (a monoid is a semigroup with a unit). 

If the additive notation is used, so that the sum of the sequences @1+de+ - °° 
+m and bitbe+ +++ +n is Qitdet +--+ +dmt+bitbet+ +++ +b,, we have 
the free additive semigroup generated by E. 

We may identify sequences differing merely in the order of their terms. More 
precisely, we may regard such sequences as equivalent and study the quotient 
semigroup |1], [2], whose elements are the equivalence classes and whose com- 
bining operation is defined by asserting that the natural map is a homomor- 
phism. In this case we shall have a commutative semigroup—the free commuta- 
tive semigroup generated by the set E [2, p. 20]. We shall make use of this con- 
cept in Section 4, but for the present we define M to be the free multiplicative 
semigroup generated by the set \a, b, c\, noticing that M has a unit element. 


3. The ring $ and the ideal a. Let A be any ring with a unit, whose additive 
group is torsion-free. A will have the réle of a coefficient ring and, as far as this 
paper is concerned, nothing would be lost by assuming A to be a commutative 
ring, thus simplifying the definition of the ring 8 below. For future purposes, 
however, we present the slightly more general theory in which A need not be 
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commutative. Let M be the multiplicative semigroup defined in Section 2 and 
let B be the semigroup ring determined by the semigroup M and the ring A. 
The definition of % is exactly like that ({2], Ch. 4, Section 1, e) of the semigroup 
algebra of a semigroup over a commutative ring with identity, except that the 
coefficient ring A need not be commutative and hence we regard % as a ring, not 
as a A-algebra. Thus / is identified with a basis of the unitary A-module %, and 
multiplication in $ is the unique bilinear extension of multiplication in M, so 
that 


Dp q Dp q 
@) — (Lrame) (Cass) = TE Oadmamt)— Osyay Asma mf E I). 
i=1 j=l i=l j=l 
8 may also be regarded as the ring of all noncommutative polynomials in the 
three indeterminates a, D, c with coefficients in the noncommutative ring A. If 
eis the unit element of A it is convenient to denote, for example, the element 
em?+(—e)m by m*@—mES (mE M). 

Following the plan of Section 1 we now define aC 9% as the ideal generated 
by the four elements a?—a, b?—b, c?—c and bc-+cb+ca+ac+ab+ba. Taking 
the residue classes as equivalence classes, we have 


(3) e@=a, P=) Cex, cb = — bc — ca — ac — ab — ba. 


Now if, in particular, A is the ring of integers, let b be the set of all xES 
such that the sum of the coefficients of x, expanded as a linear combination 
of the elements of M, is even. Clearly 6 is an ideal containing a but not ab, so 
that ab Ea, ab 40, which is (iii) of Section 1. If, on the other hand, A is a field, 
the property (iv) of Section 1 is trivial. The difficulty facing us is to satisfy (iii) 
and (iv) simultaneously. 

Premultiplying the last equivalence in (3) by c and using (3) to eliminate 
factors of the form a?, b*, c? and cb, we find 


(4) cab = 2ac + 2ba + 2bc + ca + ab + abc + bea + bac + aba + aca. 


Using (3) and (4), it would be easy to show that every equivalence class con- 
tains at least one element with no factor a?, b?, c?, cb or cab in any of its terms. 
If we could then show that each equivalence class contains only one element of 
this “canonical” type, we should have an immediate proof of properties (i), (ii), 
(iii) and (iv), and hence of Lemma 1. 

It is in fact true, for any coefficient ring A, that each residue class (mod a) 
in 8 contains a unique canonical representative (see Lemma 10), but in order to 
prove this fact we study an enlarged system ©, the semigroup semiring deter- 
mined by the semigroup J and the ring A. 


4, The semiring ©. Let VM and A be as defined in Sections 2 and 3, let A* 
be the set of nonzero elements of A, and let © be the free commutative additive 
semigroup (see Section 2) generated by the set 


A* X M = {d\m:d © A*,m EC M}. 
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Thus any element of © is either zero or a finite commutative sum of the form 
>? Am: (04A;EA, m;EM), where there is no combination or cancellation of 
similar terms, so that \m+yum+ (A-++u)m. We now introduce into © the associa- 
tive left- and right-distributive multiplication defined by (2), where any terms 
on the right for which \,u;=0 are simply omitted from the sum. Then © can 
properly be described as the semigroup semiring determined by the semigroup 
M and the ring A. The unit element ¢ of A will again be omitted, so that (for 
example) em-+(—e)m will be denoted by m—m€G, which is not equal to the 
zero element of ©, even when m€ MM is the empty sequence. 


5. Reducibility in ©. Referring to (3) and (4) for our motivation, we pick 
out ten elements {Xa Vera=1,-°-, 5} of © by writing 


Xy= a, VYir=a; Xe= bd, VYo= bs; X3= 0%, V3 =; 
(5) Xs= cb, VYs= — be — ca — ac — ab — ba; 
Xs = cab, Vs = 2ac + 2ba+ 2b¢c + ca+ ab + abe + bca + bac + aba + aca, 


noticing that 2;£0, since A is torsion-free. 

A nonzero element >.? \ym;€G@ will be said to be reducible if either (i) m; 
=m; for some 17 or (ii) at least one of the m; contains as a factor one of the 
X «—more precisely if (ii) 3 iE {1, vey p} and 3 aE {1, me, 5} such that 
m;=uUXv, where u, vEM. In the first of these two cases (m;=m,;) we write 
yR,x (x, y¥E@) if the expression y is obtained from x by replacing \ym;+A,m; by 
(A; + A;)m;, omitting this term altogether if \; +; = 0; in the second case 
(m;=uXv) we write yR,x if y is obtained from x by replacing m; by uY.v 
and expanding by the distributive laws; finally we introduce into © the binary 
relation R by the definition 


(D1) yRx iff either yRox or yRax (x,y ES). 


Intuitively yRx means “y is a reduced form of x” and the subscripts o, m refer 


to the words sum and product. An element xCG is irreducible iff {y: yRx } is the 
empty set. 


6. The equivalence relation in S. We now introduce into © two more binary 
relations, < and =, by the definitions 


(D2) y< «iff Sn 2 O and x, +--+, Xn € © such that x = x, % = y and xjRxj-1 
forj =1,2,--+-,m. 
(D3) «= yiff 32 CS such that z < «ands < 4. 
The notation is justified by 
LEMMA 3. < ts an order relation, and 
LEMMA 4, = 1s an equivalence relation. 


The proofs are given in the next two sections, together with the proof of 
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LEMMA 5. Each equivalence class in © (under (D3)) contains exactly one ir- 
reducible element. 


Since ab and 0 are distinct irreducible elements of 6, Lemma 5 yields 
(6) ab # 0. 


Since A has a torsion-free additive group it follows that, if x= >? \,m, 1S non- 
zero and irreducible, so is >)? (n\,)m;=x+x-+ +--+ +x (n terms, n21). Hence 
another corollary of Lemma 5 is that, if x is irreducible, then 


(7) *#0 and n2z1i=sext+uet+---+u4#0 (% terms). 
Finally, it is immediate from the definition of = that 


(8) C=a, P=) eee b+cecb+cat+a+at+ba=O), 
(9) > NM + >» (—A;)m; = Q, 
1 1 


7. Proof of Lemma 3. The relation < is obviously reflexive and transitive, 
and it only remains to prove that it is antisymmetric—that is, that y<x and 
x <¥ together imply x=y. We define the height h(x) of any element x of © by 
h(0) =0 and 
(10) y= > Lym; => h(x) = >> (d; + 1)(10)%, 


a 


where d; is the number of elements in the sequence m;€ M, q; is the total num- 
ber of times in that sequence that a factor ¢ precedes (at any distance) a factor 
b, and it will be remembered that \;40. The only important properties of this 
definition are that h(x) is a nonnegative integer and that, as is easily verified, 
h(y) <h(x) whenever yRx. Hence, if y<x, either y=x or h(y) <h(x), the latter 
alternative being impossible if x<y. 


8. Proofs of Lemmas 5 and 4. We start with Lemma 5. The fact that every 
element x of © is equivalent to some irreducible element zg (indeed that there is 
an irreducible <x) is by induction on h(x). If two irreducible elements x and 
y are equivalent, we have s<x, s<y and hence x=z= 4, so that there cannot be 
two distinct irreducible elements in the same equivalence class, and this com- 
pletes the proof of Lemma 5. 

For the proof of Lemma 4 we need 


Lemma 6. If xRt and yRt, then AsC@ with 2e<x and 2<y. 


Proof. If xR. and yR.t, or if the reductions tx and t—y do not interact, 
we can actually find z€© with zRx and zRy, so that the (D2)-chains x—z and 
y—gs are of length n=1. If «R,¢ and yR,t with interaction, we may assume with- 
out loss of generality that 


t= )uX,v + wux (O,uE Apu4ve M), 
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with x=(A+y)uX.v and y=AuX.v+tyuuY.wv. Then, taking z=(A+y)uYav, we 
find that the (D2)-chain x— 2 is of length n=1 and the (D2)-chain y— +z is obvi- 
ous and inevitable, though (if a=5) it may have to be as long as n= 11. 

If t=AuUX vX gw (u,v, WECM), with x=AuV.wX gw and y=AuX.vVgw, we may 
obviously take z=\u Y.wY pw. 

Hence finally it only remains to prove the result when ¢ contains a term 
\m=huZv(u, v © M), where Z=c*b or cb? or c’ab or cab? and the reductions are 
effected on Z. By symmetry the cases t=c*b and cab suffice, with x= Xa, 
y=cYa, 2=Vasx (a=4 or 5). Then, although the minimal (D2)-chains y—2 
contain respectively 18 and 41 steps, yet repeated reduction in any manner of 
the element y=cY,[cY;] of G leads inevitably to the irreducible element 
z= Y,[Y,| as required, completing the proof of Lemma 6. 


LemMaA 7. If x<t and y<t, then x=y. 


The result is trivial if 2(t) =0 and we proceed by induction on h(t). Ignoring 
the trivial cases x =¢ and y=t, we have x<u, uRt, y<v and vRit. By Lemma 6 
Sw with w<u, w<v. Since h(u) <h(t), x<u and w<u, our inductive hypothesis 
shows that x=w and so 3r with r<x, r<w<v. Since h(v) <h(t), r<v and y<z, 
we similarly have r=y. Hence, finally 3z with s<r<x, <y, showing that x=y 
as required. 

Referring to (D3) we see that the relation = is certainly reflexive and sym- 
metric, so for the proof of Lemma 4 it will suffice to establish 


Lemna 8. If x=y and y=z, then x=2. 


Proof. Bu, v with u<x, u<y, v<y, v<sz. Lemma 7 shows that u=v so that 
Sw with wiu<x, w<v<z, and this completes the proof of Lemmas 8 and 4. 


9. Proof of Lemma 1. The ring 9). Since © admits no cancellation, it follows 
from (D1) and (D2) that if y<«x then y+s<x-+2, yz<xz and zy<ex. That is to 
say, the relation < is compatible [1] with the operations in G and hence the 
relation = is also compatible, so that 


(11) x=x and yS=yoaoxetyenr ty and xy =x'y’. 


It is worth emphasizing here that these assertions, valid for the semigroup 
semiring ©, fail for the corresponding theory in the semigroup ring %, in which 
a<a* but a—a’?X0. This, in essence, is the reason for replacing 8 by the more 
unfamiliar structure ©. 

It follows from (11) that our equivalence relation yields a quotient semiring 
G/{x:x=0} (see [1] and [2]) whose elements are the equivalence classes, with 
the natural definition of addition and multiplication induced by the structure 
of ©. Since © has a unit element, it follows from (9) that this quotient semiring 
is in fact a ring with a unit element E, from (7) and Lemma 5 it follows that this 
ring 9; has torsion-free additive group, and from (8) and (6) that the equiva- 
lence classes A, B, C containing respectively the elements a, D, c satisfy (1). 
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Hence, writing 
(12) D=E-A-—-B-C, 


we see that \A, B, C, D} is a set of four mutually nonorthogonal idempotents 
whose sum is #, and this completes the proof of Lemma 1. 

Since every equivalence class contains a unique irreducible polynomial in 
a, b, c with coefficients in A, it follows that the additive group of 91 is the direct 
sum of an enumerably infinite set of copies of the additive group of A. 


10. Consequences for the rings § and %/a. From the method of construc- 
tion it is plausible to suppose that the rings 9t, and 8/a are isomorphic. That this 
is so is the content of 


THEOREM 2. S/a~G/{x: x=0} =. 

This has the immediate corollaries 
(13) ab Ga (24,6 € 8), 
(14) xFasetat---+xEéa (x terms, n 2 1) (x CB). 


For the proof of Theorem 2 we refer to Section 3 and define a canonical ele- 
ment of 8 as a polynomial in a, b, c (with coefficient in A) none of whose terms 
contains a factor a? or b? or c? or cb or cab. We now prove 


LEMMA 9. The ideal aC $8 contains no nonzero canonical element. 


Proof. By an abuse of notation, we may take Xe, Ye (a=1, 2, 3, 4) defined 
in (5) to be elements of § not ©. Then the general element of a is of the form 


4 Pa 
(15) > » tail X « ~~ V a) Ves (thei, Vai = $). 


a=1 i=1 


This is not in canonical form as it stands, unless p2=0 (a=1, 2, 3, 4), but prima 
facie it may, by cancellation of terms, be equal to a canonical polynomial x say, 
where we may further suppose that the polynomial x has no zero coefficients 
and no repetitions of similar monomial terms (that is, any pair of terms Am-+yum 
is replaced by (A+yu)m). 

We now re-interpret the symbols x, Xa, Ya, Yas and Va; as elements of © not 
%. Then x is an irreducible element of ©, x is equivalent (=) to (15) and (15) is 
clearly equivalent to zero. It now follows from Lemma 5 that x=0, and this 
completes the proof of Lemma 9. 


LremMMA 10. Each residue class (mod a) in 8 contains a unique canonical ele- 
ment. 


Proof. The fact that any element of $ can be reduced, within its own residue 
class (mod a) to a canonical element, is proved by induction on h(x), defined in 
(10) using the representation of x©% which has no zero coefficients and no 
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repetitions of monomial terms. If a residue class contained two distinct canoni- 
cal elements, their difference would be a nonzero canonical element in a, con- 
tradicting Lemma 9. This completes the proof of Lemma 10, and Theorem 2 is 
an immediate deduction. 


11. The case 132 (mod 3). We have 
LEMMA 11. The conclusion of Theorem 1 holds if n%2 (mod 3). 


Proof. Let §t; be the ring defined in Section 9 and let 9, be the tensor 
product of k copies of 9t: regarded as an algebra over the ring of integers [1, 
Ch. 2, Section 3, No. 1]. Then the additive group of 9, is torsion-free and in 
fact [1, Ch. 3, Section 1, Corollary 2 of Prop. 7|, regarded as a module over the 
integers, it has a basis, so that 


(16) %1@ %@-++-@xuy=I06%,=0 for somej = 1,2,---,&. 
Multiplication in 9; is defined by 
(17) (41 @ #2 @ +++ @ x%)(y1 @ ye @ +++ @ yu) = L1y1 @ Layo @ ++ + @ MMp. 


Let A, B, Cand D be the idempotents in 9; defined in Section 9 and, for each 
j= 1, 2, oe -,k, let 


Aj = 418 %2@--+ Om (j= 1,2,---+,&,) 
where 
{" if =f, 
i= 
D if ij. 
Define By, ---, B, and C,---+,C,in a similar manner and take 
F=DQD®:::-@D. 
Then these elements { F, A;, Bj, Cj:7=1, 2,-+-, k} constitute a set of 3k+1 
mutually nonorthogonal idempotents in %,, while Q= | F, (A; +B;+C;): 
7=1,2,+--, k} is a set of R+1 mutually orthogonal idempotents in #,. Thus 


the sum of any subset of Q is idempotent, proving the required result in the case 
n=3k-+1 and, since k& is arbitrary, completing the proof of Lemma 11. 


12. Proof of Lemma 2. The ring Ry. Replace the expressions for Y, and 
Ys in (5) by 


V4 = —2a—2b—2c¢—bc—ca—ac—ab—ba, 

Y, = 8a+6)+ 6c+ 6ac-+6be+ 6b¢+3ca+3ab+ abce+bca+bac+ aba aca, 
and replace (8), (10) and (1) by 
(19) @=a, P=) Pec, (@tb+c?+(atb+c) =0, 
(20) w= Dy dame = h(a) = DY (ds + 1) (13), 


(18) 
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(21) A?= A, B= B, C2?=C, (A+B+O0?=—-(A+B4+0, AO. 


Then we find that the work of Sections 5, 6, 7, 8 and 9 goes through verbatim 
as far as (12), except that we read 3p for 3t, and we need longer (finite) (D2)- 
chains in the proof of Lemma 6. From (21) it follows that the four idempotents 
A, B, Cand D= —(A+B-+C) satisfy the conditions of Lemma 2 as required— 
mutual nonorthogonality is a consequence of the theory, or can be deduced 
directly from (21). Adding the unit element E to this set of four idempotents, 
forming the set (A, B, C, D, E}, we have 


LemMA 12. The conclusion of Theorem 1 holds if n=5. 


13. Proof of Theorem 1. Let 9) and ®;, be the rings defined in Sections 12 
and 11 and let R=Ro @Mz be the tensor product of Ry and Mz, so that Ris a 
torsion-free ring with a unit. Remember that 8) contains a unit E and four 
mutually nonorthogonal idempotents A, B, C, D whose sum is zero, while ®, 
contains a set | Fs: 7=0,1,2,---, 3k} of 3k-+1 mutually nonorthogonal idem- 
potents /; whose sum is idempotent. It follows that 


A@F, BF, C@F, DOF, 


(22) . 
E@F;, (=0,1,2,---,3%) (k2 1), 


is a set of 3k-+5 mutually nonorthogonal idempotents in 9t whose sum is idem- 
potent. Since k21 is arbitrary, we see by reference to Lemmas 11 and 12 that 
the proof of Theorem 1 is complete. 


14. Qualified affirmatives to Problem 5082. For certain rings the question 
proposed in the preamble to this note can be answered affirmatively. We have 


THEOREM 3. If the additive group of a commutative ring contains no nonzero 
elements of order Sn, then any set of n (or fewer) idempotents in the ring whose sum 
1s idempotent must be mutually orthogonal. 


THEOREM 4. If St 1s any ring of finite matrices over a field of characteristic zero, 
then any set of 1dempotents in Kt whose sum is 1dempotent must be mutually orthog- 
onal, 


Theorem 4 is certainly not new. A proof is indicated in [3, Section 56, Exer- 
cise 5(a)|. Theorem 3 also is at least 17 years old. For a proof let the given 
idempotents (not all zero) be a1, de, - - - , @, and let p be the maximum possible 
degree of a nonvanishing product of distinct a;, so that 1Sp<n. Re-order the 
a;so that P= |]? a0. Then multiplication of the equation ( yo a)2= >.” a; 
by ]]? a; yields p?P =pP, so that p(p—1)P=0, (p—1)P=0, p=1 and so (as 
required) a;a;=0 whenever i147. 


15. A further result and some conjectures. The answer to a generalization 
of the problem [5] is provided by 
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GENERALIZED BASES FOR THE INTEGERS 
J. L. BROWN, JR., Ordnance Research Laboratory, Pennsylvania State University 


Let { fitt be a given sequence of positive integers and consider two fixed 
sequences, At and {mi}? of nonnegative integers. Here the terms of the 
sequence { fis are to play the role of a basis for the integers, while the auxiliary 
sequences {R:} and {m;} represent bounds for the coefficients appearing in the 
basis expansion of an arbitrary integer. That is, for a given integer 2 (positive, 
negative, or zero), we wish to consider the possibility of expanding x in the form 
n= > aif; where each a; is an integer satisfying —m; S a; S k; for 
4=1,2,---,N. 

In the classical case of representing positive integers in terms of a given 
base (radix) b, where D is an integer greater than unity, the identification is as 
follows: f;=b*! for 121, k;=b—1 and m;=0 for all 121. Note, in the general 
case to be considered, that the f; need not be powers of a given number, both the 
coefficient bounds k; and m; may vary with 1, and the m,; need not be zero. 

Previous work ([1]—[4]) has considered only the expansion of positive inte- 
gers with various restrictions on the coefficient bounds. 

Our purpose here is to extend this work to include representations of nega- 
tive integers as well and to examine conditions under which such integer repre- 
sentations are unique. Since the terms of both the sequences {Re} and {m;} are 
assumed nonnegative in the general case, we may choose, for example, k;=0 for 
z odd and m;=0 for z even, so that only negative values are permitted for some 
of the coefficients. The negative sign appearing with any such coefficient can 
be regarded, however, as attached to the corresponding basis element; in this 
fashion the general theory subsumes expansions in which both positive and nega- 
tive integers appear as basis elements. This result will be applied to show that 
every integer m (positive, negative or zero) has a unique expansion in terms of a 
negative base; that is, n= > 7 a,(—b)*, where —b <0 is the negative integer 
base in question and the coefficients a; are integers satisfying the same restric- 
tion, 0Sa;Sb—1, as in the case of a positive base. 

We introduce first the concept of a generalized base: 
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Let { fitt be a given sequence of positive integers and consider two fixed 
sequences, {ke}? and {mh of nonnegative integers. Here the terms of the 
sequence { fi} are to play the role of a basis for the integers, while the auxiliary 
sequences {R:} and {m;} represent bounds for the coefficients appearing in the 
basis expansion of an arbitrary integer. That is, for a given integer (positive, 
negative, or zero), we wish to consider the possibility of expanding m in the form 
n= > aif; where each a; is an integer satisfying —m; S a; S k; for 
4=1,2,---,N. 

In the classical case of representing positive integers in terms of a given 
base (radix) b, where 0 is an integer greater than unity, the identification is as 
follows: f;=b*! for i121, k;=b—1 and m;=0 for all 121. Note, in the general 
case to be considered, that the f; need not be powers of a given number, both the 
coefficient bounds k; and m; may vary with 2, and the m; need not be zero. 

Previous work ([1]—[4]) has considered only the expansion of positive inte- 
gers with various restrictions on the coefficient bounds. 

Our purpose here is to extend this work to include representations of nega- 
tive integers as well and to examine conditions under which such integer repre- 
sentations are unique. Since the terms of both the sequences {k;} and {m,} are 
assumed nonnegative in the general case, we may choose, for example, k;=0 for 
7 odd and m;=0 for 7 even, so that only negative values are permitted for some 
of the coefficients. The negative sign appearing with any such coefficient can 
be regarded, however, as attached to the corresponding basis element; in this 
fashion the general theory subsumes expansions in which both positive and nega- 
tive integers appear as basis elements. This result will be applied to show that 
every integer 1 (positive, negative or zero) has a unique expansion in terms of a 
negative base; that is, n= ).* a,(—b)*1, where —b <0 is the negative integer 
base in question and the coefficients a; are integers satisfying the same restric- 
tion, 0Sa;Sb—1, as in the case of a positive base. 

We introduce first the concept of a generalized base: 
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DEFINITION 1. A sequence { fit? of positive integers 1s said to be a generalized 
base with respect to the sequences {Ri}? and {m:}< of nonnegative integers (briefly, 
a generalized base) iff every integer n satisfying 


N N 
(1) — \imfisns Dd bili 
1 1 


for some N>0O has a representation in the form 


N 


(2) n= )) afi, 


1 
where each a; 1s an integer satisfying 
(3) —m,Sa;:8 k; for a=1,2,---,N. 


We remark that in the case where k;>0 for all 221 and the representation 
is required to hold for positive integers only, a generalized base is a quasi- 
complete sequence as defined in [3 { From the definition, it follows that if the 
sequences of coefficient bounds {%;} and {m,} each contain an infinite number 
of nonzero terms, then every integer (positive, negative and zero) has a repre- 
sentation of the form (2) involving the elements of a generalized base. Note 
that the number of terms allowed in the expansion is controlled by the number 
of terms required for the validity for inequality (1). A generalized base {f;} 
possesses the following characterization: 


THEOREM 1. For given sequences {k:}? and {m;}? of nonnegative integers, 
the sequence { fi}? of positive integers with fy=1 is a generalized base iff 


(4) four SA + 2 (he + maf (p = 1,2,3-++), 


Before giving the proof of Theorem 1, we recall a lemma due to Alder [2]: 


LEMMA. Let fyi? be a given sequence of positive integers and let { fit? be a 
sequence of positive integers with fy=1 such that fosiS1+ D2? yifi for p=, 2, 
3,---+. Then for any integer n satisfying the inequality OSn< >" y,f;, there 
exist integers {Bi} such that n= > Bf; with OS6;S-y; for +=1, 2,---, N. 


REMARK. We may assume without loss of generality that k;+m,;>0 for all 
421 in the statement of Theorem 1; for, if k;,+m;,=0 then k;,=m;,=0 and in 
view of (3), the corresponding term f;, may be dropped from the sequence { fis 
with impunity. 


Proof of Theorem 1. Assume (4) is satisfied. Then, for 2 satisfying 


N 
ome > Mf; 
1 


lA 


nN 


k fi ) 


lA 
pt Mz 
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we have 0Su+ > mifis > N (ki +m) fi, so that the Lemma implies 
N N 
n+ dimfi= 2) Bifi 
1 1 


where 0$8;Sk,;-+m, and therefore n= > (8;—m.)f;, which is an expansion in 
the required form (2) with the definition a;=8;—m, for each 17. 

We prove the necessity of (4) by contradiction. Assume { fi} i isa generalized 
base for the given sequences {R;} and {m;} and that (4) is not satisfied for all p. 
Then there exists r>0 such that 


(5) Fri > ict > (he + mi)fi. 


Now, kr41-+-m,41>0 as remarked earlier. We may assume k,4,>0 without loss 
of generality. (For if 2,41=0 and m,,1>0, an analogous argument suffices.) Then 


r r+1 
0 < frti — > mf; —1 < frst = > Rafi, 
1 1 


so that by the property of a generalized base 
r+1 


(6) fri Dimfi— 1 = Di auf 

1 1 
with —m;Sa;Sk;. If ay41S0, then fyiS1+ 0) (ki +m)fi, contrary to (5). 
Thus @,4;21 and rearrangement of (6) yields 


(7) (ana - Df = —-1- > (a; + mdf 


an obvious contradiction since the right hand side of (7) is negative. This com- 
pletes the proof of the theorem. 

Next, we investigate conditions under which representations of the form 
(2) with coefficients satisfying (3) are unique. 


DEFINITION 2. For fixed sequences of nonnegative integers {Rs}? and {m3} 
a sequence of positive integers { fi} i wil be satd to possess Property U (uniqueness 
property) iff the equality >  a;f;= >LY Bifi, with a; and B; integers satisfying 
—m;,Sa;Sk; and —m;S6;Sk; for 4=1, 2, cosy N, implies that a;=PB; for 
a=1,2,---,N. 


THEOREM 2. Let { fil? be an arbitrary sequence of positive integers satisfying 
Dp 
(8) for ZL + Do (kit mdf 
1 


for p=1, 2, 3, +--+. Then { fit possesses Property U. 
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Proof. For a proof by contradiction, assume that { fit does not possess 
Property U. Then there exists a least integer N21, call it No, such that 


N 


N 
(9) afi = Dy Bifi 

1 1 
with —m;Sa;Sk,, —m;SBiSRi, and 

N 
(10) > |a— B| <0, 

1 
(a; and 6; represent integers throughout). Clearly, No>1; for if Mo=1, (9) 


would imply aif,;=6if1 or a1=f1 contradicting (10). Further, ay, 8y,; other- 
wise we would have from (9) 


No-1 Nor 
> af: = » Bf 
1 1 


with —m,;Sa;Sk;, —m;36;S:;, and from (10), > Nor} |a:—B:| 0, thus con- 
tradicting the choice of No as the least value of N for which (9) and (10) are 
possible. 


From (9), with N= Mp, (6v,—e@n,)fno= SoNo-t (a;—B,)f;, so that 
No-1 No-1 
(11) fv, S$ |By,-enlfueS DL lar Bil feS Do (et mofi Sf — 1, 
1 1 


where the last inequality follows from assumption (8). Inequality (11) provides 
the contradiction needed and the theorem is established. 

We have shown that condition (8) is sufficient for unique representations. If 
{f;} is a generalized base, then (8) is also a necessary condition. 


THEOREM 3. Let { fitt with f,=1 be a generalized base corresponding to the 
nonnegative sequences {Re}? and {mi}. . Then condition (8) 1s necessary tn order 
that { fit? possess Property U. 


Proof. Assume { fii? is a generalized base possessing Property U but not 
satisfying (8) for all p21. Then there exists 7>0 such that 


(12) fris > (ki + ma)fi. 


From Theorem 1, we have fpi1S1+ >.? (R;-+m,)f; for all p21, so that (12) in 
combination with the Lemma implies 


r 


(13) fri = > aif 


1 


with a, integral and 0Sa,;Sk;+m; for 7=1, 2, +++, 47. Now, either k,4,>0 or 
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Mri >O since ky.i+Mpy>0. If k,41>0, we have from (13), 
(14) fri — Ly mfs = Do (ai — madfi, 
1 1 


and Property U may be invoked to equate coefficients of f,41 on the two sides of 
(14), giving 1=0, a contradiction. A similar argument is valid for the case 
Rest = 0, My+4 > 0. 


THEOREM 4. Let the sequence of positive integers { fi} 1 with fy=1 be a general- 
ized base corresponding to the nonnegative sequences {k;} and {m;}. Then {fete 
possesses Property U iff 


(15) fi = di; 
where the sequence \¢:} 1 ts defined by 

( d= 1 
(16) 


[ dor = + Le (he + mi). p=1,2,::-, 
1 


or equivalently 
(f di=il 


17 p 
u7 dui=[L[Q+k%+m) for p21. 
1 


Proof. By Theorem 1, fp4iS1+ >? (ki-+m,)f; for p21, while by Theorems 
2 and 3, Property U is equivalent to fru:21+ > (Ri tm, f; for p21. Thus the 
condition fpy1=1+ >? (k;+m,)f; for p21 is necessary and sufficient for the 
generalized base {f;}/? to possess Property U. 


Applications. Let J denote the set consisting of all integers and consider two 
disjoint subsets A and B of I such that AUB=TI. Further, let {f;}? be a set of 
positive integers with f;=1 and satisfying 


(18) foasitdivfii 21 


0 


for some fixed sequence fyi} i; of positive integers. Define 


ky =C 1 i for 421 
(19) ‘ A(i)y 


nn; = Ca(t)y¥: for 1 = 1, 
where Ca(x) and Cz(x) are the characteristic functions of sets A and B respec- 


tively; that is, Ca(z)=1 if t€A and Cy(z)=0 if tA. Note that (19) implies 
that k;+m;=y¥7; for all 721. 
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THEOREM 5. Under the conditions set forth above, every integer n satisfying the 
inequality 


N N 
— Virfisns D vif 
7E€B tEA 
has an expansion 1n the form 


N 


n = >) ai[(—1)°2f,], 


tes] 
where a, 1s an integer satisfying OSa;Sy; for1=1,2,---, WN. 


Proof. Theorem 1 implies that every u satisfying the inequality 


has an expansion 2 = ae B.f:, where 8; is integral and 


—Calt)y: S B: S Calt)y: for 1= 1, 2, cy N. 


The present theorem then follows on defining 
a;= (—1)C2@;, 


It is clear, therefore, that by allowing nonnegative values for the terms of 
the sequences {k;} and {m;}, we are able effectively to treat expansions in 
which the basis elements are themselves both positive and negative. 


CorROLLARY. (Negative base expansions): Let b>1 be an integer and define 
f,=b* for 121 and y;=b—1 for 121 independently of 1. Then every integer n 
satisfying 


[N /2] [(N+1) /2] 
—- > O-D)™I<nd= YH O-1Xr 
1 1 


has a unique expansion in the form 
N 
n= > ai(—)*}, 
1 


where a; 1s integral and OSa;Sb—1 for1=1, 2,---,WN. 


Proof. In Theorem 5, take A as the set of all odd integersand B as the set of 
all even integers. Theorem 5 then establishes the existence of the expansion; 
uniqueness follows from Theorem 4 on observing that fi=1 and 


for = 0? =14+ 00 -1ed =14 YVyfi=i1t+ Lk +mdfi for p21. 
1 1 1 
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where each qa; is either 0 or 1. 

Since any increasing complete sequence [1] satisfies (20), representations 
in the form of (21) are possible for any such sequence. 

The assumption that f:=1 for a generalized base (e.g. in Theorems 3 and 4) 
may be omitted since f1=1 is a direct consequence of the definition. From Defi- 
nition 1, if { fil is a generalized base, then —mifiSnShkifi implies n= afi 
with —m,Sa1 Sh. Since at most ki-+m-+1 distinct integers can be represented 
in the latter manner, it follows that the range —mfiSnShkifi must contain no 
more than 2j-+m,+1 numbers. This, in turn, implies f;= 1. 
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PRIMARY IDEALS IN RINGS OF CONTINUOUS FUNCTIONS 
CARL W. KOHLS, Syracuse University 


The Lasker-Noether decomposition theorem states that in a commutative 
ring satisfying the ascending chain condition every ideal is the intersection of a 
finite number of primary ideals [7, p. 209]. Krull [6] considered rings without 
finiteness assumptions and obtained, under certain conditions, a representation 
in which an infinite collection of primary ideals is allowed. The following special 
case is given by Bochner in [1, 4.5.5]: If R is a commutative ring with unit in 
which every proper prime ideal is maximal, then every ideal in RF is the inter- 
section of primary ideals. It is known that in a general commutative ring an 
ideal may not be the intersection of primary ideals [7, p. 208], but there seems 
to be no simple example in the literature. We give an example in Section 1, 
using two facts about ideals in rings of continuous real-valued functions on a 
topological space. Actually, we describe a large class of such ideals, since this is 
just as easy to do. Let C(X) denote the ring of all continuous real-valued func- 
tions on any topological space X. The first result needed was obtained by L. 
Gillman and the author in [3, 4.5]: Let pCX, let Q be a nonmaximal, prime 
g-ideal contained in M,= {fGC(X): f(p) =0}, and let fEM, —Q; then the ideal 
(QO, f) in C(X) is not primary. The second fact was noted by the author in [5]: 
Every primary ideal in C(X) is absolutely convex. 

Now let P be any prime ideal in C= C(X). In the second section of the paper, 
we give a complete description of the primary ideals in C/P that are not prime. 
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topological space. Actually, we describe a large class of such ideals, since this is 
just as easy to do. Let C(X) denote the ring of all continuous real-valued func- 
tions on any topological space X. The first result needed was obtained by L. 
Gillman and the author in [3, 4.5]: Let pCX, let Q be a nonmaximal, prime 
z-ideal contained in M,= fe C(X):f(p) =0}, and let fEM,—OQ; then the ideal 
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Now let P be any prime ideal in C= C(X). In the second section of the paper, 
we give a complete description of the primary ideals in C/P that are not prime. 
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It was observed in [3, 4.6] that a set of the form 
P\)= 9 {BE C/P: |b| <a}, 


where @ is any positive nonunit in C/P and nm ranges over the set of positive 
integers, is a primary ideal that is not prime. Every nonprime primary ideal 
turns out to be either of this form, or a sort of dual form, namely, 


P|,~= U {oEC/P: |b] S a}, 


Now it is known that every primary ideal in C contains a prime ideal, since the 
radical of a primary ideal is prime [3, 4.1]. So the theorem about primary ideals 
in C/P yields a description of the primary ideals in C as well. The proof of the 
first lemma used in obtaining the characterization also leads to an improvement 
in the theorem of Gillman and the author mentioned above. 

We list here some standard facts, terminology and notation for reference. 
The reader should consult [2]| for further background. 

The set of all positive integers is denoted by N. In any ring C(X), the con- 
stant function whose value is 7 is designated by r. For any fE C(X), we write 
Z(f) for {xEX: f(x) =0}. 

An ideal I in C is said to be fixed if f {Z( fo: fel } is nonempty. A proper 
ideal will mean one that is neither the whole ring nor the zero ideal. For any 
ideal Jin Cand fEC, the residue class of f modulo J is written I(f). The ideal I 
is called a 2-ideal if Z(f) =Z(g) and gE I implies that fE J. 

Unions and intersections of chains of primary ideals are primary. When P 
is a prime ideal in C, the ring C/P is totally ordered, and the canonical homo- 
morphism of C onto C/P is a lattice homomorphism. For each positive non- 
unit a@€C/P, there is a smallest prime ideal P* containing a and a largest prime 
ideal P, not containing a. In P+, {a/":nEN} is a cofinal subset. 


1. The example. Let P be a prime ideal in C. The primary ideals in C con- 
taining P are all convex [5], so by [3, 2.2], each primary ideal in C/P is convex. 
As has been noted before ([3], 4.1 and [2], 14.3), a convex ideal in C/P is an 
interval that is symmetric about zero, and hence the convex ideals in C/P form 
a chain. But the intersection of a chain of primary ideals is primary; so the 
statement that an ideal J in C/P is not the intersection of primary ideals is 
equivalent to the statement that I is not primary. Thus, to obtain our example, 
we need only exhibit an ideal in C/P that is not primary. 

It follows immediately from [3, 4.5] that if Q is a fixed prime z-ideal in C, 
then no proper principal ideal in C/Q is primary. This already provides a large 
class of examples. We now show that the restriction to z-ideals is easily removed. 
(It will be shown later that the restriction to fixed ideals is unnecessary also.) 
Let P be any fixed prime ideal in C. Then P contains a minimal prime ideal Q, 
and Q is a (fixed) z-ideal [2, 14.7]. Now any proper principal ideal in C/P is the 
homomorphic image of an ideal of the form (P/Q, a), where a€©C/O—P/Q, 
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a>0. But P/Q is contained in the ideal Q, of C/Q; and every element of Q, isa 
multiple of a [2, 14.6 and 1D.3]. Hence (P/Q, a) = (a). It follows that the image 
of (P/Q, a) in C/P is not primary, because any primary ideal in C/P comes 
from a primary ideal in C/Q containing P/Q. 


2. The theorems. We shall now describe precisely the primary ideals in rings 
of the form C/P, where P is a prime ideal in C. First we prove two lemmas 
about primary ideals in C/P. 


Lemna 1. Let P be a prime ideal in C, and let a be a positive non-unit in C/P. 
Then P|* is the smallest primary ideal in C/P containing a. 


Proof. It was observed in [3, 4.6] that Pie is a primary ideal in C/P, and 
clearly acP| *, Since the intersection of a chain of primary ideals is primary, 
there is a smallest primary ideal containing a; to prove that it is Pie, it obvi- 
plac suffices to show that if J is a primary ideal in C/P containing a, then 
P\ecl. 

Evidently, we may assume that [C P*. Choose fEC such that P(f) =a and 
0<fS1. Given cEP|s, with c2a, let g&C be such that P(g) =c and fSg sf?!” 
Clearly Z(g) =Z(f). Set h= Dinew 2-*f'/"; then LEC, and Z(f) =Z(h). 

Consider the function k defined by k(x) =g(x)/h(x) if «EZ(h), k(x) =0 if 
x€Z(h). Since gSf'/? and h22-*f!/4, we have g(x) /h(x) S$16(f(x))!/4 for x EZ(h); 
hence REC. Set d=P(k); then we have dP(h) =c. Now hSl, so g Sh, and c Sd. 

Next consider the function /] defined by I(x) =h(x)f(x)/g(x) if x€EZ(g), 
K(x) =0 if xEZ(g). Since f(x)/g(x) $1 for x€EZ(g), we have I(x) Sh(x) for 
x€Z(g), whence 1EC. Clearly kl=f, so dP(l) =a. Furthermore, since P(h) 
= 2—-Anqil4e, ¢<ai-@ and cP(l)=aP(h), we have P(l) >2-*a!/2", or qil2a 
<2‘P(1). Because 24a!/2™<1 [2, 14.5(a)], it follows that a!/"<24q1/2"P(j) 
<P(J), for all nGN. Hence P(l) EP*, so (P(J))*EP* for all x. The assumption 
that JCP? implies (P(J))"€J for all nCN. But dP() =a€l, and I is primary; 
hence dE I. Now cS and I is convex; so we conclude finally that cE J. Thus, 
because both sets in question are symmetric, P|*CJ. 

REMARK. It is known that many but not all rings of the form C/P are valua- 
tion rings with the property that a is a multiple of b whenever 0<a<b (see [4], 
Section 3, and [3], 3.6 for details). Now if C/P is a valuation ring, the proof of 
Lemma 1 can be greatly simplified. For in that case, we can assert that there 
exists e€C/P such that a=ec. If e€ P*, then e<a'!/™ for some n, and a=ec 
<qi/nqi—1in=@, which is absurd. So e*€ I for all nEN, and cE. 


LEMMA 2. Let P be a prime ideal in C, and let a be a positive nonuntt in C/P. 
Then P|4q is the largest primary ideal in C/P not containing a. 


Proof. It is easily seen that P|, is an ideal in C/P and that a€P|.. To show 
that P|. is primary, suppose that be€ P|. while b¢P|,. Then |bc| Sa't4/* for 
some nCN. But |6| >a!*1/24, so |c| Sa/ and hence |c|‘*Sa?. Therefore 
cE€P|,. Since the union of a chain of primary ideals is primary, there is a 
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unit. But Z(f) = Z(h), and f belongs to the maximal ideal containing P, which isa 
z-ideal, so h does also; this implies that P(A) is not a unit. It follows that dE (a), 
and hence (a)# P| ¢. Therefore (a) is not primary. 


This research was supported by the National Science Foundation, under grant NSF G-20747. 
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1. Introduction. A source of interesting and illustrative examples of semi- 
groups is the collection S(X) of all continuous functions from a topological 
space X into itself where, for f and g in S(X), fog is defined by (fo g)(x) 
=f(g(x)) for all x©X. Some interesting results concerning algebraic properties 
of S(X) have been obtained recently for certain spaces. For example, Nadler 
[4] has shown in the case X= [0, 1] that the subsemigroup of S(X) consisting 
of all differentiable functions has no idempotent elements (g is idempotent if 
gog=g) other than the identity mapping and the constant functions. He also 
gives an example to show that S(X) does contain idempotent elements not of 
this form. 

Here too, we are interested in the algebraic structure of S(X) but primarily 
in its relation to the topological structure of X. It is obvious that if X and Y are 
homeomorphic then S(X) and S(Y) are isomorphic; specifically, if 4 is a homeo- 
morphism from X onto Y, then f-h of oh is an isomorphism from S(X) onto 
S(Y) (for a 1-1 function , we use the symbol kh” to denote the function defined 
by h"(y)=«x iff h(x)=y). This paper is devoted to the converse question: if 
S(X) and S(Y) are isomorphic, must X and Y be homeomorphic? In general, the 
answer is no. Let X denote any set (with more than one element) with the dis- 
crete topology. Let Y denote the same set with the indiscrete topology. Then 
S(X) consists of all functions which map X into X and S(Y) consists of all func- 
tions which map Y into Y. Evidently S(X) and S(Y) are isomorphic but X and 
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gog=g) other than the identity mapping and the constant functions. He also 
gives an example to show that S(X) does contain idempotent elements not of 
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morphism from X onto Y, then f-h of oh" is an isomorphism from S(X) onto 
S(Y) (for a 1-1 function hk, we use the symbol h” to denote the function defined 
by h(y) =x iff h(x)=y). This paper is devoted to the converse question: if 
S(X) and S(Y) are isomorphic, must X and Y be homeomorphic? In general, the 
answer is no. Let X denote any set (with more than one element) with the dis- 
crete topology. Let Y denote the same set with the indiscrete topology. Then 
S(X) consists of all functions which map X into X and S(Y) consists of all func- 
tions which map Y into Y. Evidently S(X) and S(Y) are isomorphic but X and 
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Y are not homeomorphic. Thus, if isomorphism is to imply homeomorphism, the 
spaces involved must be restricted. In Section 2, we define an S-space and obtain 
several results showing, among other things, that the class of S-spaces includes 
some familiar topological spaces. Section 3 is devoted to a proof of the main re- 
sult of this paper: two S-spaces X and Y are homeomorphic if and only if S(X) 
and S(Y) are isomorphic. 

We take this opportunity to thank the referee for several suggestions which 
resulted in simplifications of some of the proofs. 


2. S-spaces. 


DEFINITION (2.1). Let X be a topological space and x a point of X. An open set 
G containing x 1s an S-neighborhood of x if it consists of x alone or if there exists a 
continuous function f mapping cl G (the closure of G—also denoted by clxG) into 
X such that f(x) Ax but f(y) =y for each yEcl G—G. 


DEFINITION (2.2). A topological space is an S-space if it is Hausdorff and every 
point has a basis of S-neighborhoods. Such a basis will be referred to as an S-basis. 


THEOREM (2.3). Let X be a Hausdorff space and suppose that each xCX has a 
basis B, of open sets such that cl G—G consists of at most one point for each GE By. 
Then X is an S-space. 


Proof. The result is immediate if X consists of only one point so assume X 
has more than one point. If cl G—G= @, choose any yx and define f(z) = y for 
all g€clG. In the event cl G—G consists of a point p, define f(z) => for all 
z&cl G. 

A 0-dimensional space is defined as one which has a basis of sets which are 
both open and closed. Thus, the following corollary is a consequence of Theo- 
rem (2.3). 


COROLLARY (2.4). Every 0-dimensional Hausdorff space is an S-space. 


THEOREM (2.5). A regular Hausdorff space which is the union of a collection 
of open subspaces which are S-spaces is an S-space. 


Proof. Let x be a point of the space X. Denote by H an open subset of X 
which is an S-space and contains the point x. Let B, be an S-basis for x in H. 
Since X is regular, there exists an open subset V of X and a closed subset F of 


X such that x© VCFCH. Let 
B* = {GE B,:GCYV}. 


Then BF is a basis for x in X. Let us consider an arbitrary GEB;*. If G contains 
a point other than x, there exists a continuous function f from clg G into H such 
that f(x)¥x and f(y)=y for each yEclyG—G. Since clxGCFCH, clxG 
=ClyG Thus, f maps clxG into X which implies G is an S-neighborhood of x. 
Therefore B,* is an S-basis for x in X and it follows that X is an S-space. 

We refer to a Hausdorff space X as being locally Euclidean if for each CX 
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there exists an open neighborhood of x which is homeomorphic to the Euclidean 
N-space EX for some N (N depends on x). 


THEOREM (2.6). Every locally Euclidean space is an S-space. 


Proof. In view of Theorem (2.5), the fact that a locally Euclidean space is a 
regular Hausdorff space, and the fact that a homeomorphic image of an S-space 
is an S-space, it will be sufficient to show that E* is an S-space for each positive 
integer N. For pCE”, let 


Sa(p) = {q © E*: d(p, g) < 1/n}, 
where d denotes Euclidean distance. Then 
cl Sn(p) — Sn(p) = {q¢ © EX: d(p, q) = 1/n}. 


For each integer 2 such that 1S71<N, define a function f; from cl S,(p) into E! 
by fi(q) =qaitd(p, g)—1/n. Each f; is continuous and hence the function f de- 


fined by f(q) =(fi(M, f(g), -- >, fn(g)) is a continuous mapping from cl S,(p) 
into LE”, Moreover, f(g) =q if gEcl S,(p) — S,(p) and 


f(2) = (pi — 1,n, pe — 1/n, "sy pn — 1/n). 


Therefore, | Sn(P) ar is an S-basis for p in E% and the proof is complete. 

(2.7). An example of a Hausdorff space which ts not an S-space. Let X denote 
the collection of points in the plane Z?. For a point x whose coordinates x; and 
X2 are not both zero, let 


Sn(w) = y © X: d(x, y) <1/n}, 
and let { Sn (x) ar be a neighborhood basis for x. For the point p= (0, 0), let 
On(p) = ty © X: d(y, p) < 1/m and y2 # 0} U {pt}. 


Thus, Q,(p) contains no point whose second coordinate is zero other than p. 
Let {0Q,(p) an be a neighborhood basis for ». The resulting topology for X is 
Hausdorff. We will show that no basis at p is an S-basis. Let B, be any neighbor- 
hood basis at p. Then there exists a set HEB, such that HCO,(p). Now let f 
be a continuous function from cl H into X such that f(p) ¥p. Choose a positive 
integer M such that 1/M<d(p, f(p)). Then Su(f(p)) is an open set containing 
f(£) and since f is continuous, there exists an integer N such that 


cl Su(f(p)) A cl Qv(p) = B, OQn(p)C H and f[On(p)] C Su(f(p)). 
Then 
flcl Qw(p)] C cl [F[Ow(p)]] C cl Su(f()). 


Choose any number 2 such that 0< | 2 <i/N. Then (z, 0)€cl Qn(p) and hence 
(z, 0)€cl H. Moreover, (z, 0) EH since (z, 0) €Q,(p). Thus (z, 0) Ecl H—H. 
But f(z, 0)€cl Su(f(p)) which does not contain the point (z, 0). Therefore 
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Therefore h is a function from X into Y with the property that h(x) =y if and 
only if (x) =y. In a similar manner, there exists for each yE Y a unique «CX 
such that $° (y) = (x). This implies that / is a one-to-one mapping from X onto 
Y. Now we show that for each fE S(X), h[H(f) ]=H(¢(/)). In fact, let y=h(x), 
l.e., Y=(x). In view of Lemma (3.4), the following are successively equivalent: 
y EhlH(f)|,x € H(f), fox =x, y = (fox), y = o(f) 06(x), y = o(/) oy, 
yCH(d(f)). We now appeal to Lemma (3.2) and conclude that hk is a homeo- 
morphism. 

The homeomorphism / and the isomorphism ¢ are rather closely related. 
Recalling that $(x) =h(x) for each xCX, we let y be any element of Y and f 
any function of S(X) and we see that 


(ho fo h*)(y) = hf (A (y))) = BEG"()))(y) = ¢€°M)) (9) = of 0b (Y))() 
= ((f)) 0 @(Y))) (9) = (CO) o¥)(y) = (G))(9)- 


Thus we have the additional bit of information that 

(3.5). If X and Y are S-spaces and ¢ is an tsomorphism from S(X) onto S(Y), 
there exists a homeomorphism h from X onto Y such that o(f)=h of oh” for all 
fES(X). 
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A CANONICAL FORM FOR LINEAR TRANSFORMATIONS 
OF FE, UNDER NONLINEAR SUBSTITUTIONS 


HOWELL K. WILSON, Georgia Institute of Technology 


1. Statement of the problem. It is shown that every nonsingular linear 
transformation of the real vector space E,, which has no eigenvalue of modulus 
one, is homeomorphically equivalent to one of 4m canonical linear transforma- 
tions. A similar result is first proved in Theorem 2.2 for the one-parameter 
family of mappings corresponding to the solutions of a linear differential system 
with constant coefficients and this is then generalized to the main Theorem 3.4. 


2. Canonical forms for the system x= Ax. Let x and u denote real m-vectors 
and let A be a real mXm matrix with eigenvalues \;=a,+i6; (j=1,--°-, m). 
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LemMMaA 2.1. If a;<0 for j=1,---,m, then there 1s a homeomorphism T: xu 
= Tx of Em such that the system 
(1) x= Ax 
becomes 
(2) “=—4 


under the substitution u=Tx. Moreover T is of class C® on Emn— {0}. 


Proof. We assume without loss of generality that A is in such a real canonical 
form with respect to the x-coordinates such that, if (, «) denotes the solution of 
system (1) through the point (0, x)CG Emi, the Euclidean norm | || of d(i, x) 
decreases steadily with increasing ¢ (cf. [1]). 

Let @= {x:||x||<1}. Then, for each xCE,,— {0}, there is exactly one time 
t(x) and exactly one point p(x) €0@ such that 


p(x) = g(x), %) or «% = o(—#(x), p(x). 
Define 
Tx = p(x)e for « ~ 0, 
TO = 0. 
It is clear that T is a one-one mapping of LE, onto itself. To establish differenti- 


ability on a neighborhood of an arbitrary point »CGEn— {0 I note that the C” 
function f(t, x) =||d(¢, x)||?—1 satisfies 


~ f(t(2s), #0) = — [| (¢(2a), 20)? 0 
Pye (x0), %o) = 7 b(i(%o), Xo 


and 


f(t(%0), %o) = 0. 


Thus #(x) and, consequently, p(x) are C® functions on a neighborhood of %. It 
follows then that T is of class C® on Em— {0}. 

For arbitrary e>0, G=¢(e—, @) is a neighborhood of the origin with the 
property that t(x)<—e~ for all x©@g. Thus t(x)—~— © as x0. Then T is 
continuous at the origin since ||Tx—TO0||=e' for all «CE,—{0}. Since 
the substitution «= Tx maps the solutions of system (1) onto those of system 
(2) by construction, the proof is complete. 

We note here that the lemma remains true when a;>0 for j=1,---,mif 
the system (2) is replaced by 


(2’) “=U. 


In what follows, transformations T corresponding to several systems of the 
form (1) will be used. To avoid confusion, we write T4 for T, where A is the 
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matrix of the system. Now let z, w denote real nm-vectors and let C be a real 
nXn matrix with eigenvalues \j;=a;+78; G=1,---, 7). 


THEOREM 2.2. If m of the aj;’'s are negative and the remaining n—m are posi- 
tive, then there 1s a homeomorphism T: z-w=Ts of E, which 1s of class C° on 
E,—{0} such that 


(3) = Cz 

becomes 

(4) —_ i 0 |e 
0 In—m 


under the substitution w= Tz, where I, denotes the v Xv tdentity matrix. 


Proof. Assume that C is in real canonical form with respect to the z-coordi- 
nates and that a;<0 for j7=1, ---,m. Then system (3) is of the form 


8 biol alls 


where x is an m-vector, A has the negative a,’s, 


x A QO 
:-|"|, and c=| |. 
y 0 B 


Apply Lemma 2.1 to the decoupled system (5) to obtain the homeomorphisms 
T4 of Em and Tz of E,-m. Extend these functions to E, by defining 


T 4x 0 
Taz = | | and JT,2 = | |, 
0 Tay 


Then the homeomorphism T¢ defined by Tcez= T42+T 32 has the desired prop- 
erties. This completes the proof. 

Notice that if T¢ is of class C1 on a neighborhood of the origin, then the 
mean value theorem implies that C=diag{—In, In-m}, and T¢ is necessarily 
the identity homeomorphism. Thus differentiability on all of E, can be expected 
in the trivial case only. 

P. Hartman [2] has considered the nonlinear system 


where f is of class C? near f= 0 with f(0) = 0 and f($) = o0(¢) as (0, and has shown 
that if no eigenvalue of C has zero real part, then there is a homeomorphism 
U of a neighborhood of the origin such that, under the substitution z= U¢, the 
system (6) becomes 


(7) z= Cz. 
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Theorem 2.2 in conjunction with this result provides a simple method for 
classifying all such systems near the origin. 


3. Canonical forms for real linear transformations. Let x and u be real m- 
vectors and let y and v be real (x —m)-vectors. Write 


-[] [I 


We consider first a linear transformation 
(8) L:*%— Ax 


of E,, with eigenvalues yu; which satisfy 0< | ws <i forj=1,---,m. If nop; 
is real and negative, then there is a real matrix A such that A=e4. It follows 
from Lemma 2.1 that 

—1 a | . —1i t(x2)—1 —1 
(9) TalTa:u-e u, ie, TalLT,u = Tad(i, x) = p(xe =e u 
Suppose now that A has real, negative eigenvalues. We can assume without loss 
of generality that —1<y,;<0 for j=1,--+-, Rk, where each such yw; has multi- 
plicity v;, that the remaining y,’s are either positive or complex, and that, rela- 
tive to the x-coordinates, 


Dy ‘ 
(10) A= ‘Di ) 
0 P | 
where P is in real canonical form and each D; is a »; Xv; matrix of the form 
by 1 0 
D; = 1 j= 1, Fk 
0 Mi 
LEMMA 3.1. For each fixed j=1,---, k, there is a real matrix A; such that 


—D,=exp A; and if gEE,, then 


— _,—l —1 
(11) Tn; DjT a; : q-> —e€é @q. 


Proof. For convenience, omit the subscript j in the proof and define A=—D. 
It is known that there is a real matrix A such that A=e4. 
Now let q@E,— {0} be arbitrary and define r=In ||. From Lemma 2.1, 
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(12) DT, q=—ee 


To find TaDTx'q, the equations p =e!4DTx"q, ||p||=1 must be solved for p and 
t. Using equation (12), we obtain 


p= —etna fall = 4. 
lal 
The unique solution is, by inspection, 
q 
t =tT— 1, p — a HH 
lal| 


Then T,DTx*q= (—q/||qe= —e—1g. This completes the proof. 
Observe that Lemma 3.1 remains true.if we assume that 1< | us, for 


j=1,-++,m, provided that equations (9) and (11) are replaced by 
(9’) TsLT, : u— eu, 

and 

(11’) T;D;Ta,: 9 — @&. 


LEMMA 3.2. There 1s a homeomorphism Fy of E such that 


F,SE: p= fm | 
: a , 
ev‘ ° 0 It-1 ‘ 


where S is the linear transformation of Ey defined for a>0 by S:o——ao. More- 
over, Fy is of class C® on Eg— {0}. 
Proof. It is sufficient to prove the lemma for the case (=2 as this easily 

leads to the general case. Let S$: p—ap and write b=a"/", Define Fy by 

F.(r, 0) = (r7,86+ loger) for r #0, 

F,(0, 0) = 0. 
For an arbitrary point (r, 0) with 70, Fy'SF.(r, 6) = (ar, 0—7) = S(r, 0). This 
completes the proof. 


By applying Lemmas 3.1 and 3.2 with ¢=»,-+ - > - +», to the transformation 
(8), we obtain 


LEMMA 3.3. There ts a homeomorphism G of Em which ts of class C° on Em— { 0} 
such that 


of 0, 


GLG"!: u— e} | 
0 Im~1 
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Proof. Define 


Ta, 0 
F 0 0 
0 Ta, ’ P =e? 
G= 
| 0 | Int 0 Tp 
Note that if |u,;| >1 for j=1,---,m we have 
_ —1)6 0 

GaLGa : wel Ju. 

0 Im-1 


We combine the lemmas above to obtain the main result of this section, the 
proof of which is now clear. 


THEOREM 3.4. Let L: 2—Cz be a linear transformation of E, with ergenvalues 
My G=1,---,n). Assume that m of the p;’'s satisfy 0 < | | <1tand ¢ of these satisfy 
—1<y;<0. If the remaining n—m y,;'s satisfy 1<|y,| and r of these satisfy 
Mj< —1, then there is a homeomorphism WV of E, which ts of class C° on En— 10} 
such that 


e(—1)4 0 


0 
0 e—Im—1 
VLY-!; w > | —___ |} |u, 
e(—1)" 0 


0 el ,—-m—1 
where w=WVz. 


One easily counts that there are 4m such canonical forms for VZW—!, and of 
course none of these are homeomorphically equivalent. Thus one may say that 
each linear transformation of the type considered is characterized (as far as 
topological properties are concerned) by the dimension of its stability manifold 
and its orientation preserving properties on the stability and instability mani- 


folds. 
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CONVERGENCE OF SERIES WHOSE TERMS ARE 
DEFINED RECURSIVELY 


M. K. FORT, Jr., University of Georgia AND 
SEYMOUR SCHUSTER, University of Minnesota 


Let f be a real-valued function such that: 

(1) f is differentiable on an interval [0, a] for some a>0, 

(2) 0<f(x) <x for 0<xSa, 

(3) there exists c>0 such that f’ (x) 2c for OSx Sa, and 

(4) if 0<x1<x2Sa, then f(«1) /x%1 =f (x2) /x2. 

In this paper we investigate the convergence of the infinite series Son tn, 
where uw=a and tasi=f(un) for all x. Assumption (1) implies that f is continu- 
ous, and this fact together with assumption (2) implies that u,z>unysi for each 
n and limy.. U,=0. The existence of f’(0) implies that limyn.. Unii/uUy exists. 

REMARK 1. Consider the conditions: 

(4’) f’ is a nonincreasing function on [0, a], and 

(4’") f’’ exists and is nonpositive on (0, a). 

In the presence of (1), (2), and (3), (4”’) implies (4’), and it is not difficult 
to show that (4’) implies (4). It is often easy to verify indirectly that a function 
f satisfies condition (4) by showing that f satisfies (4’) or (4’’). 

THEOREM 1. 


a x (oe) a x 
ate f apts ms o— fw” 


and hence > \n Un converges if and only if the integral Jé xdx/|x—f(x) | converges. 
Proof. Let g(x) =«/[x—f(x) ], (x) =f(x)/x, and ¥(x) =1—¢(x) for 0<x Sa. 
Then g(x) =1/[1—#(x) |=1//(«). Condition (4) states that ¢ is nonincreasing 


on (0, a]. It follows that y is nondecreasing and g is nonincreasing on (0, a]. 
For each n, 


Uo > [ces/ (mi — isa) | [(es — wins) / (tia — 4s) ] + (tia — 441) 


== > ui = to + Dy [wi/ (usa — us) |(usa — u,). 


t=0 4=1 


We have: 


i] (bi — Wiss) = if (Us — f(us)) = g(us), Ui/ (Usa — Ui) = f(ts-1)/lua — f(u-ar)] 
=—1+ 44/5 — f-)) = —14+ ga), 
and 
(us — Uit1)/(Hia — us) = F(a) — fui) /(ia — wu) = f(t) 
for some t;, u;<t;<uj_1. We now substitute to obtain 
uy + 2, (us) f(t) (Wa — Ui) = 2X bi = Uo + 2 [—1+ g(ws_1)]- (ui — ui). 
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Since f’(¢;) 2c for each i, and 50%, —(u;-1—u;) = Un — Uo, we see that 
uy + oD, B(mi) (tsa — Us) S Do us = tn + DY g(ui-1) (usa — 1). 
t=1 +=0 t=1 
We now use the fact that g is a nonincreasing function to obtain 


Y glu) (uea— 4) =f g6ddv =D glued (wer ~ u). 


Thus, 
Ug nr Uo 
uo + of g(x)dx S Duy S Un +f g(x)dx. 
Un i=0 Un 
We now take the limit as n—o and obtain 
uy + «f g(x)dx S >> u; <f g(x)dx. 
0 0 


1=0 


Since c>0, it follows that }i.5 u:< © if and only if [¢g(x)dx < ©. This is what 
we were to prove. 

Example 1. Let f(x) =rx for 0Sx Sa, where 0<r<1. In this case u,=ar” and 
Yon Un is the geometric series with ratio r. It is obvious that (1), (2), (3) and 
(4) are satisfied, and we may let c=r. A simple computation shows that 


q x a 
i) ax = ) 
0 «x — f(x) 1-—~r 


and 


a x a 
dx = . 
0 « — f(x) 1—~r 
Hence >>, un converges and 07.) u,=a/(1—7). 
Example 2. Choose a, h and p satisfying 0<a, 0<h, p>1, and pha? <1. 
For 0 $x Sa we define f(x) =x —hx?. 
The function f obviously satisfies conditions (1), (2), (3), and (4) 


f x je =) [Uevvas _ jevwe — p) forl <p<2 
0 « — f(x) 0 00 for p 2 2. 


Thus, by Theorem 1, Yon u, converges for 1<p<2 and diverges for p22. 
REMARK 2. Let ¢ and wy be functions on [0, a| such that 


0 < d(x) S (x) <x 


for 0<xSa. Let @ and w generate series })n2, and Yn W, respectively 
[v9 =A2=Wo, Vn41=PH(Yn), Wn4i=W(wWn) |. If at least one of ¢, W is nondecreasing 
then v, Sw, for each n and thus )>7.5 un S Diruo Wa: 


atc 
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Example 3. Suppose p>0 and 0<a<1. We define up=a, and for each non- 
negative integer 7 we define u,41>0 by the equation uv, 1 +47.;=un. We in- 
vestigate the convergence of >), u,». For p=2, this problem is equivalent to one 
which appeared in the 1954 William Lowell Putnam Competition. 

If 0<pSl, then wh, 2uUn41 and hence 2un41Sun. In this case it is obvious 
that >), un converges. 

Now suppose that p>1. We define a nonnegative function f implicitly on 
[0, a] by f(x) +f(«)? =x. Obviously 0 <f(x) <x for 0<« <a and f is continuous. 
It follows that f(x)?<f(x) and hence x <2f(x). Thus x/2<f(x) <x and conse- 
quently 2-2x? <f(x)?<x?. It now follows that 


x — 2-4? > x — f(x)? > x — xP, 


We define (x) =x—x? and ¥(x) =x—2-x?. Since x—f(x)?=f(x), we obtain 
0<(x) <f(x) <Y¥(x) <x for 0<x Sa. 

If 1<p<2, then Example 2 shows that the series generated by w converges, 
and it follows from Remark 2 that >), u, also converges. 

If p22, then Example 2 shows that the series generated by ¢ diverges, and 
it follows from Remark 2 that > , u, also diverges. 

We have now shown that >), vu, converges for 0<p<2 and diverges for 
p22. 


Coroiuary 1. If f’(0) <1, then >°, un converges. 
Proof. lf f’(0) <1, then 


x 1 
lim = ——___—_. < 
z0+ 4 —f(x) 1 — f’(0) 
Hence ffxdx/(x—f(x)) is finite and >\, u, converges. 


THEOREM 2. If f’(0)=1 and f” exists and is bounded below on [0, a], then 
Yon Uy diverges. 


Proof. There exists a positive number p such that f’’(x) > —p for OSx Sa. 
It follows from Taylor's Theorem that if 0<xSa, then f(x) =f(0)+<f’(0) 
+x?f!"(t)/2, where 0<t<x. Thus, f(x) =x+x?f" (t)/2>x*—px?/2 for 0<x <a. 
We obtain 1/(«—f(x)) >2/px? and hence 


a x a 2 
f dvz f — dx = o, 
0 «x — f(x) 0 px 


By Theorem 1, yon Uy, diverges. 

Example 4. Theorem 2 may be used to prove that each of the following func- 
tions generates a divergent series: 

(i) O0<a</2, f(x) =sin x for 0OSx Sa, 

(ii) a>O, f(x) =log(x+1) for 0Sx <a. 

(ili) O0<a<7/2, f(x)=x—1-++cos x for OSx Sa. 

(iv) 0<a<1, f(x) =xe-* for OSx Sa. 
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REMARK 3. Let a=1 and f(x) =x/(x+1) for OSxS1. It is easy to see that 
Un=1/(n+1) for each n. If we expand f in a power series about 0, we see that 
Corollary 2 applies with c=1 and p=2. We thus obtain the well-known fact that 
>in (n+1)~* converges for s>1 and diverges for 0<sS1. 


The first author was partially supported by National Science Research Grant NSF-G23790. 
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ON FERMAT’S LAST THEOREM 
J. M. GANDHI, University of Rajasthan, Jaipur, India 
1. Introduction. According to Fermat’s Last Theorem (FLT) the equation 
(1.1) xm ym = gn for n > 2, 


has no integral solution. The purpose of the present paper is to extend Fermat's 
conjecture and study the equations of the form 


an + yn _— pa" 
On the basis of a large number of theoretical results and some computational 
data, the following two conjectures have been made: 


Conjecture 1. The equation x*+y"= pz" has no integral solution. 
Conjecture 2. Probably the equation x*—y"= pz" has no integral solution. 


Here x, y, gare nonzero, unequal coprime integers, n>2, and p is a positive 
integer Sn. 

It is evident that conjectures 1 and 2 include Fermat’s Last Theorem as a 
special case when p= 1 and that the two conjectures are identical when z is odd. 

The following results from the literature support the above conjectures. 
E. Maillet ({17]|, and [3] p. 761), using Kummer’s method, proved that x*+y* 
=az*, a>2, has no integral solution 0 if a is divisible by 4 or if a is even and 
divisible by a prime 4n +3; or if 2<a 100, a437, 59, 67, 74; or if a has no prime 
factor >17. He has also conjectured the impossibility of the equation x*+4" 
= ng", which is the special case of Conjecture 1 when p=n. For the proof of 
Maillet’s conjecture for some other cases see [16] and [8]. In this paper we give 
(Theorem 2) the proof of Maillet’s conjecture for all powers of the form 
n°(n—1), n being an odd prime, with c2Z0. 
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REMARK 3. Let a=1 and f(x) =x/(x+1) for O<xS1. It is easy to see that 
Un=1/(n-+1) for each n. If we expand f in a power series about 0, we see that 
Corollary 2 applies with c=1 and p=2. We thus obtain the well-known fact that 
yon (n+1)~* converges for s>1 and diverges for 0<s31. 
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ON FERMAT’S LAST THEOREM 
J. M. GANDHI, University of Rajasthan, Jaipur, India 
1. Introduction. According to Fermat’s Last Theorem (FLT) the equation 
(1.1) i i i for n > 2, 


has no integral solution. The purpose of the present paper is to extend Fermat’s 
conjecture and study the equations of the form 


nn + vy _— pz”: 


On the basis of a large number of theoretical results and some computational 
data, the following two conjectures have been made: 


Conjecture 1. The equation x"-++y" = pz" has no integral solution. 
Conjecture 2. Probably the equation x*—-y"= pz” has no integral solution. 


Here x, y, gare nonzero, unequal coprime integers, n>2, and is a positive 
integer Sn. 

It is evident that conjectures 1 and 2 include Fermat’s Last Theorem as a 
special case when p=1 and that the two conjectures are identical when 1 1s odd. 

The following results from the literature support the above conjectures. 
E. Maillet ({17], and [3] p. 761), using Kummer’s method, proved that x*+y* 
=azg*, a>2, has no integral solution 0 if a is divisible by 4 or if a 1s even and 
divisible by a prime 4n +3; or if 2<a3100, a¥437, 59, 67, 74; or if a has no prime 
factor >17. He has also conjectured the impossibility of the equation x"+/" 
=—ng", which is the special case of Conjecture 1 when p=x. For the proof of 
Maillet’s conjecture for some other cases see [16] and [8]. In this paper we give 
(Theorem 2) the proof of Maillet’s conjecture for all powers of the form 
n°(n—1), n being an odd prime, with c2Z0. 
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The impossibility of the equations x* + y"=2z", 1 >2, which is contained in 
the above conjectures, appears to be justified, since assuming the impossibility 
of these equations, the proof of FLT for all even powers follows at once (see 
[11] and [14]). 

We will show that conjectures 1 and 2 are true for n=3 and n=4, while for 
n=5, 6, 7, they are found to be true except for the following cases: 


Conjecture 1. For n=5, p=2; n=7, p=2. 
Conjecture 2. For n=5, p=2; n=6, p=6; n=7, p=2. 


It was proved by Legendre ({12], and [3] p. 573) that x3-++-y3 = 22 implies 
that x= +y, hence, if x, y, g are unequal coprime integers, then the equation is 
inconsistent. It is also known that the equation x?-+y?=32' has no integral 
solution ([22] p. 412, Prob. 7). Thereby conjectures 1 and 2 are found to be 
true for n= 3. 

It was proved by R. D. Carmichael ([{1], and [3] p. 634) that the equations 
«4+ y4= 42? are inconsistent, while Schopis ({19], and [3] p. 618) proved that 
x4+ y*= 22? are impossible. In view of the fact that the equation x?-++ y?= mz? can 
have solutions only if m is the sum of two squares (|3] p. 427), the equation 
x4-+ y4=3z4 is inconsistent. In this paper the impossibility of the equation 
x4 — y*= 324 has been proved, establishing conjectures 1 and 2 for n=4. 

Combining the results of G. L. Dirichlet ([4], and [3] p. 735) and J. G. 
van der Corput ({23], and [3] p. 773), the truth of the conjectures can be veri- 
fied for n=5, except for the case p=2. 

Since the equations x*+y’= p23 are impossible for $3, it follows that 
x6 + y6 = p2¢6 are also impossible for p33. 

E. Swift ((20], and [3] p. 773) proved that x*+y® are not squares and hence 
the equations x° + y§= 426 are impossible. 

J. G. van der Corput ([24], and [3] p. 578) proved that the equations 
x3 + y3 = pe’ are impossible if p is a prime=2 or 5 (mod 9) which implies that 
the equations x«§ + y§=5z6 are impossible. 

E. Maillet [17] proved that the equation x*-+y*=az* has no integral solution 
if a is even and divisible by a prime 4n+3, which implies that the equation 
x$-+ y§ = 626 is impossible (or see Theorem 2 below) and thereby Conjecture 1 
has been verified for 7=6 also, while for Conjecture 2, the only equation which 
is to be proved to be impossible is x«*— y§= 62%. 

It was proved by E. Maillet ([16], and [3] p. 759) that the equation «7+? 
=cz' has no integral solution when c is of the form 49kR+3, +4, +5, +6 etc., 
which means that the above equation is impossible for c= +1, +3, +4, +5 and 
+6. In the same paper he proves the impossibility of the equation «7+ y’= 72’; 
to justify Conjectures 1 and 2 for n=7, therefore, the only equations which are 
to be proved to be impossible in unequal coprime integers are x7 + "= 22", 

In the text of the paper the following special cases of the conjectures have 
been proved. 
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THEOREM 1. The equation px? + y® =g* has no integral solution with x prime to 
n, n being an odd prime when (a) p=R=n; (b) R=k-n*(n—1), c=0, p40, 1 
or —1 (mod n°), 


THEOREM 2. If n°(n—1) ts a factor of 2m,c20, and n ts an odd prime, then the 
equation x°™-+- vy?" = pz" has no integral solution tf p¥A1 or 2 (mod n°), 


THEOREM 3. The equation x*@—D/2+4 yk(n-D/2 = pek(a—D/2 has no integral solu- 
tton 1f p40, —1, —2, 1 or 2 (mod n) n being an odd prime >5, k odd, and zg prime 
Lo n. 


It is evident that Theorem 1 proves the Conjecture 2 for some powers when 
x is prime to n, while Theorem 3 proves Conjectures 1 and 2 for a large number 
of odd and even powers with the restriction that z is prime to x. Theorem 2 
proves the truth of Conjecture 1 for all powers of the form n*(n—1), n being an 
odd prime except when =1 and 2; it is interesting that these are the cases of 
FLT and its corollary respectively. 

Using Theorem 2, we can give the proof of Conjecture 1 for a large number 
of even powers other than n°(n—1), n being an odd prime. For example it has 
been shown that Conjecture 1 is true for the values of n=8, 20, 24, 32, 44, 48, 
56, 64, 80, 84, etc. The author has listed all solutions of 


(1.2) xm + y™ = pgm < 107 for n> 2 
and of 
(1.3) pam + y™ = a” < 10’ for n > 2. 


For n=3, the solutions of (1.2) and (1.3) are too numerous to be included 
here. For the range specified, however, no counter example has been found for 
the above conjectures, as was expected on theoretical grounds. 

For n=4, Cunningham ([2]|, and [3] p. 634) listed all solvable equations 
at+b4=mc? <107 and 1+y!=mc?, y<1000, and E. Lucas ([{15], and [3] p. 630) 
listed all solvable equations ax*+by*=cz? in which 2 and 3 are the only primes 
dividing a, b or c, while the author has listed all solutions of 2*= pg*+ y*< 10’, 
and no counterexample was found in these lists for the above conjectures as 
was expected. 

For n>4, the only solutions for equations (1.2) and (1.3) for the range 
specified are 


75 + 255 = 11-27791- 25, 135 + 195 = 881-101-25, 115-4 215 = 132661-2°. 


Thus we find that the available computational data also support the above con- 


jectures. 
It is of some interest to note that, by using Theorem 2, it can be shown that 
(1.4) xm + y™ = (n + 1)2” 


has no integral solution for a large number of even values of n. All such values 
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of ~<1000 have been listed in the paper. Using the same theorem, it has also 
been shown that the equation 


(1.5) am + y" = (wm + 2)" 


has no integral solution for a large number of even values of n. For even values 
of m<2000, equation (1.5) is proved to be impossible except when m = 284, 1244, 
1604, 1784, or 1844. 

Probably equations (1.4) and (1.5) are also impossible; if that is so then the 
condition pn for Conjecture 1 can be extended to pSnu-+2. It may be noted 
that since 


179+ 373 = 6-213, = 718 + (—17)8 = 7-388, and 34— 14 = 5-24, 


the condition pS2+2 for Conjecture 1 and pSn for Conjecture 2 can not be 
further extended. 


Zz. In this section, we make some more observations regarding equations of 
the form x" + y”= pz". 

It is trivial to prove that if p is allowed to vary with x, y, z, then the equa- 
tion 


(2.1) pa” = x" — y" 
has infinitely many solutions. The equation 
(2.2) um ty = pen 


also has infinitely many solutions when (1) m is odd, and (2) u is of the form 
2(2k+1). 

To prove the above statements, one has to factor the expressions x*+y", 
put one factor equal to 2", so that the resulting equation can easily be solved, 
and equate the other factor with p. 

Example: 446+ 117° = 164634913 -5°® 

It is an interesting problem to attempt the solutions of the equation (2.2) 
when 7 is divisible by 4, for when g>1 and x4+y*<10", it has no integral solu- 
tion ([2] and [3] p. 634, 620 and 663). It is of real interest, of course, to find the 
solutions of the equations x” + y*= pz" for given values of both 2 and ), but it is 
not easy to find such solutions. On the other hand, we have shown that for given 
n there are infinitely many values of » for which equations (2.1) and (2.2) are 
solvable. It is then quite natural to ask the question: Given , what is the small- 
est value of such that the above equations have nontrivial solutions? By non- 
trivial solution, we mean one such that z>1 and that none of the integers x, y, gz 
is zero, nor are any two of them equal. 

For n=2, if p is given, (2.2) has either an infinite number of coprime solu- 
tions or none, depending on the value of p. For n=3, it is probable that both 
(2.1) and (2.2) have a finite number of coprime solutions for any given p. Thus 
for n>3, the smallest value of » for which nontrivial solution exists probably 
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varies wildly with 2; on the basis of the theoretical results and some computa- 
tional data it is quite natural to arrive at the above conjectures. 


3. In this section it will be proved that the equation 
(3.1) 3x4 + y4 = 3 


has no integral solution. 

Now x and y cannot both be odd, since then x* and y* would each be of the 
form 8m-+1, and hence 3x*+ y* would be of the form 8k+4, which can never be 
a fourth power of an even number. 

Therefore, let x be odd and y be even; then g is odd. In this case 3x4+y will 
be of the form 8S+3, which can never be a fourth power of an odd number and 
hence x cannot be odd. 

Now let x be even and y odd, so that z is odd. Rewrite (3.1) as 


(3.2) 3x4 = 24 — yt, 


Let z=p+q, y=p—gq, with p and g coprime and of different parity because z 
and y are coprime and both are odd. Whence from (3.2) we get 


(3.3) Sat = 8pq(p? + 9”). 


Since p and gq are coprime so also are p, g and p?-++q*. Let p then be even and 
q odd (it is immaterial if » is odd and g even) so that p?-+q? is odd. 
Let us first assume that /=0 (mod 3) or p=34A, so that from (3.3) we get 


(3.4) a’ = (84)q(9A? + 9’). 


Since all factors on the right of (3.4) are coprime, each must be a perfect fourth 
power, so that 


(3.5) (a) 8A = M4, (b) g= L4, (c) 9A? + g? = D4, 
From (3.5b) and (3.5c) we have 
942+ 08 = Dt or Dt— L8 = (3A)%. 
Since x4—y4=g? is impossible ([3] p. 618) it follows that p40 (mod 3). Simi- 


larly it can be proved that g#0 (mod 3). 
Then consider that p?-++g?=0 (mod 3), so that from (3.3) we get 


(3.6) x’ = (8p)q((b* + 9’)/3) 


since all the factors on the right of (3.6) are coprime, each must be a perfect 
fourth power. Therefore 


(3.7) (a) 86= BY (bh) g=V4,— (oe) (4+ Q*)/3 = #. 


Since (3.7c) is impossible ({3] p. 427), p2-+¢q?0 (mod 3). As we have proved 
that p#0 (mod 3), g40 (mod 3) and p?-+-q¢?#0 (mod 3), therefore (3.3) or (3.1) 
is impossible. 
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4. In this section the following theorems will be proved: 


THEOREM 1. The equation px? +y® =z" 1s impossible tf x 1s prime to n, n being 
an odd prime when (a) p=R=n, (b) R=k-n*(n—1), c20, p#0, —1 or 1 (mod 
n°t1), 


THEOREM 2. If 2°(n—1) 1s a factor of 2m, c=0 and n1s an odd prime, then the 
equation x?" y2" = pg?" has no integral solution 1f p¥#1 or 2 (mod n**?), 


THEOREM 3. The equation x#(—D/24 yk(n—D/2 = pgk(n—D/2 has no integral solu- 
tion tf p40, 1, 2, —1 or —2 (mod n), n being an odd prime >5, k odd and 2 
prime to n. 


Theorem (1a) was proved by J. Westlund ([{21], [3] p. 766). 
Proof (1b). If R=k-n*(n—1), n an odd prime, c=0, then 


(4.1) pak (aL) = gh (n-1) yen’ (m1) 


x being assumed to be prime to n. By a generalized Fermat’s theorem it is known 
that if a is prime to n, m an odd prime, then 


(4.2) ake) = 1 (mod n*t), 


Let us consider that both z and y are prime to z. Then, using (4.2), from 
(4.1) we get p=0 (mod x**!), but this case has already been excluded in the 
theorem and hence z and y cannot be simultaneously prime to n. 

It can also be seen that neither zg nor y is divisible by n, since x and p are 
each prime to 2. Then, according as g or y is divisible by 2, from (4.1) we have 

=—1or 1 (mod 7*t"); since both these cases have been excluded, the theorem 
follows. 


Proof of Theorem 2. Let 


(4.3) gn (m1) 4 yk enn) a pgk en” (n-1) 


where is an odd prime and c20. 

Let us first consider that p is prime to n. Let x, y, z be each prime to m; then, 
using (4.2), from (4.3) we get 2=p (mod n**!), but this congruence has already 
been excluded. 

Then let us consider the case when x and y are each prime to a” and 2 is 
divisible by 7, so that using (4.2), from (4.3) we get 2=0 (mod °**!), which is 
impossible since 7>2. Let then x or y be divisible by n, so that from (4.3) we 
get 1=0 (mod n**!) or 1=> (mod n°**!), according as g is divisible by z or prime 
to it. The last congruence has been excluded in the theorem and the former is 
impossible for n>1. Finally let us assume that both x and y are divisible by x. 
Let x=n"™t, y=n'u, and assume m2s, t and u being coprime to n. Then from 
(4.3) we get 
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(4.4) yim—a)k en (a1) phon’ (m1). agk en’ (nl) = (g/s)k om (a1) , 


Since u and ¢ are coprime to 1, dividing (4.4) by n°t! we have 


(4.5) lor2= p(2/ne)k™ (1) (mod 2°?) 


according as m>s or m=s. Since p1 or 2 (mod n*t), (4.5) can never be satis- 
hed. 

Then, assuming p to be divisible by m and proceeding as before, it can be 
shown that (4.3) leads to impossible congruences, and hence the theorem fol- 
lows. 

Using the well-known result that 


(4.6) a@—l)l2 = + 1 (mod vn), 


where a is prime to 7, ” being an odd prime, the sign in (4.6) being + or — ac- 
cording as k?=a (mod x) has or has not integral solutions, Theorem 3 can be 
easily proved. 

As stated before, Theorem 2 proves Conjecture 1 for all powers of the form 
n°(n—1), c=0, m being an odd prime except for the values of p=1 and 2, but 
these are the cases of FLT and its corollary respectively. 

Using Theorem 2, the Conjecture 1 can be verified for a large number of 
even powers other than 2°*(m—1), m and c being already defined. As before, it is 
to be remembered that the cases with p=1 and 2 are to be excluded in the fol- 
lowing discussions except when the Conjecture 1 is found to be true for these 
cases too. For example consider the equation 


(4.7) 74 ytd = pg, 


Since 12 is a factor of 24 and 13 is a prime the above equation is impossible for 
all values of » other than p=1 or 2 (mod 13), and such values of $24 are 
p=1, 2, 14 and 15. 

Also, since 4 is a factor of 24 and 5 is a prime the above equation is impos- 
sible for all values of » except when p=1 or 2 (mod 5), and as such the cases 
with = 14 and 15 are to be eliminated. Hence (4.7) will have no integral solu- 
tion for p24, except when p=1 or 2. 

Since Conjecture 1 is true for the power 4, and (4.7) is also inconsistent for 
the values of p=1 and 2, we have established the truth of Conjecture 1 for the 
power 24. 

It is to be noted that (4.7) is also impossible for all values of » for which 
p1 or 2 (mod 3) and p1 or 2 (mod 7). Since 3(3—1) is a factor of 24, (4.7) 
is also impossible for all values of » for which »1 or 2 (mod 3?). 

Using this method, Conjecture 1 (including the values of p=1 and 2) has 
been shown to be true for the powers 8, 20, 24, 32, 44, 48, 56, 64, 80, 90, 92, etc. 

Using the above method it has been shown that the equation 


(4.8) ett yt = (nm + 1)2" 
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has no integral solution for a large number of even values of ~. For even values 
of 21000, equation (4.8) is found to be impossible except for the following 
values of n: 


nm = 34, 94, 118, 142, 202, 226, 262, 274, 334, 378, 394, 436, 454, 514, 526, 
538, 582, 622, 634, 694, 706, 766, 778, 802, 922, 934, 958, 982 and 994, 
Using the result that the equation 
(4.9) gin +. vin = Apgin 


with p<n-+1 has no integral solution (proof to be discussed elsewhere) and 
Theorem 2, it has been shown that the equation 


(4.10) at + yy" = (nm + 2)2" 


has no integral solution for a large number of even n’s. For even values of 
n <2000, (4.10) is found to be impossible except for the values of n= 284, 1244, 
1604, 1784 or 1844. 

Probably equations (4.9) and (4.10) are also impossible. 

In passing, we may mention an interesting application of Theorem 3. In 
view of this theorem, the necessary condition for the solution of the equation 
768+ 68 = 5268 for the values of p68 (the values of p=1 and 2 are also in- 
cluded, since for those values of p’s the above equation is impossible in view of 
the fact that Conjecture 1 is true for the power 4), is that z must be divisible 
by 137. Hence, x®8-+y% = p26 < (137)?8~+10146, has no integral solution for 
p $68. Similar limits can be obtained for other powers too. 

Finally we state the following corollaries to the above theorems. Their 
proofs, being on the same lines as the proofs of the theorems themselves, are 
omitted. Consider the equation 


(4.11) gam — vim = pyr, 


where x, y, are prime to each other, n°(n—1) is a factor of 2m and nv is an odd 
prime. 


Coro.iary 1. If p=0 (mod n°) then z and y must be coprime to n. 


Coro.LLarRy 2. If x is divisible by n, then for all p's, g and y must be coprime 
ton. 


Coro.uary 3. If x is prime to n, then of 2 and y, one must be divisible by n, the 
other prime to n, according as 


= — 1 (mod n**) or p=1 (mod n**), 
Now consider the equation 
(4. 12) yam + ayam — pam 


with x, y, 2 being prime to each other. 


1006 ON FERMAT’S LAST THEOREM [November 


CoROLLARY 4. The necessary condition for the solution of (4.12) is p40 (mod 3), 
p40 (mod 4). The latter condition follows from the fact that the sum of two odd 
squares 1s not divisible by 4. 


Now let 2°(n—1) be a factor of 2m such that m is an odd prime. 
Coro.uary 5. If p=2 (mod n°*), then x, y, 2 each must be prime to n. 


CorRo.iary 6. If p=1 (mod n‘*}), then 2 must be prime to n and either x or y 
divisible by n and other being prime to n. 


This corollary implies that FLT is true for the power 2m, n°(n—1) being a 
factor of 2m and x, y, 2 are all coprime to n. 

Acknowledgments. The author is thankful to Prof. H. Gupta, Prof. D. S. Kothari, Prof. F. C. 
Auluck and Prof. H. W. Becker for guidance and encouragement, and to the referee for valuable 
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ENUMERATION OF ROOTED TRIANGULAR MAPS 
R. C. MULLIN, University of Waterloo 


It is only recently that much has been done with respect to the enumeration 
of planar maps; much of the pioneering work in this region has been done by 
Tutte in his census series appearing in the Canadian Journal of Mathematics. 
We demonstrate a method whereby results from these papers may be combined 
with results of Brown [1] to enumerate maps in which every country is essen- 
tially a topological triangle; the exterior or surrounding “ocean,” however, may 
meet more than three countries. More precisely, for the purposes of this paper 
we define a rooted triangular map T (henceforth abbreviated to “map”) as the 
dissection of the interior of a convex (topological) polygon J (other than the 
loop polygon) in the Euclidean plane E? into topological triangles by means of 
a set S of Jordan curves, subject to the following conditions: 

(1) S contains the edges of J; 

(2) no vertex of any triangle is an interior point of the edge of another; 

(3) the ends of each edge are distinct; 

(4) one vertex of J is distinguished as the root vertex, 
and one of the edges of J incident with the root vertex is distinguished as the 
root edge. 

The vertices and edges of J are referred to as external; remaining vertices 
and edges of T are internal. Two maps 7; and 72 are isomorphic if there exists a 
homeomorphism of E? into itself which carries 7; into T; and preserves the root- 
ing. As usual, we enumerate classes of isomorphic triangulations. We note that 
a map T may be interpreted as a graph G=G(T) by defining V(G) as the set of 
vertices of J and admitting the pair (v1, v2) (v1, 2€& V(G)) to E(G) if and only if 
v1, and v2 are the vertices of a triangle in JT. If G(T7) is a simple graph, that is, if 
no pair of edges have the same ends, T is said to be a 2-connected triangulation. 
(The phrase, simple triangulation, has another meaning, cf. Tutte [2] p. 22.) 
If J is 2-connected and no interior edge has both ends in the boundary J, T is 
said to be 3-connected. If J is a triangle, the terms are equivalent. A triangula- 
tion with m+3 exterior vertices and m interior vertices is said to be of type 
[n, m]. 

Three-connected triangulations of type [”, m] m, n20 have been enumer- 
ated by Tutte [2] who shows their number to be 


3(m — 1)'(m + 2)) min@un—l) (m — 37)(m +7 + 2)(4n + 3m —j + 1)! 
for m>0, and 
2(4n + 1)! 
(n+ 2)\(n + 1)! for m = 0. 
1007 
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Brown [1] has shown that the number of 2-connected triangulations of type 
[x, m] is 


2(2m + 3)'(4n + 2m + 1)! 


—, m,n = 0. 
(m+ 2)!m!n!(3n + 2m + 3)! 


Tutte ({2] pp. 410-411) has also enumerated 2-connected triangulations of type 
[x, 0] (in their dual form) and obtains the formula 


2n+2(3n + 3)! 
(n + 1)'(2n + 4)! 


We shall cross the results of Tutte and Brown, optimistic that the hybrid pro- 
duced will yield an enumeration of maps of type [, m]. The results will differ 
from those quoted in that for the first time we obtain a non-zero result for the 
number of maps of type [z, —1], 2>0. 

We dispose of this important case first. From any such map we may obtain 
a map of type [z—1, 0] by expunging the nonroot exterior edge, and using a 
root preserving homeomorphism if necessary to render the resulting boundary 
triangle convex. The process is clearly reversible. Hence, if we use the symbol 
p, to denote the number of maps of type [n, —1], 7>0, then 


_ 27+1(37) | 
"nln + 2)! 


If P(x) = D nant Pax", then (as shown in [3] p. 411), P(x) is defined para- 
metrically by the equations 


(1.1) uw = x(1 + 2u)3, P(x) = u(1 — 2u). 
We note for future reference that 
(1.2) 1+ P(x) = (1 — w(1 4+ 2y). 


For m 20, every map can be derived from a 2-connected triangulation by replac- 
ing some of the edges by maps of type [z, —1]. If d,, denotes the number of 2- 
connected triangulations of type [x, m], we define D(x, y) by 


D(x, y) = DY Dy dumery™, 


n=0 m=0 


Similarly if 2, denotes the number of maps of type [z, m], we define 


A(x, y) = >> >> hen mary” 
n=0 m=0 
Since any 2-connected triangulation contains 3n-+2m+3 edges, any of which 
may be replaced by a map of type [, —1] in the construction of a triangular 
map, we have the relation 
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and, after simplification, 
27+1(2m + 3)!(3n + 2m + 2)! 
ling = om TSG 2m + 2)! m,n = 0. 


(m + 1)2n!(2n + 2m + 4)! 


The formula evidently holds for m= —1. For fixed m we see, by Stirling’s for- 
mula, that as n—>00 


e22"t1(2m + 3)'(32 + 2m + 2)3ntemte 4/ 3n + 2m + 2 
(m + 1)29n"(2n + 2m + 4)2nt2mr4 2an(2n + 2m + 4) 


1 (2m + 3)! Aye mtn /~ 
4 (m+1)? \2 7 " 7 
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THE STRUCTURE OF PRE-p'-RINGS AND GENERALIZED PRE-p-RINGS 


ADIL YAQUB, University of California, Santa Barbara 


In [1] Abian and McWorter defined a pre-p-ring, where p is a prime integer, 
to be a commutative ring of characteristic p which satisfies ab” =a”b for all ele- 
ments a, b in the ring. They also announced the structure of such a ring and, in 
addition, specialized their results to the Boolean case (b=2). Our present 
object is to generalize their results in two directions. First, we define and deter- 
mine the structure of pre-p*-rings (p prime). The case k=1 then recovers the 
pre-p-ring case of the above authors. Secondly, we define a generalized pre-p-ring 
to be a ring which lacks being a pre-p-ring by the commutative law, and obtain 
the structure of such a generalized pre-p-ring (without any assumption of com- 
mutativity). 

We begin with the following 


DEFINITION. Let p be a prime integer and let k be a positive integer. A commuta- 
tive ring A is called a pre-p*-ring tf and only tf 
(1) ab? =a” b, and (II) pa=0, for all a, b in A. 
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and, after simplification, 
2°*1(2m + 3) (3m + 2m + 2)! 
ling om TS) 2m + 2)! mn = 0. 


(m + 1)2n'(2n + 2m -+ 4)! 


The formula evidently holds for m= —1. For fixed m we see, by Stirling’s for- 
mula, that as n— 


e22°t1(2m + 3)'(3m + 2m + 2)3rt2mte 4/ 3n + 2m + 2 
(m + 1)2n(2n + 2m + 4)20t2mt4 2an(2n + 2m + 4) 


1 (2m -+ 3)! Care mtn ip /~ 
4 (m+ iP \2 7 " 7 
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THE STRUCTURE OF PRE-p'-RINGS AND GENERALIZED PRE-p-RINGS 


ADIL YAQUB, University of California, Santa Barbara 


In [1] Abian and McWorter defined a pre-p-ring, where p is a prime integer, 
to be a commutative ring of characteristic » which satisfies ab? =a?b for all ele- 
ments a, 6 in the ring. They also announced the structure of such a ring and, in 
addition, specialized their results to the Boolean case (b=2). Our present 
object is to generalize their results in two directions. First, we define and deter- 
mine the structure of pre-p*-rings (p prime). The case k=1 then recovers the 
pre-p-ring case of the above authors. Secondly, we define a generalized pre-p-ring 
to be a ring which lacks being a pre-p-ring by the commutative law, and obtain 
the structure of such a generalized pre-p-ring (without any assumption of com- 
mutativity). 

We begin with the following 


DEFINITION. Let p be a prime integer and let k be a positive integer. A commuta- 
tive ring A is cabled a pre-p*-ring tf and only tf 
(1) ab? =a?” b, and (II) pa=0, for all a, bin A. 
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LEMMA 1. In a pre-p*-ring, we have, (i) a” "+1 gp" +2. (ii) a? "=P": > (iil) 
a—a? is nilpotent. 

Proof. By (I) of the definition of a pre-p*-ring, a(a2)?" =a? (a2) which proves 
(i). To prove (ii), observe that, by (i), 


k,. ok kk k 
qg2p tigp —1 = gp t2gp —1 = g2p +1, 

° . ° k . . . 
Multiplying the last equation by a?~—! a suitable number of times, we obtain, 
k k k 

q2P +1 (gp —1)5 = gp +1 


for any positive integer j7. Hence, gP'+2(qp'—1) ia gp t?, Therefore, 
g? —P'—2gp'+2(gp\-1) i = g? —P —2gp +2 = g?. 

Hence, in particular, a? (a?—)?" =a", a? =a?" which proves (ii). Now (iii) 
follows at, once from (ii) and (II) of the above definition, since, (a—a? )? 
=a? —a? =(. This completes the proof of the lemma. . 

We recall that a p*-ring, in the sense of [3], isa ring A satisfying a? =a, and 
pa=0, for allain A. Here p isa given prime, while k is a given positive integer. 
A p-ring is simply a p!-ring (k=1). 


THEOREM 2. A pre-p*-ring A 1s the direct sum of a p*-ring and a nil pre-p*-ring. 
Conversely, any such direct sum is a pre-p*-ring. 


Proof. Since A is commutative with prime characteristic », we see from 
Lemma 1 (ii) that 


I 
= 
+ 
o 
3 


(a" 4 po") 2 _ (a?*)2™ 4 oo") 0 
(a? po") _ (a?*)2™ (pe) 2 


I 
Q 

s 
o 

3 


Now let S be the set of elements of the form a” witha in A. The above equa- 
tions then show that S is a subring of A which, by (ii) of the above Lemma, is 
clearly a pt. “Ting. The proof is completed by observing the decomposition 
a=aP "4(a— a?) (see Lemma 1). The proof of the converse is trivial. 


COROLLARY 3. A pre-p-ring is the direct sum of a p-ring and a nil pre-p-ring. 
Conversely, any such direct sum is a pre-p-ring. 


This is the case R=1 of the above theorem (cf. [1]). 

We shall now take a closer look at the case R=1 of Theorem 2. Indeed, we 
shall prove that, for k=1, Theorem 2 is essentially true even without any as- 
sumption of commutativity. First, we make the following 


DEFINITION. Let p be a prime integer, and let A be an arbitrary ring. The ring 
A 1s called a generalized pre-p-ring if and only if 
(I’) ab? =a?b, and (II’) pa=0, for all a, b in A. 
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LemMA 4. Let A be a generalized pre-p-ring. Then a? is in the center of A for 
everyain A. 


Proof. The proof is quite similar to the proof given in ([2] pp. 145-146) of 
the theorem that a p-ring is commutative. Thus, by (I’), we have, a(a+b)? 
=a?(a+b). Hence, simplifying by using (I’), we get, 


a[Ait+ Ae+-+++ Apa] = 0, 


where A, is the sum of all terms in (a+b)? which contain b exactly 7 times and a 
exactly (b—1) times. Now, replacing b by 2b, then replacing b by 30, +--+, and 
finally, replacing b by (b—1)b, in the above equation, we obtain 


a[Ai + A,+ sop Ay-1| = 0 
a[2A,+ 227A, +-+--+ 27-14, ,] = 0 
(1) a[341 + 324. +---+ 37-14,_,] = 0 


al(p — 1)Ai+ (p— 1)?4a+ +--+ + (p— 1)?14,-1] = 0. 


Let us now set 


(p—1) (p—1)?--- (= 14 


and denote the co-factors of the elements in the first column by m, m2,---, 
Mp1, respectively. If we multiply the equations (1) by these respective co- 
factors and add, an elementary property of determinants shows that m(aA) =0. 
Furthermore, the determinant m is a Vandermonde determinant, and it is well 
known that m is equal to a product of positive integers, each of which is less 
than the prime p. Hence m is relatively prime to p, and there therefore exist 
integers 7, s such that pr-++ms=1. Since A has characteristic p and m(aA,) =0, 
aA,=(pr+ms)aA,=0. Similarly, 4ia=0. Hence aAi1—A,a=0. Since A;=ba?—! 
+aba?-?+ --- +a?—1b, we see that 0=aAi— Aa =a"b—ba?, and the lemma is 
proved. 

A careful examination of the proof of Lemma 1 shows that this proof does 
not depend on the commutativity of the ring under consideration. Hence, we 
have the following 


Coro.iary 5. In a generalized pre-p-ring, we have, (i) a??+!=a?+t?; (ii) a” 
=aP*: (iii) a—a®” is nilpotent. 


Lemma 6. The set N of all nilpotent elements in a generalized pre-p-ring A is 
a subring of A. 
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THEOREM 10. A generalized pre-p-ring A 1s the direct sum of a p-ring and a nil 
generalized pre-p-ring. Conversely, any such direct sum 1s a generalized pre-p-ring. 


Proof. An easy combination of Lemmas 6, 7, 8, and 9, shows that the decom- 
position a=a”’+(a—a*’) renders A as a direct sum of the desired kind. The 
proof of the converse is trivial. 

In conclusion, I with to express my indebtedness to Dr. Glen J. Culler for his 
generous counsel. 
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FUNCTIONAL INEQUALITIES 
GEORGE BRAUER, University of Minnesota 


Ewing and Utz obtained in [2] a characterization of the real valued solu- 
tions of the functional equation f™ (x) =f(«), where 7 is a given natural number, 
and f™ denotes the mth iterate of f. As a variation of this problem, we may 
consider that of finding the real valued continuous functions which satisfy the 
inequality f™ (x) 2x. 

I have obtained a characterization of solutions of this inequality in [1], and 
I have also obtained results on the inequality 


(1) f(a) 2 P(x), 


where ®(x) is a continuous function increasing from minus infinity to infinity. 
In this note, I obtain results on solutions of (1) where ®(x) is a continuous non- 
decreasing function. 

Throughout the paper f denotes a continuous function. 


THEOREM 1. If fisa solution of (1) with lim,._.. B(x) > — © then lim infz._.f (x) 
>— oo, [flim sups.—. f(x) = © or lim sups.0 f(x) = then lim infz.. f(x) > — ©. 


Proof. If lim inf,._.. f(x) = — ©, then, if A is a positive number, there exists 
an arbitrarily large number x; such that f(—x1) = —A. There is an arbitrarily 
large number x2 such that f(—x.) = —x1 or f?(—x#.) = —A. More generally, there 
exists an arbitrarily large number x, such that f™(—x,)=-—A. Since A is 
arbitrary, lim inf... f™(x) = — © for each n. This situation is impossible if f 
is a solution; hence the first part of the theorem is proved. 

A technique similar to the one used in the preceding paragraph shows that if 
lim supss—x f(x) = ©, lim inf,... f(x) = — , then lim inf,.., f(x) = — ©, when 
n is odd while lim inf,._.. f(x) = — © when v is even. Thus f cannot be a solu- 
tion of (1) if ® is bounded below. If lim sup.z.. f(x) = ©, lim inf... f(x)=— ©, 
then lim infz.. f(x) = — © for all values of m, which is again impossible. 
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THEOREM 10. A generalized pre-p-ring A is the direct sum of a p-ring and a nil 
generalized pre-p-ring. Conversely, any such direct sum 1s a generalized pre-p-ring. 


Proof. An easy combination of Lemmas 6, 7, 8, and 9, shows that the decom- 
position a=a?’+(a—a®’) renders A as a direct sum of the desired kind. The 
proof of the converse is trivial. 

In conclusion, I with to express my indebtedness to Dr. Glen J. Culler for his 
generous counsel. 
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FUNCTIONAL INEQUALITIES 
GEORGE BRAUER, University of Minnesota 


Ewing and Utz obtained in [2] a characterization of the real valued solu- 
tions of the functional equation f™ (x) =f(x), where z is a given natural number, 
and f™ denotes the uth iterate of f. As a variation of this problem, we may 
consider that of finding the real valued continuous functions which satisfy the 
inequality f™(«) =x. 

I have obtained a characterization of solutions of this inequality in [1], and 
I have also obtained results on the inequality 


(1) f(a) 2 P(x), 


where ®(x) is a continuous function increasing from minus infinity to infinity. 
In this note, I obtain results on solutions of (1) where ®(x) is a continuous non- 
decreasing function. 

Throughout the paper f denotes a continuous function. 


THEOREM 1. If fisa solution of (1) with lim,._.. P(x) > — © then lim infz._.f(x) 
>— . If lim sups._. f(x) = © or lim supz.. f(x) =% then lim infz.. f(x) > — ©. 


Proof. If lim inf,._.. f(«) = — ©, then, if A is a positive number, there exists 
an arbitrarily large number x; such that f(—%x) = —A. There is an arbitrarily 
large number x2 such that f(—x*2) = —x1 or f?(—x#.) = —A. More generally, there 
exists an arbitrarily large number x, such that f™(—x,)=—A. Since A is 
arbitrary, lim inf,._.. f(x) = — © for each n. This situation is impossible if f 
is a solution; hence the first part of the theorem is proved. 

A technique similar to the one used in the preceding paragraph shows that if 
lim supz.—« f(*%) = ©, lim infz..f(*) = — ©, then lim infz.,, f(x) = — ©, when 
n is odd while lim inf,._.. f(x) = — © when m is even. Thus f cannot be a solu- 
tion of (1) if ® is bounded below. If lim sups.. f(x) = ©, lim infz..f(*x)=— ©, 
then lim inf,... f(x) = — © for all values of x, which is again impossible. 
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We have the following analogue to Theorem 4 in [1]. 


THEOREM 2. If f 1s a solution of (1) for some value of n, xo 1s a point such that 
f (Xo) <%Xo, and c>xo 15 a fixed point of f, then f(x») =P(xo). 


Proof. Since f(x) <%o, f(c) =c>%o, there exists a point x, between x» and c 
such that f(*1) =x». Since f(x1) <1, there exists a point x2 between x; and ¢ such 
that f(«2) =x, or f (xe) =x. By an inductive procedure we obtain an increasing 
sequence {Xn , lying between x» and c, such that f*"4(*,1) =x») and thus 
f™ (%n-1) =f(%0). If m is a number such that f is a solution of (1), then, since 
Xn—1> Xo, f(Xo) =f" (Kn-1) ZP(%n_1) > P(X). 


THEOREM 3, If f is a solution of (1) with fixed point at c and ®(d) =c, B(x) >c¢ 
for x>d, then either (i) f(x) >c for x>d, or (ii) f(x) <c for x>d, and f(x) >c for 
msxSM, where m=infsa f(x), M=supsaf(x). If lime. P(x) = © and c<d, 
then tf f 1s a solution for an odd value of n, f(x) 2P(x) ford Sx Sdy; uf f is a solution 
for an even value of n, f®(x)2@(x) for dSxSdx, where dy=inf {x|x>d, 
f(x) =x}, de=inf{x|x>d, f(x) =x}. 

We note that cSd. 


Proof. There can be no point % to the right of d such that f(«;) =c, for at such 
a point we would have f™(x«;) =c=®(d) <®(x). Thus either f(x) >c for x>d 
or f(x) <c for x>d. If the latter holds we see that there can be no point x2 be- 
tween m and WM such that f(x.) =c, otherwise there would be a point x3 to the 
right of d such that f(x3) =xe and f™ (x3) =c=®(d) <®(x2), n>1. Hence either 
f(x) <c on the interval [m, M]| or f(x) >c on this interval. If the first of these 
possibilities holds, we would have f™ (x) <¢ when x>d for all . Since this is 
impossible, the first part of the theorem is established. 

If lime... P(x) = ©, it follows from Theorems 2 and 3 of [1] that if f is a 
solution for an odd value of n, then lim,..,. f(x) = © while if f is a solution for an 
even value of n limz.. f(x) = ©. The final part of the theorem now follows 
from Theorem 4 of [1]. 

For the inequality 


(1a) f(x) 20 


we have more definite information. 
LEMMA. If f 1s a solution of (1a) for some value of n, then 
(i) lim infz.-. f(x) >— ©, 
(ii) f(x) >x, f(x) >x for x <0, 
(iii) there exists a positive number 69 such that f(x) 20, —b9<x« <0. 


Proof. Theorem 1 implies (i). To establish (ii) we note that f cannot have 
negative fixed points if it is a solution, hence, on (— ©, 0) we have either 
f(x) >x or f(x) <x. But if f(x) <x on (— ©, 0), then f™ (x) <x <0 on this interval, 
for all values of n, hence f(x) >x on (— ©, 0). Similar reasoning shows that 
f?(x) >x for x <0. To establish (iii) we note that if f takes negative values, in 
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every interval (—6, 0), 6>0, then each such interval is mapped on an interval 
with negative points by all iterates of f. This is impossible if f is a solution. 
Hence, for some positive number 4o, f(x) 20 on (— do, 0). 

We let a=inf {x|x>0, f(x) <0}. If f(x) 20 for x>0, a= ©. 


Lemma. If f 1s a solution of (1a), then there exists a positive number 69 such that 
0OSf(x) Sa for —d)Sx Sa. 


Proof. If there are points x in [0, a] such that f(x) >a, then f maps [0, a] 
on a set containing [0, a] as well as negative points; the iterates of f also map 
[0, a] on such a set. This situation is impossible if f is a solution. If, for each 
positive number 6, the interval [—6, 0] contains points x for which f(x) >a, 
then, since f?(0) 20, each interval [—6, 0] is mapped by f® on a set containing 
[0, a| as well as negative points; moreover, if m is even then f(x) takes negative 
values at some points in —6<x <0. Under these conditions f cannot be a solution 
of (1a) for an even value of n. On the other hand, if 2 is odd, then n—1 is even. 
If a<o, then there exists a positive number y such that —vy is in the range 
of f. If f takes values greater than a on each interval [—6, 0], then f(x) 
=f[f@— (x) ] takes negative values on the set x<f(x) <0. This is again impos- 
sible if f is a solution. 

The two preceding lemmas yield two numbers a 20, 69>0 such that 


0<f(x)Sa, —-i Sea, and a= inf {x| «> 0, f(x) < Oo}. 


LemMa. If f 1s a solution of (1a) and a<o, then f(x)<x for x>a and 
lim SUPs.0 f(x) < ©. 


This result is proved by a method similar to that used in the preceding 
lemmas. 


LemMa: If there exist numbers a2@0, 5>A>0 such that 


(i) 0< f(x) Sa, —dS xa, 
(ii) a = inf{x| «> 0, f(x) < 0}, 
(iii) f(a) 2x+ ), f*(«%) 2x-+ 2), x< — 6, 


and f satisfies a Lipschitz condition with Lipschitz constant L<1 on the set 
(— 0, 6)\U(a, ©) then f(x) 2min(—6, x+kdA) for x= —56, fork=1,2,---. 
We note that f(x) <x for «>a. 


Proof. The proof is by induction. The lemma is clearly true for R=1, 2. 
Let us suppose that it is true for kSRo where ky 22. Let x’ be a point to the left 
of —6. If —6Sf(#’) Sa for a value of & less than or equal to ko, then, by 
(i) OSf%t) (x’) Sa. If there exists a value of k& less than or equal to ko such 
that f(x’) <—6, then by our inductive hypothesis 


fErV( (x!) 2 min (—64, f*(x’) + (ko — & + 1d) 
= min (—6, x’ + (Ry + 1)d). 
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It remains to deal with points x’ such that x’ <—6) and f(x’) =a for k<hp. 
If feot) (x!) <min(6, x-+(#+1)A) then, since f(a) =0, there exists a point & be- 
tween a and f(x) such that f(§) =x’+(k+1)A (note that a< in the case we 
are treating). Again, since f@-) (x’) > f(x’), by (ii), and f°-)(—68) <a, there 
exists a point 7 between x’ and —6o such that f@-)(n)=& and f(y) =x’ 
+(Ro+1)d. Also by our inductive hypothesis, 7<x’+X. Since f («’) — f(y) 
>a+6>xX, however, we have a contradiction to the assumption that f satisfies 
a Lipschitz condition with Lipschitz constant L <1. The induction is now com- 
plete. 


THEOREM 4. If a continuous function f(x) is a solution of (1a), then: 
(a) fis bounded below as x tends to minus infinity; 
(b) there exist numbers a>0, 59>0, such that OSf(x) Sa for —8)<xa; 
(c) there exists a positive number Xo such that f(x) =x+Xo, f(x) =x+2ro for 
x< — do; 
(d) af f takes negative values for x>0, then f is bounded above as x tends to in- 
jinity and there exists a number dy such that f(x) <<x—\, for x>a. 
If f satisfies a Lipschitz condition with Lipschite constant L<1 on the set 
(— 0, —d)U(a, ©), and (a), (b), (c), and (d) are fulfilled, then f is a solution 
for all sufficiently large values of n. 


Proof. The first part of this theorem is contained in the lemmas we proved. 
To prove the second part we first note that if A» 269 then \j=6)/2 has all 
properties stated for Xo and 69>X5. Certainly if —6)9<*xSa, then f(x) 20 for 
n>1. If x<—6o, then, by the preceding lemma f(x) = —6o if R>(—m— 8g) /Xo, 
where m=min[—5o, inf.<s, f(x) |. If «>a, then, for some value of & less than or 
equal to (M—a)/u +1, f*(x) Sa, by (d); consequently either 0<f(x) Sa for 
k>(M—a)/a-+1, or, if f(x) <—68o for some & less than or equal to (M—a)/\ 
+1, then f(x)2—6) for j>(M+A1—a)/\1—(m+560)/No, where M=max 
(@, SUPz>a f(x)). Hence for each value of x, f(x) 2—6) for k= (M—a)/y 
— (m+ 6o)/N+2. Ifxxissuch thatf™ (x) Sawhenk = [(M—a)/—(m+6:)/N,+2] 
then f*(x) lies between 0 and a for n>[(M—a)/u— (m+6o)/M+2]|. (Here 
[ | denotes integral part.) If, on the other hand, f*(x) >a for the above value of 
k, then fi(x) <a for some value of j between k and k+[(M-—a)/n]. For this 
value of j, say jo, — 59 Sf(x) Sa, for j>jo, 0 Sf(x) Sa. Hence, if the hypotheses 
are fulfilled, f satisfies (1a) for all n>2+2[(M—a)/u]— [ (+80) /N6]. 


This research was supported by Nonr 710 (16). 
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ON THE BOUNDS FOR GEGENBAUER POLYNOMIALS 
P. R. KHANDEKAR, Motilal Vigyan Mahavidyalaya, Bhopal, India 
1. The main results. Gegenbauer polynomials are defined by 
[o 6] 
(1.1) (1 — 2tcos6 + #2) = DS Cr(cos 6)t". 
n=0 


The aim of this paper is to prove the following bounds, which do not seem to 
have been noticed before. 


4 
F(yne™ * Fay hae» 


7 2 1 1 
(1.3) | f cue < TD | aes CRIES -+ TOn@ 2 pe Sem | 


(1.4) 
[Cai(2) — 2C>, (20) | < 


(1.2) | C.(cos 6) — Chio(cos 6) | < 


2 2 
T'(2d) 2 2-?) T T'(2d)(m — 1) 2-2) T T(A)(n + 1) 0-0" 


nN nN 2 
Cn Cr en 
| Cara(x) + Cr(x)| < ONES + Ta) = 1) 
1.5 
ue 2 20- (1 + x) 
TA)(1 + 1)O% © PA)nO(1 — a2) 12n” 
d 
< ck@| =a} Ae 
ax 
< | so3cem T Toy, a ]yeem ) Taya yaar | 
(1.6) 1 — x*LT(2\)n T'(2\)(% — 1) ) TA)(n + 1)0-™) 
(2. ~ 1)21 
T(A)(n + 1)2°(1 — a?) 1/241 
for O<AS1. 


2. Preliminaries. From (1.1) we get 


(2.1) C(cos 6) = > Op Qn—pe tO 2h) 9 


k=0 


where 


— v 
(2.2) a = (-1(5) =, k=1,2,3,---, a =1. 
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Let 
_ (xn — 1)\n" 
7 T(v + n) 


then dn41/a, $1 if OSyS1. Also from [1], p. 23, we have lim,... @,=1; hence 
a,21. Now 


n=1,2,3,---; 


(v) n _ T'(v + n) we 


nt! T(v)n!  T(v)an_ 


Hence 
(¥)n < ft . 
n! T(v)n-”) 


Also from [2], pp. 77-81, we have I'(m+v)/T'(n+1)=(n+1)°-, 0SyS1, 
n=1,2,3,---. Hence 


(2.3) 


n OT 1 
(2.4) ) = Pe + 2) =. 
n! T'(v)n! I'(v) (m7 + 1)0-” 
From (2.3) and (2.4) for 0<vS1, n=1, 2, 3,---+ we get 
1 n 1 
(2.5) ———— 2 Wn = 
P(v)nt-) nt ~~ T)(n + 1)0-” 
Similarly, for 2>v21 and n=1, 2, 3,---,wehave 
(y—1) (y—1) 
(2.6) (w+ Now? > ()n > i . 
T'(v) n! T'(v) 


From (2.2) we easily get 
(2.7) Ok = Ak+1- 
From [3] p. 169, we have 
, 9 (I-d) 
(2.8) | Ca(x) | < Fay — ye’ -1<«*<l, 0<)A Sl, 


and we have also the recurrence relations of the Gegenbauer polynomials given 


by 


r ad.» 
(2.9) 2(t + r)Ca(x) = ” [Crai(x) — Crs(a)], 


(2.10) (n + 2r)Cr(x) = = Cale) at Cr(x), 
x ax 
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d 
(2.11) (1 — a) — Ch(s) = (m + 2d)aCr(x) — (n + 1)Crra(x), 
x 
dy M41 
(2.12) — Cr(“) = 2\Cp_1(2). 
ax 
We have also for |z| <1 
(2.13) (1—zs) PX =aptazst---+tagt+---, 
where a, is given by (2.2). With the help of (2.5) we also obtain 
1 


3. From (2.1) we obtain Cd,_,(cos 6)=2 >6%5" aan. cos (n—2k)8, 
n=2m—1, and Ch,(cos 0) =2 > 85” ardn_, cos (n—2k)0+02, n=2m. There- 
fore, if n=2m-—1 then 


Cam_1(COS 6) — Com-.1(COs 0) = — Zany. cos (n + 2)6 
(m—1) 
(3.1) + 2 > (.0n—k —_— OL44.10n—k4-1) Cos (n — 2k), 
k=0 


and if m=2m then 


Com (COS 6) — Com 2(Cos 0) = nm — Comet — 2an+2 cos (# + 2)6 
(m—1) 
(3.2) + 2 >, (QLOn—k —_ 0L44.10n—k+-1) Cos (n _— 2k)6. 
k=0 
From (2.7) we have a, 2an41 and On—~2An—z41. Hence 


(m—1) 


2 > (QpQn—k — On+10n—k+1) CoS (w — 2k) 


h=0 
(m—1) 
<2 > (QpOn—k — Ob 10n—K+1) 


6%) on), (2X) 
A NE 4 enya, 0 = Im — 1, 
n! (n + 2)! 
or 
2d) n 2d) n 
(3.4) ( ( im _— Chm + Omer + 2Qn-+-25 n = lm. 


nl (n + 2)! 


The results (3.3) and (3.4) we obtain with the help of (2.13). Hence, with the 
help of (3.3) and (3.4), for all values of , (3.1) and (3.2) give 
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r r (20) n (20) nto 
(3.5) | C,(cos 6) — Cu+2(cos g)| < a (n + 2)! Ont2. 
Now for 0<\ASé we get 
2d) n 2d) n 2 2 
(3.6) (2%) _S dns ee ee" 
n! (n+2)! (w+ 2)T(2d\)n0-™ = P(2\)n@-™ 
and for $< <1 we get 
2d) n 2r)n 2 2 
(3.7) (2r)nea ) <r 
(n+2)1 nl P(A) (n+ 1)E™ ~ P(2.)ne—™ 


The results (3.6) and (3.7) we obtain with the help of (2.5) and (2.6). Hence 
(3.5) reduces to (1.2) with the help of (2.14). 


4. Integrating both sides of (2.9) with respect to x between the limits 
(—1, x) we obtain 


(20) mp1 et |. 


Ty 1 N N n 
f Cul@idt = | Chat) ~ Ole) + (-1) te pol Go 


Therefore, because of (3.6), (3.7), and (1.2), 


7 1 1 

Cirle) dé) < —— | —— + —__ 
J (at n+x Ewe + 1)q—-) + T(2r)(n — wa | 
5. We also easily get 
rn (Nn 


n! (n+ 1)! 
and from (4.1) we get 


(4.1) 


(2r)n 1 
(n +1)! > T(2x)n@-™ ” 


(5.1) 


2 2 
ee 
TA)(n+1)¢™ — P(2A)(n — 1) @-™ 
Integrating both sides of (2.10) with respect to x between the limits (—1, x) 


and using the results (5.1) and (5.2) we obtain the results (1.4) and (1.5). For 
getting (1.5) we also use the result (2.8). Now (2.11) can be put in the form 


(5.2) 


n+ 2-1) f Cleat < 


dy r r r 
(1 — x?) ” Cri(x) = (n+ 2d) { xC,(x) — Cur1(x)} + (2X — 1)Cr41(%). 


Using (1.4), (2.8) and (2.12) we obtain the result (1.6). 
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NOTE ON THE PARTITION FUNCTION 
Morris NEwMaAN, National Bureau of Standards 


Let p(m) denote the number of unrestricted partitions of 2. The well-known 
Ramanujan congruences 


(1) p(5m — 1) =0 (mod 5) 
(2) p(in — 2) =0 (mod 7) 
(3) p(lin — 5) =0 (mod 11) 


show that there are arithmetic progressions on which p(n) vanishes modulo 
5, 7, 11. In some recent articles [1], [2], [3] the author has proved certain 
congruences for p(”) modulo 13, special instances of which are 


(4) p (stn — = (nt — ) = 0 (mod 13), (n, 6) = 1 
(5) p(1tA, + 6) = 11-6" (mod 13), A, = ~ (13% — 1), 
Congruence (4) shows that there are quadratic progressions on which p(n) 
vanishes. The purpose of this note is to point out a consequence of (5). 
THEOREM. Let r be a fixed integer. Then neither of the congruences 
(6) p(i3k — 7) =r (mod 13) 
(7) p(132k — 7) =r (mod 13) 
can hold for all sufficiently large integers k. 
Proof. Set a, =13°k—7, c=1, 2. We determine & so that 
a = 11A,+ 6, 


11-13?"-1 +4 1 
24 


k = 13% 


For these values of k we see that p(a,)=11-6" (mod 13) and the truth of the 
theorem is clear. 

Whether f(z) can vanish modulo 13 on other arithmetic progressions is still 
unsettled. 


This work was supported (in part) by the Office of Naval Research. 
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and 


4 2 
C 12cic 24¢1¢3 + 12ce 24c¢ 
(21) Dea = t+ 102 1C3 a 4 


p* p* p? 
Again, if we take n= p? in (13), we find that 


(mod ) (p > 4). 


(22) —=)) 


which presumably is a consequence of (19), (20), etc. 
As a simple application of the above it follows that if 


=1 (p[n), =p (ptn), 
then > 09 c,x" is not a pth power for p>2. Also it is easily verified that this is 
the case for p=2. 
Supported in part by NSF grant G 16485. 
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GEGENBAUER POLYNOMIALS AND FRACTIONAL DERIVATIVES 
G. G. BILODEAU, Boston College 
1. The purpose of this note is to establish a new formula for Gegenbauer 


polynomials which will in general involve the use of fractional derivatives. 
Specifically we will show that 


2 nt+1y(nt+3) /2.- 1/2 n a n _ 
(1.1) fon (a my (a2) eta) ght prc _ ot) +1 (124) 7 

(mn + 1)IT(A) 
for \>—4, \¥0 and n=1, 2, 3, +--+. CX(x) is the Gegenbauer polynomial of 
degree 2 which for our purposes will be defined (cf. [1] p. 175) by 


r i [n/2] T(n — —k-- d) _ 
(1.2) Ci(x) = = 2 (— pL op! (2x)"—*, 


To prove (1.1) we will restrict ourselves to x>0. 


2. When A+ is nonintegral, the expression on the right hand side of (1.1) 
needs to be interpreted as a fractional derivative. Since the expression in the 
brackets of (1.1) is of the form x*—!/2P(x!/2) for some polynomial P(x), we shall 
define the operator Df only for such cases. 
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(—1)*t1ynts 
Pr = —1p,, n+1 1 — n+1,,n—1 
(u) Gn + 1! (u-' Dy)" (1 — a) Hur] 
valid for n=0, 1, 2,---, uO. 
The Chebyshev polynomial T,(u) defined by 


T,(u) = cos n6, u = cos 6, n=0,1,2,+:- 


does not fit under this work inasmuch as it is a limiting case of Gegenbauer 
polynomials as \->0. We can show, however, by proceeding in a similar way, 
that 


rt 1/2 yrs 
Tr(u) = (—1)"+1n (=) Geb! (u- Dy) 1/2, (1 — u)Hyr-2] 


form =1,2,--:. 


Reference 
1, A. Erdélyi, e¢ al., Higher Transcendental Functions, Vol. 2, McGraw-Hill, New York, 1953 


AN ITERATION PROCEDURE FOR QUASI-INVERSES 
Davip M, Burton, University of New Hampshire 


A rapidly converging iteration procedure for finding inverses in a Banach 
algebra with identity has been indicated by R. A. DeMarr (A.M.S. Notices, 
Vol. 10 No. 4). With suitable modifications, we adapt this procedure below to 
the case of an algebra without identity, where the concept of quasi-inverse re- 
places that of the inverse. 

If x and y are elements of a Banach algebra A, the circle operation x 0 y is 
defined by the equation x o y=x+y—xy. An element x of A is said to have a 
quasi-inverse if there exists an x°G A such that x0 x°=x° 0 x=0: such an x" is 
called the quasi-inverse of x. It is well known that x has a quasi-inverse if 
lxq| <3 <1. 

The quasi-inverse x° can be obtained by considering the sequence of iterates 


{yn} defined by: 


yo = 0, and Vn = —&+ 2491+ Yn_t — 2Vna forn=1,2,+--. 


It is easily shown by an inductive argument that each y, commutes with x. 
Thus, we have 


| © yall = || © yn4)'l] S [| © yn-all? 
and consequently, by induction, 


” 62" 


[+ 0 yall S [lx 0 voll?” = |x 
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The inequality 
|(@ © yn) — (#0 2°)|| = leo yal] S 8?” 


yields (1 —||x||)||y.—2°|| $82” which implies that ||yn—«9| <62"/1—6. 

Thus the sequence of iterates {Vn} converges in norm quite rapidly to the 
quasi-inverse of x. It should be noted that if the algebra does have an identity e, 
then e—x°=(e—x)7!, 
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EDITED BY GERTRUDE EHRLICH, University of Maryland 


This department welcomes brief expository articles on problems and topics closely related 
to classroom experience in courses that are normally available to undergraduate students, from 
the freshman year through early graduate work. Items of interest to teachers, such as pedagogi- 
cal tactics, course improvement, new proofs and counterexamples, and fresh viewpoints in 
general, are invited, All material should be sent to Gertrude Ehrlich, Mathematics Department, 
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THE EXTERIOR OPERATOR AND BOUNDARY OPERATOR 
Hyman GABAI, University of Hlinois, UICSM 


In [1], Frank Reese Harvey noted that a topology for a set X can be charac- 
terized by specifying the open sets, closed sets, a closure operator or an interior 
operator, and he presented a list of derived set operator axioms. In this paper, 
exterior operator axioms and boundary operator axioms which characterize a 
topological space are presented. In a topological space the exterior of a setis 
the complement of its closure, and the boundary of a set is the intersection of 
its closure with the closure of the complement of the set. We denote subsets of 
X by A and B. 


1. The exterior operator. Let X be a nonempty set. An exterior operator on 
X is a function e which maps the subsets of X into the subsets of X and which 
satisfies the following four statements: 

(E1) For each A and B: e(A)Me(B) =e(AUB). 

(E2) For each A: AN e(A)=@. 

(E3) For each A: e(A)Ce(~e(A)). 

(E4) e(O) =X. 

We first show that these statements are satisfied by the exterior operator in 
any topological space. 

(E1) e(A)Ne(B) =(~A)C\(~B) = ~(AUB) = ~(A UB) =e(AUB). 

(E2) ANe(A) =ANM(~A)= @. 

(E3) e(~e(A)) =e(~|[~A]) =e(A) =~ A =e(A). 

(E4) e(O@)=~(O) =~ OD =X. 
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(K4) G= GUO) =D. 

Then 7= { UCX: X~UH=X~U} is the unique topology on X such that for 
each ACX the closure of A is A. Also, for each 4 CX the boundary of A is 
A(\(~A) = (AUB(A)) (YA) UB(~A)) = (A U0(A)) OCA) UD(A)) = (A). 

In any topological space the closure of a set A is A\LUb(A) so 7 is the only 
topology satisfying the conditions of the theorem. 


References 


1. F. R. Harvey, The derived set operator, this MONTHLY, 70 (1963) 1085-1086. 
2. D. Bushaw, Elements of general topology, Wiley, New York, 1963. 


A NOTE ON MATRIX NOTATION 
IGNACE I. KoLopNErR, University of New Mexico 


The purpose of this note is to introduce a simplified and, in many ways, 
fool-proof matrix notation. In section 1 we discuss matrices, in section 2, the 
representation of vectors, and in section 3, the representation of operators on a 
finite dimensional vector space. 


1. Matrices. Let 4 be an mXn matrix. The entry of A at the intersection 
of row i with column j is denoted by ;A?; the ith row of A is denoted by ;A and 
the jth column of A by A‘. Besides the advantages to be discussed below, this 
sort of indexing has a mnemonic value: if one tends to push an index into the 
conventional position, the row index will move horizontally to the right, and 
the column index vertically downwards. 

Columns and rows are usually denoted by l.c. letters unless they are ex- 
tracted from larger matrices. A column needs no column index but has a row 
index; thus the ith component of the column x is denoted by «x. If several 
columns are denoted by the same letter, they should be indexed in the column 
index position; for example x!, x2, or A}, A? etc., for various columns originating 
from an mXn matrix A with n>1. Similarly, rows need no row index, but re- 
quire a column index to indicate components. If several rows are denoted by 
the same letter, they should be indexed in the row index position. 

The identity matrix (of any order) will be denoted by J. Thus ,J’=6,;, where 
5,; is the Kronecker symbol. 

With the above notation the binary compositions of matrices (of suitable 
order) may be defined as follows. Let x be an m-column, and y an n-row. The 
compositions yx, B+A,cA (cascalar), BA are given by the formulae: 


yx = Dy yi, 


lsagn 

(B -+ A)i = Bi t+ 5 Ad, 
i(cA)i = ¢;A/, 
(BA)i = ,BAS 
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columns are denoted by the same letter, they should be indexed in the column 
index position; for example x}, x?, or A!, A? etc., for various columns originating 
from an mXn matrix A with n>1. Similarly, rows need no row index, but re- 
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> Vra%,y 


yx = 
lgagn 
(B+ A)i = Bit 5A4, 
s(cA)i = ¢, Aj, 
(BA)? = iBAI, 
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THE QUADRATIC CHARACTER OF —3 IN FINITE PRIME FIELDS 
GERALD STOLLER, Harvard University 


It is an old result that —3 is a quadratic residue of primes of the form 
6n+1 and a quadratic nonresidue of primes of the form 6”+5. For a proof 
of this fact using Gauss’s Lemma (see [1] p. 75). A simple proof of this result 
can be given by using the existence of primitive elements. See [2] p. 106 for 
the necessary information on primitive elements. 

Let p=6n-+1 be a prime and let 0 be a primitive element modulo p. Then 
1=b" (mod £) if and only if (b—1)|m. Let u=b?" (mod p), then u#41 (mod f) 
and u3=1 (mod p). Thus we get 


0=24—1= (uv — 1)(v%+u4+4+ 1) (mod p) 


whence 0=u?-+u-+1 (mod p). Multiplying both sides of this congruence by 4, we 
get 0=4u?+4u+4 (mod p) which yields 


—3 = 447° + 44+ 1 = (u+ 1)? (mod 9). 


This gives us an explicit form of the square roots of —3 modulo p. (Note that 
—3=(2w+1)? where w is a complex cube root of 1 other than 1.) 

Now let p=6n2-++5 be a prime and let b be a primitive element modulo #. 
Suppose that —3 is a quadratic residue modulo p, then there is an element ¢ 
such that c2=—3 (mod p). Define u by the congruence c=2u-+1 (mod p), then 
we get that w2+u+1=0 (mod p) whence u?=1 (mod ). Let & be an integer 
such that b‘=u (mod fp), then b?*=u=1 (mod £) so (p—1)| (3k). Since p—1 
(=6n-+4) is relatively prime to 3, it follows that (p—1)|k whence 1=b'=u 
(mod ). Thus c=2u+1=3 (mod p), consequently 12=c?+3=0 (mod ), 
which is a contradiction. Therefore —3 is a quadratic nonresidue modulo p. 

(A contradiction can also be obtained by observing that u=1 (mod ) and 
u2+u+1=0 (mod p) imply 3=0 (mod p). This was suggested by Professor 
George Whaples.) 

The same method also serves to establish the quadratic character of —1 
in finite prime fields. 


References 


1, G. H. Hardy and E. M. Wright, An introduction to the theory of numbers, 3rd ed., Oxford 
University Press, London, 1954. 
2. I. M. Vinogradov, Elements of number theory, Dover, New York, 1954. 


THE MACLAURIN SERIES FOR e& 
J. R. IsBeLL, University of Washington 


The following interpretation of the terms of the series e?=1+%x+ --:- 
+x"/n!+ +++ would, I think, have been regarded as a proof in the eighteenth 
century. It can motivate a proof now; and Professor J. P. Ballantine informs 
me that Professor H. E. Slaught sometimes used it in that way at the University 
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of Chicago. The use I propose for it is in showing that 
, 1\” 
e = lim sup (1 +—) 
Nn 


is finite and approximately 1+1+ 3+ --+-+-+1/m!. Proofs can come later, after 
e* and convergence of series have been defined. 

(1+1/n)" is of course the value of 1 dollar drawing 100% interest com- 
pounded m times a year. “Passing to the limit,” we compound interest continu- 
ously, getting value v(f) at time 20. The value consists of (i) the principal, 1, 
the first term of the series; plus (ii) simple interest ¢; plus further terms, the 
(n+1)-th being the simple interest earned by the ath. If the nth term is i*/n 
at each time #, it earns (i*/n!) At between ¢ and ¢+At, making /§(s*/z!) ds in 
all. 


D.f[9(x)]=9@) 


DONALD W. HiGuHt, Kansas State College of Pittsburg 
A. GLEN Happock, Arkansas College, Batesville 


A routine problem in calculus [1], “Differentiate y=cosh—!(sec x),” moti- 
vated the following question: what are the functions f and g such that D,f[g(x) | 
= g(x). A partial solution of the problem was found that required only that g be 
invertible. D,f|g(x)]=g(x) if fle(x) ]=fg(x)dx. Let fg(x)dx=v(x) and g(x) =t 
then the equation is satisfied provided f(#) =v|g—1(t) |. Example: given g(x) =In x 
then v(x) =x In x—x+C and g-(¢) =e! so f(t) =te'—e' +. 

If f is given, the problem of finding g is as straightforward if certain condi- 
tions are met: D,f[g(x) |] =g(x) if f’ [g(x) |g’(«) =g(x) or if 

f'lg(*)] 


= 9! (x) = 1, 
(a) g' (x) 


The problem then essentially becomes one of solving 


f £@ dt =x where i) £@ dt = g“}(Z), 


t t 


Again, by this method, g needs to be invertible but f’(#)/# must also be in- 
tegrable. Example: let f(#) =ci* (c¥0, n¥1), then 


net™—} net} 
dt = f net”—*dt = . 
t n—1 


a = Aye 
nf 


Therefore, 
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The example of the previous paragraph also works nicely by this method. 

This problem seemed to be very interesting and simple but one in which 
both students and teachers become confused. The authors now ask if there are 
other solutions, or solutions dependent on different conditions. 


Reference 


1. A. E. Taylor, Calculus with analytic geometry, Prentice-Hall, Englewood Cliffs, N. J., 
1959, p. 327. 
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All material for this department should be sent to John R. Mayor, 1515 Massachusetts 
Avenue, N.W., Washington, D. C. 20005. 


A METHODS COURSE FOR MATHEMATICS TEACHERS 


DoNovAN A. JoHNSON, University of Minnesota 


Mathematics teaching is a field in which knowledge of the subject matter is 
the first necessity. For the teacher of the secondary school, it is necessary that 
this background in mathematics be of the type and depth recommended by 
the recent publications of the Committee on the Undergraduate Program in 
Mathematics (CUPM). The high school mathematics teacher needs a back- 
ground in calculus, number theory, foundations of mathematics, abstract al- 
gebra, non-euclidean geometry, set theory, symbolic logic, probability and sta- 
tistics. But a required sequence of mathematics courses is not sufficient. The 
mathematics teacher must be able to read mathematical literature so that he 
will be able to learn more mathematics independently. He will need to be up- 
to-date in his mathematical language, symbolism, assumptions and proofs in his 
classroom presentations. Besides he should find pleasure in reading mathematics 
books and in presenting new mathematical ideas to his students. 

Teaching mathematics, however, involves more than knowing and enjoying 
the subject. The mathematics teacher must be able to motivate his students, 
he must be able to guide them to discover ideas and he must be able to evaluate 
the achievement of his students. The methods course should serve as a bridge 
between the knowledge of subject matter, principles of psychology, and actual 
practice in the classroom. Hence, the methods course and student teaching 
should be concurrent and usually after a background in mathematics and educa- 
tion have been attained. 

Mathematics with its abstract symbolism, its sequential organization, its 
logical structure, its wide application, has unique learning problems. At one 
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extreme it involves memorizing facts and practicing skills. At the other ex- 
treme, the solving of a problem, the proof of a theorem, the application of a 
generalization, the building of a mathematical structure requires a high level 
of creative thinking. Thus, the teacher of mathematics will need to know how 
to teach concepts, skills, proof, and productive thinking. The current emphasis 
on discovery, problem solving, and attitudes poses problems of adaptability 
and flexibility in the classroom that require far greater skill than a lecture- 
recitation presentation. 

The well-informed high school mathematics teacher today must be up-to- 
date regarding the many recommendations being made for curriculum revision. 
The methods course will need to study these and other curriculum issues so that 
evaluations, professional judgments and adaptations can be made. These recom- 
mendations involve new topics, new vocabulary, new procedures and new 
methods. Besides, a variety of research projects in mathematics education have 
implications for the teacher of mathematics. Thus, the mathematics teacher 
should be able to implement these findings in the classes and to participate in- 
telligently in current research projects. 

The variety of instructional aids currently available for the mathematics 
teacher has multiplied tremendously in recent years. Some of this increase is 
due to the emphasis on the discovery method, some of it is due to funds from 
NDEA, and some of it is due to the normal invention of new devices. In any 
case the mathematics teacher will need to render professional judgment in the 
selection and use of these teaching aids. These aids include programmed texts 
and teaching machines, TV lessons, supplementary books and pamphlets, 
charts, films, filmstrips, models, overhead projectuals, games, exhibits, and 
chalkboard devices. It should be an objective of the methods course to show 
what materials are available, the choice of appropriate materials, and how the 
materials can contribute to the learning of mathematics. 

The discussion above suggests that the methods course should show the 
prospective mathematics teacher how to: 

Guide the student to discover mathematical concepts; 

Stimulate the learning of mathematics; 

Develop ability to solve mathematical problems; 

Build understanding, accuracy and efficiency in computational skills; 
Develop desirable attitudes and appreciations of mathematics; 

Teach the student how to study mathematics; 

Evaluate the learning of concepts, skills, and problem solving; 
Provide a program of enrichment and acceleration for gifted students; 
Plan an effective program for the slow learner; 

Evaluate new curriculum proposals; 

Procure, use, and evaluate new instructional aids; 

Select appropriate goals for mathematics instruction; 

Plan a variety of lessons and units; 

Find new applications, new ideas, and new materials. 
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Reference Texts: 
Jerome S. Bruner, The Process of Education, Harvard University Press, Cambridge, 1960. 
H. M. Martyn Cundy, and A. P. Rollett, Mathematical Models, Oxford Press, London, 1952. 
L. A. Kenna, Understanding Mathematics with Visual Aids, Littlefield Adams and Co., Pat- 

terson, New Jersey, 1962. 

Morris Kline, Mathematics in Western Culture, Oxford University Press, New York, 1953. 
NCTM, Twenty-seventh Yearbook, Enrichment Activities for the Grades, 1963. 
NCTM, Twenty-eighth Yearbook, Enrichment Activities for High School, 1963. 
H. Steinhaus, Mathematical Snapshots, Oxford University Press, New York, 1950. 


Pamphlets: 
NCTM, The Revolution in School Mathematics. 
NCTM, An Analysis of New Mathematics Programs. 
NCTM, A Guide to the Use and Procurement of Teaching Aids for Mathematics. 
NCTM, Program Provisions for the Mathematically Gifted Student in the Secondary School. 
NCTM, Education in Mathematics for the Slow Learner. 
Edwina Deans, Elementary School Mathematics, New Directions, U. S. Office of Education, 
1963. 
Adrien L. Hess, Mathematics Projects Handbook, D. C. Heath, Boston, 1962. 


It is assumed that the methods teacher will also have available a library of 
mathematics texts, films, tapes, overhead projectuals, pamphlets, books, charts, 
models, demonstration equipment and supplies. 

Preparing to teach mathematics is not a matter of learning mathematics or 
learning how to teach mathematics. It must be a union of mathematics and 
methods. It would seem that the background in mathematics precedes instruc- 
tion in how to teach it. Ideally the courses in mathematics should be taught in 
such a way that the student learns from these experiences how to teach. How- 
ever, the variety of current methods, materials, curricula, research, and learning 
theories require presentation in a special methods course. Thus, all major groups 
establishing ideal programs of preparation for mathematics teaching have in- 
cluded student teaching and a methods course in their recommendations. 


AN OBSERVATION OF TEACHING METHODS 


SISTER HELEN CLARE, S. L., Loretto Heights College, Loretto, Colorado 


My observations have been, for the most part, from the pupil’s side of the 
teacher’s desk. For the past twenty years, at least one period of six weeks each 
year has been spent in the student chair. At times, it has been my good fortune 
to have been the recipient of good teaching; at other times, less good. 

What factors contribute to good teaching? Let me attempt to answer this 
question by analyzing the teaching methods of a particular professor. This ap- 
proach may offer one or two suggestions for inspiring effective teaching. 1 have 
tried to discover “why” upon leaving some classes there was such a sense of 
satisfaction and profit; and why from other classes, little profit seemed to be 
derived. 

The one outstanding in my memory of college professors is Dr. Emil Artin, 
who was formerly associated with the University of Hamburg, and under whom 
I studied at the University of Notre Dame. He began his course with a concept 
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Preparing to teach mathematics is not a matter of learning mathematics or 
learning how to teach mathematics. It must be a union of mathematics and 
methods. It would seem that the background in mathematics precedes instruc- 
tion in how to teach it. Ideally the courses in mathematics should be taught in 
such a way that the student learns from these experiences how to teach. How- 
ever, the variety of current methods, materials, curricula, research, and learning 
theories require presentation in a special methods course. Thus, all major groups 
establishing ideal programs of preparation for mathematics teaching have in- 
cluded student teaching and a methods course in their recommendations. 


AN OBSERVATION OF TEACHING METHODS 


SISTER HELEN CLARE, S. L., Loretto Heights College, Loretto, Colorado 


My observations have been, for the most part, from the pupil’s side of the 
teacher’s desk. For the past twenty years, at least one period of six weeks each 
year has been spent in the student chair. At times, it has been my good fortune 
to have been the recipient of good teaching; at other times, less good. 

What factors contribute to good teaching? Let me attempt to answer this 
question by analyzing the teaching methods of a particular professor. This ap- 
proach may offer one or two suggestions for inspiring effective teaching. I have 
tried to discover “why” upon leaving some classes there was such a sense of 
satisfaction and profit; and why from other classes, little profit seemed to be 
derived. 

The one outstanding in my memory of college professors is Dr. Emil Artin, 
who was formerly associated with the University of Hamburg, and under whom 
I studied at the University of Notre Dame. He began his course with a concept 
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so simple that even a child could understand. From the simple idea he developed 
slowly and with perfect planning his entire course. I cannot recall that he ever 
attempted a presentation for which he had to apologize because he had failed to 
pave the way. The class could see, and by degrees could anticipate the trend 
that the entire course was taking. The effect upon the student was a feeling of 
security and independence regarding the matter at hand. Perfect preparation 
produced the integrated effect that any teacher could well be proud to produce. 

As the members of the class were teachers themselves, they could not fail to 
appreciate the rich background of “this” teacher—rich, not only in the field of 
mathematics but in the arts as well. Although he was a genius in his subject, 
he was well informed outside his field. His background enabled him to correlate 
and to point out relationships of ideas. Each new development served as a 
stepping stone to something higher and beyond. The student, as a result, felt 
that he was making discoveries, as Van Doren ably expresses it in [1]: “The art 
of teaching is the art of assisting discovery to take place.” The beauty of this 
teaching was further enhanced by the fact that this teacher was what Mortimer 
Adler in [2] calls a “primary teacher.” “Let us call ‘those’ living teachers who 
perform the function of original communication the primary teachers.” Here isa 
living instructor who knows something which cannot be found in books. He 
has something which he has himself discovered and has not yet made available 
through books to others. He has the ability to teach without a book. Never in 
the six weeks in either of the two classes of his that I attended, do I remember 
his bringing a book to class, or referring to a note. When he was asked, “What 
text do you use?” he replied, “Text! I teach. ‘You’ make the text.” 

His class was so different from those classes in which note taking was a 
waste of time and energy. I say a waste of energy, because all the matter being 
voiced could be found in some particular chapter of the text. His was different 
from the general run of lecture courses of which it has been remarked: “The 
notes of the teacher become the notes of the pupil without entering the minds 
of either.” Obviously, a member of this class was not merely taking notes; his 
jottings had to be accompanied with intellectual activity if the notes were to be 
interpreted later. 

Such a teacher is bound to inspire his class, and inspiration is the spark of 
learning. To teach effectively one who enters a class must be well prepared both 
remotely and proximately—remotely, by a rich background of varied knowl- 
edge, and proximately by a logically developed plan of approach to his subject. 
He must enable his pupils to discover truths for themselves whereby they 
acquire a feeling of success and independence. 

This paper, published in the Catholic School Journal, January, 1946, was sent by the author 
as a tribute to a great teacher—the late Emil Artin, after she heard the papers given in his honor 
at the Boulder Association Meeting, August, 1963. 
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The Commission on Engineering Education is an independent organization 
with headquarters in Washington, D. C., established to provide direct action for 
the improvement and appreciation of engineering education. 


PROBLEMS AND SOLUTIONS 


EpDITED By E. P. STARKE, Bloomfield College 


COLLABORATING Epitors: J. BARLAz, Rutgers-The State University; L. CARLITz, 
Duke University; H. S. M. Coxeter, University of Toronto; H. Eves, University of 
Maine; A. E. Lrvincston, University of Alberta; and A. W1LAnsxy, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department 
should be sent to E. P. Starke, Bloomfield College, Bloomfield, N. J. 07003. Proposers of 
problems are urged to enclose any solutions or information that will assist the editors. Ordt- 
narily, problems in well-known textbooks and results in generally accessible sources are not 
appropriate for this Department. Solutions to problems appearing in previous issues of the 
Monthly should not be sent to Professor Starke. 

ELEMENTARY PROBLEMS 


All solutions of Elementary Problems should be sent to A. E. Livingston, University of 
Alberta, Edmonton, Canada. To facilitate their consideration, solutions for Elementary 
Problems in this issue should be submitted on separate, signed sheets and should be matled 
before February 28, 1965. 


E 1731. Proposed by Gus Mavrigian, Youngstown Umversity 
Let x>0, and let x1= [x(«)®]¢, x2= [x(w-x1)?]@, - «+, n= [x (0 -%n—1)? |*. 
Determine the function f(x) =n, and find lim, ..%, if ab <1. 


E 1732. Proposed by Erwin Just and Norman Schaumberger, Bronx Commun- 
ity College 


If x;>0 (¢=1, 2,---,), show that 


> {Is (Ds) - a] / af > n(n ~ 1) II ss 


E 1733. Proposed by E. F. Assmus, Jr., Wesleyan University 

Let G be a group, H a finite normal subgroup of G which is not trivial. Sup- 
pose H has the property that whenever an element of G commutes with some 
nontrivial element of H it is, in fact, in H. Prove that G is finite. 


E 1734. Proposed by Omar Khayyam, Jr., University of California, Berkeley 
The functions f and g are defined by the series: 


oO 1 MtNyy Nan a) Nan 
fa) = OD a =o - 
n=0 m=0 m In! n=0 m=0 


Prove that (f(e))°™(g(e) 4» = 
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E 1735. Proposed by William Emerson, University of California, Berkeley 


Determine all real valued functions f defined on the positive integers N 
which satisfy (1) (m, m) =1 implies f(mn) =f(m)f(n), and (2) m<n implies f(m) 
<f(n) for all m, nEN. 


E 1736. Proposed by E. R. Barnes, Student, Morgan State College 


Evaluate 
o/1 2S f/1\? 
s-X(GEG)). 
p=2 p q=2 \ q 
E 1737. Proposed by F. L. Bookstein, University of Michigan 


Define a telescoping product for a natural number ¢ as a sequence of m 
integers a;>1, 1SiSn, such that a; divides a;_; for 2Si<n and such that 
[[%., a:=t. Define a telescoping sum for a natural number ¢ as a sequence of 
n positive integers a;, 1<7Sn, such that a;Saj4, 1SiSn-—1, and such that 


Det a;=t. 

Let g have prime factorization pi'p? - - + p?*, Let c; be the number of tele- 
scoping sums for b;. Prove that the number of telescoping products for q is 

ft Cis 

E1738. Proposed by Michael Fried, Bell Aerosystems 

Given Ty = 2, lo= 3, Ton = Tonat2 Ton—2, Tons = Tont Ten—1- Find an explicit 
expression for T;. 


SOLUTIONS OF ELEMENTARY PROBLEMS 


Sum of Squares of Digits 


E1651 [1964, 90]. Proposed by Azriel Rosenfeld, Budd Electronics, Long 
Island City, New York. 


Prove that no multidigit integer is equal to the sum of the squares of its 
digits. 

Solution by N. J. Fine, Pennsylvania State University. We consider the prob- 
lem for an arbitrary base D22. Let N=ap+tayb+a.b?+ ---+a,b", with 
0Sa;<b, 0<a,. If n22, then N cannot satisfy the stated condition, for that 
would imply 
b>? —b+1 5 4,(b" — a,) S ai(b — a1) + ao(b — ae) + + + + + ,(b" — an) 

= a(% — 1) S$ ( — 1) — 2), 


which is false. For n=1, we have ai(b—«a1) =ao(a@o—1), which is equivalent to 
b? + 1 = (2a) — 1)? + (6 — 2a3)?. 


Now if b?+-1 is a prime (as in the case b=10), its representation as a sum of two 
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squares is unique, except for order and signs, so b—2a,;= +b, and a,=0 or B. 
Both being ruled out, there is no solution. If b?-+1 is not a prime, there is a 
solution. For if b is odd, a9 =a,;=(b+1)/2 is a solution. If b is even, then 6?-++-1 
=x?-+y?, where x is even, y odd, and 1 <x, y <b; then a1 = (b—x)/2, aa =(y+1)/2 
provide a solution. The case of a one-digit number JV is trivial. 


Also solved by Shair Ahmad, R. G. Albert, Joseph Arkin, C. R. Atherton, J. W. Baldwin, 
W. E. Bodden, W. H. Bonney, Joel Brawley, Jr., Maxey Brooke, J. L. Brown, Jr., John Burslem, 
Robert Burton, Leonard Carlitz, J. C. Caughran, Allen Chuck and Peter Goldstein (jointly), 
M. J. Cohen, L. E. DeNoya, R. B. Eggleton, Harold Finkelstein, C. N. Frye, Michael Goldberg, 
Emil Grosswald, J. D. Haggard, H. S. Hahn, Ned Harrell, M. H. Hayamizu, Ralph Herbert and 
Duane Kefel and Paul Welsh (jointly), K. S. Hirschel, Stephen Hoffman, R. F. Jackson, R. A. 
Jacobson, J. E. Jean, Jr., Erwin Just and Norman Schaumberger (jointly), P. L. Kingston, 
Frank Kocher, Kenneth Kramer, E. S. Langford, H. R. Lewis, G. K. Liebschner, Robert Maas, 
J. J. Malone, Jr., D. C. B. Marsh, D. E. Moxness, P. N. Muller, Sam Newman, E. T. Ordman, 
C. B. A. Peck, Dean Phelps, Stanton Philipp, L. J. Pratte, George Purdy, S. W. Reyner, Henry 
Ricardo, P. A. Scheinok, D. L. Silverman, H. D. Snyder, Jr., Jerome Solheim, David Sookne, 
E. L. Spitznagel, Jr., and K. P. Yanosko (jointly), Harlan Stevens, E. E. Strock, P. K. Sub- 
ramanian, R. L. Syverson, G. C. Thompson, A. M. Vaidya, Simon Vatriquant, Gary Venter, 
Andy Vince, L. J. Warren, W. C. Waterhouse, R. E. Wilder, K. S. Williams, D. G. Wilson, Kari 
Ylinen, K. L. Yocom, and the proposer. 


A Weak Version of Stirling’s Formula 
E1652 [1964, 90]. Proposed by Erwin Just, Bronx Community College. 
Prove that 


m—I1 


II &!> (m/e) 


k=0 
for all positive integral m. 


Solution by W. C. Waterhouse, Harvard University. The usual proof of Stir- 
ling’s Formula [See, for example, D. V. Widder, Advanced Calculus, pp. 384- 
387| gives m!>(m/e)™(2rm)¥?, so we have the sharper inequality 
(m/2m)!2(m—1)!> (m/e)™. 


Also solved by A. N. Aheart, R. G. Albert, J. W. Baldwin, M. Barnebey, S. S. Blakney, 
R. J. Bridgman, John Burslem, Robert Burton, Jim Campbell, J. C. Caughran, D. I. A. Cohen, 
F, J. Dickey, Ragnar Dybvik, J. W. Ellis, P. G. Engstrom, N. J. Fine, M. L. Faulkner and M. G. 
Murdeshwar (jointly), D. M. Good, Emil Grosswald, H. S. Hahn, M. H. Hayamizu, C. V. Heuer, 
Stephen Hoffman, J. E. Humphreys, R. W. Hurd, R. F. Jackson, S. F. Kapoor, P. G. Kirmser, 
Robert Kopp, Kenneth Kramer, E. S. Langford, Nicholas Macri, D. C. B. Marsh, Gus Mavrigian, 
P. N. Muller, Dave Nixon, Paul Pang, Stanton Philipp, L. J. Pratte, George Purdy, S. W. Reyner, 
B. E. Rhoades, V. K. Rohatgi, Bernard Rosner, M. S. R. K. Sastry, Norman Schaumberger, 
Perry Scheinok, R. A. Smith, Al Somayajulu, David Sookne, Harlan Stevens, Eric Sturley, A. M. 
Vaidya, Simon Vatriquant, Julius Vogel, Raymond Whitney, K. S. Williams, L. B. Winrich, 
Itaru Yamaguchi, and the proposer. 

Most solvers used mathematical induction (and the fact that (1-++-”7)*fe) to verify the 
inequality of the problem, while some observed that it follows easily from the geometric-arithmetic 
mean inequality. 
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A Combinatorial Problem 
E1653 [1964, 90]. Proposed by Arthur Engel, Stuttgart, Germany. 


There are given p,=|[en!|+1 points in space. Each pair of these points is 
connected by a line, and each line is colored with one of n different colors. Show 
that there is at least one triangle all of whose sides are of the same color. 


Solution by J. W. Ellis, Louistana State University in New Orleans. Define a 
sequence {bn} inductively by 0;=2 and dasy=(1+1)0.+1. We will prove: 
(1) When the segments connecting a set of 0,+1 points are colored with n 
colors, at least one single-color triangle results; (2) ,206,+1 for all x. 

Statement (1) is clear for 7 =1. Suppose it is true for =k, and let a set of 
brai ti points be given. Starting at any point A in this set, there are Dy41 seg- 
ments joining A to the remaining points; since 0,41>(Rk+41)0:, one of the k+1 
colors (call it “green”) must be used at least 5,-+1 times in coloring those seg- 
ments. Thus we have a subset B consisting of 6,-+1 points, each joined to A by 
a green segment. If any segment joining two points of B is green, they will form 
with A an all-green triangle; otherwise the segments of B are all colored with the 
k remaining colors, and the induction hypothesis assures us that a monochro- 
matic triangle exists in this case also. 

Now if a,=0,/n! for each n, we see that a,=2 and dai:=a,+1/(n+1)! 
Thus {an} is the (increasing) sequence of partial sums of the usual series for e. 
Therefore, for all , a,<e and consequently b,<en!, b,S[en!|, and finally 
b,+1 S pn. 


Comment by R. E. Greenwood, University of Texas. This result was obtained in R. E. Green- 
wood and A. M. Gleason “Combinatorial Relations and Chromatic Graphs,” Canadian Journal 
of Mathematics, 7 (1955) 1-7, especially page 5. 

It is also interesting to note that this relation is an upper bound for a certain class of Ramsey 
numbers, which were defined by F. P. Ramsey, “On a Problem in Formal Logic,” Proceedings of 
the London Mathematical Society, series 2, 30, (1929), 264-286. A summary of the known results 
on the Ramsey numbers appears in Herbert J. Ryser, Combinatorial Mathematics (Carus Mathe- 
matical Monographs, No. 14, published by the Association in 1963) in Chapter 4, pp. 38-46, 
especially page 43. 

Of course, Problem E 1653 is a generalization of the Putnam Mathematical Competition for 
1953, problem #2, morning session, which appeared in the Monthly for Oct. 1953, page 541 and 
which was rephrased as Problem E 1321 by Bostwick in the June-July 1958 issue of the Monthly. 


Also solved by W. H. Bonney, John Burslem, Robert Burton, Gary Chartrand, D. I. A. 
Cohen, M. L. Faulkner and M. G. Murdeshwar (jointly), S. F. Kapoor, D. C. B. Marsh, J. W. 
Moon, Stanton Philipp, Harlan Stevens, George Purdy, W. C. Waterhouse, and the proposer. 

Other references: R. K. Grey, Another combinatorial problem (perhaps not yet published); 
R. Sprague, Unterhulitsame Mathematik. 


Subsets of the rth Roots of Unity 
E1654 [1964, 90]. Proposed by Ralph Greenberg, University of Pennsylvania. 


A set of numbers is said to be special if the sum of the numbers is zero. Let 
N(r) denote the number of special proper subsets of the set of rth roots of 
unity. Show that M(r) =0 if and only if 7 is a prime. 
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Solution by A. M. Vaidya, Pennsylvania State University. Suppose r is com- 
posite, and let p be a prime dividing 7 (so that p<7). If wis a primitive pth root 
of unity, then 1, w, w?, w’, - - -., w?-1 is clearly a special proper subset of the set 
of the rth roots of unity. 

Next suppose 7 is a prime ~, and again let w be as above. w satisfies f(x) 
=1-x-+x?+ ----+x?-!=0. Suppose there is a special proper subset 


Fl, qyh2 . - - gyn: Ofk Sp-i,xn< pb. 


Then w also satishes g(x) =x"+x"-+4+ ...+x*=0. Thus satisfies g(x) =0 
and f(x) —g(x) =0, and one of these equations is of degree less than p—1. This 
is a contradiction, for w, being a primitive pth root of unity, cannot satisfy an 
equation of degree less than $(p) =p—1. 


Also solved by R. G. Albert, J. W. Baldwin, John Burslem, Robert Burton, Leonard Carlitz, 
S. R. Cavior, H. S. Hahn, $. F. Kapoor, C. G. Linder, D. C. B. Marsh, Stanton Philipp, E. L. 
Spitznagel, Jr., and K. P. Yanosko (jointly), Harlan Stevens, Rory Thompson, L. Y. L. Tong, 
W. C. Waterhouse, and the proposer. 


An Algorithm for the L.C.M. of n Integers 
E1655 [1964, 90]. Proposed by A. J. Goldman, National Bureau of Standards. 


Determine the validity of the following asserted algorithm for finding the 
least common multiple Z of a finite sequence X =(%1, %2, - + -, Xn) of positive 
integers. Beginning with X =X, at the mth step one has a finite sequence 


(m) (m)  (m) (m) 
X = (41 ,%2 »°°+, Xn ). 


If all components of X™ are equal, their common value is Z and the algorithm 
terminates. If not, choose a minimum component x,™ of X™ and form X(t) 
by 2,"t) = 4,0 +x,, «,+D=x,™ for ix. 


Solution by N. J. Fine, Pennsylvania State University. Let M,=max x,;™. 
There are only finitely many k such that M, <L. Let m be the largest such index. 
Suppose that X(*») exists. By a suitable re-numbering, we will then have 


(m) (m) (m) 
x = (7X1, Xe »" ° % 4 tn ); 


(m-+-1) (m) (m) 
X = ((r + 1)x1, x2 > °° 5 Xn ); 


with 7 a positive integer and 
(m) (m) 
LArnaS% S-+-S%m =Mana SL. 


Now (r+1)xiSLZ implies that Mii, which is false, by the maximality of 
m. Hence 


roy << L < (r+ 1)e1. 


This contradicts the fact that Z is a multiple of x1. Hence Xt» does not exist, 
and 
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Xm) = (Mm, vy Mn). 
But then M,, is a common multiple of all the x,, so that LSM, SL. Hence 
X (m) = (L, eee ) L), 


as required. 


Also solved by R. G. Albert, John Burslem, Robert Burton, Jim Campbell, D. I. A. Cohen, 
David Cohoon, Michael Goldberg, W. E. Gould, H. S. Hahn, Leroy Junker, E. S. Langford, 
Richard Laver, D. C. B. Marsh, E. J. Ordman, David Sookne, Simon Vatriquant, Andy Vince, 
W. C. Waterhouse, and the proposer. 

Langford and Marsh point out that the algorithm contains precisely > 7.1L/x;—n steps, 
L being the l.c.m. of x1, ¥2, «+ * , Xn. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State University, 
New Brunswick, N. J. 08900. Solutions of Advanced Problems in this issue should be 
submitted on separate, signed sheets and should be mailed before May 31, 1965. 


5207 [1964, 562]. Correction. Change “degree not exceeding n” to “degree 
not exceeding n—1.” 
5236. Proposed by James F. Heyda, General Electric Co. 


Solve in closed form the integral equations 


L 6) + [ WOF Oat = 8G), 


I. J “oF @)dt + fOF(a) =f), 


where g=x(x—?) and the prime indicates differentiation with respect to z. F(z) 
is the modified Bessel function Io(2z1/2). The free functions f(x), g(«) are as- 
sumed to be continuously differentiable. 


5237. Proposed by I. I. Hirschman, Jr. and Guido Weiss, Washington Unt- 
versity, St. Louis 

Let F(x) be a complex measurable function on 0<x<1 such that F(x) 
¢12(0, 1) and let P be the subset of L?(0, 1) consisting of those functions (x) 
for which F(x)d(x) EG L1(0, 1) and fo F(x)b(x)dx=0. Show that P is dense in 
L?(0, 1). 


5238. Proposed by Z. Govindarajulu, Case Institute of Technology 
Show that for a>—1, 
°* a(l—a)---(s—1-—a) _ ye PU + a) 


1- > 


m1 s!(2s + 1) T(2 + 2a) 
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Xm) = (Mm, vy Min). 
But then M,, is a common multiple of all the x,, so that LSM, SL. Hence 
X (m) = (L, vy L), 


as required. 


Also solved by R. G. Albert, John Burslem, Robert Burton, Jim Campbell, D. I. A. Cohen, 
David Cohoon, Michael Goldberg, W. E. Gould, H. S. Hahn, Leroy Junker, E. S. Langford, 
Richard Laver, D. C. B. Marsh, E. J. Ordman, David Sookne, Simon Vatriquant, Andy Vince, 
W. C. Waterhouse, and the proposer. 

Langford and Marsh point out that the algorithm contains precisely > 7.1L/x;—n steps, 
L being the I.c.m. of x1, ¥2, ° + * , Xn. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State University, 
New Brunswick, N. J. 08900. Solutions of Advanced Problems in this issue should be 
submitted on separate, signed sheets and should be mailed before May 31, 1965. 


5207 [1964, 562]. Correction. Change “degree not exceeding n” to “degree 
not exceeding n—1.” 
5236. Proposed by James F. Heyda, General Electric Co. 


Solve in closed form the integral equations 


L 6a) + [ wOF Oat = 8G), 


IL J "p(t F(2)dt + f(0)F (a2) = f(x), 


where g=x(x—#) and the prime indicates differentiation with respect to 2. F(z) 
is the modified Bessel function I(2z'/?). The free functions f(x), g(x) are as- 
sumed to be continuously differentiable. 


5237. Proposed by I. I. Hirschman, Jr. and Guido Weiss, Washington Um- 
versity, St. Louis 

Let F(x) be a complex measurable function on 0<*<1 such that F(x) 
¢&12(0, 1) and let P be the subset of Z7(0, 1) consisting of those functions (x) 
for which F(x)é(x) EL1(0, 1) and fo F(x)d(x)dx=0. Show that P is dense in 
L?(0, 1). 


5238. Proposed by Z. Govindarajulu, Case Institute of Technology 
Show that for a>-—1, 
* a(l—a)---(s—1—a) _ ye PU + a) 


1- > 


4 s\(2s + 1) T(2 + 2a) 
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SOLUTIONS OF ADVANCED PROBLEMS 


Ring with Idempotents 


5082 [1963, 335]. Proposed by the Junior Research Seminar for High School 
Students of Summer 1962, Lehigh University. 

Let R be a ring in which, if either x-+x=0 or x+x+x=0, it follows that 
x=(. Suppose that a, b, c and a+0b-+¢ are all idempotents in R. Does it follow 
that ab=0? 

Editorial Note. A negative answer to the proposed question is one of the re- 
sults in J. G. Mauldon, Nonorthogonal idempotents whose sum is idempotent, 
p. 963-973, in this issue of the MONTHLY. 


Also solved by George Bergman. 


Words in the Commutator Subgroup of a Free Group 
5138 [1963, 899]. Proposed by N. S. Mendelsohn, University of Manitoba 


Show that in a free group, if a word of length 2x lies in the commutator sub- 
group, then it can be expressed as a product of at most »—1 commutators. 


Solution by Stephen Montague, University of Illinois. The proof will be by 
induction on 2. If w&F, where F is the free group in question, then to say that 
w is in the commutator subgroup F’ is to say that the letters in w pair off into 
pairs consisting of an element of the generating set and its inverse. Write 
commutators in the form (a, b) =aba—!b—!. Now any nonidentity element of the 
commutator subgroup must have length at least 4, and the only elements of 
this length are individual commutators of two free generators, so the theorem 
holds for n=2. 

Assume the theorem true for nk, and consider w=xX1%2 - + + Xox42. By the 
preceding, if wE F’, then for some j, x;= x71. Hence w may be written w=x%,Ax7'B, 
where B may be the empty word. (If A was the empty word then w would have 
reduced length 2k or less and by induction could be written as a product of 
k—1 commutators.) Then if the length of A is m, the length of B is 2k—m, so 
w=xAx7!A1AB=(x%, A)AB, where AB has length at most 2k. Since AB is 
clearly in F’, by induction it is the product of at most R—1 commutators, so w 
is the product of at most k=(k+1)—1 commutators, proving the theorem. 


Also solved by T. R. Berger, C. C. Lindner, M. D. Mavinkurve (India), and the proposer. 


Variations of the Basis for a Normed Vector Space 
5139 [1963, 899]. Proposed by Dennis Travis, Columbia University 


Let V be a finite dimensional normed vector space over R. Let x1, °° +, Xn 
be a basis for V. Prove that there exists a R>0 such that if 1, - ++, y, is a set 
of vectors with the property that | x;— || <k forz=1,---,m, then the y; are 
independent. 


I. Solution by James Duemmel, Wright-Patterson Air Force Base, Ohio. If 
such a k does not exist, then there exist sequences {(y:,---, y”)}CV* and 
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{ (aw, +++, a)} CR* such that ||ym—«x,|| <1/m for i=1,2,-+-, 2, Dh aryy 
=0 and 50%, az"| ~0. We may assume >”, | on” =1. But this makes 
{ (on™, - ++, am){ a sequence in a compact subset of R”. Since such a sequence 
has a convergent subsequence, we assume the sequence itself is convergent to 
(a1,° ++, Qn). Then 7, || =1, limn..a”=a; and limn., y"=x; for 
i=1,---, nm. Hence, 0=limn.. 71 a7y"= >", ax; But this cannot be 


true since ar | ox; =1andx,;,---, x, form a basis. 


II. Solution by G. A. Heuer, Concordia College. Without loss of generality, 
V may be represented as R” and an element x of V as an n-tuple (x}, - - - , x”) 
of real numbers. The norm property ||Rx||=|&| -||x|| guarantees that a poly- 
nomial in (x!,---, x") is a continuous function on V to R. Therefore the de- 
terminant function d defined on the topological product V” by d(y1, - +: Yn) 
=det(y/) is continuous. Since d(™, +--+, *,) 40, there is a neighborhood of 
(x1, °° +, Xn) in V* throughout which d0, and the result follows. 

Also solved by D. F. Dawson, C. F. Evans, D. P. Giesy, Roy H. Hines, Jr., K. O. Leland, 
J. Levy and P. Meyers, A. E. Livingston and M. G. Murdeshwar, Maurice Machover, M. D. 
Mavinkurve (India), F. T. Metcalf, Veselin Peri¢ (Yugoslavia), J. R. Retherford, E. F. Steiner, 
F,. R. Swenson, W. C. Waterhouse, R. J. Whitley, A. B. Willcox, and the proposer. 

The result can be found in the literature where it appears as a property of a basis ina Banach 

space. It is also valid in a Hilbert space—implying that finite dimensionality of the vector space 
is not a necessary condition. 


On Goldbach’s Conjecture 
5140 [1963, 899]. Proposed by A. A. Mullin, University of Illinois 


Consider the algebraic system determined by the additive and multiplica- 
tive monoids of nonnegative integers N. Put En={)4,° Pj, °° * Pionat p;EA} 
where A is the set of odd primes and nC N. Put S=U?_, E,,. Let T CN and con- 
sider the following two conditions: 


(i) T+TCT, (ii) T-T CT, 


where T is the set-theoretical complement of T relative to N. Prove that S 
satisfies conditions (i) and (ii). Prove that if S$ is not maximal over WN relative 
to both conditions (i) and (ii) holding simultaneously, then Goldbach’s con- 
jecture is not a theorem. (Incidentally, if one considers whether or not every 
even integer greater than 4 can be represented as the sum of two elements of S, 
then one has a weakened version of Goldbach’s conjecture. Possibly the weaker 
version will yield more readily to solution.) 


Solution by Ralph Greenberg, University of Pennsylvania. S satisfies (i) and 
(ii) because S+.S consists entirely of even integers and S-S consists of integers 
with an even number of prime factors. Suppose that S is not maximal in N, 1.e., 
for some subset Rof N, SCR, S#R, and conditions (i) and (ii) hold for R. Then 
some element of N is contained in R and is not the product of an odd number of 
odd primes. This element cannot be the product of an even number of odd primes 
since R-R would then contain an element of S in violation of (ii). Clearly 2 and 
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4 are not contained in R (since 2+3=5 and 4+3=7 are contained in R). There- 
fore, by (i), this even number has no representation as the sum of two elements 
of R, and a fortiori cannot be represented as the sum of two odd primes. 


Also solved by Robert Bowen, and by E. S. Langford. 


Absolutely Convex Ideals 
5141 [1963, 1013]. Proposed by C. W. Kohls, Syracuse University 


An ideal J in a commutative ring is said to be primary if, whenever ab€ J, 
either a€ I or b“C TI for some positive integer n. Evidently a prime ideal is pri- 
mary. It is known that in any ring C(X) of continuous real-valued functions, 
every prime ideal is absolutely convex (see Gillman and Jerison, Rings of Con- 
tinuous Functions, p. 69). Show that, in fact, every primary ideal in C(X) is 
absolutely convex. 


Solution by the proposer. The notation of Gillman and Jerison [GJ] will be 
used. Let P be a primary ideal in C(X), and let |f| <|g|, with ge P. We may 
assume that |g| <1 [GJ, p. 30]. Put h= Dincw2| g|1/"; then hEC(X), be- 
cause the series converges uniformly. Define k by k(x) =g(x)/h(x) for x«€EZ(h). 
k(x) =0 for «© Z(h). Now for each nEN, 


(1) 2-4n*| g| <2, 


It follows that 2-4|g| <|h|2, | g(x)/h(x)| $16|h(x)| for xEZ(h), and REC(X). 
Inequality (1) also implies that 2-4n?) f | <S | h| 2 for each nEN;; thus, f is a multi- 
ple of h" [GJ, p. 21]. Next, for «E€Z(k) =Z(g) =Z(h), we have | f(x) /R(x) | 
= | h(x)| | f(x) /R(x)h(x)| =| h(x) | | f(x)/e(x)| S| h(x)|; so f is a multiple of &. 

Since kh=gEP, either REP or h"CP for some nEN. In either case, f is a 
multiple of an element of P; so fEP. 


An Orthogonal Sequence 
5143 [1963, 1013; 1964, 439]. Proposed by J. B. Roberts, Reed College 
Let m1, m2, °°: be a sequence of integers each greater than unity. Put 


po=1, pjy=m-:--n; for 721. Let ¢ be a function belonging to L? of period 1 
and satisfying 


Nk p — | 
Vo(e+7 ) =o k= 1,2,--- 
j=1 


Nk 


Then the sequence {on} is orthogonal on (0, 1) when ¢,(x) =$(p,(«). (This gen- 
eralizes a problem, p. 43 of Kaczmarz and Steinhaus, Theorte der Orthogonal 
Rethen.) 


Solution by W. C. Waterhouse, Harvard University. Say s<k, and let N = pi/pe. 
Then we have 
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J (px) (pax)dae = (1/2) J * o(9/N)6(y)dy 
N 
= (t/t) [ 60/™)60)dy — ($/N) has period W) 


= (1/N) x f “60)6 (=) dy 


N/nk 1 Nk + a 1 i] _ 1 
-(/y) ¥ f 6) ¥¢ oe + ) ax = 0. 
r=1 Yo j=l N Nk 


Also solved by L. Carlitz, P. G. Engstrom, N. J. Fine, and the proposer. 
From the fact that )of21 ¢(x+(j—1)/nz))=0 when T is a multiple of 2, Carlitz obtains a 
corresponding summation result 


a j-1 j-1 
Yr (#2) on (e+ ) =0, r<ssk, 
jul Pr Pr 


which is comparable to formulae appearing in Some Finite Summation Formulas of Arithmetic 
Character, Publicationes Mathematicae, 6 (1959) 262-268 and Acta Math. Acad. Scient. Hung., 
11 (1960) 15-22. 


Matrix Differential Equation 


5144 [1963, 1013]. Proposed by Reuben Hersh, Fairleigh Dickinson Univer- 
sity, Teaneck, N. J. 


If Fo, A;, Bi; t=1,---, R are given constant Xn matrices, solve the 
matrix differential equation 
dF k 
— = >. AFB, F(0) = fo, 
dt i=l 


Solution by P. G. Kirmser, Kansas State University. Let R be an operator 
which rearranges a rectangular matrix of dimension m Xn (taken as partitioned 
into a row matrix of column matrices each of dimension mX1) into a single 
column matrix of dimension nm X1, partitioned into » column matrices each 
mX1. This operation is equivalent to a transposition of a row matrix of matrices 
in which the individual matrices which form the elements are not themselves 
transposed. 

Let R~-! be an operator which rearranges the column matrix of column matri- 
ces back into the original row matrix of column matrices. Then 


k 


t=] 


k 
>, A;FB; = RO 


t=1 


RF, 


where || >-7_, A4;-xBj|| is the nivellateur of Sylvester (see C. C. MacDuffee, 
The Theory of Matrices, p. 89); and the given equation becomes the n? system: 


dF 
R—= 
dt 


k T 
>> Ag xB; | RF, 


t=1 
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which has the unique solution 


k 
RF = exp ( >> Ay-aB; ) RF. 
t=1 
Thus 
k T 
F = Ro} exp ( > A;:xB; ) RF. 
i==1 


Also solved by N. P. Bhatia, L. Carlitz, P. G. Engstrom, J. H. Halton, Imanuel Marx, R. F. 
Rinehart, H. Schwerdtfeger, and the proposer. 


Iterative Nesting of Triangles 
5146 [1963, 1014]. Proposed by R. J. Cormier, University of Missouri 


In the Euclidean plane, denote the distance between two points and gq by 
bq, and let ki, Re, Rs be any three positive real numbers less than 1. Let 41, q1, 1 
be three noncollinear points and let pn, dn, 7, be defined inductively as follows 
for n>1: 


Pn—itn = kr: Pa-19n-1; Pn—itn + PnQn—1 = Pn—19n-1) 
Qn—1Pn = Ro* Qn—11n—1) Qn—1Pn + Pn? n-1 = Gn—11n—-1) 
Tn—-19n = R3*Tn—1Pn—1; Tn—19n + OnPn—1 = 1n~-1Pn—1- 


Let t, be any point interior to the triangle with vertices Dn, dn, fn. Does the se- 
quence {tn} converge? If so, what is the position of the limit point relative to 
the points 1, gi, and 1? 


Solution by Michael Goldberg, Washington, D. C. The conditions require that, 
for all m, the vertices of the triangle prgn’n lie on the sides of the triangle 
Pn—19n—'n—1. If 1 and qi are considered as vectors with respect to 7 as origin, 
then 


re = pit ki(qi — pi) = (1 — Aad pi + Aq, 
pb2=(1—he)gr, 2 = sf; 
r3 = po— Rilpe — go) = (1 — Ri) pe + Rige 

= kikspi + (1 — hi)(1 — eda, 
gs = (1 — &s)ro + Raho, pbs = (1 — edge + ore; 
ry = (1 — hi) pa + igs. 


This reduces to 


ry = [Bi(1 — Bs) + Bo(1 — Br) + Bs(1 — Be) (1 — Bid or 
+ [ki(1 — ks) + Bo(1 — hr) + &a(1 — Be) |Rigu 
= c[(1 — hi)pi + Rigi] = cre, 
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which has the unique solution 


k 
RF = exp ( >> Ay xB; ) RF. 
i=1 
Thus 
k T 
F = R7} exp ( > A;-«xB; ) RF. 
i==1 


Also solved by N. P. Bhatia, L. Carlitz, P. G. Engstrom, J. H. Halton, Imanuel Marx, R. F. 
Rinehart, H. Schwerdtfeger, and the proposer. 


Iterative Nesting of Triangles 
5146 [1963, 1014]. Proposed by R. J. Cormier, University of Missouri 
In the Euclidean plane, denote the distance between two points » and qg by 
bq, and let ki, Re, Rs be any three positive real numbers less than 1. Let 41, q, 1 
be three noncollinear points and let pn, dn, 7n be defined inductively as follows 
for n>1: 
Pn—itn = Ri: Pn—19n~1, Pn—itn 1 1nQn—1 = Pn—19n-1) 
Qn—1pn = ke* Qn—11n—1; Qn—ipn + Pntn—-1 = Qn—1ln~-1, 
Tn—-1Gdn = k3*fn—1P 1-1) Yn—19n + OnPn—1 = Yn—1Pn—1+ 
Let ¢, be any point interior to the triangle with vertices pn, Gn, 1n- Does the se- 


quence {tn} converge? If so, what is the position of the limit point relative to 
the points $1, gi, and 71? 


Solution by Michael Goldberg, Washington, D. C. The conditions require that, 
for all n, the vertices of the triangle pzgnr,n lie on the sides of the triangle 
Pn—19n—'n—1. If py and q; are considered as vectors with respect to 7; as origin, 
then 


ro = bit ki(qi — pi) = (1 — Rid pi + Faq, 
po = (1 — he)qi, = ga = sf; 
r3 = po — kilpe — go) = (1 — Ri) peo + Rige 

= kikspi + (1 — ki)(1 — ke)qu, 
q3 = (1 — ks)re + Raho, bs = (1 — Re)qa + Rore; 
re = (1 — Ri) ps + Rigs. 


This reduces to 


t4 = [ei(1 — k3) +- ko(1 — kx) + k3(1 — ke) |(1 — ki) p1 
+ [Ai(1 _- ks) + keo(1 _ k1) + k3(1 _ ke) [Rigi 
= c[(1 — ki)p1 + Rigi] = cra, 
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The location of Z in terms of the origin 7; and the vectors p; and q is given by 
L = {[(1 — hi)pi + Baga] + [Arksps + (1 — &)(1 — Rrdaal} /(3 — ©) 
= [(1 — ki t+ Aiks)p1 + (1 — be + hoki) qil/(3 — 0). 
Unbounded Metrics on Noncompact Spaces 
5147 [1963, 1014]. Proposed by Eric D. Nix, New York City 


Prove or disprove the proposition: Every noncompact metrizable space 
admits an unbounded metric. 


Solution by W. J. Pervin, University of Heidelberg and Pennsylvania State 
University. This proposition is the content of a note by N. Levine, this MONTHLY, 
68 (1961) 657-658. It also appears as a problem on page 249, R. Vaidynatha- 
swamy, Treatise on Set Topology, (Madras, 1948). 


Also solved by M. K. Fort, Jr., Charles Himmelberg, Meyer Jerison, L. R. King, K. O. 
Leland, M. D. Mavihkurve, S. M. Robinson, Herman Rubin, and W. C. Waterhouse. 


Equivalent Ultrafilters 


5148 [1963, 1014]. Proposed by Hewitt Kenyon, George Washington Uni- 
versity 


Let us agree that F is eventually in a set A if and only if Fis a filter and 
BCA for some member B of F. Let us agree further that F is equivalent to G 
if and only if Fand Gare filters such that each is eventually in every member of 
the other. 

Suppose that / is a function mapping the set X onto the set Y; suppose that 
F is an ultrafilter eventually in X, and let G be the ultrafilter consisting of maps 
by h of subsets of X belonging to F. Show that F is equivalent to G if and only 
if F is eventually in the set of fixed points of h. 

In the terminology of Kenyon and Morse, Runs, Pacific Journal of Math., 
8 (4), 1958, the problem may be rephrased: Suppose that f is a function, x is a 
full run, and x is eventually in the domain of f. Show that f:« runs the same as 
x if and only if x is eventually in the set of fixed points of f. 


Solution by S. M. Robinson, Smith College. Let h be a mapping from X onto 
Y, Fan ultrafilter on X and G the ultrafilter on Y which consists of the h-images 
of members of F. (G=h|f|:fEF.) Let Z= {wEX: h(x) =x}. We will establish 
the proposition that F is equivalent to G if and only if Fis eventually in Z. 

First assume that F is eventually in Z, i.e., there is an fy€F such that 
fiGZ. Since ZEX, this implies ZEF. If f is any member of F, f’=fMZ is also 
a member of F. Since h|f’]=f"’, f’ is also a member of G, and since f’ Sf, G is 
eventually in f. On the other hand, if g is any member of G, then g’=gf\Z is 
also in G, for s€F and h[Z]=Z. Now h-[g’]=¢’U{h[g’]—Z}, and since 
{h-[g’]|—Z} is not a member of F, the fact that h~4[g’] is in F implies that 
g’CF. Thus, we have shown that F is eventually in every member of G and 
that G is eventually in every member of F, i.e., F and G are equivalent. 
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If Fis not eventually in Z, Z is not in F, and therefore X —ZECF. Let ® de- 
note the restriction to X —Z of the function h. Since ® has no fixed points we 
may partition X —Z into three disjoint classes 4, B and C such that AN®[A | 
= B6(B]=CN&[C]= 2, the empty set. (See problem 5077 [1964, 219].) F 
being an ultrafilter, it follows that exactly one of the sets A, B, Cisin F; say 
ACF. Thus ®[A]=h[A]=A'EG, and ANA'=@. Since A must meet every 
member of F, no member of F is contained in A’. Similarly no member of G is 
contained in A. Consequently F is not equivalent to G. 


Covering a Sphere with Two Pairs of Small Circles 

5149 [1963, 1014]. Proposed by Michael Goldberg, Washington, D. C. 

Find 7, the radius of the largest sphere on the surface of which two circles of 
given radius a, and two circles of given radius b, can be placed so that every 
point on the surface is within at least one of the regions (less than hemispheres) 
bounded by the four given circles. 


Solution by W. J. Blundon, Memorial Uniersity of Newfoundland, and the 
proposer. Let the two circles of radius @ intersect at points A and B. Let the 
points on the two circles farthest from AB be C and D, respectively. Then 6 
is the circumradius of the triangles ACD and BCD. Let AC=BC=AD=BD=e. 
Let AB=2c, CD=2d. The situation is, thus, that the four circles intersect in 
the four vertices of a tetrahedron and, by symmetry, four of its edges are equal. 
Let 7 be the radius of the sphere. Then a= 4e?(e? —c?)—1/2, b =$e2(e2 —d?)—1/2, 
From this we have 4a2c? = e?(4a?—e?), 402d? = e?(4a?—e?). Let h be the height of 
the tetrahedron between the edges 2c and 2d. Then, h? =e? —c? —d?. 

If f is the distance from the center of the sphere to the midpoint of the edge 
2d, and g is the distance to the midpoint of the edge 2c, then h=f+g, and 


y2 = fit = it = ot (h—f)?, 
fe = ci — d+ h? — Qf +f, 
f = (e? — 2d?)/2h, =f? = (e? — 2d*)?/4(e? — c? — d?), 
y? = f2 + dq? = (e4 — 4c%d?)/4(e? — c? — d?) 
= ¢?(4e2a? + 4¢2b2 — 12a?b? — e*)/4(e2a? + e262 — 4052), 
If the derivative dr?/de=0, then 
(a? -+ b?)e® — [2(a? + 52)? + 6a7b2]e4 + 1602b2(a2 + b2)e? — 24a4d4 = 0. 
This is a cubic in e?. Solve for e? in terms of a? and b? and substitute in the equa- 


tion for r?. 


Editorial Note, This is a composite of two independent solutions, one of which presented 
slightly more motivation for the process, and the other slightly more algebraic detail. 
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If Fis not eventually in Z, Z is not in F, and therefore X -ZEF. Let ® de- 
note the restriction to X —Z of the function h. Since ® has no fixed points we 
may partition X —Z into three disjoint classes A, B and C such that AN®[A | 
= BA\6(B]=CN&[C]= 2, the empty set. (See problem 5077 [1964, 219].) F 
being an ultrafilter, it follows that exactly one of the sets A, B, Cis in F; say 
AEF. Thus $[4 ]=h[A]=A'EG, and ANA'=2@. Since A must meet every 
member of F, no member of F is contained in A’. Similarly no member of G is 
contained in A. Consequently F is not equivalent to G. 


Covering a Sphere with Two Pairs of Small Circles 

5149 [1963, 1014]. Proposed by Michael Goldberg, Washington, D. C. 

Find 7, the radius of the largest sphere on the surface of which two circles of 
given radius a, and two circles of given radius Db, can be placed so that every 
point on the surface is within at least one of the regions (less than hemispheres) 
bounded by the four given circles. 


Solution by W. J. Blundon, Memorial University of Newfoundland, and the 
proposer. Let the two circles of radius @ intersect at points A and B. Let the 
points on the two circles farthest from AB be C and D, respectively. Then 6 
is the circumradius of the triangles ACD and BCD. Let AC=BC=AD=BD=e. 
Let AB=2c, CD=2d. The situation is, thus, that the four circles intersect in 
the four vertices of a tetrahedron and, by symmetry, four of its edges are equal. 
Let 7 be the radius of the sphere. Then a= 4e?(e2—c?)—1/2, b =$e2(e2 —d?)—1/2, 
From this we have 4a2c? = e?(4a?—e?), 4b2d? = e?(4a? —e?). Let h be the height of 
the tetrahedron between the edges 2c and 2d. Then, h* =e? —c?—d?. 

If f is the distance from the center of the sphere to the midpoint of the edge 
2d, and g is the distance to the midpoint of the edge 2c, then h=f+g, and 


y2 =fft@=@tpge= c+ (h —f)?, 

Ff? =¢*— d* + h? — 2hf + f?, 

f = (e? — 2d?)/2h, =f? = (e? — 2d*)?/4(e? — c? — d?), 

y? = f?-+ qd? = (e4 — 4c?d?)/4(e? — c? — d?) 

= ¢7(4e2a? + 46e7b? — 12a7b? — e4)/4(e?a? + €7b? — 40757). 
If the derivative dr?/de=0, then 
(a? -++ b?)e® — [2(a? + 57)? + 6a2b2]e4 + 1602b2(a2 + b?)e? — 24a4d4 = 0. 
This is a cubic in e?. Solve for e? in terms of a? and b? and substitute in the equa- 


tion for 7?. 


Editorial Note, This is a composite of two independent solutions, one of which presented 
slightly more motivation for the process, and the other slightly more algebraic detail. 
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Real Analysis. By H. L. Royden. Macmillan, New York, 1963. xvi+284 pp. 
$9.00. 


This well-planned and well-written book will inevitably be compared with 
the book of the same title by E. J. McShane and the reviewer (D. Van Nostrand 
Co., 1959). There are several similarities. The two books are about the same in 
length, and both are pitched at about the beginning graduate level. Both aim to 
present central and currently relevant selections from real function theory, 
general topology, and functional analysis. Both contain, in more or less general 
settings, such important tool-theorems of modern analysis as the Stone-Weier- 
strass theorem, the Ascoli theorem, the Fubini theorem, the Tychonoff product- 
space theorem, the Tietze extension theorem, the Hahn-Banach theorem, the 
Radon-Nikodym theorem, and the Riesz representation theorem. Both intro- 
duce, and make occasional use of, the Hausdorff maximality principle. 

A notable difference between the two books lies in the presentation of inte- 
gration. McShane-Botts introduces integration, using the Daniell technique 
from the outset, at the level of the Lebesgue-Stieltjes integral in R”, obtaining 
as by-products the basic measure-theoretic facts as well as the Riemann and 
Riemann-Stieltjes integrals, and later outlining briefly the alternative measure- 
theoretic route to integration. Royden prefers pedagogically to present first the 
classical Lebesgue theory of measure and integration on the real line, later ex- 
tending this to integration on a general abstract measure space, and finally 
including a good discussion of the Daniell-Stone integral and its equivalence to 
the measure-theoretic one. 

Except for a brief notice of Kelley nets, Royden attempts no unified general 
treatment of convergence such as is found in the McShane-Botts book, nor does 
he treat linear operator theory, which the latter book carries as far as the spectral 
resolution for bounded hermitian operators on Hilbert space. On the other hand, 
Royden introduces a number of important and interesting topics not found in 
McShane-Botts, including convexity and the Krein-Milman theorem (with the 
neat Kelley proof), weak topologies of normed vector spaces and the Alaoglu 
theorem, and Borel equivalences of measurable spaces and a characterization 
of the isometries of L?[0, 1] into itself. 

The exercises appear to be well selected, and quite a few are multi-part 
exercises extending the theory or containing interesting alternative proofs of 
theorems in the text. 

TRUMAN Botts, University of Virginia 


Differential Geometry. By Heinrich Guggenheimer. McGraw-Hill, New York, 
1963. 378 pp. $12.50. 


This book is a textbook, not a treatise, on local differential geometry, with 
some references to global theory. It is intended for a year course at the advanced 
undergraduate or beginning graduate level and presupposes only a knowledge of 
advanced calculus and linear algebra. There are illustrative examples in the 
text and each chapter ends with a set of exercises and a bibliography, the latter 
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including not only the classical texts but references to current research litera- 
ture in the field. 

The first few chapters, which deal with euclidean geometry in the plane, 
are intended for the student who needs additional geometrical background. Then 
material on transformation groups and on Lie group and Lie algebra theory 
which will be needed in the remainder of the text is presented. An introduction 
to tensor algebra is given but tensors are not used when matrix algebra will 
suffice. The classical material on curves and surfaces in differential geometry is 
presented from a modern viewpoint. The field used is always the real field. 
Topological methods are not used but the author often points out where alge- 
braic topology is needed to solve a given problem. At the end of the book there 
are short chapters on Riemannian geometry and connections. 

This book meets the need for a text in modern differential geometry using 
the theory of transformation groups. Aside from the first portions of Helgason’s 
Differential Geometry and Symmetric Spaces and the recent Foundations of Dz1f- 
ferential Geometry, Vol. I, by Kobayashi and Nomizu, there seems to be no other. 

ALICE T. SCHAFER, Wellesley College 


A Second Course in Number Theory. By Harvey Cohn. Wiley, New York, 1962. 
276 pp. $8.00. 


We shall begin by briefly reviewing the contents of the 13 chapters. Chapter 
1 is a review of elementary number and group theory (including quadratic con- 
gruences and the Jacobi symbol). Chapter 2 on “Characters” is obviously a 
preparation for Dirichlet’s theorem that every arithmetic progression ax-+), 
with (a, b) =1, contains an infinity of primes. Chapter 3 discusses representa- 
tions by quadratic forms and introduces examples of algebraic number fields. 
Chapter 4: Basis theorems. Chapter 5 contains Kronecker’s Basis Theorem for 
Abelian groups, discusses minima of quadratic forms. The concluding section is 
“Korkine’s and Zolatareff’s Example” and mentions the work of the British 
school in the geometry of numbers (initiated by Mordell, Davenport, Mahler). 
Chapter 6 (the first of Part 2) is entitled “Unique factorization and units.” The 
fundamental unit of a real quadratic field is discussed, also the euclidean algo- 
rithm. Chapter 7 “Unique factorization into ideals.” Chapter 8 “Norms and 
ideal classes” contains in particular “Minkowski’s theorem” and “norm esti- 
mate.” Chapter 9 “Class structure in quadratic fields” discusses the splitting of 
rational primes in a quadratic field. Chapter 10 (the first of Part 3) is a beauti- 
fully written account of “Class number formulas and primes in arithmetic 
progressions.” Chapter 11: “Quadratic Reciprocity.” Chapter 12: “Quadratic 
forms and ideals.” Chapter 13: “Compositions, orders and genera.” 

This is a most attractive book written by an expert. The author has suc- 
ceeded with his informal style in writing a very stimulating book. The reviewer 
feels that Harvey Cohn’s book is in a class by itself. 

S. CHowLA, Pennsylvania State University 
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Introduction to Differentiable Manifolds. By L. Auslander and R. E. MacKenzie. 
McGraw-Hill, New York, 1963. 219 pp. 


This is a very valuable book; it has been much needed. The notion of dif- 
ferentiable manifold is relevant to a number of different mathematical disci- 
plines besides differential geometry—algebraic geometry, Lie groups, and dif- 
ferential topology among them—but until now a student has been hard-pressed 
to find a treatment of the subject which was not aimed well above his head. 
This book will fill his needs; it should prove accessible to one who is familiar 
with linear algebra, point-set topology, and what is usually called advanced 
calculus. It is not a book on differential geometry in the usual sense of the term; 
geodesics and curvature do not appear, and tensors are not defined until the 
final chapter. Instead, it is an introduction to a number of important topics in 
modern mathematics in which the concept of differentiable manifolds plays a 
role. 

The first six chapters develop, in careful and leisurely fashion, the basic ideas 
and facts of the subject, culminating in a proof of the theorem of Whitney which 
states that a differentiable manifold of dimension n may be differentiably im- 
bedded in euclidean space of dimension 2n-++1. Along the way the student learns 
about the tangent and cotangent spaces, submanifolds, and the existence of a 
Riemannian metric. He also sees a number of examples, among them the pro- 
jective spaces and projective analytic varieties. 

The later chapters of the book deal with more advanced topics. Necessary 
and sufficient conditions for the existence of integral manifolds for a “p-dimen- 
sional vector field” are obtained, though not all the details of the proof are 
given. Lie groups and their Lie algebras are discussed in some detail, with 
particular reference to the general linear group; differentiable fiber bundles are 
treated, with special emphasis on the case of a principal bundle obtained from 
an action of a Lie group on a differentiable manifold. 

The book is well-written and I have only one minor criticism in this regard. 
Too often the important definition of a section is submerged in the middle of 
an exposition which includes motivation, a geometric construction, and/or some 
subsidiary remarks. This is satisfactory for the reader who is plodding carefully 
in the authors’ footsteps, but not so comfortable for others. Even such a reader 
may have trouble finding the crucial definition if he needs to refer to it a few 
pages later on. 

J. R. MunxkREs, Massachusetts Institute of Technology 


Flows in Networks. By L. R. Ford, Jr. and D. R. Fulkerson. Princeton Uni- 
versity Press, 1962. 194 pp. $6.00. 


The authors have expanded their elegant and important “Max-flow min-cut 
theorem” into the present book. This theorem appears in Chapter I with a 
shorter and clearer proof than that in their original paper. Because of the mul- 
tiplicity of applications of this result and its subsequent extensions to program- 
ming problems, the book is both welcome and useful to workers in this field. 
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The first chapter implements the theorem with a workable algorithm for 
finding the maximum flow and establishes the link between flow and program- 
ming problems. 

The second chapter develops feasibility theorems, i.e., criteria for the 
existence of network flows that satisfy additional linear inequalities. Applica- 
tions are made to mixed graphs (in which some arcs are directed and some are 
not), partially ordered sets, and systems of distinct representatives. 

Chapter ITI deals with transportation problems including the optimal assign- 
ment problems, a shortest chain algorithm, the well-known warehousing and 
caterer problems, and perhaps of greatest current applied interest, the study of 
project cost curves. 

The concluding chapter generalizes the results to multi-terminal maximal 
flows from one set of nodes to another set. Unfortunately the recent related 
theorem of G. J. Minty (Reference [59| in Chapter III) was not presented in 
the text. The book is clearly written and should become a standard reference in 
programming literature. 

FRANK Harary, The University of Michigan 


Diophantine Geometry. By Serge Lang. Interscience, New York, 1962. x+170 
pp. $7.45. 


“Diophantine geometry,” by abuse of Langage, is what an algebraic ge- 
ometer sees when he looks at Diophantine equations: points on algebraic vari- 
eties whose coordinates are rational numbers or integers. The two big theorems 
of the subject—Siegel’s proof that an algebraic curve of positive genus has only 
finitely many integral points, and the Mordell-Weil theorem that the rational 
points on an abelian variety form a finitely generated group— were proved 
thirty-odd years ago. The big intervening event has been Roth’s “2+ e” theorem, 
which simplifies Siegel’s proof. The author presents these results, dressed up 
and stylishly generalized, to an audience composed primarily of algebraic 
geometers. He gives these people in two introductory chapters a rapid account 
of what they need to know in algebraic number theory (and not one word more). 
The theorems alluded to above are then proved, and the book concludes on a 
simpler level with the Hilbert irreducibility theorem. 

Granting the nondiscursive style (the sort that can “do” algebraic number 
theory without ever mentioning cyclotomic fields), it’s extremely well done. 
The author’s taste is impeccable, and the cognoscenti—those who have gone to 
Andre Weil’s school of algebraic geometry—will find this book deeply rewarding. 
On the other hand, it will probably be alien corn for the number theorists. They 
will certainly find no numbers here, and the two central proofs are so deeply 
imbedded in geometry that even to extract a proof of the relatively elementary 
theorem of Mordell would require heavy surgery. Unless they are willing to 
bone up on the author’s two previous books on algebraic geometry, “Dito- 
phantine geometry” is likely to remain for them a closed book. 

ARTHUR Mattuck, Massachusetts Institute of Technology 
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Stochastic Processes. By Emanuel Parzen. Holden-Day, San Francisco, 1962. 
x1+324 pp. 


This is an introductory text, but does require a knowledge of elementary 
probability theory, since the two initial chapters which review this topic serve 
mainly to set the terminology. Succeeding chapters are devoted to introductory 
accounts of some of the more standard types of stochastic processes, such as 
normal and second-order stationary processes, Poisson and renewal processes, 
and Markov processes with both discrete and continuous parameter. A welcome 
feature of the presentation is the large number of worked out examples. 

The book should be of use as a general background course for nonspecialists, 
and for specialized disciplines such as communication theory, control theory, 
etc., as a supplementary text at the upper division level. 

A. V. BALAKRISHNAN, UCLA 


The Structure of the Real Number System. By L. W. Cohen and G. Ehrlich. Van 
Nostrand, Princeton, 1963. 116 pp. $4.25. 


After a short but careful introduction to set theory, the complex number sys- 
tem is constructed from a modification of the Peano axioms and proceeding, in 
order, through the construction of the natural numbers, integers, rational num- 
bers and real numbers via Cauchy sequences. 

On the way many algebraic structures are defined, recursive definitions are 
discussed, finite and denumerable sets and the axiom of choice are introduced, 
and an interesting chapter is devoted to showing that for ordered fields the 
additional requirements that the field be Archimedean and complete can be 
replaced by any one of six popular alternatives. 

There are a number of exercises scattered through the book. Most of these 
extend in a routine way the results in the text, and a number of them are desig- 
nated as being necessary parts of the text itself. 

In this reviewer’s opinion the book is a bit heavy in spots and there is an 
excess of definitions and notations not necessary to the main development, and 
not investigated in their own right. These things tend to remove much of the 
feeling of wonder the subject should evoke and we would guess that most read- 
ers’ questions would be concerned with details rather than with ideas. 

But even with this criticism it must be said that the book gives a good and 
careful development of the number system and discusses many of the related 
questions that arise in such a development. It should be useful as collateral 
reading for any mathematics student and as a text in courses dealing with the 
real numbers. It is perhaps most suitable for use as a text at the junior-senior 
undergraduate level. 

The book seems quite free of misprints and errors. Only two will be men- 
tioned here: in the last paragraph on p. 84 the C(y), C(x) should be Cy), Cv); 
and, in Exercise 5.16 (b) p. 101 the order of terms in the square brackets should 
be reversed. 

J. B. Roperts, Reed College 
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Auto-Primer in Computer Programming. By Doris R. Entwisle. Blaisdell, New 
York, 1963. 345 pp. $6.50. 


In spite of its broad title, this book is actually a text on the IBM 1620 Fort- 
ran II language. Besides ample treatment of all types of statements in the 
language (that given the FORMAT statement is quite extensive), it includes 
short chapters on flow-charting, checking and debugging, and internal opera- 
tions. The student will get a thorough grounding in the Fortran language and 
some adeptness at programming in it. Although the material is not “pro- 
grammed” in Skinner linear style, the designation “auto-primer” is fully justified 
by the pattern of brief exposition and exercises followed immediately by answers. 

This reviewer prefers that the emphasis in computer programming courses 
be placed on the reformulation of problems for a computer and the flow-charting 
of their solutions rather than on the formal language used to implement these 
solutions. This book sorely lacks problems of a nontrivial nature and teaches 
little more than the Fortran language. 

DONALD TARANTO, Carleton College 


Algebraic Number Theory. By Edwin Weiss. McGraw-Hill, New York, 1963. 
275 pp. $9.95. 


This book is an introduction to algebraic number theory, using the modern 
approach of valuations, as distinct from the classical method of ideal theory. As 
the author states in his preface, the development is similar to that in Artin’s 
Algebraic Numbers and Algebraic Functions (New York University, 1951) inso- 
far as the common topics are concerned. 

The author has been quite successful in achieving his purpose. The student 
who reads the book carefully should gain good insight into the results and tech- 
niques of the subject. There are many excellent examples, problems abound, 
and the author avoids too much generality when doing so seems advisable for 
clarity. But the book has a few rough edges; some additional editing would have 
removed its occasional errors and obscurities. They should, however, cause no 
great difficulty to an alert student. Also the reviewer felt that, at times, the 
author’s style and the typography combined to make reading somewhat dull. 

The first two chapters are devoted to the theory of (rank one) valuations. 
The third deals with the theory of extension fields of complete fields. Chapter 4 
is on Dedekind rings, and is entitled “ordinary arithmetic fields.” The next 
chapter specializes the assumptions to the classical case of the global field, 1.e., 
algebraic number fields and algebraic function fields over finite constant fields. 
The method of idéles is used to prove finiteness of class number and the unit 
theorem. The last two chapters give standard facts on quadratic and cyclotomic 
fields. 

Thus the book is a fairly complete and modern exposition of the classical 
results of algebraic number theory, up to but not including class field theory and 
results of an analytical nature. As such, it is the best source available, and it 
therefore lends itself very well to introductory graduate courses. 

C. R. Rreum, University of Notre Dame 
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Solved Problems: Gamma and Beta Functions, Legendre Polynomials, Bessel 
Functions. By QO. J. Farrell and B. Ross. Macmillan, New York, 1963. 
vit410 pp. $12.50. 


Chapters 1, 3 and 5 of this book are concerned with the functions listed in 
the title. The three even numbered chapters contain applications of the per- 
tinent functions. Each chapter contains a short introduction (longest, five pages) 
followed by a sequence of problems, each with its solution and many with 
appended remarks. The informal style used rescues the book from the monotony 
inherent in the presentation of more than two hundred problems and solutions. 
The problems vary in complexity from those fully suitable to a graduate course 
to others which require only the insertion of numerical values in a previously 
obtained result. 

The index seems good and there is a useful bibliography of just under thirty 
items. The few printing errors noted by the reviewer should not bother a reader. 

The authors have deliberately left themselves open to numerous complaints 
that certain problems could have been solved in much simpler ways but, within 
the framework stipulated in their preface, the authors have done a good job. 

The book should be useful to a student who is learning to use these func- 
tions, particularly if no formal college course in such material is available to him. 

E. D. RAINvILLE, The University of Michigan 


Asymptotic Behavior and Stability Problems in Ordinary Differential Equations. 
By L. Cesari. Academic Press, New York, 2nd ed. 1963. 271 pp. $9.00. 


One has only to glance at the sixty-nine page bibliography to determine that 
this book constitutes a comprehensive survey of an active field of research. I 
would class the book as a useful reference work. If you wish to refresh yourself 
on the contents of some paper you read a number of years ago, there is a good 
chance that you will find it discussed here, but probably, and necessarily, in a 
very brief form. 

The four chapters are headed: The Concept of Stability and Systems with 
Constant Coefficients; General Linear Systems; Nonlinear Systems; Asymptotic 
Developments. A detailed and quite lengthy review of the first edition was 
made by J. A. Nohel, MR 22 £9673, and since there have been few changes in 
the present edition except for a few new references, and in one section to some 
more recent work of the author and J. K. Hale, it seemed unnecessary to go 
into any further details concerning the contents of the book. 

My principal peeve against the book is the small sized type used. Each page 
could easily be spread out to two, and then, perhaps I would not have felt the 
need for a magnifying glass. 

A. B. FARNELL, Colorado State University 
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An Introduction to Numerical Mathematics. By Eduard Stiefel. Translated by 
Werner C. Rheinboldt. Academic Press, New York, 1963. x +286 pp. $6.75. 


This is an excellent translation of the second German edition of “Einfithrung 
in die numerische Mathematik.” The author has selected a relatively small 
number of computational procedures of broad applicability and has discussed 
them in considerable detail. For example, the first three chapters which discuss 
the solution of linear equations, linear programming, and least-squares approxi- 
mation are largely based on the exchange-method. By using this elementary 
form of presentation the use of matrix calculus is completely avoided. This is an 
advantage for the reader who has not studied linear algebra, but the reader 
familiar with linear algebra will be somewhat less satisfied with the presenta- 
tion, losing as it does the power and beauty of the matrix representation. 

The next two chapters are devoted to nonlinear algebra and eigenvalue prob- 
lems. Here again the emphasis is on methods which lead to a general understand- 
ing of the problems with only passing reference to the latest techniques currently 
employed on automatic computers. The chapter on differential equations begins 
with an heuristic approach to numerical differentiation. In addition to the 
trapezoidal rule and Simpson’s rule for numerical integration, the recently pro- 
posed method of repeated interval halving (Romberg method) is described. The 
major portion of this chapter is devoted to the basic ideas involved in the nu- 
merical solution of ordinary and partial differential equations, the emphasis 
being on an understanding of the ideas. The last chapter deals with approxima- 
tions and includes interpolation and the use of Chebyshev expansions for ob- 
taining best approximations. 

Throughout the book the presentation is distinguished by its clarity. At 
many points there are discussions which give the reader a clear insight into some 
of the difficulties of numerical mathematics. Numerical examples of small size 
are used frequently to illustrate points in the body of the text and some ex- 
amples of larger size are given in Appendix I. No problem sets have been in- 
cluded. 

J. G. Herriot, Stanford University 


NEWS AND NOTICES 
EDITED BY RAOUL HaILPeRN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Raoul Hatlpern, Associate Secretary, Mathematical Association of America, SUNY 
at Buffalo (University of Buffalo), Buffalo, New York 14214. Items must be submitted at 
least two months before publication can take place. 


PERSONAL ITEMS 


George Washington University: Professor H. F. Bright has been appointed Associate 
Dean of Faculties; Professor Solomon Kullback has been appointed Chairman of the 
Department of Statistics. 
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Editorial Note. Attention is directed to the splendid September 1964 issue of the 
Scientific American, in which all of the principal articles are devoted to mathematics. 
While the supply lasts, copies may be secured from the Scientific American, Mr. Jerome 
Feldman, 415 Madison Avenue, New York, New York 10017, for 60 cents each, postpaid. 
There is no discount for quantity. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


THE FORTY-FIFTH SUMMER MEETING OF THE ASSOCIATION 


The Forty-fifth Summer Meeting of the Mathematical Association of America was 
held at the University of Massachusetts, Amherst, Massachusetts, from Monday, August 
24, through Wednesday, August 26, 1964, in conjunction with summer meetings of the 
American Mathematical Society, the Institute of Mathematical Statistics, the Society 
for Industrial and Applied Mathematics, the Pi Mu Epsilon Fraternity, and Mu Alpha 
Theta. The session of the Association on Wednesday at 2:15 P.M. was a joint session with 
the Society for Industrial and Applied Mathematics, and the session on Wednesday at 
4:00 P.M. was a joint session with the Institute of Mathematical Statistics. There were 
registered 1495 persons, including 958 members of the Association. 

Sessions of the Association were held on Monday morning and afternoon, on Tuesday 
morning and on Wednesday afternoon. All sessions were held in the Bowker Auditorium 
of Stockbridge Hall at the University of Massachusetts. Presiding officers at the three 
Earle Raymond Hedrick Lectures were President R. H. Bing, Professor F. A. Ficken, and 
President-Elect R. L. Wilder; at the remainder of the session on Monday morning Pro- 
fessor Leonard Gillman; at the remainder of the session on Monday afternoon Professor 
G. B. Price; at the session on a Mathematics Workshop in Africa Professor F. R. Olson; 
at the joint session with the Society for Industrial and Applied Mathematics Dr. A. S. 
Householder; and at the joint session with the Institute of Mathematical Statistics 
Professor Z. W. Birnbaum. The thirteenth series of Earle Raymond Hedrick Lectures 
was delivered by Professor E. E. Floyd of the University of Virginia. The Program Com- 
mittee for the meeting consisted of Leonard Gillman, Chairman; Max Beberman, H. G. 
Jacob, Jr., L. H. Loomis, F. R, Olson and D. E. Richmond. 


FIRST SESSION OF THE ASSOCIATION 


The Earle Raymond Hedrick Lectures: Periodic Maps, Lecture I, by Professor E. E. 
Floyd, University of Virginia. 

These lectures will be published in a forthcoming volume on topology in MAA Studies 
an Mathematics. 


Mathematics for Liberal Arts Students, by Professor H. L. Alder, University of California, 
Davis. 

The speaker outlined a course for students whose major does not require a mathematics course 
and who have only minimum mathematical preparation. Objectives should be: to give the students 
an appreciation of mathematics; to present interesting mathematics (this can be achieved by 
maximizing the ratio of ideas and theorems to definitions), to let the student solve some real 
mathematical problems (specifically to let him make discoveries, formulate conjectures, and 
prove theorems), and to make the student aware that mathematics is a fruitful field for research 
(unsolved problems should be stated wherever possible). 
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Recommendations of CUP M’s Panel on Mathematics for the Biological, Management and Social 
Sciences, by Professor Samuel Goldberg, Oberlin College. 

The Panel tentatively recommends a three-year college course of study in mathematics for 
prospective graduate students in the biological, management and social sciences. Full details of the 
curriculum, including outlines of recommended courses in analysis, probability, statistics, linear 
algebra, and computing, are in a brochure available upon request to the CUPM Central Office, 
P, O. Box 1024, Berkeley 1, California. 

Discussion of the Recommendations of the CUPM Panel. 


SECOND SESSION OF THE ASSOCIATION 
Hedrick Lecture II, by Professor Floyd. 


Mathematical Training in the Soviet Union—Comments on a Visit to Novosibirsk, by Professor 
I. M. Singer, Massachusetts Institute of Technology. 

The speaker reported on sidelights of the Symposium on Partial Differential Equations held 
in Novosibirsk in August, 1963. 


The Cambridge Conference and After, by Professor P. J. Hilton, Cornell University. 

The Cambridge Conference on School Mathematics met for a month in the summer of 1963, 
It reported the main burden and tenor of the discussions in Goals for School Mathematics which 
was published in the fall. This report has caused considerable controversy and much dismay in the 
teaching profession. It is clearly necessary to re-emphasize the tentative, probing, experimental 
nature of the recommendations, and to discuss follow-ups of the conference, both actual and po- 
tential. This does not exclude the possible conclusion that, at least temporarily, a halt should be 
called to the projection of innovations. 


Logic for Undergraduates, by Professor Anil Nerode, Cornell University. 

There are several types of logic courses suitable for undergraduate mathematics department 
offerings. The possibilities are outlined in terms of their relation to the evolution of the subject 
and the role of the subject for various classes of students. 


THIRD SESSION OF THE ASSOCIATION 


Hedrick Lecture III, by Professor Floyd. 
Business Meeting of the Association. 


A Mathematics Workshop in Africa, by Professor Walter Prenowitz, Brooklyn College. 

This paper is a report on the Entebbe Mathematics Workshop, which has been held for the 
past three summers at Entebbe, the former capital of Uganda, on the shore of Lake Victoria. The 
workshop has been held under the auspices of Educational Services, Incorporated, and supported 
by the Agency for International Development of the State Department. It has included partici- 
pants from eleven African countries, Great Britain and the United States. The workshop is devoted 
to curricular experimentation and the production of text materials in pre-college mathematics 
for use in English speaking, tropical African countries. 

Discussion on the Mathematics Workshop in Africa. 


FOURTH SESSION OF THE ASSOCIATION 
Joint Session with the Society for Industrial and Applied Mathematics 


Interweaving the Applications of Mathematics into the Undergraduate Curriculum, by Professor 
Bernard Friedman, University of California, Berkeley, and Dr. H. O. Pollak, Bell Telephone 
Laboratories. 

Professor Friedman believes that the interweaving of applications in the curriculum is not 
achieved by introducing long digressions, but by trying to maintain some contact with reality and 
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by avoiding excessive compartmentalization of subject matter. It should also be emphasized that 
mathematics is the study of problems, not of theorems. Finally, the main point is not the subject 
matter but the attitude with which the subject is taught. 

Dr. Pollak pointed out that applications of mathematics have a claim for inclusion in under- 
graduate courses, partly because of the variety of motivations among mathematics students. It is 
good applied mathematics, good pure mathematics, and good pedagogy, occasionally to present 
mathematics to the student in the form “Here’s a situation, understand it,” rather than “Here’s 
a problem, solve it.” A variety of such situations, drawn from engineering and relating to several 
undergraduate mathematics courses, will soon be available through the Association. They will 
emphasize the abstraction of the mathematical model, treatment of the resulting mathematics, 
and its engineering interpretation. 


Joint Session with the Institute of Mathematical Statistics 


Statistical Inference and Stochastic Processes, by Professor J. R. Blum, University of New 
Mexico. 

The purpose of this talk is to show that relatively advanced notions of statistical decision 
theory can be handled by elementary mathematical techniques in a course in the sophomore or 
junior year. The first semester of such a course would be devoted to a classical introduction to 
probability theory on the level of Feller or Parzen. The second semester would then start with a 
discussion of convex sets and the supporting hyperplane theorem in finite dimensional spaces. This 
would be most appropriately followed by the linear programming problem and the simplex method. 
If time permits, a discussion of Game Theory could follow. 

Next we turn to the statistical decision problem. At this level this should probably be kept 
to the case of a finite number of decisions. The notions of loss and risk now follow easily, as well 
as the idea of admissibility. Next in order are Bayes rules and the relation between admissible and 
Bayes rules. Most of these ideas are intuitively motivated by simple geometric notions. 

Finally, minimax procedures are defined, and it is easily shown that the problem of finding 
minimax rules in the finite case reduces to the linear programming problem which has already 
been discussed. 


SPECIAL SESSIONS OF THE ASSOCIATION 


Film showings were held in Bowker Auditorium of Stockbridge Hall as follows: On 
Monday at 5:00 p.m. the following color animations by Bruce Cornwell were shown: 
“Seven Bridges of Kénigsberg,” “How Do We Count?,” “Sets, Crows, and Infinity,” and 
“Possibly So, Pythagoras.” These were followed at 5:41 p.m. by a showing of “The 
Mathematician and the River” (color), an ETS film in the Horizons of Science series. On 
Monday at 7:30 p.m. there was a showing of “Four Line Conics” (color, silent), by 
Fletcher, followed at 7:41 p.m. by “Random Events” (black and white), a PSSC physics 
film, and at 8:20 p.m. by “Mathematical Induction” (color), an MAA produced film, by 
Professor Leon Henkin. On Tuesday at 7:00 p.m. there was the first general showing of 
“Mathematics for Tomorrow,” (color), produced jointly by the MAA and NCTM during 
the past year; this was followed at 7:30 p.m. by “Complex Numbers via Matrices” (black 
and white), a Madison Project film, by Professor R. B. Davis, and at 8:10 p.m. by “What 
is an Integral?,” an MAA produced kinéscope, by Professor Edwin Hewitt. 


MEETING OF THE BOARD OF GOVERNORS 


The Board of Governors of the Association met on Sunday at 10:00 a.m. in the Coun- 
cil Chambers of the Student Union at the University of Massachusetts with thirty mem- 
bers present. Among the items of business transacted were the following: 

The Board reelected Professor H. L. Alder of the University of California, Davis, as 
Secretary of the Association for the five year term 1965-1969. 
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The Board elected Professors A. E. Livingston of the University of Alberta and 
Joshua Barlaz of Rutgers—The State University as additional Associate Editors of the 
MonrTHLY. They will collaborate with Professor Starke and have special responsibility for 
dealing with solutions submitted for Elementary Problems and Advanced Problems, 
respectively. 

The Board elected Professor D. E. Thoro of San Jose State College as an additional 
Editor of the MATHEMATICS MAGAZINE to be in charge of book reviews. 

The Board voted to invite Professor J. W. Milnor of Princeton University to deliver 
the fourteenth series of Earle Raymond Hedrick Lectures at the 1965 Summer Meeting. 

The Board voted to “express its appreciation to the International Business Machines 
Corporation, the Research Corporation and the Alfred P. Sloan Foundation for their 
generosity in providing funds to conduct a Cooperative Summer Seminar in 1965. This 
Seminar should contribute materially to the improvement of mathematical education. 
The interest in mathematics shown by these corporations is most gratifying.” The Semi- 
nar will be held at Bowdoin College with Professor I. N. Herstein of the University of 
Chicago and Professor L. H. Loomis of Harvard University lecturing on algebra and 
analysis, respectively. 

The Finance Committee announced that the price of back numbers of the MONTHLY 
(including Slaught papers and other supplements) will be increased from $1.25 to $1.50, 
effective January 1, 1965, and that the non-member subscription rate for the MONTHLY 
will be increased to $10 per year, effective August-September 1965. 

The Board approved the following schedule of future meetings: Denver, Colorado, 
January 28-30, 1965; Cornell University, August 30-September 2, 1965; Chicago, IIli- 
nois, January 26-28, 1966; Rutgers—The State University, New Brunswick, New Jersey, 
August 29-31, 1966; Houston, Texas, January 26-28, 1967; University of Toronto, 
August 28-30, 1967; University of Wisconsin, Madison, August 26-28, 1968. 


BUSINESS MEETING OF THE ASSOCIATION 


A business meeting of the Association was held on Tuesday morning with President 
Bing presiding. The Secretary reported that the membership was 14,780, an increase of 
10% since the corresponding date last year. 

The Secretary then reported on some of the actions taken by the Board of Governors 
on Sunday. He expressed the deepest gratitude of the MAA to Professor A. B. Willcox as 
Executive Director of CUPM, and announced the appointment of his successor, Profes- 
sor B. E. Rhoades, previously Associate Director of CUPM. He introduced the new 
Associate Director of CUPM, Professor R. H. McDowell of Washington University, 
and the new Associate Director of the Committee on Educational Media, Professor P. E. 
Miles of the University of Wisconsin. 

He announced that the appointment of MAA representatives at all university and 
college departments of mathematics was nearing completion. To date, 620 representa- 
tives have been appointed in 21 of the 27 Sections. 

The Secretary announced certain actions taken by the Editor of the MATHEMATICS 
MAGAZINE and the Board of Governors concerning the MATHEMATICS MAGAZINE, in- 
cluding the reinstatement of book reviews beginning with the November-December 1964 
issue. A policy of division of book reviews between the MATHEMATICS MAGAZINE and the 
MoNTHLY has been agreed upon: reviews in the MATHEMATICS MAGAZINE will be con- 
fined to books of interest to students and teachers in the first two years of college mathe- 
matics. This will include not only calculus and precalculus textbooks but also other books 
at this general level. Some overlapping with the books reviewed in the MONTHLY and the 
MATHEMATICS TEACHER is to be expected and, indeed, may be desirable, but it is hoped 
that the overlap will be minimal. 

The Board approved certain measures designed to make widely known these and 
other new features of the MATHEMATICS MAGAZINE in order that all those who believe 
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The Institute of Mathematical Statistics met Wednesday through Saturday. The 
Wald Lectures were delivered by Professor E. L. Lehman of the University of California, 
Berkeley, who spoke on “Topics in Non-Parametric Statistics.” 

The Society for Industrial and Applied Mathematics met on Wednesday. The von 
Neumann Lecture was given by Professor Solomon Lefschetz of RIAS on “Recent Ad- 
vances in the Stability of Nonlinear Controls” at 1:00 p.m. in Bowker Auditorium of 
Stockbridge Hall. 

The Pi Mu Epsilon Fraternity held sessions for contributed papers on Tuesday at 
3:30 p.m. and 8:30 P.m. and on Wednesday at 2:00 P.m. in Room 151-152, Goessman 
Laboratory. A dinner meeting was held Tuesday at 6:30 P.M. in recognition of Pi Mu 
Epsilon’s fiftieth anniversary in the Commonwealth Room of the Student Union. At the 
dinner, Professor J. S. Frame, Director General of Pi Mu Epsilon, spoke on the “History 
and Future of Pi Mu Epsilon.” President Bing presented a certificate to Pi Mu Epsilon 
congratulating it on the extent to which it has achieved its goal of promoting scholarship 
in mathematics. A Dutch treat breakfast meeting for Pi Mu Epsilon members was held 
on Wednesday at 8:00 A.M. 

The Governing Council of Mu Alpha Theta, the National High School and Junior 
College Mathematics Club, sponsored by the MAA, met on Wednesday at 9:00 a.m. in 
Room E 21 of Machmer Hall. 


ARRANGEMENTS, ENTERTAINMENT AND RECREATION 


The Committee on Arrangements for the meeting consisted of A. E. Andersen, Chair- 
man; H. L. Alder, R. H. Breusch, H. G. Jacob, Jr., Lorraine D. Lavallee, Torsten Norvig, 
Everett Pitcher, R. W. Wagner, and G. L. Walker. 

Registration headquarters were located in the Ballroom on the first floor of the Stu- 
dent Union. Dormitory accommodations and cafeteria facilities were provided by the 
University of Massachusetts. The Mathematical Sciences Employment Register was 
maintained in Rooms E 13 and E 15 of Machmer Hall, and book exhibits were in the 
Student Union Ballroom. 

An all day excursion by chartered bus to Old Sturbridge Village left the Student 
Union at 9:00 a.m. on Wednesday. SIAM conducted a beer party on Wednesday at 8:00 
P.M. in the Gymnasium on the campus of Amherst College. 

Henry L. ALDER, Secretary 


ACADEMIC MEMBERS ELECTED INTO THE ASSOCIATION 


In accordance with the amendments adopted at the business meeting of the Associa- 
tion at Stillwater on August 30, 1961, the Board of Governors at its meeting at the 
University of Massachusetts in Amherst on August 23, 1964, elected to membership in 
the Association the sixth set of applicants for academic membership (for election of the 
other five sets, see pages 337—38 of the April 1962, page 953 of the November 1962, pages 
479-80 of the April 1963, page 1044 of the November 1963, and page 469 of the April 1964 
issues of this MONTHLY). Approval for election to membership was given to the following 
15 applicants for academic membership. 


University of Arizona North Central College 
Arkansas Polytechnic College Oklahoma State University 
University of Idaho Rice University 

University of Massachusetts Sweet Briar College 

Mercy College University of Toledo 
Mississippi State University Wayne State University 
New York City Community College West Chester State College 


University of North Carolina 
Henry L. ALDER, Secretary 
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THE EMPLOYMENT REGISTER 


The Mathematical Sciences Employment Register, established by the American 
Mathematical Society, the Mathematical Association of America, and the Society for 
Industrial and Applied Mathematics, will be maintained at the Annual Meeting at the 
Denver Hilton Hotel, Denver, Colorado on January 27-29, 1965. The Register will be 
conducted from 9:00 a.m. to 5:00 p.m. on each of these three days. 

There is no charge for registration, either to job applicants or to employers, except 
when the late registration fee for employers is applicable. Provision will be made for 
anonymity of applicants upon request and upon payment of $3.00 to defray the cost 
involved in handling anonymous listings. 

Job applicants and employers who wish to be listed will please write to the Employ- 
ment Register, 190 Hope Street, Providence, Rhode Island 02906 for application forms or 
for position description forms. These forms must be completed and returned to Provi- 
dence not later than December 15, 1964 in order to be included in the listings at the 
Annual Meeting in Denver. Position Description forms which arrive after this closing 
date, but before December 31, 1964 will be included in the Register at the meeting for a 
late registration fee of $3.00. The printed listings will be available for distribution both 
during and after the meeting. 

It is important that applicants and employers register at the Employment Register 
Desk promptly upon arrival at the meeting to facilitate the arrangement of appoint- 
ments. 


MAY MEETING OF THE UPPER NEW YORK STATE SECTION 


The annual meeting of the Upper New York State Section of the Mathematical Asso- 
ciation of America was held at Chancellor’s Hall, State Education Department of the 
State of New York, at Albany, New York, on Saturday, May 16, 1964. A. H. Fox, Chair- 
man of the section, presided at the morning session, and C. S. Ogilvy, Vice-Chairman, 
presided at the afternoon session. There were 130 persons in attendance, including 110 
members of the Association. 

At the business meeting the following officers were elected: Chairman, C. S. Ogilvy, 
Hamilton College; Vice-Chairman, M. W. Pownall, Colgate University; Secretary- 
Treasurer, N. G. Gunderson, University of Rochester. H. M. Gehman reported on 
MAA publications, MAA representatives, projects in cooperation with NSF, and 
the proposed increase in dues. Miss Nura Turner reported another successful year for the 
Contest Committee, but recommended that the Ontario-Quebec Section of Region II be 
considered separately from the Upstate New York Section of Region II for National 
Award purposes. A motion urging this was passed. 


The program was as follows: 

1. Recent developments in N. Y. State secondary education, by Frank Hawthorne, N. Y. State 
Education Department. 

2. Some aspects of the Madison Project, by R. M. Exner, Syracuse University. 

3. The N. Y. State College Proficiency Examination Program, by R. A. Beaver, S.U.N.Y. at 
Albany. 

The New York State Department of Education offers proficiency examinations in seventeen 
fields for individuals who have prepared in these fields outside of regular college classes. College 
credit so gained may be granted by 134 colleges and universities of the State. There are two 
examinations in mathematics, Mathematics A, which is the C.E.E.B.’s Advanced Placement 
examination in calculus and allows credit for one year of calculus, and Mathematics B, which 
includes all of elementary calculus and analytics and allows up to two years of college credit. 

4. The algebra of reflexive relations, by F. D. Parker, S.U.N.Y. at Buffalo. 

A reflexive relation in a finite set can be characterized by a Boolean matrix, 1 in position (7) 
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indicating that the ith element is related to the jth element. Under addition, the matrices form a 
commutative semigroup with identity in which every matrix is idempotent; under multiplication, 
they form a semigroup with identity. The same identity (the equality relation) serves as the 
identity for both operations, and multiplication is distributive over addition. A few elementary 
theorems are presented and an equivalence relation, as well as applications to logic. 

5. An inclusion theorem for Nérlund means, by P. T. Schaefer, S.U.N.Y. at Albany. 

Hardy (Divergent Series, p. 67) gives a sufficient condition that a regular Nérlund method 
include (C, 1). The following theorem sharpens this result. Theorem: A sufficient condition that the 
regular Nérlund method (JN, qn) include (C, m) for integral m21 is that (—1)"A™q, 20 for all 
n= —m, where g.14=¢-2= +++ =0, Agn=Qn—Qnu1 and A?tig, =A(A?g,). It was indicated how this 
theorem can be used to obtain an inclusion theorem for M. Fekete’s Taylor-Nérlund method 
(“New Methods of Summability,” J. London Math. Soc. 33 (1958), 466-470). 

6. Moments and cumulants—and consequences, N. P. Salz, Cornell Aeronautical Laboratory. 

Given the arbitrary power of any infinite series with nonzero constant term, the author shows 
that the coefficients of the resulting series can easily be expressed, independently of those of lower 
order, in terms of the coefficients of the original series. The result, depending on the partitions of 
integers, follows from an equation relating the moments to the cumulants of a statistical distribu- 
tion. 

7. Accumulated truncation errors in Simpson's rule, by C. E. Rhodes, Alfred University. 

In approximating a definite integral by Simpson’s Rule on a computer, keeping a fixed number 
of digits, the error due to truncating the decimal values increases with n, the number of subintervals 
used, in a cyclic manner. A simple method is developed for estimating this truncation error as a 
function of n. This can easily be applied if a graph of the function to be integrated is available. 
There is extremely close agreement between the error so determined and the actual error in test 
integrals evaluated on a computer. 

8. Utterly integer valued entire functions, by Daihachiro Sato, University of Saskatchewan at 
Regina, 

9. Neighbourly vertices in a polyhedron, by Viktors Linis, University of Ottawa. 

Gale has shown that for every integer k =m there exists a convex polyhedron in E having k 
vertices such that every m of these are neighbourly. Gale’s proof is nonconstructive; a new con- 
structive proof is given based on the properties of systems of polynomials over (0, 1). 

N. G. GuNDERSON, Secretary 


JUNE MEETING OF THE PACIFIC NORTHWEST SECTION 


The annual meeting of the Pacific Northwest Section of the MAA was held at Wash- 
ington State University, Pullman, Washington, on June 19, 1964. Approximately 120 
people attended the meeting of which 62 were members of the section. K. S. Ghent pre- 
sided over the business meeting which followed the noon luncheon. The following officers 
were elected for the coming year: Chairman, H. E. Chrestenson of Reed College; Vice- 
Chairman, S. A. Jennings of Victoria University, and Secretary-Treasurer, L. H. McFar- 
lan of the University of Washington. 

Following invitations from Professor Moursund and Jennings, it was decided that the 
annual meeting of the section for 1965 would be held at the University of Oregon at 
Eugene, Oregon and that of 1966 at the University of Victoria, Victoria, British Colum- 
bia. Professor Ghent announced that A. T. Lonseth of Oregon State University would be 
the new section governor. The retiring governor, D. C. Murdoch reported on the activi- 
ties of the Board of Governors for the past three years. 

The program meeting started with an hour address by Roy Dubisch of the University 
of Washington. He reported on the work of Educational Services Incorporated in devel- 
oping a modern mathematics program in Africa. 

The morning session of the meeting was completed by a Symposium on CUPM 
Recommendations for the Training of Elementary School Teachers. This was moderated 
by Wilfred Barnes of Washington State University. Speakers were: Mrs. Nancy Corrick, 
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elementary school teacher from Spokane; S. A. Jennings, formerly of the University of 
British Columbia, and Robert A. Willson, Supervisor of Mathematics Programs for 
Washington State Department of Education. 

The afternoon program consisted of the following three papers. The first two were 
part of the SIAM program which was held in conjunction with the meeting of the section. 


1. Methods and extensions of Liapunov theory, by R. J. Roth, Boeing Company. 


2, Symmetry and significance in mathematics, D. S. Carter, Oregon State University. 

The paper emphasized the relationship between the symmetry groups of mathematical struc- 
tures and the logically significant relations within the structure. Under reasonable definitions of 
logically significant, every logically significant relation is invariant under the symmetry group of 
the structure. Conditions are discussed under which the converse holds. These ideas serve to explain 
Klein’s Erlangen program. These are especially important in applications, where one must know 
which relations of the mathematical model are significant to the application. 


3. Complete residue systems in the gaussian integers, J. H. Jordanand C. J. Potratz, Washington 
State University. 

The congruence a-+07 is an equivalence relation. The following are representations for the set 
of equivalence classes: (1) the set of lattice points x+-yi, 0S y<d, 0Sx<a?+6?/d, where d=(a, b); 
(2) two adjoining squares of lattice points with a? and b? points respectively; (3) a best representa- 
tion which in some manner has least absolute value, is composed of a square centered at the origin 
and four triangles attached to the side at appropriate places; (4) a generated representation for 
76 from given representations for y and 6. The division algorithm is a.corollary to (3). 

L. H. McFaran, Secretary 


CUPM PUBLICATIONS 


The following publications may be obtained free of charge by writing to: CUPM 
Central Office, Post Office Box 1024, Berkeley, California 94701. 

Report No. 1—Five Conferences on the Training of Mathematics Teachers. 

Report No. 3—The Production of Mathematics Ph.D.’s in the U. S—Revised. 

Report No. 7—Ten Conferences on the Training of Teachers of Elementary School 
Mathematics, Fall 1962. 

Report No. 8—Annual Report, August 1962—August 1963. 

Report No. 9—Ten Conferences on the Training of Teachers of Elementary School 
Mathematics, Fall 1963. : 

Report No. 10—Annual Report, August 1963—August 1964. 

Reports No. 2, 4, 5, and 6—Discontinued. 

Recommendations for the Training of Teachers of Mathematics (A Summary). 

Course Guides for the Training of Teachers of Junior High and High School Mathema- 
tics. 

Course Guides for the Training of Teachers of Elementary School Mathematics (Prelimi- 
nary Report). 

Recommendations on the Undergraduate Mathematics Program for Engineers and Physi- 
cists. 

Recommendations on the Undergraduate Mathematics Program for Work in Computing. 

Preiminary Recommendations for Pregraduate Preparation or Research Mathemati- 
c1ans. 

Tentative Recommendations for the Undergraduate Mathematics Program for Students in 
the Biological, Management and Social Sciences. 

Study No. 1—A Catalogue Survey of College Mathematics Courses. 

Study No. 2—Mathematics Text Materials for the Undergraduate Preparation of 
Elementary School Teachers. 

CUPM Baste Library List. 
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CALENDAR OF FUTURE MEETINGS 
Forty-eighth Annual Meeting, Denver-Hilton, Denver, Colorado, January 28-30, 


1965 


Forty-sixth Summer Meeting (Fiftieth Anniversary Celebration), Cornell University, 
Ithaca, New York, August 30-September 2, 1965. 

The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY MOUvuNTAIN, Carnegie Institute of 
Technology, Pittsburgh, May 1, 1965 
ILLINOIS, Southern Illinois University, Car- 

bondale, May 14-15, 1965. 
INDIANA 
Iowa, University of Dubuque, Dubuque, April 
23, 1965. 
Kansas, Washburn University, Topeka, April 
10, 1965. 

KENTUCKY, Eastern Kentucky State College, 
Richmond, Spring, 1965. 
LovuIstIaNa-MIssissipPt, Biloxi, 
February 12-13, 1965. 
MARYLAND-DISTRICT OF COLUMBIA- VIRGINIA 

METROPOLITAN NEw YorxK 

MICHIGAN, University of Michigan, Ann Arbor, 
March, 1965. 

MINNESOTA 

Missouri, University of Missouri, Columbia, 
Spring, 1965. 

NEBRASKA, Nebraska Center for Continuing 
Education, Lincoln, April 30—-May 1, 1965. 

NEw JERSEY 


Mississippi, 


NORTHEASTERN 

NORTHERN CALIFORNIA, College of San Mateo, 
February 6, 1965. 

OHIO 

OKLAHOMA, University of Arkansas, Fayette- 
ville, Spring, 1965. 

Paciric NORTHWEST, University of Oregon, 

Eugene, June 18, 1965. 

PHILADELPHIA 

Rocky Mountain, The Colorado School of 
Mines, Golden, Colorado, Spring, 1965. 

SOUTHEASTERN, Wake Forest College, Winston 
Salem, North Carolina, April 9-10, 1965. 

SOUTHERN CALIFORNIA, Claremont Men’s Col- 
lege, March 13, 1965. 

SOUTHWESTERN, Arizona State University, 
Tempe, Spring, 1965. 

Texas, Texas Christian University, 
Worth, April 9-10, 1965. 

Upper New York STATE, Colgate University, 

Hamilton, May 15, 1965. 
WISCONSIN 


Fort 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, Montreal, December 
26-31, 1964. 

AMERICAN MATHEMATICAL SocrIETy, Denver, 
Colorado, January 26-29, 1965. 

AMERICAN SOCIETY FOR ENGINEERING Epuca- 
TION, Illinois Institute of Technology, Chi- 
cago, June 21-25, 1965. 

ASSOCIATION FOR COMPUTING MACHINERY, 


Cleveland, August 24-26, 1965. 

CENTRAL ASSOCIATION OF SCIENCE AND MATHE- 
MATICS TEACHERS, Chicago, November 25— 
27, 1965. 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Sheraton-Mount Royal Hotel, 
Montreal, December 30, 1964. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Boston, Mass., May 6-7, 1965. 
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A Selection of recent Wiley and 
Interscience books for mathematicians 


STATISTICS and EXPERIMENTAL 
DESIGN 


In engineering and the physical sciences 
in two volumes 

By NORMAN JOHNSON, University of 
North Carolina; and FRED LEONE, Case 
Institute of Technology. A Wiley Publi- 
cation in Statistics. Vol. I: 1964. 523 
pages. $10.95. Vol. 2: 1964. 399 pages. 
$11.50. 


A PROGRAMMED INTRODUCTION 
to NUMBER SYSTEMS 


By IRVING DROOYAN and W. H. HADEL, 
both of Los Angeles Pierce College. Espe- 
cially appropriate for elementary teachers. 
1964. 261 pages. $3.95. 


ELEMENTS OF NUMERICAL ANALYSIS 


By PETER HENRICI, Eidgendssische Tech- 
nische Hochschule, Zitrich. Based on the 
author’s well-known ‘Lecture Notes on 
Elementary Numerical Analysis.” 1964. 
328 pages. $8.00. 


ORDINARY DIFFERENTIAL 
EQUATIONS 


By PHILip HARTMAN, The Johns Hopkins 
University. Emphasizes theory and quali- 
tative discussion of differential inequali- 
ties and linear second behavior of solu- 
tions. 1964. 612 pages. $20.00. 


An INTRODUCTION to the FUNDA- 
MENTAL CONCEPTS OF ANALYSIS 


By WILLIAM E. HARTNETT, Harvard 
University. Communicates the ideas of an- 
alysis to persons with a minimal back- 
gtound in mathematics. 1964. 154 pages. 
$6.95. 


ASYMPTOTIC SOLUTIONS of DIFFER- 
ENTIAL EQUATIONS and THEIR AP- 
PLICATIONS ; 
Proceedings of a Symposium Conducted 
by the Mathematics Research Center, US. 
Army, at the University of Wisconsin, 
May, 1964. 

Edited by CALVIN H. Wi.cox, University 
of Wisconsin and Mathematics Research 
feos" U. S. Army. 1964. 249 pages. 

4.95, 


APPLIED COMBINATORIAL 
MATHEMATICS 

Edited by EDWIN BECKENBACH, Univer- 
sity of California, Los Angeles. A publi- 
cation in the University of California En- 
gineering and Physical Sciences Extension 
Series. 1964. 608 pages. Prob. $13.50. 


DIFFERENTIAL EQUATIONS of 
MATHEMATICAL PHYSICS | 
By N. S. KosHLyakov, Moscow. Trans- 
lated from the Russian. A North-Holland 
(Interscience) Book. 1964. 701 pages. 
$21.00. 


ELPHYMA TABLES 

Compiled by ERK INGELSTAM and STIG 
SJOBERG. Tables, Formulas and Nomo- 
grams within Mathematics—Physics— 
Electricity and Electrotechnology. 1964. 
99 pages. $3.50. 


MONTE CARLO METHODS 

By J. M. HAMMERSLEY, Oxford Univer- 
sity Institute of Economics and Statistics, 
and D, C. HANDScOMB, Oxford Univer- 
sity Computing Laboratory. 1964. 178 
pages. $4.75. 


PROBLEMS in MODERN 
MATHEMATICS 

By S. M. ULaM. A Science Editions Paper- 
back. $1.45. 


JOHN WILEY & SONS, Inc., 605 Third Avenue, New York, N.Y. 10016 


SELECTIONS 
FROM 
TWO 


FAMOUS 
SERIES 


Intermediate .. . 


INTRODUCTION TO LINEAR ALGEBRA 


Frank M. Stewart, Brown University 


This modern introductory text is designed to meet students’ 


difficulties with the language and logic of mathematics. 
Stressing logic in use, not in isolation, it provides a natural 
introduction to the abstract axiomatic methods character- 
istic of mathematics today. 1963, 296 pages, $7.50 


NAIVE SET THEORY 


Paul R, Halmos, University of Michigan 


Written for the prospective mathematician 
whose main interest is in concrete mathe- 
matical objects, this text discusses the 
basic facts of set theory with a minimum 
of philosophical discourse and logical for- 
malism. 1960, 111 pages, $3.50 


INTRODUCTION TO 
MATHEMATICAL LOGIC 


Elliot? Mendelson, Queens College 


Rapid, concise, and rigorous, this survey 
provides an acquaintance with impor- 
tant results of modern logic such as Gé- 
del’s theorems, Church's theorem, unde- 
cidable theories, and consistency of the 
axiom of choice. 1964, 310 pages, $7.25 


THE STRUCTURE OF THE 
REAL NUMBER SYSTEM 


Leon W. Cohen and Gertrude Ehrlich, both 
of the University of Maryland 


A systematic and detailed construction of 
the real number system that includes a 
brief introduction to the basic notions of 
set theory, natural numbers, integers, ra- 
tional numbers, real numbers, and com- 
plex numbers. The text is intended for a 
one semester college course in founda- 
tions of analysis. 1963, 124 pages, $4.25 


INTRODUCTION TO 
TOPOLOGY 


Maynard J. Mansfield, Purdue University 


Here is a text that includes most of the 
basic topological facts relevant to a first 
course in the theory of functions, follows 
the definition—theorem—proof style, yet 
succeeds in bringing topology to the un- 
dergraduate level. 1963, 126 pages, $4.50 


LECTURES IN PROJECTIVE 
GEOMETRY 


Abraham Seidenberg, University of 
California, Berkeley 


Building upon the familiar background of 
high school geometry, this text goes on 
to discuss far more difficult points. It is in- 
tended for a year-long sequence which 
begins with synthetic projective geometry 
and the introduction of coordinates, and 
is followed by analytic projective geom- 
etry. 1962, 240 pages, $6.50 


INTRODUCTION TO LOGIC 


Patrick Suppes, Stanford University 


This original system of first order logic 
approximates typical informal proofs in 
mathematics and science. Emphasizing 
the transition from formal to informal 
proofs, it explains the relevance of logic 
to scientific inquiry. 1957, 330 pages, $6.75 


VAN NOSTRAND 
120 ALEXANDER ST. 


PRINCETON, N.J. 


FINITE MARKOV CHAINS 


John G. Kemeny and J. Laurie Snell, both of Dartmouth College 


In this first English exposition, one of the most modern 
branches of probability theory is developed with a mini- 
mum of mathematical prerequisites. The text is suitable as 
an undergraduate textbook and as a reference volume. 


1959, 224 pages, $6.00 


REAL ANALYSIS 


Edward James McShane and Truman Botts, 
both of the University of Virginia 


Here is a modern presentation of some 
widely useful parts of real function the- 
ory, general topology, and functional 
analysis. The book, for senior or gradu- 
ate students, gives a solid foundation for 
the study of any of the currently active 
fields of analysis. 1959, 288 pages, $6.60 


AXIOMATIC SET THEORY 


Patrick Suppes, Stanford University 


The system of Zermelo-Fraenkel is pre- 
sented carefully and in such a manner 
that the proofs can easily be fitted into a 
formal system of logic. A lucid chapter 
on the definition of the real numbers 
makes the book useful for courses on the 
Fundamental Concepts of Mathematics. 
1960, 277 pages, $6.00 


MEASURE THEORY 


Paul R. Halmos, University of Michigan 


This general and inclusive treatment of 
measure theory is outstanding for the 
range of its coverage although it begins 
at a level considerably more elementary 
than usual. Standard material and recent 
contributions of the French and Russian 
schools are presented. 1950, 320 pages, 
$7.75 


VAN NOSTRAND 
120 ALEXANDER ST. 


PRINCETON, N.J. 


SELECTIONS 
FROM 

TWO 
FAMOUS 
SERIES 


LECTURES IN ABSTRACT 
ALGEBRA 


Nathan Jacobson, Yale University 
Vol, | BASIC CONCEPTS 
A careful introduction to the notions and 
techniques of modern algebra. 195], 217 
pages, $6.95 
Vol. i! LINEAR ALGEBRA 
Elegant expositions and new ideas and 
techniques add interest to classical re- 
sults. 1953, 292 pages, $7.95 


Vol. ill THEORY OF FIELDS AND GALOIS THE- 
ORY 


The final volume emphasizes field theory 
and gives thorough treatments of real 
closed fields, Abelian extension fields, and 
the classical approach of Galois theory 
to the theory of equations. Here is a text 
of great value for work in algebraic num- 
ber theory and algebraic geometry. 1964, 
334 pages, $9.75 


LINEAR TOPOLOGICAL 
SPACES 


J. L. Kelley, University of California, Isaac 

Namioka, University of Washington, and co- 

authors. 
A study concerned explicitly with a linear 
space endowed with a topology such that 
scalar multiplication and addition are con. 
tinuous and invariants are sought relative 
to the class of all topological isomorph- 
isms. 1963, 271 pages, $8.00 


INTRODUCTION TO 
METAMATHEMATICS 


Stephen Cole Kleene, University of Wisconsin 
Here the reader is introduced to the latest 
investigations in the Foundations of Math- 
ematics. Previously unpublished results 
such as a treatment of relative recursive- 
ness are included. 1952. 550 pages, $12.75 


THE THEORY OF SHEAVES 


By RICHARD G. SWAN 


The theory of sheaves is a fundamental advanced branch of algebraic topol- 
ogy; the subject is closely connected with a number of other branches of 
mathematics using the techniques of homological algebra. This is the first 
volume in a new series, Chicago Lectures in Mathematics. 


160 pages, Paper $2.00 
A MODERN ALGEBRA FOR BIOLOGISTS 


By HOWARD M. NAHIKIAN with a Foreword by N. RASHEVSKY 


An advanced textbook which puts emphasis on the biological applications of 
contemporary algebraic theories. 212 pages $10.00 


CONTINUED FRACTIONS 


By A. YA. KHINCHIN 


This translation of a little book by a celebrated Russian mathematician is 
suited for young students with a beginning knowledge of mathematics, and 
might serve as a novel introduction to the field. Cloth $6.00 Paper $1.96 


THE CALCULUS: A GENETIC APPROACH 


By OTTO TOEPLITZ 
“Highly recommended for independent study, or as supplementary reading 
suggested to classes in introductory (or even advanced) calculus.”—rosert 
BREUSH, Amherst College Cloth $650 Paper $1.96 


THE UNIVERSITY OF CHICAGO PRESS 
Chicago and 
London 


Important new books from Holden-Day 


COUNTEREXAMPLES IN ANALYSIS, by Bernard R. Gelbaum, University of California, Irvine, and 
John M, H. Olmsted, Southern Illinois University 


Intended mainly for browsing, this unique book will also unify mathematical ideas by providing in- 
sights into analysis. Preceding every new topic is a summary of important ideas, definitions, and 
pitfalls encountered in the use of the theorems, and while the material is presented succinctly, it is 
complete and the reader will not get false impressions as to what can be done with the theorems. 
An excellent supplement to any standard text in advanced calculus or real analysis, much of the 
material will also be suitable for students who have not yet completed a first course in the calculus. 
It will be an invaluable aid in preparing for examinations for advanced degrees, and even the ma- 
ture experts will find much of the reading new and worthwhile. $7.95 


ELEMENTS OF GENERAL TOPOLOGY, by Sze-Tsen Hu, University of California, Los Angeles 


An introductory first course on general topology for advanced undergraduates and graduates in math: 
ematics, Basic concepts, fundamental properties and important constructions are emphasized in the 
first three chapters; the final three chapters present some more specific topological topics, which 
either have not yet appeared in book form, or have appeared only in advanced treatises—cellular 
polytopes, function spaces, and fundamental groups—which should be of interest to all mathemati- 
cians, and not simply to specialists in topology. $8.75 


ELEMENTARY ANALYSIS, by Richard F. McCoart, Malcolm W. Oliphant and Anne E. Scheerer, 
Georgetown University 


An introductory text providing a logical approach, rather than an intuitive “problems” approach to 
the basic concepts of the calculus. A number of topics, carefully selected, are treated thoroughly, 
with emphasis on accurate mathematical reasoning. Appropriate for course dealing with the ideas 
of the calculus for liberal arts students or the new curriculum teacher training, it can also be used as 
a first text in the usual calculus sequence for mathematics and science majors. $7.95 


HOLDEN-DAY, INC. 728 Montgomery Street, San Francisco 11, California 


1964 Additions to the 


Athena Series 


THE GAMMA FUNCTION 


Emil Artin, late of the University of Hamburg 
Translated by Michael Butler June 64 pp. $2.25 


RINGS AND HOMOLOGY 

James P. Jaas, University of Washington February 96 pp. $3.25 
PERTURBATION TECHNIQUES IN 
MATHEMATICS, PHYSICS & ENGINEERING 


Richard Bellman, Rand Corporation January 128 pp. $3.75 


COMBINATORIAL GEOMETRY IN 
THE PLANE 


Hugo Hadwiger and Hans Debrunner, University of Berne 
Translated by Victor Klee, University of Washington 


January 120 pp. $3.75 


Two Outstanding Texts... 
Lomena) ELEMENTS OF COMPLEX VARIABLES . 


Louis L. Pennisi, with the editorial assistance of Louis I. Gordon and = 
Sim Lasher, all of the University of Illinois, Chicago 


A first-course book on the theory of the functions of a complex vari- 
able (at senior or graduate level) giving rigorous proofs and practical 
applications. Satisfies the demands of both mathematics majors, and 
engineering and physics students. Especially notable are the strong 
treatment of elementary functions and residues, and a careful yet 
rigorous examination of the theory of flow in hydrodynamics. 


1963 480 pp. $7.50 


LINEAR PROGRAMMING 
Robert W. Llewellyn, North Carolina State College 


“This text appears to me to be the most comprehensive attack on the area 
of Linear Programming that I have seen. The author has done an excellent 
job of arranging and explaining material. It has a wealth of information and 
is a very useful text book. Prof. Max Carson, University of Arkansas 


January, 1964 384 pp. $9.00 
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383 Madison Avenue, New York, N.Y. 10017 


~~ In Canada: 833 Oxford Street, Toronto 18, Ontario 


recent & forthcoming math texts 

Elementary General Topology : : 
by Theral O. Moore, University of Florida; 1964, 174 pp., $5.95 

Partial Differential Equations of Parabolic Type 


by Avner Friedman, Northwestern University; 1964, 347 pp., 
$12.00 


Theory of Functions of a Complex Variable Vol. | 
Translated from the Russian by Richard A. Silverman. 
by A. I. Markushevich, Moscow State University and First Dep- 
uty Minister of Education of the RSFSR; January 1965, approx. 
480 pp., $12.00 


A First Course in Functional Analysis 
by Casper Goffman and George Pedrick, both of Purdue Uni- 
versity; January 1965, approx. 288 pp., $12.00 


Finite Functions 
by Henry Sharp, Emory University; January 1965, approx. 96 
pp., $3.95 


for approval copies, write: Box 903 


Prentice-Hall Inc., Englewood Clits, New J ersey 


To be published early in 1965 


MAA STUDIES IN MATHEMATICS 
Volume 3: Studies in Real and Complex Analysis 


Edited by I. I. Hirschman, Jr. 


Several complex variables H. J. Bremermann 
Nonlinear mappings between Banach spaces Lawrence M. Graves 
What is a semi-group? Einar Hille 
The Laplace transform, the Stieltjes transform and 

their generalizations I, I. Hirschman, Jr., and D. V. Widder 
A brief introduction to the Lebesgue-Stieltjes integral H. H. Schaefer 
Harmonic analysis Guido Weiss 
Toeplitz matrices Harold Widom 


Each MAA member may purchase one copy of each volume of the Studies at $2 
per volume. Volume 1: Studies in Modern Analysis and Volume 2: Studies in Modern 
Algebra have already been published. Orders with remittance should be sent to: 


Mathematical Association of America 
SUNY at Buffalo (University of Buffalo) 
Buffalo, New York 14214 


Additional copies and copies for non-members may be purchased at $4 per volume 
from: 
Prentice-Hall, Inc. 
Englewood Cliffs, New Jersey 07632 
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Elementary Logic 


BENSON MATES, Professor of Philosophy, University of California, Berkeley 


A new and rigorous introduction to elementary mathematical logic, with definitions carefully 
worked out. January 1965 272 pp. prob. $6.00 


Analytic Geometry and Calculus 


L. J. Apams, Santa Monica City College and Paut A. Wuire, University of Southern 
California 1961 944 pp. 317 figs. $9.75 


University Texts in the Mathematical Sciences 


Introduction to Hilbert Space 
S. K. BERBERIAN, State University of Iowa 1961 216 pp. $6.50 


Probability and Statistical Inference for Engineers 
Cyrus DERMAN and MorTON KLEIN, Columbia University 1959 144 pp. $4.25 


Rudiments of Algebraic Geometry 
W. E. JENNER, University of North Carolina 1963 126 pp. paperbound $2.95 


Spectral Theory 


EpGAR R. Lorcu, Barnard College, Columbia University 1962 158 pp. $5.50 


Introduction to Real Functions and Orthogonal Expansions 


BELA 8z.-NAGy, The University of Szeged, Hungary. In preparation 


Random Processes 
Murray ROSENBLATT, University of California, San Diego 1962 218 pp. $6.00 


Introduction to the Theory of Queues 
Lajyos TaKAcs, Columbia University 1962 278 pp. $7.50 


Oxford University Press / 417 Fifth Avenue, New York, N.Y. 10016 


An Introduction 
to Modern Mathematics 


By NATHAN J. FINE, Pennsylvania State University 


A basic, introductory text with a balanced selection of topics and 
exercises for both natural science and social science students. 


The text emphasizes fundamental concepts rather than tech- 
niques and manipulation, and discusses logic, set theory and mathe- 
matical models as the basic ideas in use throughout the book. 
Linear algebra is not merely computational but based on the 
fundamental idea of linear mapping between vector spaces. Numer- 
ous exercises, ranging from fairly easy to challenging, provide 
theory applications for both continuing and terminal students. 


This highly organized, well-developed book is flexibly structured 
so that chapters may be rearranged to suit individual purposes. 
Proofs and even whole chapters may be conveniently omitted, yet 
the book does not consist of capsulated topics but rather of well- 
integrated units. The accompanying Teacher’s Manual contains 
complete solutions to all problems of any difficulty. 


AN INTRODUCTION TO MODERN MATHEMATICS pro- 
vides the thoroughness and flexibility necessary for college or 
advanced high school introductory mathematics courses. 


CONTENTS: 

Chapter 1 — Logic 

Chapter 2 — Set Theory 

Chapter 3 — Axiom Systems 

Chapter 4 — The Real Numbers 

Chapter 5 — Linear Algebra 

Chapter 6 — Analytic Geometry 

Chapter 7 — Measure, Area, and Integration 
Chapter 8 — Limits, Continuity, and Differentiation 
Chapter 9 — Prebability 


Spring 1965 530 pages c. $8.50 


A RUSSIAN PI FROM HEATH 


TRANSLATIONS 
FROM THE 
RUSSIAN 


Under the direction of 
Alfred L. Putnam and 


Izaak Wirszup 
Both of 
The University of Chicago 


TRANSLATIONS FROM THE RUS. 
SIAN is a series of paperbound booklets 
translated and adapted from the Russian 
series Popular Lectures in Mathematics. 
The booklets make available supple- 
mentary material that furthers mathe- 
matical knowledge and development at 
various levels. 


Already—this first-rate series has evoked 
an enthusiastic response from instruc- 
tors! The booklets are recognized as 
helpful aids in teaching and as excel- 
lent material for use in seminars and 
mathematics clubs. 


A SPECIAL DISCOUNT! 


Every volume in the TRANSLATIONS 
FROM THE RUSSIAN Series may be 
purchased with the added advantage of 
a special professional discount: 


15% from list 
20% from list 
25% from list 
30% from list 
35% from list 


D. C. HEATH 


AND COMPANY 


Englewood, N.J. 67631 
San Francisco 94105 


1 to 9 titles 

10 to 24 titles 

20 to 49 titles 

90 to 99 titles 
100 or more titles 


Boston 02116 
Chicago 60616 
Atlanta 30303 
London W.C. 1 


Dallas 75201 


Toronto 2-B 


Available Titles 


CONFIGURATION THEOREMS 

WHAT IS LINEAR PROGRAMMING? 

EQUIVALENT AND EQUIDECOMPOS.- 
ABLE FIGURES 

MISTAKES IN GEOMETRIC PROOFS 

PROOF IN GEOMETRY 

INDUCTION IN GEOMETRY 

COMPUTATION OF AREAS OF ORIENTED 
FIGURES 

AREAS AND LOGARITHMS 

SUMMATION OF INFINITELY SMALL 
QUANTITIES 

HYPERBOLIC FUNCTIONS 

HOW TO CONSTRUCT GRAPHS and 
SIMPLEST MAXIMA AND MINIMA 
PROBLEMS 

THE METHOD OF MATHEMATICAL 
INDUCTION 

ALGORITHMS AND AUTOMATIC 
COMPUTING MACHINES 

AN INTRODUCTION TO THE THEORY 
OF GAMES 

THE FIBONACCI NUMBERS 

Each Volume $1.40 


MULTICOLOR PROBLEMS $1.65 

PROBLEMS IN THE THEORY OF 
NUMBERS $2.35 

RANDOM WALKS $2.00 


Coming Soon 


CONVEX FIGURES AND POLYHEDRA 

EIGHT LECTURES ON MATHEMATICAL 
ANALYSIS 

GEOMETRIC CONSTRUCTIONS IN 
PLANE 

GEOMETRY OF THE STRAIGHTEDGE 
AND GEOMETRY OF THE COMPASS 

INFINITE SERIES 

ISOPERIMETRY 

PROBABILITY AND INFORMATION 


THE 


ee eee aes 


NEW BOOKS IN MATHEMATICS 


INTRODUCTION TO 


PROBABILITY AND STATISTICS 
—o | HENRY L. ALDER and 
: EDWARD B. ROESSLER 


University of California, Davis 


Third Edition, 1964, 313 pages, $6.00 


New material on nonparametric statistics and the inverse sine transformation are 
included in this timely revision of a widely adopted ‘‘non-calculus” statistics text. 
Like its previous editions, the book is appropriate for students with varied back- 
grounds in the natural and social sciences. Realistic graded exercises are chosen 
from such varied fields as agriculture, business administration, economics, home 
economics, psychology, sociology, geology, and the medical sciences. 


GEOMETRY AND ANALYSIS 
OF PROJECTIVE SPACES 


C. E. SPRINGER, University of Oklahoma 
1964, approx. 325 pages, $7.50 


In a unique elementary approach to projective geometry, the author introduces 
projective notions by means of interpretations in the euclidean plane, incorporating 
recent techniques from linear algebra and analysis. The material he assembles, 
never before contained in one volume, has previously been neglected in most 
mathematics courses. This new text will be of particular importance to high school 
geometry teachers in N.S.F. courses, as well as college students of analytic projec- 
tive geometry. 


CONTENTS—Homographies in One Dimension / Geometry of Points on 
a Line / Geometry and Invariants / Homogeneous Coordinates in Two 
Dimensions / Homography in Two Dimensions / Geometry in the Pro- 
jective Plane / Collineations and Correlations in the Plane / The Conic / 
Non-Euclidean Geometries / Higher-Dimensional Geometry. 


ar W. H. FREEMAN AND COMPANY 


660 Market St., San Francisco 4, Calif. / Warner House, 48 Upper Thames St., London E.C.4 


Ay for the introductory courses 


New! CaucuLus with ANALYTIC GEOMETRY 
Edwin J. Purcell, University of Arizona 


Rigorous enough to challenge the best student . . . lucid 
and. interesting enough to stimulate the average student, 
this new text features thorough coverage of vectors in 
two- and three-dimensional spaces. Set theory is intro- 
duced early and set notation is used where appropriate. 
All important definitions are prominently labeled, num- 
bered and displayed for easy reference. April, about 800 
pp., illus., $9.50 (tent.) 


ELEMENTARY Concepts OF MoDERN MATHEMATICS 
Flora Dinkines, University of Illinois 
This introduction to abstract mathematical reasoning and the axiomatic 


approach is available in a single hardbound volume (404 pp., illus., 
$6.50) or separately, paperbound, as follows: 


ELEMENTARY THEORY OF SETS (Part I) 190 pp., illus. $2.45 


ii TN TO MATHEMATICAL LOGIC (Part II) 100 pp., 
1.45 


ABSTRACT MATHEMATICAL SYSTEMS (Part III) 90 pp., illus. 
$1.45 


MopERN Basic MATHEMATICS 


Hobart C. Carter, Mary Washington College of the 
University of Virginia 

With emphasis on theory rather than technique, this 
introductory text provides a secure background in mathe- 
matics, proceeding from an elementary introduction to 
set theory and mathematical systems through chapters 
on polynomial calculus, conic sections, and solid analyti- 
cal geometry. 466 pp., illus., $6.50 


APPLETON-CENTURY-CROFTS 
440 Park Avenue South, New York 10016 


Division of Meredith Publishing Company 


wy \ Forthcoming from Harper & Row 


18||17 


CONCEPTS of CALCULUS, Votume 1 
A. H. Lighistone 


In this unified, introductory treatment of calculus, elementary set ideas and 
set notation are used throughout. Two themes dominate: the notion of a 
function (using a modern definition), and the notion of the limit of a 
sequence. To establish easily the properties of each, the circular functions, 
logarithms, and exponents are defined in the modern manner. The Mean 
Value Theorem is introduced early and used throughout. Composite func- 
tions are stressed, and the least-upper-bound property of real number sys- 
tems is utilized. An effort is made to motivate geometrically the notions of 
the derivative (introduced in terms of the “tangent to a curve” problem) 
and the definite integral (discussed in terms of the “area under a curve” 
problem). There is discussion of parametric functions and the techniques 
of polar coordinates, followed by some vector analysis. Many worked-out 
examples; ample exercises (with answers given to some) ; tables of impor- 
tant functions, including a computer-produced table of arctan. Due 


March 15. 


INTRODUCTION TO ALGEBRA 
Donald J. Lewis 


Designed for a two-semester, introductory yet rigorous course, the text 
begins at an elementary level and is essentially self-contained; however, it 
also includes material previously reserved for graduate courses and can 
be used at the first-year graduate level. Topic arrangement emphasizes the 
unity of algebra and presents algebraic structures in a natural fashion. The 
central theme is mappings; decomposition theorems are highlighted. Each 
new concept is motivated from earlier work, and analogies are noted. The 
text teaches the language and techniques of algebra so that the student can 
handle algebraic arguments with ease. Emphasis is on reader participation 
in proving results. Numerous examples and exercises. Proofs are given only 
when they entail new ideas or techniques; involved proofs are reduced to a 
sequence of lemmas. Due March 15. 


49 East 33d Street, New York 10016 


Allyn and Bacon, Inc. 


Richard E. Johnson, 

University of Rochester, 

and 

Fred L. Kiokemeister, 

Mt. Holyoke College 

Walter Leighton, 

Western Reserve University 
Harry F. Davis, 

University of Waterloo, Ontario 


Joseph Landin and 
Norman T. Hamilton, 
both of the University of Illinois 


Abraham P. Hillman 
and 

Gerald L. Alexanderson, 
both of the 
University of Santa Clara 


J. Houston Banks, George 
Peabody College for Teachers, 
and F, Lynwood Wren, San 
Fernando Valley State College 


Myron H. White 


Donald S. Russell, 
Ventura College 


J. Houston Banks, 
George Peabody College 
for Teachers 


Robert H. Oehmke, 
Michigan State University 


[1] CALCULUS 


CALCULUS WITH ANALYTIC GEOMETRY 
Third Edition 

1964 798 pp. List $11.50 

CALCULUS 

1959 634 pp. List $9.95 

CALCULUS 

1958 373 pp. List $6.95 


FOURIER SERIES AND ORTHOGONAL FUNCTIONS 
1963 403 pp. List $8.95 

INTRODUCTION TO VECTOR ANALYSIS 

1961 359 pp. List $8.50 

SET THEORY AND THE STRUCTURE OF ARITHMETIC 
1961 264 pp. List $7.75 


[] COLLEGE MATHEMATICS 


ALGEBRA AND TRIGONOMETRY 
1963 514 pp. List $7.95 


FUNCTIONAL TRIGONOMETRY 
1961 327 pp. List $5.95 


ELEMENTS OF ALGEBRA 
1962 514 pp. List $7.75 


REFRESHER MATHEMATICS 


ELEMENTARY ALGEBRA FOR COLLEGE STUDENTS, 
Revised 

1961 385 pp. List $4.75 

ELEMENTARY ALGEBRA, Second Edition 

1963 316 pp. List $5.95 


[] SURVEYS 


ELEMENTS OF MATHEMATICS, Second Edition 
1961 465 pp. List $7.75 


FUNDAMENTALS OF COLLEGE MATHEMATICS 
1963 397 pp. List $7.95 


For your examination copies, please write fo. 


ARTHUR B. CONANT, Dept. E 


ALLYN AND BACON » COLLEGE DIVISION. 


150 Tremont Street, Boston, Massachusetts 02111. 
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LECTURES ON ELEMENTARY 
NUMBER THEORY 


By Hans Rademacher, New York University 


Assuming no prior knowledge of number theory, the author leads 
the reader to the fundamental theorems of number theory, the 
uniqueness of prime factorization and the reciprocity law of quad- 
ratic residues. The arrangements of the Farey sequences, the at- 
tachment of the quadratic reciprocity law to investigations in 
cyclotomy, which start with the Gaussian construction of the 17- 
gon, and Dirichlet’s theorem about primes in an arithmetic pro- 
gression and V. Brun’s theorem on twin primes are all included. 


1964, 160 pages. $6.50 


PROJECTIVE GEOMETRY 
by H. S. MacDonald Coxeter, University of Toronto 


Presenting a synthetic treatment of general projective geometry, 
stressing relations of incidence and projective transformations, 
this text is intended for a one-semester college course. 


1964. 176 pages. $5.00 


MATHEMATICS: The Study of Axiom Systems 


by George E. Witter, Western Washington State 
College 


The purpose of this book is to provide an insight into fundamental 
concepts of mathematical thought at an elementary level; the book 
teaches the meaning of mathematics, leaving questions of applica- 
tion to other books. 


1964. 300 pages. $6.50 


DIFFERENTIAL EQUATIONS 
by Shepley Ross, University of New Hampshire 


This introduction to basic methods, theory, and applications of 
differentia] equations can serve either as a first or second course, 
with the early part being used as review material. Special features 
include sections on approximate numbers, the fundamental theory 
of the nth order linear equation. 


1964. 608 pages. $10.00 


Prices and publication dates are subject to change without notice. 


Blaisdell Publishing Company 
135 West 50th Street, 

New York, N. Y.. | 

A division of GINN & COMPANY 


Blaie 


G 


SIGNIFICANT McGRAW-HILL WORKS 


PLANE TRIGONOMETRY WITH TABLES, Third Edition 
By E. RICHARD HEINEMAN, Texas Technological College. 324 pages, $5.95. 


This revision of a successful text emphasizes analytic trigonometry; however, complete 
coverage is given to the solution of triangles. Designed for college freshmen or secondary 
school courses, it is slanted toward the needs of students who will continue in mathe- 
matics, at least through calculus. 


FUNDAMENTAL STRUCTURES OF ALGEBRA 


By GEORGE D. MOSTOW, Yale University; J. H. SAMPSON and JEAN-PIERRE MEYER, 
both of Johns Hopkins University. 588 pages, $8.95. 


Presents in one volume all of the modern algebra required for students entering under- 
graduate science and engineering studies. Early chapters are designed for students with 
no math training beyond high school. Basic concepts of algebra are developed system- 
atically through an axiomatic approach. 


INTRODUCTION TO FORTRAN: A Program for Self-Instruction 
By STEPHEN C. PLUMB, IBM. 192 pages, $5.50 (cloth), $3.50 (soft cover). 
In an average of 16 hours a student can learn the basic information needed to write 


computer programs, using the FORTRAN II system designed for the 704/709/7090 family 
of computers. 


DIFFERENTIAL GEOMETRY 
By HEINRICH GUGGENHEIMER, University of Minnesota. McGraw-Hill Series in Higher 
Mathematics. 378 pages, $12.50. 


In this senior-graduate level text, the author presents local differential geometry as an 
application of advanced calculus and linear algebra. From a minimum of geometric 
background, the book offers a rigorous, modern development, successfully presenting 
classical problems with modern methods. 


ADVANCED CALCULUS, Second Edition 


By R. CREIGHTON BUCK, University of Wisconsin. International Series in Pure and Applied 
Mathematics. Available in January. 


A careful revision of an extremely successful text for the standard junior-senior course. 
Presents a modern treatment of the fundamentals of analysis in a form which emphasizes 
both structure and technique, and which will help students in mathematics and the 
sciences to achieve mathematical maturity. 


SYMBOLIC LOGIC AND LANGUAGE: A Program for Self-Instruction 
By JAMES DICKOFF and PATRICIA JAMES, both of Yale University. Available in February. 


Develops a formal system of sentential logic using the natural deduction procedures sim- 
ilar to those of Professor Fitch's: the “subordination-proof method.” The book shows the 
system's relationship to language analysis and problem solving, which are among the 
most basic and most generally applicable skills of intelligence. 


EXAMINATION COPIES AVAILABLE ON REQUEST 


McGRAW-HILL BOOK COMPANY 


330 WEST 42ND STREET / NEW YORK, N. Y. 10036 


Construct your mathematics courses around these 
class-tested volumes from MACMILLAN 


A SURVEY OF MODERN ALGEBRA, Third Edition 


by Garrett Birkhoff, Harvard University, 

and Saunders Mac Lane, University of Chicago 

Since 1941 this book has been the leading text for sophisticated courses in modern algebra, and 
this edition has been thoroughly modernized to include new problems and a revised chapter on 
Boolean algebra and lattices. 1965, approx. 500 pages, prob. $9.00 


A BRIEF SURVEY OF MODERN ALGEBRA, Second Edition 


by Garrett Birkhoff, and Saunders Mac Lane 


A condensed version of the first eleven chapters of the above book. Each chapter is less extensive 
than its counterpart in the larger book, and this new edition includes discussion of Boolean al- 
gebra and lattices. Terms have been added and updated and problems modified. 1965. approx. 
300 pages, prob. $7.00 


INTRODUCTION TO MATHEMATICAL STATISTICS, Second Edition 


by Robert V. Hogg and Allen T. Craig, both University of Iowa 


All the basic probability theory and elementary distribution theory is presented in the first three 
chapters, while the rest of this advanced-level text discusses the theory of limiting distributions 
and the theory of multivariate normal distribution. Statistical inference is fully explored. 
Allendoerfer Advanced Series, 1965, approx. 385 pages, $8.00* 


APPLIED BOOLEAN ALGEBRA: AN ELEMENTARY INTRODUCTION 


by Franz E. Hohn, University of Illinois 


Develops Boolean algebra fully and independently for three major applications: as a model of 
combinational relay circuitry, propositional logic and logic circuits, and the algebra of the sub- 
sets of a set. Allendoerfer Undergraduate Series, 1960, 159 pages, paper, $2.95* 


MODERN ALGEBRA WITH TRIGONOMETRY 
by John T. Moore, University of Florida 


A modern, concise introduction intended primarily for courses in beginning algebra and trig- 
onometry. The subject matter is largely traditional, and all parts reflect the recent attempt to 
modernize the introductory mathematics curriculum and prepare the student for calculus as 
soon as possible. Allendoerfer Undergraduate Series, 1964, 352 pages, $5.75 


THEORY OF NUMBERS, Second Edition 


by B. M. Stewart, Michigan State University 


This new edition includes expanded materia] on mathematical induction, and new chapters 
have been added on homogeneous quadratic Diophantine equations and Egyptian fractions. 
The second half introduces the mature student to abstract algebra by means of examples based 
on number theory. 1964, 383 pages, $8.50 


ELEMENTARY PRACTICAL STATISTICS 
by A. L. O’Toole, Drake University 


Composed in a simple, direct style, this book gives students a meaningful and useful familiarity 
and appreciation of the statistical method as it applies to practical human problems. Designed 
for a first course in statistics. Allendoerfer Undergraduate Series, 1964, 416 pages, $7.95 


INTRODUCTION TO PROBABILITY THEORY 


by James R. McCord, III, Esso Research Center, 
and Richard M. Moroney, Jr., Consulting Mathematician 


A brief introduction that rapidly develops those elementary parts of the theory of probability 
which are fundamental to the study of statistics, stochastic processes, operations research, game 
theory, chemical reaction engineering, and other fields. Allendoerfer Mathematics Series, 1964, 
232 pages, $6.50 


Write to Judith Wight for complimentary or approval copies. 


*Indicates book sent on 30-day approval. Under MACMILLAN’S new ‘‘30-day approval 
plan,”’ a book is billed only if you decide not to adopt it, but wish to keep a personal copy. 


THE MACMILLAN COMPANY 60 Fifth Avenue, New York 10011 
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AHEART, A. N. The mathematics curriculum of 
the junior colleges, colleges and universi- 
ties in West Virginia 1962-63, 82-85. 

ANDERSON, V. L. See Wilkinson, J. W. 

BALDWIN, GEORGE. See Crouch, Ralph. 

BROTHER EDWARD DANIEL. Abstract of report 
on mathematics in the Catholic high school, 
202. 


CroucH, RALPH and BALDWIN, GEORGE. 
Mathematics for elementary teachers, 203. 

Davis, R. B. Report on the Syracuse Univer- 
sity-Webster College Madison Project, 
306-308. 

DEssART, D. J. Characteristics and service 
loads of mathematics and science teach- 
ers, 550-552. 


1964] 


GARSTENS, HELEN L. Mathematics for the ele- 
mentary education major at the Univer- 
sity of Maryland, 547-550. 

Jounson, D. A. A methods course for mathe- 
matics teachers, 1035-1038. 

LIVERMORE, A. H. Science in the primary 
grades, 85-87. 

Marston, HELEN M. The Rutgers program for 
retraining in mathematics for college 
graduate women, 1130-1131. 

MasAn!, P. The basis of mathematical mis- 
education in the Indian universities, 671- 
676. 

PEDOE, DANIEL. The mathematical tripos and 
mathematical education in Great Britain, 
666-670. 

Por, R. L. A college program in mathematics 
for elementary school teachers, 79-81. 
ROSENBLOOM, P. C. Minnesota mathematics 
and science teaching project (MINNE- 

MAST), 421-422. 


An appeal from CUPM, 82. 

Career choices, 552. 

College attendance by Mu Alpha Theta mem- 
bers, 679. 

Course content work in engineering, 1040-1041. 

Course content work in Stanford, 792. 

Courses for elementary teachers in Kentucky, 
910. 

Curriculum and demonstration, 910-911. 

Curriculum evaluation, 1040. 

Final report on NASDTEC-AAAS studies, 426. 

Goals for school mathematics, Cambridge 
Conference, 196-199. 

Law of inertia, 792. 

Manpower problems in teaching, 199-202. 

Marshall Stone in India, 678-679. 

NSF cooperative college—school science pro- 
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SCHAUER, C. H. Grants for staff in small col- 
leges, 790-791. 

SCHEID, FRANcIS. The polaris mathematics 
program, 422-424, 

SISTER HELEN CLARE. An observation of teach- 
ing methods, 1038-1039, 

SPIRA, ROBERT. NSF summer institutes for 
high school students, 87-89. 

Stuspss, R. T. A higher remedial program, 
907-909. 

Turner, N. D. Whither mathematics contest 
winners?, 425-426. 

WILKINSON, J. W. and ANDERSON, V. L. Com- 
ments on Coddington’s paper on scholastic 
aptitude tests, 676-678. 

Witcox, A. B. Pregraduate training in mathe- 
matics, A report of a CUPM Panel, 1117- 
1129. 

Wirszup, Izaak. The fourth international 
Mathematical Olympiad for students of 
European communist countries, 308-316. 

YouneG, G. S. The Ph.D. class of 1951, 787-790. 


gram grants for 1964, 426-427, 

National science seminars, 203-204. 

New federal support for vocational education, 
427-428. 

New mathematics teacher training programs at 
Clemson College, 909. 

Overseas educational service, 910, 

Plans for new films and filmstrips, 428. 

Programmed learning, 305. 

School and college enrollments 1973, 1131. 

Science talent search, 553. 

Society of women engineers, 792. 

Study of accreditation in teacher education, 
428-429, 

Summer institutes in India, 678. 

Young mathematicians honored, 1040. 


PROBLEMS AND SOLUTIONS 


EDITED By E. P. STARKE, Bloomfield College 


COLLABORATING Epirors: J. BARLAz, Rutgers—The State University; L. Carurtz, 
Duke University; H. S. M. Coxeter, University of Toronto; H. Eves, University of 
Maine; A. E. LivincsTon, University of Alberta; and A. WILANSKy, Lehigh University. 


PROBLEMS PROPOSED 


Ambrose, D. P., 1132, 1132. Baugh, J. R., 326. 
Andras, Gyarfas, 680, Bergman, George, 923. 
Arkin, Joseph, 1133. Bojanic, Ranko, 216, p16. 
Assmus, -, Jr., 1041. Bookstein, F. L., 

Barnes, E. "Ro. 042, Bourgin, D. G., 


Barry, P. D., 99. 
Bateman, P. T. 215. 


Batson, Lewis, 440. Briggs, W. E., 


Brenner, J. L., 32 7. 
Breusch, Robert, iy. 


Brillhart, J. D., 794. 

Burr, E. ‘J., 325. 

Carlitz, L., 327, 440, 562, 689, 802. 
Carlson, David, 217. 


047 Caskey, R. L., 494, 


Chatterji, S. D., 99. 
Cigler, Johann, 301. 
Cloud, J. D., 794. 
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Cohen, D. I. A., 555, 681, 794, 912. 
Cohen, Martin, 801. 

Conley, Charles, 99. 

Coxeter, H. S. M., 1133. 
Dakkah, Yasser, 1133. 
Daykin, D. E., 430. 
Denniston, D. H., 326. 
Denny, J. L., 923. 

Djokovic, D. Z., 326, 326. 
Duemmel, James, 561. 
Duncan, D. C., 316. 

Ehrhart, Eugene, 429. 
Emerson, William, 1042. 
Engel, Arthur, 90, 205. 
Erickson, D. B., 90. 

Evans, Carl, 326. 

Feinman, Roy, 554. 
Fitzgerald, Robert, 216. 
Flanders, Harley, 555. 

Fort, M. K., Jr., 1047. 
Franklin, S. P., 326. 
Franklin, Stanley, 99. 

Fried, Michael, 680, 1042, 1133. 
Frink, Orrin, 217. 

Galbraith, A. S., 99. 
Gallego-Diaz, Jose, 91. 
Gemignani, Michael, 91, 793. 
Goldman, A. J., 90, 793. 
Gould, H. W., 

Govindarajulu, Ze 1046. 
Graham, R. L., 325, 794. 
Greenberg, Ralph, 90, 205, 555, 561, 


681. 
Gross, Oliver, 801. 
Guggenheimer, H. W., 441, 911. 
Hahn, Hwa &., 912. 
Hajek, Otomar, 690. 
Hayes, D. R., 561. 
Hayman, W. K., 99. 
Head, T. J., 561, 1138. 
Hersh, Reuben, 317. 
Heuer, G. A., 90. 
Heyda, J. F., 1046. 
Himmelfarb, A., 99. 
Hirschman, I. I., Jr., 1046. 
Hoffman, Stephen, 680. 
Horn, W. A., 1138. 


Abad, J. C., 433. 

Ackermans, S. T. M., 445. 

Aheart, A. N., 558, 915. 

Albert, R. G., 794, 1137. 

Al-Salam, W. A., 324. 

Ashby, Neil, 431. 

Baker, I. N., 217, 219, 328, 563. 

Baldwin, J. W., 320. 

Barnert, Nyles, 681. 

Barnes, E. R., 319. 

Barron, Randy, 321. 

Bergman, George, 208, 223, 566, 570, 
804. 

Bergman, G. M., 105, 330, 334. 

Bicknell, Marjorie, 96. 

Bizley, M. T. 7 205. 

Bloom, D. M., 919. 

Blundon, W. J., 558, 560, 1055. 

Boas, R. P., Jr., 565. 

Boersma, J. 331. 

Bonney, W. H., 97. 

Bosch, A. J., 329. 

Bowen, Robert, 926, 1141. 

Brenner, W. R., 914. 

Bruecks, W. J... 328. 

Breusch, Robert, 446, 447, 564. 

Brown, T. C., 212. 

Burton, Robert, 1135. 

Buschman, R. G., 694. 

Cardoso, J. M., 921. 

Carlitz, Leonard, 93 207, 222, 
566, 797, 924 1051, 

Casson, A. J., 927. 

Chow, H.L., "559, 

Chowla, Sarvadaman, 686, 914. 


565, 
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Horner, J. M., 440. 

Ivanoff, V. F., 794. 

Jackson, R. F., 679. 

Jacobson, R.A., 430. 

Jolly, R. F., 793. 

Just, Erwin, 90, 430, 911, 1041, 1047, 


Kaczynski, T. J., 689. 

Kass, Seymour, 91. 
Khayyam, Omar, Jr., 554, 1041. 
Killgrove, R. B., 680. 
Kitamura, Tai-Ichi, 205. 
Koh, Kwangil, 216, 440. 
Kugelmass, Joel, 801. 

Lajos, Sandor, 99. 

Langford, E. S., 1133. 
Langman, Harry, 553. 

Lass, Harry, 317. 

Lazer, A. C., 440. 

Lee, E. A., 430. 

Lind, Douglas, 680, 1047. 
Livingston, A. E., 217. 

Luh, Jiang, 922. 

MacCluer, C. R., 802. 
Machuca, Raul, 912. 
Makowski, Andrzej, 317. 
Marcus, Marvin, 1047. 
Marcus, Solomon, 802, 1137. 
Mavinkurve, M. D., 1138. 
Mavrigian, Gus, 1041. 
McLaughlin, T. G., 326. 
Minty, G. J., 205. 

Mullin, A. A., 1138. 
Newman, D. J., 561, 562, 1138, 
Nicol. C.A., 204, 317. 
Nix, E. D., 689. 

Nulton, J. D., 326. 
Oppenheim, Alexander, 317, 326, 
Parker, F. D., 430. 

Peacock, Harold, 1132. 
Pedoe, Daniel, 430. 

Peleg, Bezalel, 689. 
Peterson, Jon, 555. 
Petersen, B., 1047. 

Philipp, Stanton, 793. 
Potter, J. E., 216, 317. 
Rajagopalan M., 802. 


PROBLEMS SOLVED 
Cigler, Johann, 101. 


Cohen, D. I. A., 318, 325, 433, 436, 


918, 925. 
Cohen, M. J., 914. 
Comstock, Craig, 437. 
Crain, K. W., 95. 
Cullen, C. G., 436. 
Danese, A. E., 682. 
Darling, J. F., 211. 
Davies, R. O.. 696. 
Davis, A. S., 1140. 
Dawson, D. Py 1133. 
Dean, D. W., 691. 
de Doelder, P, J., 931, 1141. 
Demir, Hiiseyin, 683. 
Demos, M. S., 800, 915. 
Diderrich, George, 799. 
Domber, J. S., 319 
Dubisch, Roy, 637. 
Dudley, R. M., 563. 
Duemmel, James, 1048, 
Eby, E. s., 556. 
Eggleton, R. B., 913. 
Ellis, E. L., 330. 
Ellis, J. W., 1044. 
Erdiés, Paul, 804. 
Erickson, D. B., 450. 
Feltmacher, J. J., Jr., 805. 
Fine, N. J., 104, 1042, 1045, 
Flanders, Harley, 694, 
Foster, J. H., 209. 
Frank, Evelyn, 437. 
F ranklin, Philip, 681. 
Fried, Michael, 683. 
Galvin, Fred, 808. 


{December 


Ramaley, J. F., 680. 
Redheffer, R. M., 689, 923. 
Rejto, Peter, 99, 

Reynolds, J. B., 554. 

Roberts, J. B., 439. 

Roselle, D. P., 680. 

Rosenfeld, Azriel, 90, 205, 429, 555, 


912. 
Rubel, L. A., 215. 
Ruderman, H. D., 204. 
Ryff, J. V., 440. 
Salhab, M. T., 1132. 
Schaumberger, Norman, 430, 
1041, 1137. 
Schneider, Hans, 924. 
Seidman, T. I., 689. 
Servedio, F. J., 554. 
Shapiro, H. &., Fra 441, 562. 
Shepp, L. A., 561, 1138. 
Silverman, D. L., 91, 555. 
Singmaster, David, 680. 
Singmaster, Geralda, 680. 
Sinkhorn, Richard, 430. 
Smith, F. C., 911. 
Spira, Robert, 562, 912. 
Struble, R. A., 317. 
Sullivan, Herbert, 1047. 
Thompson, gregory, 99. 
Thompson, W. A., Jr., 7 
Thorp, E. O., 302. 
Torchinelli, Guy, 317. 
Truenfels, Peter, 99. 
Ucoluk, Necdet, 1047. 
Uppuluri, V. R. Rao, 429. 
Vaidya, A. M., 923. 
van der Vaart, H. R., 923. 
Van Rhijn, J. C., 317, 911. 
Vein, P. R., 217. 
Warner, Seth, 98. 
Weinstein, Alan, 923. 
Weiss, Guido, 1046. 
Wilansky, A., 561, 690, 802. 
Williams, K. S., 204. 
Wilson, D. G., 205. 
Wimp, Jet, 912. 
Winter, Jack, 680. 
Wolk, Barry, 204. 
Wyler, Oswald, 690. 


911, 


Gentile, E. R., 567. 
Geschke, C. M., 688, 
Glaser, Anton, 556. 
Glasser, M. L., 930. 
Glicksman, A. M., 555. 
Goldberg, Michael, 436, 1052, 1136. 
Goldstein, Myron, 683. 
Goldstone, L. dD. {* 
Gould, H. W., 
Greenberg, Raion, 210, 322, 445, 
799, 929, 1049. 
Greenwood, R. E., 1044, 
Groenewoud, Cornelius, 96, 
Guggenheimer, H., 327. 
Hansen, Eldon, 448, 683. 
Hartman, W. J., 683. 
Hawthorne, Frank, 318. 
Heinen, L. R., 
Heller, ‘Sidney, 104, 447, 
Herbert, R. J., 681. 
Hersh, Reuben. 500. 
Heuer, G. A., 450, 1049, 
Hickman, J. C., 683. 
Hood, R. T., 557. 
Isbell, J. R. 1142. 
Jackson, W. D., 798, 
Jacobson, R. A., 92. 
just, Erwin, 683, 916. 
Kay, D. C., 206. 
Kazarinoff, N. D., 913. 
Keeping, E. S., 103. 
Kesarwani, R. N., 918, 
Kexel, D. T., 681. 
Khandekar, P.R., 449. 
King, L. R., 1139. 


1964] 


Kirmser, P. G., 1051. 
Klamkin, M. &., 208, 213. 
Knebelman, M. S., 100. 
Koekoek, J., 931. 

Kohls, C. W., 1050. 

Koler, Alex, 322. 

Kramer, Kenneth, 800. 

Laatsch, Richard, 1143. 

Langford, E. S., 921, 1046. 

Larson, L. C., 795. 

Leland, K. O., 799. 

Lessner, Lawrence, 212. 

Leuenberger, F ranz, 559. 

Lieberman, A. I., 

Lipman, Joe, 804. 

Livingston, A. E., 97, 214, 434. 

Mack, Cornelius, 684, 

Mack, S. I., 

Magnuson, e ae 557, 684. 

Makowski, Andrzej, 95, 

Marcus, Solomon, 331. 

Marsh, D. C. B., 91, 213, 321, 434, 
437, 438, 560, 560, 796, 798, 916, 
1046, 1 136. 

Merritt, Michael, 681. 

Meyers, L. F., 799, 

Montague, Stephen, 929, 1048. 

Moody, R. V., est: 

Muller, P. N., 

Murdeshwar, Me G., 683, 929. 

Nearing, James, 214. 

Nebb, Jack 1134. 

Newcomb, R. W., 806. 

Newman, Irving, 210. 
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Nixon, Dave, ve 1143. 
Nolan, P. R., 44, 

Olson, F. R., 

Osofsky, Barbara Li 926. 

Paris, H. A. D., 569. 

Pascual, M. J., 559, 

Patenaude, Robert, 210. 

Perié, Veselin, $30, 806. 

Pervin, W. J., 

Philipp, Stanton, 08, 323, 559, 681, 


Pietenpol, J. L., 214, 931, 1139. 
Fownall, M. W., 558. 

Pratte, L. J., 921, 

Pryce, J. D., 569. 

Reid, W. T., 328. 

Rhoades, B. "E., 687. 
Ringenberg, L. "A., 207. 
Robinson, S. M.. ia, 683, 1054. 
Roseman, J.Jj., 

Rush, Ralph, B36, 

Sally, Paul, Jr., 

Schaumberger, Nonman, 683, 916. 
Scheinok, Perry, 683. 

Schmitt, F. G., Jr., 1135. 
Schoenberg, I. J., 332, 695. 
Schoenfield, Joseph, 929. Wilkins, J. E., Jr., 323. 

Schnare, P. S., 562. Williamson, Jack, 917. 

Scoville, Richard, 105. Wyler, Oswald, 221, 439, 683, 688, 
Seidman, T. I., 565. 693, 929. 

Zassenhaus, Hans, 219. 

Zeitlin, David, 323, 917. 
Zeltmacher, J. J., Jr., 1139. 


Singer, Arnold, 435, 

Sioson, » 557. 

Sinkhorn, Richard, 1134. 

Smith, R. Aw 686 

Spiegel, M. ., 571. 

Stone, W. Me “435, 917, 918. 

Stout, John, 56 8. 

Straus, E. G., 807. 

Suryanarayana, D., 690. 

Suvorov, Fred, 568. 

Szegé, Gabor, 928. 

Tabbe, Rudolf, 914. 

Thompson, Rory, 556. 

Tolman, L. K., 918, 

Ungar, Peter, 4 442, 

Vaidya, A. M., 686, 914., 1045. 

Venter, Gary, 681 

Vogel, Julius, 97. 

Wahab, Jim, 916, 1143. 

Warner, Seth, 929. 

Waterhouse, W. C., 95, 224, 320, 
323, 434, 449, 682, 693, 1043, 1050. 

Weinmann, A., 691. 

Welsh, P. J., 681. 

Whipple, K. E., 803. 

Wilansky, A., 319. 


Sholander, Marlow, 683. 
Sigley, D. T., 1139. 
Silverman, D. L., 96, 210, 1137. 


SOLUTIONS 


Numbers in boldface type refer to problems, those in lightface, to pages. 


E-1020, 430, E-1571, 91. E-1572, 92. E-1573, 93. 
E-1575, 95. 
E-1578, 97. 
205. 


E-1574, 94. 
E-1577, 


E-1580, 98. E-1531, 


E-1655, 1045. E-1656, 1134. E-1657, 1134. 


E-1533, 
E-1536, 
E-1530, 
E-1592, 
E-1595, 
E-1598, 
E-1601, 
E-1604, 
E-1607, 
E-1610, 
E-1613, 
E-1616, 
E-1619, 
E-1622, 
E-1625, 
E-1628, 
E-1631, 
E-1634, 
E-1637, 
E-1640, 
E-1643, 
E-1646, 


E-1649, 
E-1652, 


796. 
799. 
800. 
914. 


917. 
921. 
1043. 


_ E-1584, 
. E-1587, 
_ E-1590, 
_ E-1593, 
. E-1596, 
. E-1599, 
. E-1602, 
. E-1605, 
. E-1608, 
. E-1611, 
. E-1614, 
_ E-1617, 
. E-1620, 
_ E-1623, 
_ E-1626, 
. E-1629, 
. E-1632, 


E-1635, 
E-1638, 
E-1641, 
E-1644, 
E-1647, 


E-1650, 


209. 
212. 
214. 
319. 
321. 
323. 
433. 
436. 
437. 
555. 
557. 
559. 
560. 
682. 
684. 
687.* 
795. 
797. 
799. 
913. 
915. 
918. 
921. 


E-1576, 96. E-1658, 1135. E-1659, 1136. E-1660, 1137. 
E-1579, 97. 58023, 217. 5027, 441. 5047, 100. 5050, 327. 
E-1582, 207. 5052, 328. 5055, 328. 5056, 562. 5068, 101. 
E-1585, 210. 5069,* 102. 5070, 103. 5071, 442. 5072, 103. 
E-1588, 213. 5073, 104. 5074, 105. 5075, 105. 5076, 218. 
E-1591, 318. 5077, 219. 5079, 229. 5080, 220. 5081, 222. 
E-1594, 320. 5082, 1048. 5083, 328. 5084, 223.* 5085, 223. 
E-1597, 322. 5086, 329. 5087, 330: 5088, 330.* 5089, 331. 
E-1600, 324. 5090, 332.* $091, 334, 5092, 444. 5093, 445, 
E-1603, 434. 5094, 445. 5095, 446. 5096, 447. 5097, 447. 
E-1606, 436. 5098, 563. 5099, 448. 5100, 449. 5101, 564. 
E-1609, 438. 5102, 564. 5103, 565. 5104, 566. 5108, 567. 
E-1612, 556. 5106, 568. 5107, 568. 5108, 569. 5109, 569. 
E-1615, 558. 5110, 570. 5111, 690. 5112, 691. 5113, 691. 
E-1618, 560. 5114, 693, 5115, 693. 5116, 694. 5117, 694. 
E-1621, 681. 3118, 695. 5120, 696. 5121, 805. $122, 806. 
E-1624, 683. 5123, 806. 5125, 807. 5126, 808. 5127, 809. 
E-1627, 686. 5128, 924. 5129, 925. 5130, 926. 5131, 926. 
E-1630, 688. 5132, 927, 5133, 929. 5134, 929. 5135, 929. 
E-1633, 795. 5136, 930. 5137, 931. 5138, 1048, 5139, 1048, 
E-1636,. 798. 5140, 1049. 5141, 1050. 5143, 1050. 
E-1639, 800. 5144, 1051. 5146, 1052. 5147, 1054. 
E-1642, 914. 5148, 1054. 5149, 1055. 5150, 1139. 
E-1645, 917. 5152, 1139. 5153, 1139. 5154, 1140. 5155, 
E-1648, 919. 1141. 5156, 1141. 5157, 1142. 5158, 1143. 


E-1651, 1042. 
E-1653, 1044. E-1654, 1044. 


5159, 1143. 


* See also pp. 1133, 802, 803, 804. 
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RECENT PUBLICATIONS AND PRESENTATIONS 


EpITED By R. A. RosensBAuM, Wesleyan University 
COLLABORATING EpiTors: K. O. May, University of California, Berkeley 
and E. P. VANCE, Oberlin College 


BRIEF MENTION 
112-113, 345-347, 584, 710-712, 942-944 


Names of authors are in ordinary type, those of reviewers in capitals. 


Agnew, Ralph P., Analytic Geometry and Cal- 
culus, with Vectors, R. C. STEWART, 810- 
811. 

Akhiezer, N. I. The Calculus of Variations, 
L. M. GRAVES, 224-225. 

Allen, R. G. D. Basic Mathematics, Davin 
ROSEN, 699-700. 

Alt, Francis L. and Rubinoff, Morris, Advances 
in Computers, LEON LEVINE, 579-580. 
Amir-Moéz, A. R. and Fass, A. L. Elements of 

Linear Spaces, 1. H. Ross, 230. 

Anderson, Kenneth W. and Hall, Dick Wick, 
Sets, Sequences and Mappings: The Basic 
Concepts of Analysis, BURROWES HUNT, 
454. 

Arden, B. W. An Introduction to Digital Com- 
puting, E. J. SELIGMAN. 933. 

Auslander, L., Green, L. and Hahn, F, Flows 
on Homogeneous Spaces, ROBERT ELLIs, 
702. 

Auslander, L. and MacKenzie, R. E. Introduc- 
tion to Differentiable Manifolds, J, R. 
Munxres, 1059. 

Azra, J, P. See Vourgne, R. 

Ball, Richard W. Princtples of Abstract Algebra, 
Louris WEISNER, 451. 

Banbury, J. and Maitland, J. (Editors). Pro- 
ceedings of the Second International Con- 
ference on Operational Research, H. J. 
MIsER, 107. 

Bartee, Thomas C., Lebow, Irwin L. and Reed, 
Irving S. Theory and Design of Digital 
Machines, LEON LEVINE, 581, 

Behnke, Heinrich and Sommer, Friedrich. 
Theorie der analytischen Funktionen einer 
komplexen Verdnderlichen, E. C. SCHLEs- 
INGER, 576-577. 

Bellman, Richard. A Brief Introduction to 
Theta Functions, FRITZ STEINHARDT, 228- 
229. 

Bergman, Stefan. Integral Operators in the 


Theory of Linear Partial Differential 
Equations, A. M. Waite, 706-707. 

Blumenthal, Leonard M. A Modern View of 
Geometry, C. E. SPRINGER, 339-340. 

Bos, H. C. See Tinbergen, J. 

Bourbaki, N. Eléments de Mathématique, Livre 
I and IJ, F. Haro, 814-815. 

Brenner, J. L. Problems in Differential Equa- 
tions, HARRY POLLARD, 939, 

Bruck, R. H. See MacLane, Saunders. 

Burger, Ewald. Introduction to the Theory of 
Games, A. G. AZPEITIA, 934-935. 

Carman, Robert A. A Programmed Introduction 
to Vectors, K. O. May, 811. 

Cesari, L. Asymptotic Behavior and Stability 
Problems in Ordinary Differential Equa- 
tions, A. B. FARNELL, 1063. 

Cohen, L. W. and Ehrlich, G. The Structure of 
the Real Number Systesm, J. B. ROBERTS, 
1061. 

Cohn, Harvey. A Second Course in Number 
Theory, S. CHOWLA, 1058. 

Cooley, W. W. and Lohnes, P. R. Multivariate 
Procedures for the Behavioral Sciences, 
D. R. BRILLINGER, 345. 

Corson, D. and Lorrain, P. Introduction to 
Electromagnetic Fields and Waves, E. L. 
Hm, 229. 

Courant, R. and Hilbert, D. Methods of Mathe- 
matical Physics, P. G. BERGMANN, 338. 
Criswell, J., Solomon, H. and Suppes, P. 
Mathematical Methods in Small Group 

Processes, J. L, SNELL, 341. 

Crowell, R. H. and Fox, R. H. Introduction to 
Knot Theory, H. F. TROTTER, 1146. 

Crowell, R. H. and Williamson, R. E. Calculus 
of Vector Functions, R. C. JAMES, 335-336. 

Cs4zsar, Akos. Foundations of General Topology, 
J. C. Taytor, 1144. 

Csdzsér, Akos. Grundlagen der allgemeinen 
Topologie, J. C. Taytor, 1144. 


1964] 


Curtis, C. W. See MacLane, Saunders. 

David, F. N. Games, Gods and Gambling, G. B. 
THOMAS, JR., 452-453. 

Davis, Harold T. The Summation of Series, 
M.S. RAMANUJAN, 109. 

. Introduction to Nonlinear Differential 
and Integral Equations, P. E. BEDIENT, 1056. 

Delachet, André. Contemporary Geometry, C. E. 
SPRINGER, 338-339, 

Deutsch, Ralph. Nonlinear Transformations of 
Random Processes, A. V. BALAKRISHNAN, 
339, 

Dice, S. F. See Smith, W. K. 

Dynkin, E. B. Theory of Markov Processes, 
Harry HocusTapt, 231. 

Ehrlich, G. See Cohen, L. W. 

Elsgolc, L. E. Calculus of Variations, L. M. 
GRAVES, 224-225. 

Entwisle, Doris R. Auto-Primer in Computer 
Programming, DONALD TARANTO, 1062. 
Epstein, D. B. A. Cohomology Operations. 
Lectures by N. E. Steenrod, F. P. PETER- 

SON, 106. 

Erdélyi, A. Operational Calculus and General- 
ized Functions, H. W. Gould, 574. 

Esterman, T. Complex Numbers and Functions, 
M. M. ScuHirrer, 110-111. 

Farrell, O. J. and Ross, B. Solved Problems: 
Gamma and Beta Functions, Legendre 
Polynomials, Bessel Functions, E. D. RAIN- 
VILLE, 1063. 

Fass, A. L. See Amir-Moez, A. R. 

Fishback, W. T. Projective and Euclidean 
Geometry, B. E. MESERVE, 811. 

Fisz, Marek. Probability Theory and Mathe- 
matical Statistics, W. H. WILLIAMS, 939. 
Flanders, Harley. Differential Forms with Ap- 
plications to the Physical Sctences, F. E. J. 

LINTON, 1064. 

Ford, L. R., Jr. and Fulkerson, D. R. Flows in 
Networks, FRANK HARARY, 1059-1060. 
Forrester, Jay W. Industrial Dynamics, G. L. 

THOMPSON, 226. 

Fort, M. K., Jr. Topology of 3-Manifolds and 
Related Topics, M. W. H1rscu, 702. 

Fox, L. Numerical Solution of Ordinary and 
Partial Differential Equations, H. Potyarp, 
938. 

Fox, R. H. See Crowell, R. H. 

Franklin, Philip. Compact Calculus, N. D. 
KAZARINOFF, 940. 

Freeman, Harold. Introduction to Statistical 
Inference, ANDREW STERRETT, 932. 
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Friedman, Avner. Generalized Functions and 
Partial Differential Equations, MURRAY 
WACHMAN, 816. 

Friedman, Bernard. Notes on Intrinsic Calculus, 
Parts I and II, MALcoLM Gotpman, 935, 

Fulkerson, D. R. See Ford, L. R., Jr. 

Funk, Paul. Variationsrechnung und ihre 
Anwendung in Physik und Technik, A. H. 
FRINK, 932-933. 

Galler, Bernard A. The Language of Computers, 
H. K. Rices, 705. 

Gerretsen, Johan C. H. Lectures on Tensor 
Calculus and Differential Geometry, AARON 
FIALKOW, 696-697. 

Glicksman, Abraham M. An Introduction to 
Linear Programming and the Theory of 
Games, A. G. AZPEITIA, 819. 

Gnedenko, B. V. and Khinchin, A. Ya. An Ele- 
mentary Introduction to the Theory of Prob- 
ability, G. B. THomas, JR., 703. 

Grabbe, E. M., Ramo, 8. and Woolridge, D. E. 
Handbook of Automation, Computation and 
Control, vol. 3, J. D. RUTLEDGE, 230. 

Green, L. See Auslander, L. 

Guest, P. G. Numerical Methods of Curve Fit- 
ting, NATHANIEL Macon, 941. 

Guggenheimer, Heinrich, Differential Geometry, 
ALICE T. SCHAFER, 1057-1058. 

Hadley, G. Linear Programming, J. F. Hart, 
815. 

Hahn, F. See Auslander, L. 

Hahn, Wolfgang. Theory and Application of 
Liapunov's Direct Method, J. P. LASALLE, 
697-698. 

Hall, Dick Wick. See Anderson, Kenneth W. 

Halmos, P. R. Algebraic Logic, DONALD Monk, 
708-709. 

Handel, Paul von. Electronic Computers: Sys- 
tems, and Applications, F. J. Murray, 710. 

Hartman, S. and Mikusinski, J. The Theory of 
Lebesgue Measure and Integration, BER- 
NARD EPSTEIN, 225-226. 

Helgason, Sigurdur. Differential Geometry and 
Symmetric Spaces, C. B. ALLENDOERFER, 
336, 

Hilbert, D. See Courant, R. 

Hilton, Alice Mary, Logic, Computing Machines 
and Automation, J. HARTMANIS, 940, 

Hoffman, Kenneth, Banach Spaces of Analytic 
Functions, G. P. JOHNSON, 819-820. 

. Fundamentals of Banach Algebras, 

F. E. J. Linton, 936-937. 
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Horst, Paul. Matrix Algebra for Social Scien- 
tists, I. H. Rose, 575-576. 

Iverson, K. A Programming Language, E. K. 
Buu, 1146. 

Jackson, J. D. Mathematics for Quantum Me- 
chanics, ERNEST IKENBERRY, 108. 

Jacobson, Nathan. Lie Algebras, I. N. HER- 
STEIN, 571-572. 

Jerusalem Academic Press. Proceedings of the 
International Symposium on Linear Spaces, 
Ky Fan, 342-343. 

Jones, Burton W. Elementary Concepts of 
Mathematics, Second Edition, WINIFRED 
ASPREY, 457. 

Kaplan, Wilfred. Operational Methods for 
Linear Systems, R. E. KALABA, 340-341. 

Kemeny, John G. and Snell, J. Laurie. Mathe- 
matical Models in the Social Sciences, I. H. 
Rose, 576. 

Khinchin, A. Ya. See Ghedenko, B. V. 

Kleinfeld, Erwin. See MacLane, Saunders. 

Kopal, Zdenek. Numerical Analysis, R. S. 
VaRGA, 107. 

Krasovskii, N. N. Stability of Motion, J. K. 
HALE, 701. 

Kuratowski, K. Introduction to Calculus, R. C. 
MyoLsneEss, 111-112. 

. Introduction to Set Theory and Topol- 
ogy, STEPHAN HOFFMAN, 342. 

Land, Frank. The Language of Mathematics, 
Howarp EvEs, 575. 

Lang, Serge. Introduction to Differentiable Mant- 
folds, J. W. Gray, 582-584. 

. Diophantine Geometry, ARTHUR MaAT- 
TUCK, 1060. 

Lebow, Irwin L. See Bartee, Thomas C. 

Leitmann, G. Optimization Techniques with 
Applications to Aerospace Systems, E. K. 
BuLuM, 233. 

Lohnes, P. R. See Cooley, W. W. 

Lorain, P. See Corson, D. 

MacKenzie, R. E. See Auslander, I. 

MacLane, Saunders, Homology, F. E. J. Lin- 
TON, 818. 

MacLane, Saunders, Bruck, R. H., Curtis, 
C. W., Kleinfeld, Erwin, Paige, L. J. 
MAA Studies in Mathematics, N. H. 
McCoy, 809-810. 

Maitland, J. See Banbury, J. 

Mansfield, Maynard J. Introduction to General 
Topology, J. C. Taytor, 701. 

Maxwell, A. E. Analysing Qualitative Data, 
GRACE E. BATES, 813. 
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McCracken, Daniel D. A Guide to FORTRAN 
Programming, R. V. ANDREE, 109-110. 

.A Guide to ALGOL Programming, 1. 
FARKAS, 232. 

McNemar, Quinn, Psychological Statistics, 
Grace E. BATES, 812. 

Mikusinski, J. See Hartman, S. 

Milnor, J. Morse Theory, M. F. SmiLey, 936. 

Nagata, Masayoshi, Local Rings, R. E. JOHN- 
son, 705-706. 

Nering, E. D. Linear Algebra and Matrix 
Theory, P. W. CarrutH, 703-704. 

Nidditch, P. H. Russian Reader in Pure and 
Applied Mathematics, STEPHEN HOFFMAN, 
339. 

Niven, Ivan. Diophantine Approximations, 
W. E. Briaes, 710. 

Ogilvy, C. Stanley. Tomorrow’s Math, L. A. 
HOosTINSKY, 812. 

Olds, C. D. Continued Fractions, W. J. L&- 
VEQUE, 453-454. 

Organick, Elliott I. 4 FORTRAN Primer, 1. 
FARKAS, 231. 

Owen, Donald B. Handbook of Statistical 
Tables, F. L. Wotr, 455-456. 

Paige, L. J. See MacLane, Saunders. 

Pars, L. A. An Introduction to the Calculus of 
Variations, ALINE H. FRInxK, 709. 

Parzen, Emanuel. Stochastic Processes, A. V. 
BALAKRISHNAN, 1061. 

Pierce, J. R. Symbols, Signals, and Noise: The 
Nature and Process of Communication, 
Davip HarRAH, 227. 

Pipes, Louis A., Matrix Methods for Engineer- 
ing, A. B. FARNELL, 344. 

Popov, E. P. The Dynamics of Automatic Con- 
trol Systems, H. A. ANTOSIEWICZ, 337-338. 

Rainville, Earl D., The Laplace Transform: An 
Introduction, H.S. Bear, 454-455. 

Ramo, S. See Grabbe, E. M. 

Redish, K. A. An Introduction to Computia- 
tional Methods, G. H. GoLus, 1145. 

Riordan, John. Stochastic Service Systems, M. A. 
LEIBOWwITz, 700. 

Reed, Irving S. See Bartee, Thomas C. 

Reza, Fazlollah M. An Introduction to Informa- 
tion Theory, C. L. MALLows, 108-109. 
Roberts, J. B. The Real Numbers in an Algebraic 

Setting, STEPHEN HOFFMAN, 452. 

Rose, Israel H. Algebra: An Introduction to 
Finite Mathematics, H. E. CHRESTENSON, 
813-814. 

Ross, B. See Farrell, O. J. 


1964] 


Royden, H. L. Real Analysis, TRUMAN Botts, 
1057. 

Rubinoff, Morris. See Alt, Francis L. 

Selby, Samuel M. and Sweet, Leonard. Sets 
Relations Functions, BuRRowES Hunt, 
337. 

Shanks, Daniel. Solved and Unsolved Problems in 
Number Theory, W. J. LEVEQUE, 704. 
Sherman, Philip M. Programming and Coding 

Digital Computers, E. J. SELIGMAN, 934. 

Simmons, George F. Introduction to Topology 
and Modern Analysis, A. E. DANESE, 450. 

Smith, G. Milton. A Simplified Guide to Sta- 
tistics for Psychology and Education, 
GRACE E. BATEs, 813. 

Smith, W. K. and Dice, S. F. Modern College 
Mathematics, ARNOLD GRUDIN, 816-817. 

Smullyan, Raymond. Theory of Formal Sys- 
tems, H. E. KyBure, JR., 937-938. 

Snell, J. Laurie, See Kemeny, John G. 

Solomon, H. See Criswell, J. 

Sommer, Friedrich, See Behnke, Heinrich. 

Stein, F. Max. An Introduction to Vector Anal- 
ysts, J. L. BOTSFORD, 813. 

Stein, S. K. Mathematics: The Man-Made Uni- 
verse, HOWARD EVEs, 575. 

Stiefel, Eduard, An Introduction to Numerical 
Mathematics, J. G. HERRIOT, 1065. 

Suppes, P. See Criswell, J. 

Sweet, Leonard. See Selby, S. M. 

Szasz, G. Hinfiihrung in die Verbandstheorie, 
G. N. Raney, 698. 

Taylor, Howard E. and Wade, Thomas L. 
University Calculus, D. H. Battou, 817— 
818. 
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. Subsets of the Plane: Plane Analytic 
Geometry, D. H. BALLou, 817-818. 

Thurston, Hugh A. Calculus for Students of 
Engineering and the Exact Sciences, J. W. 
DETTMAN, 941. 

Tinbergen, J. and Bos, H. C. Mathematical 
Models of Economic Growth, EMMANUEL 
DRANDAE!IS, 455. 

Toeplitz, Otto. The Calculus, A Genetic Ap- 
proach, ROBERT BREuSsCcH, 572-574. 

Topics in Mathematics. Translations from 
Russian, 820-821. 

Vajda, S. Readings in Mathematical Program- 
ming, R. L. GRAVES, 577-578. 

Vekua, I. N. Generalized Analytic Functions, 
AVNER FRIEDMAN, 578-579, 

Vourgne, R. et Azra, J. P. Ecrits et Mémoires 
Mathématiques d’Evariste Galois, OvsTEIN 
ORE, 581. 

Wade, Thomas L. See Taylor, Howard E. 

Walker, Marshall. The Nature of Scientific 
Thought, R. C. MyoLsNness, 707-708. 

Weiss, Edwin. Algebraic Number Theory, C. R. 
Rieu, 1062. 

Williamson, R. E. See Crowell, R. H. 

Wolf, Frank L. Elements of Probability and Sta- 
tistics, ESTHER SEIDEN, 227-228. 

Woolridge, D. E. See Grabbe, E. M. 

Yaglom, A. M. An Introduction to the Theory of 
Stationary Random Functions, S. BOCHNER, 
572. 

Yaglom, I, M. Geometric Transformations, 
MELVIN HAUSNER, 232. 

Young, Hugh D. Statistical Treatment of Ex- 
perimental Data, F. L. Wotr, 456. 


MISCELLANEOUS 


Correction (Review 70 (1963) 686), 821. 

Editorial Note, 516. 

Correction (A. Khan, 70(1963) 736), 295. 

Correction (K. N. Majindar 70 (1963) 844), 
655, 


Queries, 78, 164. 

Sato, D., Query, 766. 

Sholander M., Electric by one volt, 786. 
Swifties, 71, 641, 754, 1103. 
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NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


PERSONAL ITEMS 
113-116, 233-236, 347-348, 457-458, 585, 712, 822-823, 944-945, 1065-1067, 1147-1148. 


GENERAL INFORMATION 


Arlington State College, 586. 

Editorial note of “Scientific American,” 1066— 
1067. 

Fellowship and research opportunities in 
mathematics, 1066-1067. 

Graduate summer session of statistics in the 
health sciences, 458. 

Holiday Mathematics Symposium 1964-1965, 
1148-1149. 

Langer receives Outstanding Civilian Service 
Medal, 824. 

Mathematics on Sunrise Semester, 824. 


Operations Research Society of America-Hawaii 
Meeting, 458. 

Society for Industrial and Applied Mathemat- 
ics, 348. 

Summer 1964 Research Participation, 237. 

Teacher Education Booklets Released by 
NCTM, 1149. 

University of Montreal—Séminaire de Mathé- 
matiques Supérieures, 585-586. 

University of Oklahoma, 586. 

University of Wisconsin— Milwaukee, 236. 


NECROLOGY 


Adkins, L. K., 712. 
Agard, H. L., 824. 

Allen, E. F., 458. 
Christman, Laura E., 117. 
Clair, H. S., 1148. 
Cochran, H. M., 1066. 
Davis, J. E., 1066. 
Davis, R. C., 236. 
Dines, L. L., 824. 
Dotterer, J. E., 713. 
Dustheimer, O. L., 585. 
Eggers, C. T., 1066. 
Evans, H. B., 1066. 
Fort, M. K., Jr., 1148. 
Fullerton, R. E., 117. 
Gaddum, J. W., 824. 
Gale, A. S., 1066. 
Garabedian, C. A., 236. 
Gosling, H. V., 236. 
Hattan, Corinne R., 713. 
Hazard, C. T., 348. 
Hazeltine, L. A., 945. 
Henderson, Archibald, 458. 
Kao, R. C. W., 824. 
Langman, Harry, 458. 


Lehmann, C. H., 585. 
Lewis, Florence P., 1148. 
Malan, June R., 824. 
McClellan, Ada A., 1148. 
McDonald, Sophia L., 458. 
Menke, H. E., 824. 
Meyer, H. A., 348. 
Miller, F. H., 585. 
Mitchell, B. E., 824. 
Molina, E. C., 945. 
Morris, Max, 824. 
Morris, R. L., 1066. 
Neelley, J. H., 824. 
Olson, H. L., 1148. 
Paxton, E. K., 1148. 
Rankin, W. W., 1148. 
Rasor, E. A., 824. 

Rine, T. E., 824. 

Salem, Raphael, 117. 
Siegel, Aaron, 348. 
Tajen, Joseph, 458. 
Terami, Takashi, 236. 
Tracy, J. I., 236. 

Wilks, S. S., 713. 

Yates, R. C., 458. 


REPORTS AND ANNOUNCEMENTS OF THE ASSOCIATION 
AND ITS SECTIONS 
MEETINGS AND ANNOUNCEMENTS OF THE ASSOCIATION 


Academic members elected into the Associa- 
tion, H. L. ALDER, 469, 1072. 
Acknowledgment, 1150-1151. 


Announcement of changes in the 1964- 
65 Combined Membership list, 717. 


1964] 


Appointment of MAA Representatives, H. L. 
ALDER, 590. 

The Chauvenet Prize, H. L. ALDER, 588-589. 

Cooperative Summer Seminar—1965, 825. 

CUPM Publications, 1075. 

Employment register, 587-588, 1073. 

Forty-fifth summer meeting of the Association, 
H. L. ALDER, 1067-1072. 

Forty-seventh annual meeting of the Associa- 
tion, H. L. ALDER, 459-464. 

New sectional Governors of the Association, 
825. 
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Officers and Committees as of February 1, 
1964, 465-469. 

Proposed Amendment to the By-laws of the 
MAA, H. L. ALpER, 588. 

Remuneration of authors for expository writ- 
ing, 826. 

Report of the Treasurer for the year 1963, 591. 

Representatives of the Association, 469. 

Sixth edition of Professional Opportunities in 
Mathematics, 826. 

William Lowell Putnam Mathematical Com- 
petition 1964, 825-826. 


MEETINGS OF ITS SECTIONS 


Illinois, May 1964, ARNOLD WENDT, 950-952. 

Indiana, October 1963, P. T. MIELKE, 237. 
May 1964, P. T. MIeLKE, 952-953. 

Iowa, April 1964, E. L. CANFIELD, 945-947. 

Kansas, April 1964, HELEN KRIEGSMAN, 947-— 
948. 

Kentucky, May 1964, W. C. Royster, 953. 

Louisiana-Mississippi, February 1964, Z. L. 
LoFLin, 715-716. 

Maryland-District of Columbia-Virginia, April 
1963, S. S. Sastaw, 713. December 1963, 
S. S. Sastaw, 713-715. May 1964, S. S. 
Saslaw, 954-956. 

Michigan, March 1964, J. H. POWELL, 827-828. 

Minnesota, November 1963, Murray BRADEN, 
349-350. May 1964, Murray BRADEN, 
956-957. 

Missouri, April 1964, Mary L. Cummincs, 834. 

Nebraska, May 1964, H. M. Cox, 838-839. 

New Jersey, November 1963, F. A. VARRICHIO, 
586-587. 

Northeastern, June 1963, R. S. Pieters, 117. 
November 1963, R. S. Preters, 350-351. 


Northern California, February 1964, B. J. 
LocKHART, 716-717. 
Ohio, December 1963, FostER Brooxs, 587. 
May 1964, Foster Brooks, 957-959. 
Oklahoma, April 1964, R. V. ANDREE, 1149- 
1150. 

Pacific Northwest, June 1964, L. H. MCFARLAN, 
1074-1075. 

Philadelphia, November 1963, V. V. LaTsHaw, 
351. 

Rocky Mountain, May 1964, Leora C. Hay- 
WARD, 959-961. 

Southeastern, March 1964, C. L. SEEBECK, JR., 
829-833. 

Southern California, March 1964, R. B. Har- 
RERA, 833-834. 

Southwestern, April 1964, E. L. WALTER, 
948-950. 

Texas, December 1963, C. R. SHERER, 826- 
827. April 1964, C. R. SHERER, 834-837. 

Upper New York State, May 1964, N. G. 
GUNDERSON, 1073-1074. 

Wisconsin, May 1964, E. F. WILDE, 839-840. 


PERSONAL INFORMATION 


The following persons presented papers at meetings of the Association and its Sections: 


Aczel, J., 833. 

Ahmad, Shair, 956. 
Al-Bassam, M. A., 836. 
Alder, H. L. 1067. 
Alin, J. S., 838. 
Albrecht, R. L., 960. 
Allgower, Eugene, 949, 
Anders, E. B., 715. 
Angotti, Rodney. 959. Blank, A. A., 587. 
Arena, F. J., Blattner, John, 833. 
Arterburn, D> RR. 949, Blum, J. R., 1069. 


Beaver, R. A., 1073. 
Bebernes, J. W., 9 


Begle, E. G., 716. 
Beyer, W H 
Bland, R. P. 


Bellman, Richard, 717. 
Bing, R. H., er 833, 838, 946, 951. 


Brock, Paul, 717. 


961. Brown, Cc. K., 351 
Bednarek, A. R., 831. 


Brown, E. E., 839. 
Brownawell, Dale, 947, 
Bruce, R. A., 961. 
Burger, A. F, 836. 
Burkholder, D. L., 952. 
Burr, I. W., 952. 
Busemann, "Herbert, 461. 
Butchart, J. H., 949. 
Campell, P. E., 830. 


Atchinson, T. A., 836. 
Aull, C. E., 959. 
Bagley, R. W., 832. 
Bailey, R. P., 713. 
Ball, R. W., 829. 
Barnett, I. A., 958. 
Bartel, G. E., 948. 
Barton, Brock, 827. 


Blumberg, Martin, 717, 


Bodenrader, J. c 117. 


Bolingbroke, J. R., 839. 


Boll, C. H., 835. 
Boulware, C. E., 832. 
Bourne, S. G., 829, 
Brand, Louis, 837. 
Brito, D. L., 716. 


Campuzano, Helen C., 839. 
Cannon, W. S., 830. 

Capel, C. E., 958. 

Carrier, G. F., 459. 

Carter, D. S., 1075. 
Castro, H. E., 713. 
Christilles, W. E., 826. 
Clarke-Carroll, F. M., 954. 
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Cohen, Haskell, 716. 
Cohen, Paul, 716. 
Cook, C. H., 1150. 
Copeland, A. H., Sr., 828. 
Cormier, Romae, 951. 
Correia, F. B., 713. 
Cox, H. M., 839. 

Cox, Raymond, 953. 
Coxeter, H. S. M., 350. 
Cude, Dan, 837. 
Cunningham, F., Jr., 351. 
Cutler, D. O., 949. 
Davis, Larry, 961. 
Davis, P. J., 713. 

Day, J ane, Maxwell, 832. 
Deal, R. 1150. 

Dillon, Thatdeus. 959. 
Dixon, L. J., 948. 
Downing, J. R., 951. 
Dulmage, A, L., 956. 
Dupree, D. E., 715. 
Durlis, C. S., 828. 

Dyer, J. A., 837. 

Earl, J. M., 839. 

Eaves, J. C., 953. 
Edmonds, Jack, 714, 
Edmondson, Don, 827. 
Eggleston, H. G., 461. 


Entringer, R. C., 948. 
Erickson, D. B., "350. 
Exner, R. M., 1073. 
Fettis, H. E., "959. 
Fine, N. J., 351. 
Fink, A. M., 838. 
Floyd, E. E., 1067. 


Foulls, D. J., 829. 
Friedman, Bernard, 1068. 
6. 


Germain, C. B., 957. 
Ghaffart, Abolghassem, 955. 
Gilbert, 7. D., 716. 
Gillespie, Frank, 834, 
Gleason, A. M., 459. 
Goffman, Casper, 953. 
Goldberg, Michael, 828, 955. 
Goldberg, Samuel, 1068. 
Goldman, A. J., 713, 714, 954. 
Goodman, Victor, 947, 
Gorman, David, 834. 
Gosselin, R. P., "351. 
Greechi, R. J., 829. 
Gropen, Arthur, 349. 

Haas, Gerald, 834. 
Hamming, R. W., 587. 
Hart, L. A., 946. 

Hatfield, F. C., 349. 
Hawthorne, Frank, 1073. 
Heatherley, H. E., 827, 835. 
Heidlage, Martha, 947, 
Helton, D. E., 961. 
Herbert, W. H., 716. 
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A DISSECTION PROBLEM FOR SETS OF POLYGONS 


MICHAEL GOLDBERG, Bureau of Naval Weapons 
AND B. M. STEWART, Michigan State University 


Introduction. If there are given m congruent simple planar polygons, which 
we describe as being of polygonal shape P, we seek to dissect each of these poly- 
gons in exactly the same way by straight line cuts into K=K(n, P) pieces such 
that the total set of nK pieces may be fitted together, without reflection or over- 
lapping, exactly to fill a large polygon directly similar to the original smaller 
polygons. Then a variety of problems may be studied. 

For a given ” does there exist a number K(n, P) for which the dissection 
problem proposed above is possible? Well-known theorems about the dissection 
of polygons allow us to conclude that finite values of K(n, P) are obtainable 
for every n and every shape P. There exists a finite dissection D’ carrying any 
polygon P’ into any other polygon P” of the same area. (For example, see 
W. W. R. Ball, Mathematical Recreations and Essays, 11th Edition, London, 
1939, pp. 87-93.) After perhaps some preliminary dissection D’”, let the given 
n polygons of shape P be adjoined without overlapping to form a polygon P’ 
and let the above theory be used to carry P’ into P” where P” is of shape P. 
The dissections D” and D’ may have divided each of the smaller polygons in 
various ways. But by superimposing these dissections we can arrive at a dissec- 
tion D, still finite, which is the same for each of the 2 small polygons. 

Since the answer to the previous question is affirmative, the following ques- 
tions are reasonable. 

For a given 2 what is the minimal value k(n, P) of K(n, P)? In a few cases 
we are able to give best possible answers of the type k(n, P)=1 or k(n, P) =2, 
but in general, after producing K(n, P), we can express our answers only in 
the form k(n, P)SK(n, P). 

Does there exist an integer u(P), dependent on P but independent of x, so 
that the dissection problem is solvable for all n, using u(P) for K(n, P)? We 
show for a triangle T that u(T) =5, hence it follows for a polygon P,, of m sides 
that u(Pm) =5(m—2). 

Knowing the existence of u(P) we ask a further question. What is the minimal 
value g(P) of u(P)? We express our answers in the form g(P) Su(P) and the 
principal theorems of this paper are the following: 


THEOREM 1. For any triangle T, g(T) 35. 
THEOREM 2. For any parallelogram M, g(M) S4. 


This result for a parallelogram improves an earlier result for a square S 
showing that g(S) $5. (See E 1010, this MontTHLy, 59 (1952) 699-700.) 

We study in special detail the case of the square and for many values of 1 
we are able to show k(n, S) $3. Furthermore, in a surprising number of cases 
we arrive at k(n, S) =2, which is a best possible result when 7 is not a perfect 
square. (Solutions for k(n, S)=2 when n=5, 10, 13 were given by T. Sundara 
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Row, Geometric Exercises in Paper Folding, 4th Edition, Open Court, 1958, 
pp. 25-27.) 

One way to visualize these problems is to take m congruent paper polygons 
and stack them neatly so that each scissor cut made will cut all ~ polygons in 
the same way. If the paper used has sides of different color, then the accidental 
turning over of a piece, which is not intended in the problem, can be avoided. 
Even when a suitable dissection for a given 2 is known, the problem still has 
real recreational possibilities, for it is a challenging puzzle to give some uniniti- 
ated person the handful of pieces and ask him to assemble either the small poly- 
gons or the large polygon. 


Preliminary considerations. In describing our various results we shall draw 
a figure to show how each small polygon should be dissected, labeling such a 
figure with an J and a series of letters or numbers corresponding to the appropri- 
ate discussion in the text. We will fix attention on some one edge of the small 
polygon, assuming it to be of unit length and referring to it as the “chosen edge.” 
Where other lengths need to be described they will be marked on the figure by 
one, two, ... , dashes and referred to in the text by s=5j, 53, - + + , respectively. 
The regions of the small polygon will be designated by capital letters A, B.... 

The large polygon has its chosen edge of length »/z and appears in a figure 
labeled with a JJ and a series of letters or numbers to correspond to the text. 
Triangular, rectangular, square, parallelogram and trapezoidal regions of these 
large polygons will be designated by letters T, R, S, Mand Z, respectively, with 
necessary subscripts. 

The letters n, a, b, and r which appear in the discussion and proof denote non- 
negative integers. 


Part 1. Triangles 


1.1. The case n=a?. When 2=a? is the square of the positive integer a, it 
is easy to obtain the result k(n, JT) =1. For from the well-known relation 


ev=-1+3+.---+(2a- 1), 


it is easy to see how the =a? uncut triangles T may be arranged in trapezoidal 
rows, each containing an odd number of copies of T, and then placed so as to 
fill exactly the large triangle 7;. The figure JJ(T.1) illustrates the case a=3, 
n=9, 


II(T.1) 
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In the descriptions which follow we will refer to Z7(T.1) as the “standard” 
filling of JT, with a? copies of T, even in those cases where the individual T have 
been dissected into several parts. 


1.2. Conversion of a triangle to a specified trapezoid or parallelogram. In 
I(T.4) we show a four-part dissection of the triangle JT and in JI(T.4) we show 
the reorganization of the parts into a trapezoid Z with the specified edge s= sy 
and the same base angles @=6, and 6, as in T. The left side of 7, on which are 
indicated the section s; (with one mark) and the two sections of equal length Se 
(with two marks), will be called the “chosen side” of T and considered to be of 
unit length. Two of the cuts in J(7.4) run parallel to the base of T. The location 
of the second of these cuts is determined by the equal segments s3 (with three 
marks) which are on the “other side” of T. It is readily checked that the follow- 
ing condition is sufficient to guarantee that the dissection shown in J(7.4) is 
indeed four-part: 


(1) 1/3 Ss <1. 


AX FX 


I(T.4) II(T.4) 


Note 1. Two of the trapezoids Z, with one rotated through 180°, may be put 
together to form a parallelogram D with an angle 6 and side s. If u is the base of 
T and if g is the length of the other side of D, we may compare the areas qs sin 0 
=2(u/2) sin 6 to find g=u/s. 

Note 2. An odd number of the trapezoids Z may be combined into a long 
trapezoid with base angles #0 and 6, and with side s adjacent to @. 

Note 3. A five-part dissection will convert T either into Z or into a parallelo- 
gram MM with an angle @; and the same altitude as Z. For if to the dissection in 
I(T.4) we add one cut, parallel to the “other side” and bisecting the segment s, 
then the cutting and rearrangement suggested by the dotted lines in (7.5) is 
easily justified. 


I(T.5) 
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Note 4. An even number, say 2t, of the triangles T may be combined by the 
five-part dissection in J(T.5) into a long trapezoid with base angles 6 and @, and 
with side s adjacent to 0. For we may combine 2t—1 of the trapezoids Z as in 
Note 2 and then adjoin one parallelogram M. 


1.3. The case n=a?-+-r, 2a/3<r<2a-+1. For the case described in this head- 
ing when r=2t-+-1 is odd, we will show that k(n, T) <4; and when r=2z¢ is 
even, we will show that k(n, T) <5. We employ the dissections described in 
I(T.4) and I(T.5) with s=-+/n—a. 

The first concern is to check condition (1) which is equivalent to 


(a+ 1/3)?}<n=a@+r<(a+1)? or (6¢4+1)/9 <7 < 2a+4+1. 


It follows that condition (1) is satisfied because of the covering hypotheses that 
ris an integer and 2a/3<r<2a+l. 


II(T.a) 


II(T.4.a) II(T.5.a) 


The method of filling the large triangle is indicated in figure 7(T.a). For 
both subcases the upper triangle 7; with “chosen edge” a is filled in the “stand- 
ard” way with a? copies of T as explained in JJ(7.1). The remaining trapezoidal 
strip Z; has base angles @ and @2 with side s adjacent to 0. 
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If r=2t+1, we apply Note 2 and use 2¢-+1 of the trapezoids Z to fill 23. 
Hence we have k(n, T) S4. The figure /7(T.4.a) illustrates the case n=7. 

If r=2t, we apply Note 4 and use 2¢—1 of the trapezoids Z and one parallelo- 
gram M to fill 21. Hence we have k(n, T) $5. The figure [I(T.5.a) illustrates the 
case n= 6. 

In these figures we have adopted the economy of indicating only as many of 
the dissections as are essential to understanding the principles involved. 


1.4. The case n=a?+7, 0<7rS2a/3. For the case described in this heading 
we begin by making the change of variables a=b+1, r=R—(2b+1), so that D 
and FR are positive integers in terms of which the new description of this case is 
n=b?+R, 2b+1<RS(80+5)/3. We will show k(n, T) $5, employing an initial 
dissection into four parts like that in /(T.4)—so that Z can be formed, followed 
by one more cut parallel to the “other side” as shown in J(7.5.b), where the 
length of the segment x will be specified later. The following condition is suff- 
cient, in addition to (1), to guarantee that the dissection shown in J(T.5.0) is 
indeed a five-part dissection: 


(2) O<xs8s. 


I(T.5.b) 


Depending on whether R is even or odd, we use R= 2!, or R= 2t-+1, to define 
the integer #. We take s=(./n+b)/R and x=ts—b. 

To check condition (1) we must study whether ()—R/3)?Sn=b?+R 
<(R—b)*?. These inequalities are equivalent to 26+1<RS6)+9 which are 
guaranteed by the covering hypotheses 2b-+1<RS(8)+5)/3. 

To check condition (2) we must study whether 0<és—bSs. Respectively, 
these inequalities are equivalent to (R—2i)b?<#? and (¢—1)*S02(R+2-—2f). 

If R=2#, we must check that 0<i#< 1/2041, or that 0<RS2+/20+2. But 
this follows since we have assumed for this case 2b-+1<RS(8)+5)/3 and note 
that (8b+5)/3<2+/2b+2 inasmuch as 4<3,/2 and 0<b. 

Similarly, if R=2i+1, we must check that b<iS /3b+1, or that 2b6+1<R 
$2/3 +3. But this follows in the same manner as above from the hypotheses 
covering this case. 

The method of filling the large triangle is indicated in figure J7(T.b). For 
both subcases the triangle T, with “chosen edge” 0 is filled in the “standard” 
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way with b? copies of T as explained in JJ(T.1). The remaining trapezoidal strip 
Z; has parallel bases of length »/n and b and a “base” edge of length (W/n—))u. 


II(T.b) 


{\ 
(\ / 


II(T.5.b.0) IT(T.5.6.1) 


In case R=2t, we see that s=(4/n+b)/R implies 


(3) *=ts—b=+/n—ts. 


We apply Note 1 to see that 2¢ trapezoids Z, combined in pairs to form # parallel- 
ograms D, will almost exactly fill Z:, for D has an angle 6, one edge s, and the 
other edge g=u/s=uR/(«/n+b) = (/n—5b)u. In fact, as indicated in II(T.5.b.0) 
which illustrates the case n=10 and as checked by (3), the projecting triangle 
of “chosen edge” x just matches the deficiency in filling Z:. So the five-part dis- 
section in I(T.5.b) is effective and k(n, T) SS. 
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In case R= 2t-+1, we see that s=(./u-+b)/R implies 


(4) e=ts—b= /n— (t+ 1)s. 


Again we apply Note 1 to see that 2t trapezoids Z may be combined to form ¢ 
parallelograms D with angle 6 and edges s and g=(4/n—b)u. These # parallelo- 
grams and one more trapezoid Z almost exactly fill Z:. In fact, as indicated in 
II(T.5.b.1) which illustrates the case n= 11 and as checked by (4), the project- 
ing triangle of “chosen edge” x just matches the deficiency in filling Z:. So the 
five-part dissection in J(7.5.b), with appropriate x, is effective and k(n, T)S5. 


1.5. Theorem 1 and Corollary 1. It is easy to check that the various cases 
treated in Sections 1.1, 1.3 and 1.4 provide an exhaustive and mutually exclu- 
sive Classification of the positive integers. For the separation provided by 
n=a'+r, 0OSr<2a-+1 is easily checked since (a+1)?=a?+(2a+1). After the 
classes r=0 and 2a/3<r<2a+1 have been removed, there remains only the 
class 0<rS2a/3. Since five is the largest value of K(n, T) required in any of the 
cases, our principal result follows: 


THEOREM 1. For any triangle T, g(T) S5. 


We turn our attention to the existence of u(P). It is known that every simple 
closed plane polygon P,» of m sides can be decomposed into m—2 triangles by 
means of m—3 straight line cuts lying in the interior of P,. (For example, see 
N. J. Lennes, Amer. J. Math., 33 (1911) 45-47. Also see Howard Eves, A Survey 
of Geometry, Allyn and Bacon, 1963, pp. 237-239.) To each of these m—2 tri- 
angles, T;, we may apply Theorem 1 to claim g(T;) $5. Then the m—2 large 
triangles of respective shapes T; may be recomposed to form the large polygon 
of shape P,. This establishes the existence of u(P») =5(m—2), and proves the 
following: 


CoROLLARY 1. For any polygon Pm of m sides, g(Pm) S5(m—2). 


It is possible that polygons with special symmetries may admit much smaller 
values for u(P,,) than provided in the corollary. Thus when m=4, the corollary 
suggests g(P,) $10. But in the next part of this paper for any parallelogram M 
we show that g(M) $4. If a polygon P,» can be decomposed into Cy parallelo- 
grams and C7 triangles, then the result g(P») $4Cu+5Cp may be a considerable 
improvement over the bound provided by Corollary 1. 


Part 2. Parallelograms 


2.1. The case n =a’. For a given parallelogram M we assume the “base” to 
be of length x, the “left” edge to be the “chosen edge” of unit length, and the in- 
cluded angle to be 0. It is easy to see when n=a? that k(n, M) =1. For the uncut 
parallelograms may be arranged in a rows each containing a copies of M to fill 
exactly the large parallelogram Mi of base ax, chosen edge a, and included 
angle @. 
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2.2. The case na’, n>4. When a22 we note that the cases not covered in 
the preceding section can be classified by using 
(a)n=a+r, O<rsa; (b) n=ala+i1)+7r, O<rSa. 
Consider the four-part dissection shown in [(M.4), where we take 


sp= (/n —r)a/(n—r) and se= (Vn —1)/a. 


I( M.4) 


The dissection is valid if 0<s,<x and if 1/2S52<1. In both cases (a) and 
(b) we have rSa<-/n, so it follows that 0<s;. Since n>4 implies /n <n, it 
follows that s,;<.x. Since the conditions (a) and (b) imply Wn—1>a—-—1, it will 
follow that se=1/2 providing that (@—1)/a21/2; but this condition holds since 
it has been assumed in this section that a=2. Finally, since (a) and (b) imply 
/n<a+1, it follows that s.<1. 

To fill the large copy of M of chosen edge +/” and base ./n x we proceed as 
indicated in JJ(M.4) to consider separately the parallelograms 1, Mz and Msg. 
We indicate in the following chart the dimensions of these regions and the 
number of pieces of types A, B, C, D which we will use in filling them. 


II( M.A) 
Region Edge Base # of A # of B fof C # of D 
M, 1 ry r r r r 
M2 1 (Vn—r)x NT 0 0 0 
mM; J/n—1 J/nx 0 nf n~? n~-f 


The filling of M, and Mz; is quite obvious: for r complete copies of M will 
fill 141; and the base length s; of A is deliberately chosen so that —,r copies of 
A will fill M2. 

As shown in figure (M’) the parts B, C, D may be assembled to form a 
parallelogram M’ with the same base angle @ as in M, but with the chosen edge 
of length se. 
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(M") 


Then ~—r copies of M’ may be assembled in a rows, each of which contains 
either a copies or a+1 copies, in cases (a) or (b), respectively, and these will 
exactly fill M3. For from the definition of sz, we obtain for the chosen edge the 
dimensional check as, =4/n—1. 

As a confirmation we compute the base length v of M’ by comparing areas. 
From 1-x=1-5,-+52-v, we find 


£—-S. n- Jn ax a/N ax 


v= = = 
Se n-—r /n-~1 n—?T 


In case (a), n—-r=a’, soav= JV nx; in case (b), n—r=a(a+1), so (a+1)v= VJ nx. 
Since the base length of M3; is ~/nx, the check is complete. 
In figure [[(M.4.b) we illustrate the case n=14=3-4-+2. 


i 
“ES 
pi ff 


Il( M.4.b) I{ M.3) 


2.3. The cases 2=2 and 2=3. The cases n=2 and »=3 may be handled 
uniformly with the three-part dissection indicated in J(M.3) in which we set 
s=1//n. Since 1/2 <1/+/n <1 holds for both n=2 and n=3, the dissection is 
indeed of the form shown. 

The parts B, C, D may be assembled as in figure (M’) to form a parallelo- 
gram M’ of base angle 6 and chosen edge s. Since sn=~+/n, it follows that x 
copies of M’ will fill the large copy of M of chosen edge ~/n and base +/nx. 


2.4. Theorem 2 and corollaries. Combining the cases in Sections 2.1, 2.2 
and 2.3, we find that we have established the following: 
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THEOREM 2. For any parallelogram M, g(M) S4. 


It is noteworthy that the reassembly of pieces called for in the proof of 
Theorem 2 demands only translation and no rotation! 


CoROLLARY 2. For any parallelogram M, k(ac?, M)sSk(a, M). 


Proof. This corollary follows readily from the observation in Section 2.1 
that k(c?, M)=1 and the idea of expanding the figure for the case n=a by a 
factor of c. 


CoROLuaRy 3. For any parallelogram M, tf b<a<4b, then k(ab, M)S3. 


Proof. Since n=ab and b<a<4b, we find 1/2 <+/n/a<1. We return to the 
three-part dissection in J(M.3) and set s=+/n/a. The new parallelogram M’ has 
its base given by t=x/s=ax/4/n=x+/n/b. Therefore a rows each containing 
of the M’ will fill exactly a parallelogram similar to M of chosen edge as=4/n 
and base bt=x+/n. 


Part 3. Squares 


3.1. Three-part dissections of the square. Obviously every result for the 
parallelogram is valid for the square, but because of the special symmetries of 
the latter figure for many of the numbers ” we can obtain values for k(n, 5S) 
smaller than 4. However, note that in addition to translation of pieces, we now 
employ some rotation, but, as we agreed, no reflection. 

First we recall that Corollaries 2 and 3 imply 


(S.3.1) ifo<a< 4b, then k(abc?, S) S 3. 
Further special results are as follows: 

(S.3.2) k(4c, S) S$ 3; 

(S.3.3) k(4c + 1, S) S 3. 


To establish ($.3.2) we determine the integer x so that (x+1)*?=c<(x+2)? 
and we write c=x?-+-y where we know that 2x+1Sy<4x+4. Then it follows 
that (2x+2)?<4c<(2x+4)?, so that if we set n=4c we have 1S (./n—2x)/2 
<2. Therefore, if we set s=2/(./n—2x), we may use the three-part dissection 
shown in J(M.3). 

In the figure JI(.S.3.2) the large square is of edge \/n and the various regions 
have the dimensions and accommodate the number of pieces shown in the fol- 
lowing table: 


Region Base Altitude # of B, C, D 
Si 2% 2% (2x)3 
Ri (VSn+2x)/2 (/n—2x)/2 y 


The square S; is filled with sets of B, C, D in the form of unit squares. Since 
B, C, D may be rearranged to form a rectangle which has the base s = 2/(4/n — 2x) 
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= (4/n+2x)/2y and the altitude 1/s, it follows that y of these sets will exactly 
fill R,. Since there are four of the rectangles R, it follows that the total count 
for each of B, C, D used in filling J7(S.3.2) is given by 4x?+4y=4c=n, which 
completes the proof of (S.3.2). 

Note that the method in JI(S.3.2) depends upon the congruence of the four 
rectangles R:—so it will not apply to a parallelogram which is not a square, 
not even to a rhombus or rectangle. For an example of the use of (S.3.2), where 
we cannot use (5.3.1) or the following (S.3.4), we may take n=76=4:-19. We 
shall not include this figure, however, for the figure given to illustrate (S.3.3) 
uses the same ideas. 

To establish (.S.3.3) we first suppose c22 and then we determine x20 so 
that («-+1)(%+2) Sc<(x+2)(*x+3). If we write c=x(x-+1)-+y, then we have 
2x+2<y<4x+6. But we have »=4c-+1=(2x+1)?+4y, so that we obtain 
(2x+3)?<Sn<(2x+5)*%. We may rearrange this pair of inequalities to see that 
1<(./n—(2x+1))/2 <2. Therefore, when c= 2, the dissection and composition 
used for (S.3.2) will apply to prove (S.3.3) if we merely replace 2x by 2x-+1 at 
every step. 


pe | 


IT(S.3.2) II(S.3.3) 


When c=0, we have ~=1 and we know A(1, S)=1. When c=1, we have 
n=5, and in the following (S.3.4) we show k(5, S) =2. This completes the proof 
of (8.3.3). 

As an example we illustrate in figure JI(S.3.3) the case »=33 which is 
chosen because it cannot be reached by our other two-part or three-part dissec- 
tions. 
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Next we shall show a three-part solution when is the sum of two squares: 
(S.3.4) k(a? + 62, S) S 3. 


We should immediately point out, however, that for “one-fourth” of these cases 
we are able to reach two-part dissections in the next section of this paper. 

Of course we may assume a=b>0. Because of Corollary 2 we might assume 
a and b to be relatively prime, but our proof makes no use of this simplification. 


b/n 


nt 


8 


I(S.3.4) TI(S.3.4) 


In figure I(S.3.4) we find it convenient to take the side of the given square to be 
a and to take the marked length s=s,=). The large square in [J(S.3.4) has the 
edge a+/n. In the following table we describe the dimensions of the various 
regions in JJ(.S.3.4) and the ways in which they may be filled. 


Region Base Altitude # of A # of B 
T1 ba bb b? 0 
Ts (a—b)a (a—b)b (a—b)? 0 
Ri ba (a—b)b 0 b? 
MM, n (a—b)a (a—b)4b (a—b)(a+b) 


The method of filling the triangles T; and T: has already been explained in 
II(T.1) and the way to fill Ri is obvious since B is a rectangle of dimensions a 
and a—b. To explain the filling of M; we may divide M, into a—b parallelogram 
strips of base m and altitude a. Since n=a?+b? = (20)b-+(a+b)(a—b), each of 
these strips may be filled with a-+0 of the rectangles B and with 2(2)) = 40 of the 
triangles A, for these triangles in pairs form a rectangle of dimensions a and b. 
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If we assume D> 0, there are sure to be two triangles A to use to make the strip 
into a parallelogram. 

Taking into account the frequencies of 71, T:; and Ry, we readily find the 
grand total of pieces used to be 2” for A and a for B, This completes the proof 
of (S.3.4). 

As an illustration we show the figure for m= 34, since this is the smallest 2 
for which we cannot use the previous three-part dissections, nor the later two- 
part dissections. 


k(34, S)S3 


3.2. Two-part dissections of the square. In the results which follow we shall 
take it as obvious that when we write k(n, S) $2 for certain n, then it is under- 
stood that k(n, S) =1 if and only if 2 is a perfect square. For when 7 is a square 
we may use the method in Section 2.1; and when x is not a square, at least one 
cut must be made to introduce edges of irrational length so that the large square 
of edge »/n can be realized. Furthermore, from Corollary 2, a result k(n, S) =2 
implies k(nc?, S) =2 for all c2=1. 

We know only three cases which do not fall into our general result (S.2.4) 
so we describe these separately as follows: 


(S.2.1) k(2, S) = 2; 
(S.2.2) h(5, S) = 2; 
(5.2.3) k(10, S) = 2. 


As proof we offer the following figures. In (S.2.1) the unit square is bisected 
along one of its diagonals. In (.$.2.2) we take s=1/2. In (S.2.3) we take s= 1/3. 
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In the following paragraphs we prove: 
(S.2.4) Ift21 and «24-1, then k(x? + (« — t)?, S) S$ 2. 


When t= 1, our proof will include all x =3; the case x =2, however, may also 
be allowed since it corresponds to 2 = 5 and the special result ($.2.2). Again when 
t= 2, our proof requires x =7; the cases x = 3, 4, 6, however, correspond to n= 10, 
20, 52, respectively, and these are covered by (S.2.3), or by Corollary 2 and 
(S.2.2), or by Corollary 2 and the previous case +=1. Thus when /=2, only the 
case x=5 with m= 34 remains in doubt, our best result being the three-part dis- 
section given in (S.3.4). Similarly, when ¢=3 one method or another yields a 
two-part solution, except for the cases »=17, 29, 89, 149 for which our best 
result is the three-part dissection given by (S.3.3) or by (S.3.4). 


I(S.2.4) IT(S.2.4)’ 


To establish (S.2.4) we use the dissection shown in J(S.2.4) in which the side 
of the given square is x and in which s=x—#. In describing how to fill the large 
square of edge x+/n we distinguish the four cases: x=4a, 4a+1, 4a+2, 4a+3. 
Although much the same general plan is used in the four cases, there is one 
major difference according as x is even or odd, and some further slight differ- 
ences according to the least nonnegative remainder when x is divided by 4. 

First we subdivide the large square as shown in JJ(S.2.4)’ where the central 
square S, is of edge tx. The other four pieces U have the edge marked with two 
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dashes of length ¢./n and the smallest angle of U is equal to the larger acute 


angle of A. 

When «x is even, all four of these regions U are to be filled in the same way. 
When «x is odd, two of these regions are filled in one way (2) and two in another 
way (12). In I[(S.2.4) we show the region U subdivided in a manner described in 


detail in the accompanying tables. 


TI(S.2.4) 


First we show the tables when x = 2q is even. 


Region Base Altitude # of A # of B 
Ts (q—1)x (q—1)(«—-t#) (q—1) 0 
Ts (q—t)x (q—t)(x—t)  (q-+#)? 0 
Ts (t—1)x (t—1)(x—#) (t—1)? 0 
Zi (q—1)x ~t(x—t) x q—2t q—1 
Ry (q—1)x—(¢—1)(x—2) (t—1)x (t—1)(q—2t-+1) (¢—-1)(g—1) 
Z3 (q—-1)(x~—t)+tx x 2q—1+# t 
Re q(x —t)+tx (q—t)x 0 2q(q—-t) 


We pass over the method of filling 71, T2, Ts; by reference to JI(T.1). To 
justify the counts given for Z; we rewrite the base of Z:, separating the two 
cases. When x= 4a, we write 
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(2a — 1)4a — t(4a — t) = (a — 1)(4¢ +2 + (a — (40 — 1) +1. 


Since two B’s will form a rectangle that is x by x-+4#, it follows that we can fill 
Z, with 2(a—1)+1=q~-—1 of the B and with 2(a—t) =q—2t of the A. But when 
x=4a+2, the base of Z; appears in the form 


2a(4a + 2) — t(4a+ 2 —?t) = ao(4e+2+2) + (a — d(4e+ 2 — 2). 


Hence Z; may be filled with 2a2=q—1 of the B and with 2(a—#)+1=q—2t of 
the A. The counting results are the same for the two subcases, but the actual 
arrangement of the pieces is different: when x= 4a, there is a B at the pointed 
end of Z:; when x=4a+2, there is an A. 

The region R; may be divided into ¢—1 strips of altitude x and each can be 
filled exactly like Z1, except that each strip requires an extra A at the end to 
change it from a trapezoid to a rectangle. 

Whether x= 4a or x= 4a-+2, the base of Z, may be written (¢q—1)(x—#) +tx 
so we may use 2(¢q—1)+#+1 of the A and ¢ of the B to fill Ze. The base of R, may 
be written in the form g(«—?) +tx=q(x++#), so if Re is divided into g—t strips 
of altitude x, each of these can be filled with 2¢ copies of B. 

In both subcases the above arguments involve nonnegative dimensions and 
nonnegative counting numbers if a2#, but the covering assumption x2=4t—1 
justifies this condition. 

Finally, we total the A’s and B’s, recalling that there are four of the regions 
U and the central S;, the latter to be filled in the standard way with #? of the 
given squares. For both A and B we find the total count given by 8q?—4tq+2? 
= 2x?—2ix+t2=n. This completes the proof of (S.2.4) when x is even. 

Next we show tables for J7(S.2.4) when x«=2q—1 is odd. 


Region Base Altitude # of A # of B 

Ti (q—1)x (q—1)(x—2) (q—-1)? 0 

T: (q—t—1)x (q—t—1)(x—-#)  (q-t—1)? 0 

T3 (¢—1)x (¢—1)(x—?) (¢~-1)? 0 

Zi (q—1)x—t(x—t) x q—2t q—-1 

Ri (q—1)x—(t—1)(x—#) (¢—1)x (q—2i+1)(¢-1)  (q-1)(t—1) 

Re g(x —t) +ix (q—t—1)x q—t—1 (q—#—1)(2g—1) 
Z2(4) (¢g—1)(x—t) +t x 2q—-1++ t 

Z2(44) (q—1) (x—t) +ix x 0 2q—1 


The method of filling 71, 72, 73 is the usual one of JI(T.1). To justify the 
counts for Z;, we rewrite the base of Z;, separating the two cases. For x = 4a+1, 
we note that 


2a(4a +1) —t(4e+1-—/ = a(4at+1+4)4+ (a—d)(4e+1—d; 
hence it follows that we can fill Z; with 2(a@—t)+1=q—2t of the A and 2a=q-—1 
of the B. But when x=4a-+3, the base of 2; is given by 
(2a + 1)(4a + 3) — t(4a + 3 — 2) 
=a(4e+3+h)+(@-—14+1)(4¢4+3-—2 +2; 
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hence we can fill Z1 with 2(a—t+1) =q—2t of the A and 2a+1=q—-—1 of the B. 
The difference between the two cases is that when x=4a-+1, there is an A at 
the pointed end of Z:; but when x= 4a+3, there is a B. 

In both cases R: is divided into ¢—1 strips of altitude x, each of which may 
be filled in the same way as Z,, except for the addition of an extra A in each strip 
to square off the end. 

The base of Z, may be written in two ways: 


Q@-U@-)Atw=(¢-DAetA+rKSE 
hence we may fill Z, in two different ways: 


(i) using 2(g—1)+#+1=2q—1-+# of the A and ¢ of the B; 
(ii) using none of the A and 2(¢—1)+1=2¢—1 of the B. 


In filling Re we divide Re into g—#—1 strips of altitude x and we use the 
method (ii) on each strip, remembering to add an extra A in each strip to square 
off the end. 


(ii) 


h(74, S) = 2 (i) 


The dimensions and counting numbers used in the above arguments are non- 
negative if g=2t, and this condition is satisfied because of the covering assump- 
tion that x24t—1. 

Finally, we total the A’s and B’s with instructions to use method (i) in 
filling Z, for two of the regions U, but to use method (ii) in filling Z. for the 
other two U. The four regions U together with the central S; use parts A and B 
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Of a related nature are problems which do not specify that the unit polygons 
need be cut in the same way and these have already received some attention in 
the literature. (For example, see E. Fourrey, Curiosités géometriques, Paris, 
Ath ed., 1938, pp. 109-125.) 

It can be seen that a relaxation of our requirement that there should be no 
reflection of pieces may change the results. This is particularly clear in a class of 
problems considered by S. Golomb and reported upon by M. Gardner (Scienti- 
fic American, May, 1963). In our terminology, Golomb seeks for each 7m all 
possible P such that k(n, P)=1. Since he allows reflection, he obtains some 
answers which we would reject. Using reflection, we find that any parallelo- 
gram M whose edges are of lengths 1 and ./n has k(n, M)=1; without reflec- 
tion, we must restrict the parallelogram to be a rectangle. 

Dissection theorems, both two- and three-dimensional, in fascinating variety 
are presented by V. G. Boltyanskii, Equivalent and Equidecomposable Figures, 
D. C. Heath, 1963. 


FIXED POINT THEOREMS 
A. GLEN HADDOCK, Oklahoma State University and Arkansas College 


1. Introduction. In recent years many new notions have been introduced into 
mathematics. Among these is the notion of isometry. An isometry of £” onto 
E* is a distance preserving transformation of E" onto E”. It has been shown [1] 
that any isometry of £” onto £” can be represented by n-+1 or fewer reflections, 
and furthermore that if J is an isometry of a subset A of £” onto a subset B of E”, 
then J can be extended to an isometry of #” onto £”. In the case of #? it is shown 
[2] that an isometry J must be one of the following transformations: 

(1) Identity (every point fixed) 

(2) Rotation (one fixed point) 

(3) Translation (no fixed point) 

(4) Reflection (line of fixed points) 

(5) Glide reflection (no fixed point) 

We shall use the above results from geometry along with the following results 
from topology to obtain some theorems that are new and to extend known re- 
sults. If M is a continuum which does not separate the plane, then MM is the inter- 
section of a monotonic descending sequence of topological 2-cells. If { C;} is a 
finite collection of topological 2-cells in the plane whose intersection is nonde- 
generate, there is a topological 2-cell C such that the boundary of C is contained 
in the union of the boundaries of the C,’s and C contains the union of the C;,’s. 
Both results may be found in [3]. 
~ . A well-known unsolved problem in topology is the following: Jf M 1s a com- 
pact continuum in the plane and does not separate the plane, and T 1s a continuous 
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transformation such that T(M)=WM, does T necessarily allow a fixed point? The 
answer is not known even if T is restricted to be a periodic transformation. The 
question has been answered in the affirmative in certain cases. The main result 
along this line, obtained by P. A. Smith [4], is stated as follows: “Let K be a 
point set in Euclidean m-space and T a topological transformation of K into 
itself of finite prime period p. If every continuous single-valued image in K of 
every sphere of dimension less than or equal pm—m-—1 is deformable to a 
point, then 7 leaves fixed at least one point of K.” 

It has also been shown that if T is a one-to-one continuous and orientation 
preserving transformation of the Euclidean plane E? onto itself which leaves a 
bounded continuum MM invariant, and if MZ does not separate E?, then some 
point of M is left fixed by 7. This result was first obtained by M. L. Cartwright 
and J. E. Littlewood [5]; later O. H. Hamilton [6] obtained the same result us- 
ing a much shorter method. 


2. Special results. We show that if T is a periodic transformation of the 
plane into itself which leaves a plane continuum JM invariant, and if M does not 
separate the plane, then some point of M is left fixed by T. We also show that if 
T is an isometric transformation then some point of M is fixed under T. These 
results are not contained in either of the previously mentioned results. 


LemMaA 1. Let C be a circle and T be a transformation of C onto ttself such that 
T is a rotation which is not periodic on any point of C (that is, a rotation through 
some angle A such that kA ¥0 (mod 27) for any integer k¥0). Then the closure of 
the union of the points T‘(x) is C for any x in C. 


THEOREM 1. Let T be an isometry of a compact continuum M of the plane onto 
itself. If T ts periodic on no point of M, then U; I*(x) is a continuum for any point 
xin M. 


Proof. Consider the different types of isometries in the plane. The hypothesis 
that T is not periodic on any point of Mf excludes types (1) and (4). The hypothe- 
sis that Mis compact excludes types (3) and (5). Hence it follows that T must 
be a rotation about some point P, so that T*(x) lies on some circle with center P. 
Since Tis not periodic on some point x, U; T(x) is a circle for every point x¥P. 


THEOREM 2. Let T be a periodic transformation of the plane into itself which 
leaves the compact continuum M invariant. If M does not separate the plane, then 
T leaves a point of M fixed. 


Proof. Let p be the period of 7, and M be the intersection of the monotonic 
descending sequence { C;} of topological 2-cells. Let S;=U?Zy Ti(C,); it is now 
shown that f\;-, S;= M. It is obvious that );~, S;D M. To show that Nz, SiC M, 
assume that there exists a point x in ();~, S; which is not in M. There exists an 
open set U about M such that x is not in U. Since T is continuous, there exists 
an open set V about M such that 7*(V) CU, for k=0, 1, 2,--+, p—1. Since 
Nini C;= M it follows that there exists a C; for some j such that C;C V. Therefore 
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xis not in S;. This is a contradiction and hence ();2, S;= M. 

Let Q; be defined as the topological 2-cell which contains U7Z> T#(C,) and 
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must be in a bounded component of £?—S; for each 17> for some integer k. Let 
y be in the unbounded component of £?—S; for all 7. It follows that S; sepa- 
rates x from y for each i>k, and from a known theorem x is separated from y 
by N21 S.=M, [3]. This is a contradiction and hence it follows that N72, Q;= M. 

We now show that 7(Q;) CQ;. From the definition of Q; it is known that 
T(F(Q,;)) CQ,;. Let x be an interior point of Q; such that T(x) is in Q; Assume 
that T(Q;) is not contained in Q;. Then there is a point y in the interior of Q; 
such that T(y) is not in the bounded component of T(F(Q,)). Since Q; is con- 
nected and x and y are interior points of Q;, there is an arc xy from x to y con- 
tained in the interior of O;. It follows that T(xy) does not intersect T(F(Q,)). 
Therefore, T(x) and T(y) are not separated by T(F(Q,)). This contradicts the 
assumption that T(x) was in the bounded component of the complement of 
T(F(Q;)) and that 7(y) was in the unbounded component. It follows now by the 
Brouwer Fixed Point Theorem that each Q; contains a point which is fixed under 
IT, and hence M must contain a point which is fixed under 7. 


THEOREM 3. If T ts an isometry of a compact continuum M of the plane into 
itself and M does not separate the plane, then T leaves a point of M fixed. 


Proof. Again consider the different types of isometries in the plane. As noted 
above, any isometry of a subset of the plane into itself may be extended to an 
isometry of the whole plane into itself. Observe that neither of the types (3) and 
(5) transforms a compact set into itself and that (1) leaves every point fixed. 
Therefore, it is necessary to consider only types (2) and (4). First consider type 
(4), and let Z represent the line about which the reflection occurs. If /M inter- 
sects the line then the theorem is true. If M/ does not intersect L, then 7(M) is 
separated from M by L. This contradicts either the hypothesis that T trans- 
forms M into M or the hypothesis that M is a continuum. Now consider type 
(2). If T is a rotation about a point in M then the theorem is true. Suppose 
that T is a rotation about a point p not in M. It is easy to see that if T is periodic 
at some point of the plane other than 9, then T is periodic at every point of the 
plane and the period would be the same for each point other than p. It would 
follow from Theorem 2 that M contains a point which is fixed under T. If T is 
not periodic on any point of the plane other than #, then it follows that U; T*(x) 
is a circle for any point of M and > is the center. This contradicts the fact that 
p is not in M, and M does not separate the plane. 


3. Arelated problem, We show (Theorem 7) that the answer to the question 
concerning fixed points in nonseparating plane continua under periodic trans- 
formations is contained in the answer to the following question. Let MCE” be 
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ON THE DEFINITION OF A TANGENT-LINE 
H. A. THURSTON, University of British Columbia 


1, Introduction. The purpose of this note is to point out that some of the 
definitions of tangent-line commonly found in text-books and lecture-notes are 
invalid (or, at any rate, incomplete) and to indicate how they may be made 
good. We work in two dimensions: the generalization to three or more dimen- 
sions is obvious. 


2. A common definition of tangent is as follows: the tangent at the point 
(a, F(a)) to the graph of y= F(x) is the line through that point with slope 
F'(a). Thus to find, say, the tangent to a parabola at the end of the latus rectum, 
we set up a system of cartesian coordinates, and apply the definition. If, for in- 
stance, we set up a system in which the equation of the parabola is y=x?/2a 
and the point in question (a, $a), then the tangent will have slope 1, and so we 
find the tangent to be the line making an angle of 1/4 with the axis of the parab- 
ola. The result is satisfactory, but the logic behind it is not: there is no a priori 
guarantee that if we had used different axes of coordinates we should have ob- 
tained the same result. Until the line determined by the definition has been 
proved invariant under change of axes, the definition cannot be accepted as 
valid. (The same criticism applies to certain careless definitions of area as an 
integral.) The proof of invariance is, of course, quite easy. We do, however, 
have to be careful about axes with respect to which the tangent is “vertical” 
(i.e., parallel to the y-axis). 

A more serious defect is that not every plane curve can have an equation 
of the form y= F(x): a circle cannot, though a semi-circle can. One way to over- 
come this defect is to define tangents for curves which are locally of the form 
y= F(x). 
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3. Another possible approach is to take parametric equations x= X(t), 
y= Y(t) for the curve and to define the tangent at (X(c), Y(c)) to be the line 
through that point with direction-ratio X’(c): Y’(c), provided that this direction- 
ratio exists. It is easy to prove that this line is invariant under changes of axes 
—even vertical tangents now give no trouble—but we must also prove invari- 
ance under changes of parametrization. 


4, A third approach is to define the tangent purely geometrically. 


5. We shall consider all three definitions of tangent, defining only tangents 
to an arc, in order to avoid complications due to multiple points. We shall call 
the three types of tangent explicit, parametric, and geometrical respectively. It is 
clear that every explicit tangent is a parametric tangent, and we shall prove (in 
Section 13) that every parametric tangent is a geometrical tangent. Conversely, 
it is known that not every geometric tangent is a parametric tangent (A. J. 
Ward, On Jordan curves possessing a tangent everywhere, Fundamenta Mathe- 
matica, 28 (1937) pp. 280-288); and we shall show (in Section 18) that not every 
parametric tangent is an explicit tangent. 


Preliminary details. 
6. DEFINITIONS. An arc 1s a homeomorph of a closed bounded interval of the 
real-number line; any homeomorphism which gives it 1s a parametrization of it. 


7. Notation. Throughout this paper the parametrization 
a= X(t), y= Y(), tel 


will be abbreviated by the symbol (X). [X] will denote the arc of which (X) 
is a parametrization. c will denote a number in J, and C the point whose para- 
meter is c. (It will in fact be the point at which we define the tangent.) 


8. DEFINITION. Two sets of points are locally equivalent at C tf there is a circle 
with centre C inside which they coincide. 


The geometrical approach. 

9, DEFINITION. The line L through a point C of an arc ts a geometrical tangent 
to the arc at C tf, given any positive number, there is a circle with centre C such that 
the angle between the line PC and the line L is less than the given number for every 
point P (other than C) which is both on the arc and in the circle. 


10. Clearly an arc cannot have more than one geometrical tangent at each 
point. 


11. THEorem. If the arc [X] has a geometrical tangent at C with direction- 
cosines u, v; then 


| xX) — X(0) v() — Yo) 
(i) FE —u and FE — Vv 


as t—-C. 
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Conversely, tf (i) holds and (u,v) ¥ (0, 0), then the line through C with direction-cos- 
ines U, vis a geometrical tangent to the arc at C. 


Proof. It is clear that the angle between two lines tends to zero if and only 
if each direction-cosine of one tends to the corresponding direction-cosine of the 
other. Moreover, because a homeomorphism is bicontinuous, one point tends to 
another if and only if the parameter of the first point tends to that of the second. 


Note. If C is an end-point, the limits are one-sided. This remark applies also 
to later results. 


The parametric approach. 

12. DEFINITION. If a given arc has a parametrization (X) and if the ratio 
A'(c): Y"(c) exists, then the line through C with this direction-ratio is the tangent 
at C to the arc with respect to the parametrization (XK). (It can easily be proved 
invariant under change of axes.) A tangent with respect to a parametrization is 
called a parametric tangent. 


13. THEOREM. Any parametric tangent 1s also a geometrical tangent. 


Proof. Let L be the tangent at C with respect to a parametrization (X). 


Then X’(c) and Y’(c) exist and are not both zero. Therefore 
X(t) — X(e 
OA AE x0 as t—>¢, 

— ¢ 


and similarly for Y. Then 
X(t) — X(c) , X"(e) 
(X@) — X())? + (VO — VO))? (X02 + V'()) 2 


as tc, and similarly for Y. Thus the direction-cosines of TC (where T is the 
point whose parameter is ¢) tend to those of L. 


14. COROLLARY. An arc cannot have more than one parametric tangent at a 
given point. 


The explicit approach. 

15. Derinition. Jf an arc ts locally equivalent at C to the graph of y= F(x) 
in some system of cartesian coordinates, 4f C has coordinates (a, F(a)), and if 
F'(a) exists; then the line through C with slope F’(a) is an explicit tangent at C to 
the arc with respect to this system of coordinates. 


16. Any explicit tangent is a parametric tangent, because y= F(x) is simply 
the parametrization x= E(t), y= F(£), where £ is the identity-function. (It fol- 
lows that an arc cannot have more than one explicit tangent at a given point.) 


We shall prove next a partial converse of this fact: provided an arc is (locally) 
the graph of a function F, a nonvertical parametric tangent is an explicit tangent. 
Finally, in Section 18, we shall show that the full converse is false. 
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Thus (u-+v-t)/(v—u-t) would be a function of x*, and so ¢ would be a function 
of x*, That is, the function which x* is of ¢ would have a (local) inverse. 
Now x*=o0-(#?+sin ¢-!-+-3t) —u-(#2-sin ¢-1-+-422) if +40, and so 


Dyx* = v-(2t-sin f-! — cos f! + 4) 
— u-(3f-sin f1—t-cost!2+2) if ¢#0. 


If v0, then in any neighbourhood of zero the term v-(—cos é-!+34) varies 
from $v to —3v and so changes sign. In such a neighbourhood we can take { 
arbitrarily small, and in particular we can take the neighbourhood of ¢ so small 
that D,x* has the sign of v(—cos ¢-!+4) when the latter expression equals 3v/2 
or —v/2. 

If, however, v=0, then we have Dwx* = —u-t- (3¢-sin f-!—cos t-1+1), where 
u is either 1 or —1. Again, Dix* changes sign in every neighbourhood of zero. 

Hence, the function which x* is of t is continuous but nonmonotonic, and so 
has no inverse. It is clear then that the arc is not of the form y* = F(x*) in any 
Cartesian system. 


A CORRECTION FOR “EXTENSION OF GROUPOIDS 
WITH OPERATORS” 


T. TAMURA AND D. G. BuRNELL, University of California, Davis 


In the paper by T. Tamura and D. G. Burnell entitled “Extension of group- 
oids with operators,” this MONTHLY, 71 (1964) 385-391, line 21 on page 389 
should read “a homomorphic image of” instead of “isomorphic to.” Throughout 
the paper, the following condition is implicitly assumed: ax =x for all x implies 


a=. 


The authors express their thanks to Dr. H. J. Hoehnke for his remark on this paper. 


Mathematical Swifties 


“F leaves one point invariant”, Tom said fixedly. 
“The angle is less than 90°,” Tom noted acutely. 
“I can’t describe the set {x|4<x<1},” Tom muttered emptily. 
“The fraction (n?—1)/(n?+-1) is close to 1,” Tom remarked with infinite caution. 
R. T. SMyTHE 


1964] CORRECTION 1103 


Thus (u-+v-#)/(v—u-t) would be a function of x*, and so ¢ would be a function 
of x*, That is, the function which x* is of t would have a (local) inverse. 
Now x*=v-(#?-sin ¢-!-+-43t) —u-(é-sin ¢-1+-42) if +40, and so 


Dix* = v-(2t-sin f-! — cos f“! + 4) 
— u-(3f-sinf1}—t-cost12+2) if 10. 


If v0, then in any neighbourhood of zero the term v-(—cos é-!+4) varies 
from 3v to —3v and so changes sign. In such a neighbourhood we can take 
arbitrarily small, and in particular we can take the neighbourhood of ¢ so small 
that Dyx* has the sign of v(—cos -!+4) when the latter expression equals 3u/2 
or —v/2. 

If, however, v=0, then we have Dix* = —u-#-(3¢-sin ¢-!—cos t-1+1), where 
u is either 1 or —1. Again, D,«* changes sign in every neighbourhood of zero. 

Hence, the function which x* is of ¢ is continuous but nonmonotonic, and so 
has no inverse. It is clear then that the arc is not of the form y*= F(x*) in any 
Cartesian system. 


A CORRECTION FOR “EXTENSION OF GROUPOIDS 
WITH OPERATORS” 


T. TAMURA AND D. G. BuRNELL, University of California, Davis 


In the paper by T. Tamura and D. G. Burnell entitled “Extension of group- 
oids with operators,” this MONTHLY, 71 (1964) 385-391, line 21 on page 389 
should read “a homomorphic image of” instead of “isomorphic to.” Throughout 
the paper, the following condition is implicitly assumed: ax = 8x for all x implies 


a=. 


The authors express their thanks to Dr. H. J. Hoehnke for his remark on this paper. 


Mathematical Swifties 


“F leaves one point invariant”, Tom said fixedly. 
“The angle is less than 90°,” Tom noted acutely. 
“I can’t describe the set {x|4<x<1},” Tom muttered emptily. 
“The fraction (n?—1)/(n?+1) is close to 1,” Tom remarked with infinite caution. 
R. T. SMyTHE 


MATHEMATICAL NOTES 


EpITED By J. H. Curriss, University of Miami 


Material for this department should be sent to J. H. Curtiss, 
University of Miami, Coral Gables, Florida 33146 


THE DOMINATORS OF A SEMIGROUP 


Jack LatmeER, University of California, Davis 


DEFINITION 1. Lei S be a semigroup. An element xCS will be called a dominator 
of S if, and only if, xyx=x for all yCS. The set D of all dominators of S will be 
called the dominator of S. 


The dominator of a semigroup may be empty. We will show that any group 
of order greater than 1 has no dominators. On the other hand, right-zero semi- 
groups (xy=y for all x, y), left-zero semigroups (xy =~ for all x, y), and rectan- 
gular semigroups (xyx =x for all x, y) each have the property that every element 
is a dominator, hence D=S. 

In Theorem 1 we determine the nature of semigroups having nonempty 
dominators and the structure of the dominator. In Theorem 2 we show, by means 
of extension theory, that it is always possible to construct semigroups with a 
given set of dominators and with a given Rees factor semigroup. We need a few 
definitions before stating the theorems. These definitions and notations conform 
to those found in [3]. 


DEFINITION 2. A semigroup ts called a band if every element of Sis idempotent 
(x? =x). 


Right-zero, left-zero, and rectangular semigroups are all examples of bands. 


DEFINITION 3. By an ideal of a semigroup S we mean a subset I of S such that 
SlCr and ISG], 


THEOREM 1. A semigroup S coniains a dominaior tf, and only wf, 1¢ contains an 
ideal I which ts a rectangular band. Then I 1s the dominator of S. 


Proof. Let S contain a nonempty dominator D. If «ED, yES, and if 2 is 
any element of S, then 


(xy)a(xy) = [x(yz)a]y = xy 


hence xy€D. Similarly yxED. Hence D is an ideal of S. This, of course, means 
that D is a subsemigroup of S. Now, since D is the dominator of S, xyx=«x for 
all yES and, in particular, for all yCD. Thus D is a rectangular band. 

Now, suppose that S contains a nonempty ideal J, which is a rectangular 
band. We show that J is the dominator of S. Clearly if x, yEJ, then xyx =x since 
I is rectangular. Suppose that xCJ and yE& J, then xy and (xy)xE€TI since I is 
an ideal. It is not immediately clear, however, that xyx=-x, since y&J. Since I 
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is a band, however, and xyx€ TI, it follows that 
xye = (xyx)? = a[(yx)(xy)]2 = x 


since yx, xy, and (yx) (xy) ETI (I is an ideal). This proves that S has a dominator 
since we have shown that every element of J dominates S. Thus if D is the dom- 
inator of S we have TCD. Now if «CD then xyx=x for all yCS. In particular 
if yCTI then xyx=x, but since J is an ideal x=xyxCJ. Hence DCI, and it fol- 
lows that J=D. : 

This completes the proof of Theorem 1. 


DEFINITION 4. An ideal of a semigroup S 1s called minimal if it does not prop- 
erly contain any ideal of S. 


A minimal ideal, if it exists, is unique, and it is called the kernel of S. 
We add that if an ideal of a semigroup is a rectangular band, it is the kernel, 
since a rectangular band contains no proper ideal. 


COROLLARY 1. A semigroup S has a unique dominator if, and only tf, it has 
a zero element. 


Proof. If S has a unique dominator a, then {a} is an ideal of S by Theorem 
1, hence a is a zero. The converse is clear since the zero is the kernel of S. 


COROLLARY 2. The only group with a dominator ts the group of order 1. 


Proof. A dominating element must be idempotent, and the only idempotent 
in a group is the identity element. But the identity element cannot dominate 
unless it is the only element in the group. 


DEFINITION 5. An element x of a semigroup Sis called a commutative element 
of S if 1t commutes with every element of S. 


COROLLARY 3. An element x of a semigroup Sis a commutative dominator of Sif, 
and only if, 1t 1s a@ zero element of S (hence, if, and only tf, 1t 1s @ unique dominator 


of S). 
Proof. If x is a zero, then clearly x commutes and dominates. Conversely, 
if x is a commutative dominator, then for any yCS 


L= Lye = wy = vy 
and 
x= rye = yx? = yx 


since x is commutative and idempotent. Thus x=xy=-yx, and x is a zero ele- 
ment of S, and by Corollary 1, the only dominator of 5S. 


CoROLLARY 4. If x 1s a dominator of a semigroup S, the set C, of all elements of 
S which commute with x 1s a subsemigroup with a zero element. 


The proof will be left to the reader. 
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This lemma is proved in [1]. 

Now, let (D, -) be any rectangular semigroup, and (Z, 0) be any semigroup 
with a zero element 0. Let Z°=Z— {0}, and let E=DUZ°. We now define an 
operation (*) in Z as follows: Let a and b be two arbitrary, but fixed, elements of 
D (possibly a=b). Then if x, yCE we define x * y as follows: 


x-yifx,yECD 
x -altl xe DyEZ? 
(1) vxey=1b-yif rE Z°, ye D 
xoy il x,y Z° and xoy #0 in 2? 
b-ailix,yECZ° and xoy = 0 in Z°. 


This is an example of an ideal extension E of D by Z based on [2] or [3]. 
We can prove directly, however, that (1) is associative and that D is the dom- 
inator of E without using the general theory in [2] or [3]. This proof will be 
left to the reader. 

Acknowledgments. I wish to thank Dr. Takayuki Tamura of the University 
of California at Davis for the help and advice he gave to me in the writing of 
this paper, and I wish to thank the referee who reviewed this paper for his sug- 
gested revisions which enhanced the clarity of the paper. 
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A PROBLEM IN GRAPH THEORY 


P. Erpés, A. HAJNAL AND J. W. Moon, University College, London and 
Math. Inst. of the University of Budapest 


A graph consists of a finite set of vertices some pairs of which are adjacent, 
i.e., joined by an edge. No edge joins a vertex to itself and at most one edge joins 
any two vertices. The degree of a vertex is the number of vertices adjacent to it. 
The complete k-graph has k vertices and (§) edges. 

We shall say that a graph G has property (n, k), where 2 and & are integers 
with 2<kSn, if G has nu vertices and the addition of any new edge increases 
the number of complete k-graphs contained in G. For example, let A,(~) denote 
a graph with 2 vertices and n(k—2)—(°3') edges which consist of a complete 
(k —2)-graph each vertex of which is also joined to each of the n — (k —2) remain- 
ing vertices. A;,(z) contains no complete k-graphs but it is easily seen that with 
the addition of any new edge a complete k-graph is formed. Hence, A;(n) has 
property (n, ). 
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A PROBLEM IN GRAPH THEORY 


P. Erpés, A. HAJNAL AND J. W. Moon, University College, London and 
Math. Inst. of the University of Budapest 


A graph consists of a finite set of vertices some pairs of which are adjacent, 
i.e., joined by an edge. No edge joins a vertex to itself and at most one edge joins 
any two vertices. The degree of a vertex is the number of vertices adjacent to it. 
The complete k-graph has k vertices and (§) edges. 

We shall say that a graph G has property (n, k), where 2 and & are integers 
with 2SksSn, if G has n vertices and the addition of any new edge increases 
the number of complete k-graphs contained in G. For example, let A,(7) denote 
a graph with n vertices and n(k—2)—(°3') edges which consist of a complete 
(k —2)-graph each vertex of which is also joined to each of the n — (k—2) remain- 
ing vertices. A,(z) contains no complete k-graphs but it is easily seen that with 
the addition of any new edge a complete k-graph is formed. Hence, A;(n) has 
property (n, k). 
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We wish to determine the “minimal (n, k) graphs,” i.e., those graphs with 
property (z, k) and with the minimal number of edges. We prove the following 
result. 


THEOREM 1. For every pair of integers n and k, with 2Sk Sn, the only minimal 
(n, k) graph is Ax(n). 


We will apply Theorem 1 to prove a conjecture of Erdiés and Gallai (see 
[1]). A set of vertices is said to represent the edges of a graph if each edge con- 
tains at least one of these vertices. A graph G is said to be edge p-critical if the 
maximal number of vertices necessary to represent all the edges of G is p, but 
if any edge is omitted the remaining edges can be represented by p—1 vertices. 
For example the complete (p-++1)-graph is ed ge p-critical. In [1] it is conjectured 
that an edge p-critical graph can have at most (?3") edges. Theorem 1 immedi- 
ately implies this conjecture. In fact we prove 


THEOREM 2. Every edge p-critical graph has at most ("3") edges and the only 
edge p-critical graph with (?3') edges is the complete (p-+1)-graph. 


Finally we would like to state a conjecture. A bipartite graph (R, 1) is a bi- 
partite graph having k green and / blue vertices. A complete bipartite graph 
(k, k) is a graph where all green and blue vertices are adjacent. We now say 
that a bipartite graph (n, m) has property (n, m, k, k) if any new edge increases 
the number of complete bipartite (k, 2) graphs in our graph (we assume kSn, 
kgm). 

Problem. Is it true that every (n, m) graph with property (”, m, k, k) has 
at least (k—1)(n-+m—k-+1) edges? 

A weaker conjecture would be that every bipartite graph (”, m) which con- 
tains no complete bipartite (k, &) but which loses this property when any new 
edge is added has at least (k—1)(n+m—k-+1) edges. 

One of the difficulties of proving these conjectures may be that the obvious 
extremal graphs are certainly not unique, which fact may make an induction 
proof difficult. One can easily formulate the analogous conjecture for property 
(n, m, k, 1), but we leave this to the reader. 

Proof of Theorem 1. We first show that Az(m) is a minimal (n, k) graph and 
then we show that it is the only one. We begin by establishing the inequality 


(1) fi(n) = film — 1) + (R — 2), forn=k+1,k+2,---, 


where f(z) denotes the number of edges in a minimal (n, k) graph. 

Let G be any minimal (n, k) graph where n2=k-+1. There exist nonadjacent 
vertices in G, say p and q, as the complete z-graph is clearly not a minimal (n, k) 
graph. Since G+(, g), the graph obtained from G by adding an edge joining 
p and q, contains at least one more complete k-graph than G, it must be that p 
and qg are both adjacent to all the vertices of some complete (k —2)-graph. Hence, 
if we let G* denote the graph obtained from G by removing g and then joining 
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b by an edge to every vertex which originally was adjacent to q but not to p, 
it follows that G* has at least R—2 fewer edges than G. We may assert that G* 
has property (n—1, k). For if @ and b are nonadjacent vertices in G*, both 
different from ~, then the addition of the edge (a, b) still forms at least one new 
complete k-graph since none of the complete k-graphs formed by adding (a, b) 
to G could have contained both p and g and in G* the vertex » can serve wherever 
gq was required before; in the remaining cases the addition of a new edge to G* 
forms the same new complete k-graphs as were formed by the addition of the 
same edge to G. Since G* contains at least f,(m—1) edges, inequality (1) now 
follows. 
It is obvious that f,(#) =) —1. This combined with (1) implies that 


@ fl) B (5 )-1+@-e-2 = n= - ("5 '), 


forn =k+1,k+2,---. 


But A;z(m) is an example of a graph having property (n, k) and with only 
n(k—2)— ("3") edges. Therefore, it must be that Az(m) is a minimal (n, k) graph 
and that equality holds throughout in (1) and (2). 

We now use induction to show that A;(m) is the only minimal (n, k) graph. 
For any fixed admissible value of & this is certainly the case when n=k. Assume 
that the assertion is valid whenever kSn<™m, for some integer m, and consider 
any minimal (m, k) graph G. From the fact that equality holds in (1) it is not 
difficult to see that G*, constructed as before, must be a minimal (m—1, R) 
graph. Hence, we may suppose that G* is the same as A;,(m—1). 

If in G* the vertex p, using the same notation as before, is one of the k—2 
vertices adjacent to every other vertex in G*, then in G it must be that q is 
adjacent to all the other k—3 such vertices and to one of the remaining vertices. 
This is so that the addition of the edge (f, g) to G will form at least one new com- 
plete k-graph. Each of the other m—k vertices is adjacent to either p or g but 
not both for otherwise p and q would be mutually adjacent to more than k—2 
vertices and G would contain more than f;,(m) edges. We may suppose that one 
such vertex / is not adjacent to p. But it is now easily seen that the addition 
of the edge (, h) would not form a new complete k-graph in G, contradicting 
the definition of G. The only alternative is that p is one of the vertices of degree 
k—2 in G*. From the definition of G* it now follows that G differs from G* only 
by the presence of the vertex g of degree k—2 which is adjacent to the same 
k—2 vertices as in p. This implies that G is the same as A;(m) which completes 
the proof of the theorem. 

We may restate the above theorem in the following slightly weaker form: 
Of all graphs with x vertices which contain no complete k-graphs, where 
2<k Sn, but which lose this property when any new edge is added, the graph 
A,(m) and only that graph has the minimal number of edges. This statement 
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RETRACTION OF ‘‘N-TH POWERS IN THE FIBONACCI SERIES” 
FLoyp BucHANAN, Buffalo, New York 


In the June-July issue of this MONTHLY, in my article, I stated that the rank 
of the first term divisible by g*, but by no higher power than k of the prime g 
is equal to g*-1j(q). This statement would be true, as it has been pointed out to 
me, if the first term divisible by g is divisible by no higher power than the first 
in g. The correct statement of Lucas’ theorem is: If p is an odd prime, and U, 
is the first term divisible by »* but not p't!, then U>,, is the first term divisible 
by p+! but not p*+?. My error was in assuming that the theorem implied 
j(p?) ¥j(p), which it does not. I have been informed that j(p?) #j(p) for primes 
less than 10,000 but it is not known whether there are any higher primes for 
which this may not be true. Although this is an unsolved problem, I feel that 
my article is not correct and not complete and would like to retract it. 


CLASSROOM NOTES 


EDITED BY GERTRUDE EHRLICH, University of Maryland 


This department welcomes brief expository articles on problems and topics closely related 
to classroom experience in courses that are normally available to undergraduate students, from 
the freshman year through early graduate work. Items of interest to teachers, such as pedagog- 
ical tactics, course improvement, new proofs and counterexamples, and fresh viewpoints in gen- 
eral, are invited. All material should be sent to Gertrude Ehrlich, Mathematics Department, 
University of Maryland, College Park, Maryland 20740. 


MODULES OVER COMMUTATIVE RINGS 
W. G. Leavitt, University of Nebraska 


The following is another short proof of the fact that for a commutative ring 
with unit R, any finitely based R-module is “dimensional” in the sense that all 
of its bases have the same number of elements. 


THEOREM. Let R be a commutative ring with unit. If Mis a umitary R-module 
with a basis of n elements, then all bases of M contain exactly n elements. 


Proof. (The method is that of [1], p. 115.) Let {a;} @=1, -- +, ) bea basis 
for M. It is easy to see that M cannot have an infinite basis. (See [2], p. 241-2. 
Applied to modules, the method shows that for a module with an infinite basis 
all bases have the same cardinality.) Thus let {B;} (j=1,---+,m) be another 
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basis of M. Write a; = Dom, a6; GG =1,---, 2) and By= DifL1 bua 
(j=1,---,m). If A=[a.] and B= [d,;], it follows from the independence of 
the a,’s and the 8,’s that 


(1) AB=I, and (2) BA = In, 


where J, and J,, are unit matrices. Conversely, the existence of relations (1) and 
(2) in a ring R implies the existence of an R-module with bases of lengths m 
and n, namely the module of all m-tuples. This module has, of course, the rows 
of Im as a basis, but also has as an alternative basis the rows of A. This is clear, 
since from (2) each row of J,» is a linear combination of the rows of A, while 
from (1), XA =0 implies XJ, =X =0, so the rows of A are independent. 

Now any homomorphism of R preserves the relations (1) and (2), and so any 
nonzero homomorphic image of R also admits a module with bases of lengths 
mand n. But if we apply Zorn’s lemma in the usual way (relative to ideals not 
containing the unit, partially ordered by set inclusion) we obtain a maximal 
ideal J of R. Since R/TJ is a field, its modules are vector spaces all of whose bases 
are of the same length. Thus since R/J is a homomorphic image of R, we must 
conclude that m=n. 
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ON SOLUTIONS OF CERTAIN RICCATI DIFFERENTIAL EQUATIONS 
James L. ALLEN, Ball State Teachers College, anp F. Max STEIN, Colorado State University 


1. Rao’s transformation. In [1] Rao presented the transformation 


(1) y = uv — g/h 
that reduced the Riccati differential equation 
(2) y = f+ gy + hy’ 
to one in which the variables were separable, 
W112 
(3) ul = (—) (1— Ku + u?), 
if 


hw’ — (3h — 2eh)W 
hW'— Gi — 2h)W _ 


(4) Qpil2py 3/2 


b] 


where K is constant and where 


(5) W = fl? + o/h — gh. 
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that is defined over (—7/+/3, 7/+/3) and which is —1/2 at the origin, we see 
from (8) that C=1 and +»/fh=1. Thus the transformation (6) reduces (10) to 
(11) w=i1tuat xv’. 
The solution of (11) is w=(4/3/2) tan (4/3x/2+a)—1/2, and hence the solu- 
tion of (10) that is —1/2 at x=0 is 

y = ([exp(«*/*)]/2)[V/3 tan(/3x/2) — 1]. 


Observe that Rao’s method does not apply to (10) since W in (5) is not defined 
at the origin. Even on an interval not containing the origin, the labor involved 
in this case in obtaining W?/2 in (4) is quite formidable. 


Prepared in an NSF Undergraduate Science Education Program at Colorado State University 
by Mr. Allen under the direction of Professor Stein. 


Reference 
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ON A PROOF OF HERMITE’S IDENTITY 
Yosuro MATSuoKA, Kagoshima University, Japan 


The following identity, due to Hermite, is well known: 


l+[2+—]+[o+—]+---+[2+7 =] - [ne], 


n 


where x and m denote any real number and any natural number, respectively, 
and [x] denotes, as usual, the greatest integer not exceeding x; (see, for example, 
[1] p. 118 and p. 324). 

In this note we give another proof of it. Let 


f(a) = [ne] - fo] -[2+—]----- [2472] 


= [na] —[x]— fe +— | in [| =f(e). 


n n 
On the other hand, if OSx<1/n, we have f(x) =0. Therefore f(x) =0, which was 
to be proved. 


Reference 


1. G. Polya and G. Szegé, Aufgaben und Lehrsitze aus der Analysis, vol. 2, Springer Verlag, 
Berlin, 1954. 
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A PROOF OF THE FUNDAMENTAL THEOREM OF ARITHMETIC 
E. A. Mater, University of Oregon 


The standard proofs of the fundamental theorem of arithmetic are based 
upon results derived from properties of the greatest common divisor of two 
integers. These properties in turn are obtained from the well-ordering principle 
and the division algorithm. The following proof depends upon these latter two 
propositions but does not involve the concept of greatest common divisor. 


LEMMA 1. Let a be rational and let b be the least positive integer such that ba 
is an integer. If c and ca are integers, then b| c. 


Proof. By the division algorithm there exist integers g and r such that 
c=bq+r, 0Sr<b. Then ra is an integer since 


ra = (¢ — bg)a = ca — (ba)q. 
Hence 7=0 by the definition of 0. 


LEMMA 2. Let p be a prime and a an integer such that a/p is not an integer. If 
b is the least positive integer such that b(a/p) is an integer, then b= pb. 


Proof. Since p(a/p) is an integer, from Lemma 1 we have b| b. Hence b =1 or 
b=p. But )#1 since a/p is not an integer. Hence b= p. 


THEOREM. (The Fundamental Theorem of Arithmetic.) Every positive integer 
greater than 1 1s factorable into primes uniquely, apart from the order in which the 
factors occur. 


Proof. It is readily established that every integer greater than 1 may be 
factored into a product of primes. 

To establish uniqueness, suppose that there exist positive integers which 
may be factored into primes in more than one way. 

Let x be the least such integer, say n= pipe: ++ pr=QiGe-* * Ge. Since the 
factorization of a prime is unique, 7 and s are greater than 1. 

If :=q; for some j, then n/p1=1n/q; is an integer less than n which lacks 
unique factorization. This contradicts the manner in which n was defined. 

If 1% q,; for all j, then, since ~; and q; are primes, qi/f1 is not an integer. 
Thus, by Lemma 2, the least positive integer b such that b(qi/p1) is an integer is 
fi. Also 


qoqa + + * Qe(Q1/p1) = n/p1 = pops ++ pr 


is an integer and hence, by Lemma 1, bi| 29s - + +g» However, pf; is different 

from all the q’s, and it follows that qgeq3 - - - q, lacks unique factorization. This 

again contradicts the manner in which z was defined and the proof is complete. 
The following is an immediate consequence of the theorem. 


CoROLLARY. If a prime p divides the product ac of two integers, then b| @ or b| C. 
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Alternatively, one may establish the corollary directly from Lemmas 1 and 
2 and then proceed with the proof of the fundamental theorem in the usual 
fashion. To establish the corollary directly, suppose that plac but pla. Then 
c(a/p) is an integer, but a/p is not. By Lemma 2, # is the least positive integer 
b such that b(a/p) is an integer and hence, by Lemma 1, b| C. 


MATHEMATICAL EDUCATION NOTES 


EDITED By JOHN R. Mayor, AAAS and University of Maryland 
COLLABORATING EpIToR: JOHN A. Brown, University of Delaware 


All material for this department should be sent to John R. Mayor, 
1515 Massachusetts Avenue, N.W., Washington, D. C. 20005. 


PREGRADUATE TRAINING IN MATHEMATICS—A REPORT OF A CUPM PANEL 
A. B. WILLcox, Executive Director of CUPM 


1, The mathematical theory of curriculum construction.! Every mathe- 
matician and increasingly many college sophomores know of the intimate con- 
nections between differential equations yy’ =f(x, y) and direction fields. In this 
section we introduce an application of a differential equation (of sorts), describ- 
ing, first, the space in which the associated direction field and integral curves 
are embedded. To our knowledge, this particular application of the notion of a 
differential equation cannot be found in print at present. We are confident, 
moreover, that it will not be found in print in the future, outside of this article, 
the entire purpose of the theory having been accomplished when the reader 
reaches section 2. 

Let us denote by A a “space”? each of whose points represents a mathematical 
activity appropriate for a college student. For example, one point might denote 
“studying the calculus integrated with material from linear algebra”; others, 
“studying the calculus with some differential equations but with no use of con- 
cepts from linear algebra,” or, “studying linear algebra and calculus as separate 
parallel courses,” or, “beginning homological algebra, but requiring remedial 
work in long division.” 

Using the time-honored device of “thinking away” complexity by the use of 
simple diagrams, we picture A as shown in Fig. 1. 

Denoting the real number system by R, we picture A XR as follows. RF is 
treated as a “time axis,” following common usage. 

A XR will be called a (mathematics) curriculum space and a function F de- 
fined on the interval [0, 4] in R and having values in A will be called a pregradu- 
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THE RUTGERS PROGRAM FOR RETRAINING IN MATHEMATICS OF 
COLLEGE GRADUATE WOMEN 


HELEN M. Marston, Rutgers—The State University 


This program was started at Rutgers three and one half years ago, primarily 
because of the shortage of mathematics teachers. It was sponsored by the Ford 
Foundation in the belief that college graduate women who have raised families 
would be both able and eager to retrain for some of the many jobs requiring 
mathematical ability and up-to-date knowledge. It was preceded by a year-long 
survey in which school principals and teachers, college teachers, industrial per- 
sonnel managers, and more than 21,000 college graduate women in the area of 
northern New Jersey were questioned as to their interests and needs. 

Now, at the end of the first three and one half years, there are 188 women 
and 2 men who have successfully completed one or more semesters in the pro- 
gram. To some of these, retraining has meant a single course, to some it has 
meant several courses, and to 30 it has meant enrolling (either subsequently or 
concurrently) in graduate school. Some women enroll with teaching as a very 
definite goal, some wish to do anything but teach, and some have no idea what 
they would like to do. Some study in the hope of an immediate job, and others 
study so they will be prepared to work when their children are older. Mathe- 
matical backgrounds vary all the way from one college course to an M.A., and 
from as little as five years ago to thirty years ago. 

The 6 courses which now constitute the program have been designed, insofar 
as possible, to help all of these women. Statistics and/or Computer Program- 
ming are the courses taken by most who plan to get jobs in industry, and a 
professionalized subject-matter course called “Background for Teaching the 
New Mathematics” is taken by most who plan to teach. “Background for Teach- 
ing Mathematics in the Elementary School” will be offered for the first time in 
1964-65. The noncredit course called “Review, College Freshman and Sopho- 
more Mathematics” has been the most popular, and this is frequently followed 
by the course in Calculus. All courses are offered at both the Newark and New 
Brunswick campuses, scheduled at the times most convenient for women with 
families. All courses are staffed with top-notch professors. (The bright and busy 
40-year-old is hardly a captive audience!) Scholarships have been given where 
needed. 

In spite of the wide range in ages (25-68) and the diversity in backgrounds 
and goals, these women have a sort of self-selective homogeneity: they are well 
above average in intelligence, they are highly motivated, and they share a com- 
mon courage and desire to do something constructive with their talents. Among 
those who consider their retraining complete, 60 are already holding jobs as a 
fairly direct result of their courses and the counseling and placement help which 
they received in the program. Thirty-five are teaching in junior or senior high 
schools, 3 are teaching in college, and most of the other 22 have jobs with indus- 
trial research. Nine are already on second jobs since completing their retraining, 
and others have received promotions and raises. 
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Without exception, these women seem to be successful and happy in their 
work, and skillful in their management of home and family adjustments. One 
mother of 5, now doing full-time teaching, ends her letter to us with, “Now 
that you’ve introduced me to studying again, I do want to continue. Say thank 
you to ‘Mr. Ford’ when you see him. I’m delighted with the change in my life.” 
And from the letter of one school superintendent: “It is undeniable that the 
regular teacher training programs have been unable to adequately supply the 
number of teachers of mathematics needed to fill all positions in public and 
private schools with completely qualified personnel. ... 1 regard your training 
program as an invaluable service in a field for which there is currently a critical 
shortage of teachers.” 

“The mature woman” is becoming more popular with employers, and there 
seems to be a continuing demand for women with recent courses in mathe- 
matics. Since the shortage of teachers in science is also critical, it is our hope 
that we may be able to expand this program to “The Rutgers Program for 
Retraining in Mathematics and Science.” 


SCHOOL AND COLLEGE ENROLLMENTS 1973 


Statisticians at the U. S. Office of Education, Department of Health, Educa- 
tion, and Welfare, have taken a look into the future and foresee ten years hence: 

Fifty-four million students enrolled in public and private elementary and 
secondary schools in the fall of 1973. This is 7.1 million more than in 1963. 

Eight million students seeking degrees in colleges and universities, nearly 
double the 4.5 million enrolled in 1963. 

About 2.2 million teachers in public and private elementary and secondary 
schools, an increase of 375,000. 

More than three million high school graduates, an increase of approximately 
800,000, and 

Students getting 788,000 bachelor degrees—300,000 more than in 1963. 

The figures are highlights of projections of the major items of educational 
statistics being prepared for publication later this year by the Office of Educa- 
tion. Statisticians emphasized that all projections are based on the assumption 
that the 1954-55 to 1963-64 trend will continue through 1973-74. 

The predicted total of 62 million students in schools and colleges in 1973 
indicates a nearly 80 per cent increase in enrollments since 1953. 

Projections indicate that in 1973 the number of high school students will 
have more than doubled, and the number of degree-seeking college students 
will have more than tripled the 1953-54 totals. Ten years ago there were 6.8 
million in high schools and 2.2 million in colleges. Ten years from now it is ex- 
pected that 16 million youths will be in high schools and eight million in degree 
courses at colleges. 

News Release from Office of Education 
U. S. Dept. of Health, Education, and Welfare 
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1st row: 1, 2,---,10 of clubs 

2nd row: 10, 1, 2, ---, 9 of diamonds 
3rd row: 9, 10, 1, ---, 8 of hearts 
Ath row: 8, 9, 10, 1, - --, 7 of spades. 


Pick them up, face down, from right to left, a column at a time, always starting 
with the first row. The bottom card will be the ten of clubs, and the top, the 
eight of spades. Now distribute them, face down, in four equal rows from left to 
right. Find a formula which identifies the card in each of the forty positions. 


E 1743. Proposed by H. S. M. Coxeter, University of Toronto 


Prove that (sinh x— x) {arc sec(2-++sech x) —1/3} is a steadily increasing 
function of x. 


E 1744. Proposed by Yasser Dakkah, S. S. Boys’ School, Qalgilya, Jordan 


In the plane of a given triangle, locate a point whose distances from the 
three vertices have the smallest possible sum of squares. 


E 1745. Proposed by E. S. Langford, North American Aviation, Anaheim, 
California 


(1) Consider a wineglass in the shape of half a prolate spheroid. A marble is 
introduced into the glass. What is the radius of the smallest marble which will 
not touch the bottom? 

(2) The similar problem for a paraboloid of revolution. 


E 1746. Proposed by Michael Fried, University of Michigan 
Given positive integers k and 2, find all integers x such that n| x, n+1 | x+1, 


-, nt+k| «+k. 
E 1747. Proposed by Joseph Arkin, Spring Valley, N. Y. 


If a(n) is the sum of the divisors of n, show that o(6¢+5) =0 (mod 6) for 
all positive g. Is this an instance of a more general rule? 


SOLUTIONS OF ELEMENTARY PROBLEMS 
A Condition for a Semigroup to be an Abelian Group 


E 1629 [1963, 891; 1964, 687]. Proposed by F. M. Sioson, University of 
Hawau 


Show that any associative system S satisfying the identity y= y= yx? is a 
commutative group. 


Comment by D. F. Dawson, North Texas State Unwersity. Solution II as 
given is incorrect and, in particular, the statement regarding a weakened 
hypothesis does not hold. Consider the following counterexample: 
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a b 
S a a a 
b b b 


Clearly S is associative since each element of S is a right identity. Also ab?=a, 
ba?=b, aa?=a, bb?=b. But S is not a group nor is it commutative. 


The Additive Identity in a Simple Algebraic System 


E1656 [1964, 90]. Proposed by G. A. Heuer and D. B. Erickson, Concordia 
College. 


Let (R; +, -) be a system such that (R; +) is a cancellation semigroup, 
(R; -) is a semigroup, and “-” is right and left distributive over “+”. Let 
z€ be such that zx =xz=z2 for all xCR. Is 2 an additive identity? 


Solution by Jack Nebb, University of North Carolina. First, z+2=ss+22 
=2(2-+2)=2. If «CR, x+2=x+(2+2)=(«+2)+2. Hence, x=x-+2 by can- 
cellation. Similarly, x =z+4, and gz is indeed an additive identity. 

Remark. The following hypotheses were not needed: “-” is right distributive 
over “+”, “-” is associative, and z is a right identity for “-”. 


Also solved by Shair Ahmad, R. G. Albert, D. J. Allen, Charles Atherton, E. R. Barnes, 
W. E. Bodden, G. A. Bogar, Joel Brawley, Jr., L. P. Bush, Jim Campbell, D. I. A. Cohen, David 
Cohoon, I. E. DeNoya, J. W. Ellis, Ann Endsley, Francis Florey, Michael Gemignani, W. E. 
Gould, H.S, Hahn, D. J. Hansen, C. V. Heuer, K. S. Hirschel, Stephen Hoffman, J. E. Humphreys, 
S. F. Kapoor, Max Klicker, E. S. Langford, J. R. C. Leitzel, C. C. Linder, Nicholas Macri, D. C. B. 
Marsh, J. R. Merriman, T. M. O’Leary, Stanton Philipp, J. R. Porter, David Reel, Dorothy S. 
Rutledge, P. A. Scheinok, David Sookne, E. L. Spitznagel, Jr., and K. P. Yanosko (jointly), 
C. F. Stephens, W. C. Waterhouse, W. L. Werner, H. E. Wickes, K. L. Yocom, and the proposers. 


As in the solution above, most solvers showed that z-++-z=z. This can of course be proved under 
considerably less restrictive hypotheses: All that is required of (R; -) and zg is that (i) 
2, 22, (2-+2)CR, (ii) 2e=2, and (iii) 2(¢-+z) =22+2z. 


Subgroup A for which AL {x, x-!} is a Subgroup 
E1657 [1964, 91]. Proposed by Michael Gemignani, University of Notre Dame. 


Let G be any group and A a subgroup of G. Let «EG, x. A. We say x aug- 
ments A if A,=A(x, x) is also a subgroup of G. Suppose x augments A. 
Show that A, is cyclic of order 2, 3, or 4. 


Solution by Richard Sinkhorn, University of Houston. Denote the identity in 
G by 7. Pick any yEA. If Az is a subgroup, xyG Az. But xy€A, for otherwise, 
since y"'CA, we would have xy-y~!=xCA. Thus either xy=x or xy=x7}, 
i.e., either y=7z or y=x-*. Thus A, contains no more than the elements i, x, 
x—1, «~* (which need not be distinct!). 
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Since 7€A and x@A, «+i and thus x!47. Suppose x~?7. Then since A, 
as a subgroup is closed under multiplication, either «~!-«%-?=7 or x7!-x-?=x. 
In the former case x—?=x and x-1!=<?, and A, is the cyclic group {i, %, x74. 
In the latter case x~?=x? and x71=23, and A, is the cyclic group {i, x, x7, xt. 

The remaining alternative «~?=1 gives x—!=x. In this case A, is the cyclic 
group {i, x}. 

Also solved by R. G. Albert, D. J. Allen, C. R. Atherton, E. R. Barnes, W. E. Bodden, W. H. 
Bonney, F. L. Bookstein, Joel Browley, Jr., Robert Burton, J. N. S. Cardoso, D. I. A. Cohen, 
David Cohoon, Henry Davis and Victor Keiser (jointly), F. J. Dickey, W. E. Gould, L. A. Guillou, 
H. S. Hahn, D. J. Hansen, C. V. Heuer, Stephen Hoffman, J, E. Humphreys, R. A. Jacobson, 
Colonel Johnson, Jr., S. F. Kapoor, Robert Kopp, E. S. Langford, Richard Laver, C. C. Linder, 
Robert Maas, J. W. Mades, D. C. B. Marsh, J. R. Merriman, P. N. Muller, M. G. Murdeshwar, 
Stanton Philipp, D. J. Samuelson, P. A. Scheinok, David Sookne, E. L. Spitznagel, Jr., and 
K. P. Yanosko (jointly), Rory Thompson, A. M. Vaidya, Simon Vatriquant, W. C. Waterhouse, 
K. L. Yocom, and the proposer. 


Random Polygons Inscribed in a Circle 
E1658 [1964, 91]. Proposed by D. L. Silverman, Beverly Hills, California. 


Points are selected at random on the circumference of a circle until they form 
the vertices of an inscribed polygon which encloses the center of the circle. Prove 
that the “expected polygon” is a pentagon. 


1. Solution by Robert Burton, Service Bureau Corporation, New York City. 
Let M, be a random variable equal to the angular measure of a minimal covering 
arc for m randomly selected points. Then the convex polygon determined by the 
points encloses the center if and only if M,>7. 

Since the probability that a given point is an end-point of a minimal covering 
arc is 2/n, and since, given a fixed end-point, the conditional probability that 
the remaining ~—1 points all lie on the same semi-circular arc is 2-(1/2)*7}, 
it follows that p,=P { M, <1} =2-(1/2)"-1/(2/n) =n/2"—, for n21. Then 
On = Pn—-i— Pn = (n—2)/27-1 =P{X=n I where X is a random variable equal 
to the number of points required, and E(X —1)= ) n-2(n—1)(n—2)/2"71=4, 
so that E(X)=5. 


II. Solution by F. G. Schmitt, Jr., Ann Arbor, Michigan. One may as well 
solve Problem E1658 in m dimensions: Let x1, %2, + ++ be a sequence of points 
scattered at random on an (%—1)-sphere in £". The random variable N, is 
defined to be the smallest number m such that the convex hull of the points 
x1, °° *, Xm contains the center of the sphere. Find the expected value E(N,). 

Solution. N,>k iff the points x1, + - + , x, are contained in some hemisphere. 
J. G. Wendel [A Problem in Geometric Probability, Mathematica Scandinavica 
2 (1962), 109-111] has observed that this event has the same probability as 
that of obtaining the mth head on or after the &th toss of an honest coin. Thus if 
M,, denotes the total number of tails before the mth head, then Pr(NV,>h) 
= Pr(M,+n2k)=Pr(M,+n+1>hk). Hence M, and N,—n—1 have the same 
negative binomial distribution with p=1/2, for which the mean is 2. Thus 
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E(Nn) =E(Matn+1) =2n+1. In particular E(N2) =5. 
Remark. Var(Nn) = Var(M,) =2n. Hence Var(V2) =4. 


Also solved by Jack Abad, R. G. Albert, Maxey Brooke, Allan Church, D. I. A. Cohen, 
Michael Goldberg, H. S. Hahn, R. F. Jackson, E. S. Langford, Winton Laubach, D. C. B. Marsh, 
K. L. Yocom, and the proposer. 

Not all these solvers interpreted “expected polygon” as in the solutions given above: Writing 
P,, for the probability that m but not »—1 points selected at random on the circumference, form 
a polygon “surrounding” the center of the circle, most of these solvers maximized P,. Depending 
upon the probabilistic assumptions made, some found the “expected polygon” to be a quadrilat- 
eral, some a hexagon. 


A Characterization of the Parabola 


E1659 [1964, 91]. Proposed by Jose Gallego-Diaz, Universidad del Zulia, 
Maracaibo, Venezuela. 


A parabola has the property that the circumcircle of the triangle formed by 
three tangents to the curve passes through a fixed point (the focus). Does this 
property characterize the parabola? 


I. Solution by Michael Goldberg, Washington, D. C. Take as origin O, the 
intersection of two fixed tangents of slopes m and n. Let F be the fixed point. 
Then each circle through O and F intersects the two fixed tangent lines in two 
points. The line through these two points is to be a new tangent to the sought 
curve. The envelope of the family of such lines is the sought curve. This curve 
is a parabola as shown below. 

The circle whose diameter is OF cuts the two fixed tangents in points whose 
join is taken as the tangent at the vertex of the parabola. The axis of the parab- 
ola is taken as the normal to this line through F. Then, each new tangent to 
this parabola forms the third side of a triangle whose other two sides are the 
original two tangents. The circumscribing circles of these triangles pass through 
Ff, The tangents, therefore, correspond to the family of lines as constructed in 
the foregoing paragraph. 


II. Solution by D. C. B. Marsh, Colorado School of Mines. Assuming only 
differentiable functions are considered, the answer is “Yes.” Consider two non- 
perpendicular tangents to a curve and establish coordinate axes so that these 
tangents have equations y=0, y= mw. All other tangents not through their inter- 
section nor parallel to either will be of the form Ax-+By-+1=0. The vertices of 
the triangle formed are (0, 0), (—1/A, 0), (—1/(A-+mB), —m/(A+mB)). 
Assuming that the circumcircle of such triangles passes through a fixed point, 
(xo, Yo), we use the 4X4 determinantal form of the circle 


|a2+tyaxyi| =0 


to obtain (x¢-+y2) (42-+-mAB) + (yo—%0) (A +mB)+myA =0 which can be put 
in the form B=(pA?+ qA)/(r—mpA) (p, g, 7 constants depending on xo, yo, 7). 
For B=f(A), we have the curve determined as the envelope of these tangents, 
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in parametric form «= — B’/(AB’—B), y=1/(AB’—B). Routine, but tedious, 
elimination of the parameter, A, yields: 


qr(rx -+ gy — mp)? — 4pr?(rx + gy — mp) + 4pr?(mq + r)x — 4mp?r? = 0 
which is, indeed, the equation of a parabola. 
Also solved by D. I. A. Cohen and the proposer. 


An Incomplete Partially Ordered Set 
E1660 [1964, 91]. Proposed by Seymour Kass, Illinois Institute of Technology. 


Give an example of a strongly partially ordered set which has the property 
that every pair of unrelated elements has a sup and an inf while every pair of 
related elements has neither. 


I. Solution by Richmond G. Albert, West Newton, Massachusetts. Let S con- 
sist of all finite open intervals of real numbers each containing zero and the rela- 
tion R be that of proper containment (as sets of numbers). 


II. Solution by D. L. Silverman, Beverly Hills, California. An easily verified 
example is the set [0, 1] with the order relation < defined as follows: a <b if 
and only if a<0 and either 

(1) a=0 

(2) b=1 

(3) a and 0 are both rational or 

(4) a and b are both irrational. 


Also solved by David Cahoon, S. P. Franklin, W. E. Gould, E. S. Langford, D. C. B. Marsh, 
David Sookne, and the proposer. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State Uni- 

versity, New Brunswick, N. J. Solutions of Advanced Problems in this issue should be sub- 

mitted on separate, signed sheets and should be mazled before June 30, 1965. 

5245. Proposed by Erwin Just and Norman Schaumberger, Bronx Community 
College 


Let f be a real valued function defined on [0, 1]. If the set of zeros of f is 
uncountable and nowhere dense, can f be continuous? 


5246. Proposed by Solomon Marcus, University of Bucharest, Rumania 


Let f be continuous in [a, b]. For each e>0, let ¢(e) be the greatest number 
n such that |x’—x’’| Sn implies | f(x’)—f(x’’)| Se. Does there exist such an f 
that ¢@ is continuous and nondifferentiable in some point e4€ (0, + ©)? 
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SOLUTIONS OF ADVANCED PROBLEMS 
Distributive Binary Operations Modulo n 


5150 [1963, 1015]. Proposed by J. R. Clay, University of Washington. 


Let Z,= {0, 1,2,---,n-—1 I There are n”’ distinct closed binary operations 
that can be defined on Z,. One of these is +, addition modulo . How many of 
the remaining are left distributive over +? 


Solution by J. L. Prietenpol, Columbia University. If the operation * is left 
distributive, then a *b=a* (1+ --- +1)=0-(a #1), where - is ordinary mul- 
tiplication modulo n. The operation is thus determined by the quantities 
a*1, which can be chosen independently. The number of such operations is 
therefore n”. 

Also solved by R. G. Albert, R. L. Farrell, G. A. Heuer, Hewitt Kenyon, R. B. Killgrove, 
F. D. Parker, Necdet Ucoluk, W. C. Waterhouse, J. Ernest Wilkins, Jr., K. L. Yocom, and the 


proposer. 
Editorial Note. It was observed by several solvers that only 2 operations are both left and right 


distributive. 


Decomposition Space of a Solid Torus 


5152 [1963, 1106]. Proposed by J. D. Sondow, Princeton University 


Prove that the decomposition space whose points are the interior points of 
the solid torus in #3 and the longitudinal circles of the boundary is topologically 
the 3-sphere. Intuitively this amounts to identifying all medians with one of 
them. 


Solution by L. R. King, University of Virginia. A meridian cross section (two 
discs) of the solid torus becomes a 2-sphere S in the decomposition space X that 
separates X into two disjoint open 3-cells C, and C;. Since C,US is a closed 3- 
cell, z=1, 2, X is homeomorphic to the 3-sphere. 


Also solved by Patrick Shanahan and the proposer. 


Groups with Composition Series (%, », q) 


5153 [1963, 1107]. Proposed by Seymour Kass, Illinois Institute of Tech- 
nology. 


Let G be a group of order p?g, where p and g are distinct primes. Prove that 
if G has a composition series with sequence of indices (, p, q), then G is abelian. 


I. Solution by J. J. Zeltmacher, Jr., University of Illinois. The assertion is 
false. A simple counterexample is given by G=S3Xo(2) DS; As) { 1}, where 
g(2) is the cyclic group of order 2. G is not abelian and has a composition series 
with sequence of indices (2, 2, 3). 


II. Solution by D. T. Sigley, Downey, California. If p<q there are many 
counterexamples to the stated proposition. However, if the order g of G is such 
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that g=p%¢ with p>gq, then the statement is true by the following argument. 
The invariant subgroup H of index p under G is of order pq. 

If H is Abelian, then its group of isomorphisms TJ is of order (p—1)(q—1) 
and, hence, does not contain an element of order p. Any element a of G that is 
adjoined to H to produce G must transform each element of A into itself, for 
the conjugation by a on H would have its pth power 1 and hence must be the 
identity map. Hence the group G so formed is Abelian. 

On the other hand, consider H to be non-Abelian. There is only one such 
group which exists if and only if p=1 (mod q). It has no invariant subgroup of 
index p (order q). See, e.g., Marshall Hall, Theory of Groups, p. 49. In this case 
G would have factors of composition (, g, ») but not (, p, g). This completes 
the proof when p>4q. 


Also solved by Anders Bager, J. H. Biggs, C. V. Heuer, William Scott, Donna J. Seaman, and 
Hermann Simon. 


Contraction Map by Stochastic Matrix 
5154 [1963, 1107]. Proposed by Allen S. Davis, University of Oklahoma 


Show that, with respect to a suitable metric, a square stochastic matrix M 
with positive entries defines a contraction map of the space X of probability 
vectors. (Hence, as is well known, «/4=-x has a unique solution in X.) 


Solution by the proposer. We assume that the rows of M/ are not identical. 
Let — be the z-dimensional column vector whose components are all 1. Define 
| (x1, ++, %n)]=(lail,---, ]an]). For all p, gEX, let 5(p, g) =|p—¢|é. Then 
(X, 6) is a complete metric space with the usual topology. Let @ be the row vec- 
tor whose components are the column minima of M, and note that 0<0& <1. 
Define 


Q= (M — (€6)’). 


1 — 6€ 
Then M = (&)’+(1—6£)O and Q is stochastic. For p, gEX, we have 6(pM, qM) 
=| (p—g) 0)’ + (1-6) (p-DO|ES(1—6£)5(p, g), since (p—q)(€6)’=0, |xQ| 
< na QO, and Q£=é. Since 0£>0, we have found an a<1 such that 6(pM, ¢M) 
<ad(p, q), for all p, qEX. The final fact that xM =x has a solution in X now 
follows from the fixed point theorem. (See, e.g., Kolmogorof and Fomin, Func- 
tional Analysis, I, pp. 43-46.) 


Area-Perimeter Relationships and Lattice Points 


5155 [1963, 1107]. Proposed by Joseph Hammer, University of Sydney, Aus- 
tralia 


Given a convex domain D, its area A(D) and its half perimeter, S(D). Prove 
that if A(D) >rS(D), where ¢ is any positive integer, then D contains 7 lattice 
points. (See Bender, Avea-Perimeter relations for two-dimensional lattices, this 
MONTHLY, 69 (1962) 742-744, where the case r=1 is proved.) 
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Solution by Robert Bowen, Fairfield, California. Suppose D were a counter- 
example with respect to lattice L. Since at most r—1 points of L lie inside D, 
it is possible to choose (a, 0) GZ such that «=a (mod 7) implies that (x, y) is 
not inside D. Let L’ be the lattice consisting of the points | w, y} = (ur-+a, vr). 
Then no points of L’ lie inside D and, because of the increase in the unit of 
length, A’(D) =(1/r?)A(D) > (1/r)S(D) =S'(D). This contradicts Bender’s 
theorem. 

See also the proposer’s paper, On a general area-perimeter relation for two di- 
mension lattices, this MONTHLY 71 (1964) 534-5. 


Series of Trigonometric Functions 
5156 [1963, 1107]. Proposed by Don Kirkham, Iowa State University 
For —$m S06 Sr, prove that 
dcot 6 + 4 cot? (tan @ — 6) — 2 coth6(—# tan? 6 + tan é — 4) 
+ 4 cot’ 6(% tan 6 — 3 tan? @-+ tanéd — 6) — --- = £(7? — 46). 


Solution by P. J. de Doelder, Technological University, Eindhoven, Nether- 
lands. We take x =tan 9, and there follows: 


arctan x 1 
o(x) = —-~ (« — arctan x) — +-- 
x 3x3 
-(1-Se#tse- )+5(f- sat oe )+ 
3 \3 5 7 
-(14t¢te..)-(tetty..)e 
32S? 3 3 5 
(tg tty tty doe 
5 3 7 5 9 
Pte be Arete dor 
2 4 3 
We define f(x) =4x?—4(1+4)x‘+ -+- and by differentiating we have 
oye (t4b)o 4 (reba tye. MERE, 
3 3 5 1+ x? 


and from this, f(x) =3(arctan x). Therefore $(x) =7?/8—4(arctan x)?=7?/8 
— 462. 

Also solved by L. Carlitz, Stephen Fisk, P. R. Rider, and Hermann Simon. 

Editorial Note. In the above proof we need the fact that |x| $1 in order to justify the re- 
arrangement of terms; this restricts the proof to the case 0< | | 7/4. None of the proofs sub- 
mitted consider the convergence situation if [| >2/4, so that the identity is not yet proved for 
such values. 
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The proposer, however, provides numerical verification of the result when 6=77/6. This in- 
teresting identity arose in theoretical work in soil physics. 


Rational Bases for Rational Numbers 


5157 [1963, 1107; 1964, 325]. Proposed by R. L. Graham, Bell Telephone 
Laboratories 


Suppose that S=(s1, Sz, +--+) is a monotone sequence of positive rational 
numbers which has the property that every sufficiently large rational number is 
of the form > ., Sz, where e is 0 or 1 and all but a finite number of the e 
are 0. Prove (or disprove) that all positive rationals are of the form 7, e5p. 


Solution by John R. Isbell, Institute for Advanced Study. This is not true’ 
Enumerate all rationals greater than 1 in a list (w;). Construct finite blocks 
Bisi= (Sati, °° * y Suzy) (for 120) of positive rationals, with the sum of B; 
equal to u; but no sum > enSk equal to 1, as follows. To start, write m)=0 and 
So=1. Then s;, in the block B,, and all following s;4; in B;41 are chosen as follows. 
Finitely many numbers f» are forbidden values for s;41 because they, with pre- 
ceding s;,’s, could represent 1. We forbid also all values which would make 
Sajtivk °° + +5341 one of the numbers 4;41—tn, another finite set. Also 5j41<5;. 
We require 5;41>435,, unless this requirement would make the sum of Bj4: al- 
ready greater than #;1:; in the latter case, sj4: is to be exactly that number which 
makes the sum 4,41, and 7,4; is defined to be 7+1, ending the block. In the con- 
trary case Sj4, must be less than wi41—Sn,41— °° + —5S; Beyond that, sj41 is 
chosen freely. 

The choice of s;,: is always possible; it is either determined or free in an 
interval of rational values with finitely many values forbidden. It is not possible 
to represent 1 as sz,+ +++ +5:, (all k’s>0). This is clear if the last index ky is 
not a block-end n,;. If kp=n;, suppose Rp1<n;—1; then Sa,1 1s a forbidden 
number, since S,,; is a fm and the sum of B; is wu; In case kp-4 is m;—1, consider 
the largest 7 such that k,_,=n,;—7. This index n;—,7 is greater than 2;1.-+1, be- 
cause the whole block B; has sum u;>1 and cannot all appear in the supposed 
representation of 1. But the sum %,_,+ +++ +5,, 18 a tm, and Sy”,+-1 1s a for- 
bidden number. We have contradictions in both cases; 1 is not representable. 
Finally, every u; is representable, i.e. every block is completed, because all of 
its terms except the last are larger than $5n,_,. 

(If arbitrary irrational values s, are permitted as in the original statement 
of the problem, one can even make the set of representable positive rationals 
> exsp be any desired set. The question, exactly what sets can be represented 
with rational s;, is hard but perhaps not impossible.) 


Also disproved, in the original form, by Paul Erdés. 


Product of All Elements in a Finite Abelian Group 


5158 [1963, 1107]. Proposed by S. D. Chatterji, University of New South 
Wales, Australia 
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Given a finite commutative group A = { Qy,° °°, On t What is the product 
@1d2** > d, equal to? 


Solution by Richard Laatsch, Miami University, Oxford, Ohio. If A contains a 
unique element x of order 2, the product is x. Otherwise the product is the 
identity e. For, if yCA and y¥y7—!, then the pair y, y~! can be removed from 
consideration. (In particular, the answer is e for every group of odd order.) This 
leaves the subgroup H= {xGA: x= eh, HT has order 2” for some integer m. To 
show this, if e, a, bGH, then e, a, b, ab are distinct; if c is another element of H, 
then ¢, ca, cb, cab are all new and distinct elements; if d is another element of H, 
the products with d give again as many new and distinct elements; etc. To show 
distinctness at any stage we have, for example, that if acd=ab, then d=a2bc 
= bc, contrary to the choice of d. Also the product of all the elements of H is e, 
unless m= 1, since every generating element (a, b, c, etc.) occurs as a factor an 
even number of times. 


Also solved by Anders Bager, K. F. Bailie, P. T. Bateman, J. H. Biggs, Robert Bowen, H. G. 
Bray, L. Carlitz, David Carlson, A. J. Chandy, D. I. A. Cohen, M. S. Demos, John de Pillis, 
Harvey Friedman, Harry Gonshor, Ralph Greenberg, A. P. Hallstrom, J. H. Halton, G. A. Heuer; 
R. A. Jacobson, C. Donald La Budde, S. Lajos, E. S. Langford, J. F. Leetch, Tung-Po Lin, M. D. 
Mavinkurve, Jong Kuen Park, F. D. Parker, P. R. Parthasarathy, C. B. A. Peck, Stanton Philipp, 
S. M. Robinson, Azriel Rosenfeld, S. W. Saunders, Sister Maris Stella Schrot, William Scott, D. T. 
Sigley, Helmut Simon, Richard van de Velde, S.J., Seth Warner, Robert L. Wilson, Jr., Robert Lee 
Wilson, K. L. Yocom, J. J. Zeltmacher, Jr., and the proposer. 

Editorial Note. Several solvers called attention to occurrences of this result in the literature. 
The earliest reference is to Frobenius and Stickelberger, J. Reine Angew. Math., 86 (1879) 240. 
A recent appearance is in L. J. Paige, Bull. Amer. Math. Soc., 53 (1947) 590, 


Semigroup Isomorphism for a Set of Number Pairs 


5159 [1963, 1107]. Proposed by S. D. Chatterji, University of New South 
Wales, Australia 


Show that a monoid M (semigroup with identity) of objects (2, J), R and 1 
nonnegative integers, with the composition law 


(k, Do(k, UV) = (RER, LEY + 2’) 


is isomorphic to the positive integers considered as a monoid under multiplica- 
tion. If one orders M by the rules (k, 1) <(k'l’) if k<k’, or if R=R’ and] <I’, then 
M is also order isomorphic to the positive integers (with natural ordering). 


Solution by Dave Nixon and Jim Wahab, Charlotte College, N. C. If n is any 
positive integer, there exist unique nonnegative integers k and /| such that 
n= 2*(21-+-1). The function f such that f(z) =(k, 1) is an isomorphism. The state- 
ment concerning order is in error since it would imply the existence of infinitely 
many positive integers smaller than the correspondent of (z, 1) for k>0. 


Also solved by E. S. Langford, Stanton Philipp, J. L. Pietenpol, A. M. Vaidya, W. C. Water- 
house, and K. L. Yocom. 


RECENT PUBLICATIONS AND PRESENTATIONS 
EDITED By R. A. ROSENBAUM, Wesleyan University 


CoLLABORATING Enitors: K. O. May, University of California, Berkeley, and 
E. P. VANCE, Oberlin College 


Materials intended for review should be sent directly as follows: Books: R. A. Rosen- 
baum, Wesleyan University, Middletown, Conn. 06457. Programmed Materials: K. O. 
May, University of California, Berkeley, Calif. 94704. Films: E. P. Vance, Oberlin College, 
Oberlin, Ohio 44074. 


REVIEWS IN PUBLICATIONS OF THE MATHEMATICAL ASSOCIATION OF AMERICA 
AMERICAN MATHEMATICAL MONTHLY AND MATHEMATICS MAGAZINE 


Under the editorship of Professor Dmitri Thoro of San Jose State College, a section 
of book reviews has been reinstated in Mathematics Magazine. In conformity with rec- 
ommendations by the Committee on Publications and the Board of Governors, reviews 
in that journal will be confined to books of interest to students and teachers of the first 
two years of college mathematics. This will include not only calculus and pre-calculus 
textbooks but also other books at this general level. 

The resumption of reviewing in the Magazine permits the Monthly to concentrate on 
material extending from the beginning of the junior year through the first year of 
graduate education. This “division of labor” should result in more adequate notice of 
new publications than would otherwise be feasible. 


Foundations of General Topology. By Akos Csdzs4ér. Macmillan, New York, 
1963. xix +380 pp. $15.00. 

Grundlagen der allgemeinen Topologie. By Akos Cs4zs4r. Akadémiai Kiad6, 
Budapest, 1963. 367 pp. $9.00. 


This book which is the (English) second edition of Fondements de la Topologie 
Générale, contains an additional four chapters, mainly devoted to the work of 
the late J. Czipszer, together with some revisions to earlier chapters. The 
German edition coincides with the English one, except for the revision of 
Chapter 16 and the fact that the format and typography are better. 

This monograph is a detailed description of a category which contains (in 
the sense of having isomorphic subcategories) the categories of topological 
spaces, uniform spaces and proximity spaces. The objects of the category (called 
syntopogeneous spaces) are pairs (#, S), where £ is a set and 8 a family of binary 
relations on @(£) which satisfies certain axioms. The morphisms (continuous 
functions) from (#, $) to (Z’, 8’) are those functions f: EF’, such that for 
each relation in 8’, the relation on @(£) induced (in the obvious way) by f~ is 
a subset of a relation in 8. 

If (EZ, ©) is a topological space, it can be identified with (£, { < hy, where A <B 
if AC B®. If (Z, U) is a uniform space, it can be identified with (Z, (<v) VE), 
where A <y Bif V[A|]CB. Similarly, a proximity space can be identified with 
a syntopogeneous space. These identifications are such that morphisms cor- 
respond to morphisms. 

The first six chapters are devoted to a detailed discussion of relations on 
@(£) and operations that can be performed on them. In the next three chapters, 
syntopogeneous spaces and continuous functions are defined, and various opera- 
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tions on 8 discussed. Products are then defined (Chapter 10) and the analogues 
of the T,; separation axioms introduced (Chapter 14). Complete spaces and 
compact spaces are defined in terms of the convergence of suitable classes of 
filter bases, and completion and compactification theorems proved (Chapters 15 
and 16). In the German edition, Chapter 16 is improved considerably by a dis- 
cussion of completion and compactification from the point of view of extension 
spaces. 

Let 3 denote the family (<,.).50 of relations <, on R, where 4 <.B if sup A 
-+eSinf (R—B). The theorem of Czipszer in Chapter 12 asserts that every 
(Z, 8) is (in a certain sense) the inverse image of 3. In order to explain this it is 
convenient to enlarge the category by adding more morphisms: let ® = (.)aca 
be a family of sets ¢. of functions f:E—£’; ® is a morphism, from (£, 8) to 
(Z’, 8’), if each ¢, is such that for a relation in $’, there is one relation in $§ which 
contains all the relations induced by { im fEba} (i.e., ® is a family of “equi- 
continuous” sets of functions). Czipszer’s theorem essentially states that given 
$, there exists a morphism ®:(E, $)—-(R, 3) with 635 =8. 

Czipszer’s theorem has as a consequence the fact that every (£, $) can be 
embedded in a product of fundamental cubes. A fundamental cube is the prod- 
uct E of a number of copies of [0, 1] equipped with the coarsest § which makes 
the set of projections: (Z, 8)—(R, 3) an “equicontinuous” set. Chapters 17 and 
18 (due almost entirely to Czipszer) are devoted to a discussion of the number 
of copies of [0, 1] needed for such an embedding. 

The remaining chapters discuss quasi-metrics, the weight of metrizable 
spaces and totally bounded spaces. 

The basic interesting idea in this book is that a topological space, a uniform 
space and a proximity space are particular examples of a syntopogeneous space. 
Those who wish to read a unified account of the three separate theories will find 
it of considerable interest. Otherwise, the main novelty is the theorem of 
Czipszer. 

The reviewer feels that the main value of this exposition, which lies in the 
fact that it is a unification of three theories, is decreased by its tendency, at 
several points, to become bogged down in a mass of details. This feeling is rein- 
forced by the fact that not much new light is shed on the separate theories. 

J. C. Taytor, McGill University 


An Introduction to Computational Methods. By K. A. Redish. Wiley, New York, 
1962. xii+211 pp. $5.75. 


This is a carefully written and well produced book which is intended for the 
occasional computer and for engineering and science students. It includes the 
standard topics of an introductory numerical analysis course, e.g., simultaneous 
linear algebraic equations, interpolation, differentiation and integration. Unfor- 
tunately, the methods are basically oriented to desk calculation and conse- 
quently will find little application in this country where most colleges and some 
modern high schools have electronic computers. 

G. H. Gove, Stanford University 
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Introduction to Knot Theory. By R. H. Crowell and R. H. Fox. Ginn, Boston, 
1963. x-+182 pp. $8.00. 


It is a famous theorem that any two embeddings of a circle in the plane 
are topologically equivalent. In contrast, it is intuitively obvious that a circle 
embedded in three-dimensional space can be knotted in many different ways. 
Mathematical curiosity at once prompts the question: “How can two knots be 
proved to be really different?” This natural and apparently innocuous question 
poses the central problem of knot theory and leads to algebraic developments 
of surprising variety and richness. 

The authors have succeeded admirably in their purpose of providing an 
introduction to this fascinating subject at a level accessible to graduate students 
and advanced undergraduates. The topological prerequisites are minimal, 
amounting to no more than the basic concepts of point-set theory which are 
now frequently presented in rigorous calculus courses. No specific knowledge of 
algebra beyond elementary concepts is presupposed, but a student who has not 
had some experience in thinking about abstract groups and rings is likely to 
have difficulty. A number of problems are given at the end of each chapter. Most 
of them require a good understanding of the text and a little thought; a few 
require substantial insight and ingenuity. 

The notions of fundamental group and of representation of a group by 
generators and relations are basic in knot theory, but are important concepts 
in their own right. The careful and self-contained expositions of these topics are 
worth noting for reference purposes. Here, for example, one will find a complete 
elementary proof that the fundamental group of a circle is infinite cyclic. An 
extensive chronological bibliography begins with Gauss’s 1833 paper on linking 
numbers and ends with a list of thirty-three papers for 1962, some of which had 
not yet appeared in print when the book went to press. The bibliography is 
accompanied by a guide to the literature which indicates the various develop- 
ments of knot theory beyond the scope of the text, and is of great value for 
anyone wishing to go more deeply in the subject. 

H. F. Trotter, Princeton University 


A Programming Language. By K. Iverson. Wiley, New York, 1962. 286 pp. 
$8.95. 


In this book, the author presents his own version of what he considers to be 
“an adequate programming language.” Unfortunately, the language and its 
presentation both suffer from the lack of a unifying principle. The general im- 
pression received by the reviewer was of an ad hoc collection of notations and 
techniques for describing problems for digital computation. Some of the ideas 
are interesting but one wonders at the overall collection. The following is a list 
of chapter headings: The Language, Microprogramming, Representation of 
Variables, Search Techniques, Metaprograms, Sorting, The Logical Calculus. 

E. K. BLum, Wesleyan University 
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NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the genera} interest of this department by sending news 
items to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo (Uni- 
versity of Buffalo), Buffalo, New York 14214. Items must be submitted at least two months 
before publication can take place. 


PERSONAL ITEMS 


Professor Leonard M. Blumenthal of the University of Missouri has received the 
Distinguished Faculty Award of that University, consisting of a bronze plaque and one 
thousand dollars. 

Professor Lyle E. Mehlenbacher, University of Detroit, represented the Association 
at the inauguration of William T. Jerome, III, as President of Bowling Green State 
University on September 16. 

Professor Eric Reissner, Massachusetts Institute of Technology, has received an 
honorary degree of Doctor of Engineering from the Hanover Institute of Technology in 
Hanover, Germany. 

University of California, Berkeley: Dr. B. R. Kripke, University of Texas, has been 
appointed Assistant Professor; Professor Ivan Niven, University of Oregon, has been 
appointed Visiting Professor; Dr. F. W. Warner, III, Massachusetts Institute of 
Technology, has been appointed Acting Assistant Professor and Assistant Research 
Mathematician; Associate Professor W. G. Bade has been promoted to Professor; 
Professor E. A. Bishop, on leave for the academic year 1964-65, has been appointed Re- 
search Professor in the Miller Institute for Basic Research, Berkeley; Professor J. L. 
Kelley, on leave for the academic year 1964-65, will spend the year in Kanpur, India, 
taking part in the Kanpur Indo-American Project; Associate Professor R. S. Lehman, 
on sabbatical leave for 1964-65, will carry on research at the Mathematical Institute of 
the University of G6ttingen, Germany; Professor P. E. Thomas, on leave for the spring 
semester 1965, will carry on research at the Institute for Advanced Study and at Oxford 
University, England. 

University of California, Riverside: Professor V. L. Shapiro, University of Oregon, has 
been appointed Professor; Professor F. B. Jones has been appointed Chairman of the 
Mathematics Department; Associate Professor H. G. Tucker has returned after a sab- 
batical year at the Institute for Advanced Study; Assistant Professor Hajimu Ogawa has 
returned after a year’s leave at the University of California, Berkeley. 

University of Washington: Drs. M. H. McAndrew, International Business Machines, 
Yorktown Heights, New York, and W. E. Ritter, Dartmouth College, have been 
appointed Assistant Professors; Dr. J. V. Ryff, Harvard University, has been appointed 
Visiting Assistant Professor; Associate Professor J. P. Jans has been promoted to Pro- 
fessor. 


Associate Professor G. E. Baxter, University of Minnesota, has been appointed 
Professor at the University of California, San Diego. 

Dr. I. E. Block, UNIVAC Division of Sperry Rand Corporation, Blue Bell, Penn- 
sylvania, has joined Auerbach Corporation, Philadelphia, Pennsylvania, as technical 
advisor to the director of the Information Sciences Division. 

Associate Professor S. E. Bohn, Bowling Green State University, has been appointed 
Associate Professor at Miami University. 

Dr. S. D. Chatterji, U. S. Army Mathematics Research Center, University of Wis- 
consin, will be lecturing at the Institut fiir Angewandte Mathematik of the University of 
Heidelberg, West Germany, during the academic year 1964-65. 
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The Department extends its invitation to all interested mathematicians. New Mexico 
State University cannot support travel, but there is a small amount of money available to 
help defray dormitory living expenses, particularly for mathematicians (including 
graduate students) from the Southwest. In any case, assistance in reserving motel or 
dormitory space in Las Cruces will be provided, as will auto transportation to and from 
the El Paso, Texas airport or railway station. 

Inquiries should be directed to Professor Ralph Crouch, Chairman, Department of 
Mathematical Sciences, New Mexico State University, University Park, New Mexico. 


TEACHER EDUCATION BOOKLETS RELEASED BY NCTM 


A new series of eight booklets, Topics In MaTHEMaTICs, written especially for ele- 
mentary school teachers, represents the latest publishing endeavor of the NCTM. 
Lenore John of the University of Chicago served as coordinator of the writing team. 

Each booklet deals with a separate subject; titles are as follows: Sets, The Whole 
Numbers, Numeration Systems for the Whole Numbers, Algorithms for Operations with 
Whole Numbers, Numbers and Their Factors, The Rational Numbers, Numeration Systems 
for the Rational Numbers, and Number Sentences. 

The purpose of the booklets is to help elementary teachers prepare themselves to 
teach arithmetic in a manner consistent with the “modern” view. It is the hope of the 
NCTM that these booklets may be helpful to individual teachers and to groups of 
teachers in in-service programs. 

The set of eight booklets, averaging fifty pages each, is available for $2.15 from the 
National Council of Teachers of Mathematics, 1201 Sixteenth Street, N. W., Washing- 
ton, D. C. 20036. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


APRIL MEETING OF THE OKLAHOMA SECTION 


The annual spring meeting of the Oklahoma-Arkansas Section of the MAA was held 
at the East Central State College, Ada, Oklahoma, on April 10-11, 1964. Dr. Gerald K. 
Goff, Chairman of the Section, presided. Two invited addresses were delivered: one on 
“Homogeneity” by Dr. R. H. Bing, President, Mathematical Association of America; 
the other on “Quadric Surfaces Associated with a Tetrahedron” by Dr. Nathan A. 
Court, Professor Emeritus, University of Oklahoma. 

At the business meeting the following officers were elected: Chairman, James O. 
Danley, East Central State College, Ada, Oklahoma; Vice-Chairman, William R. Orton, 
University of Arkansas, Fayetteville, Arkansas; Secretary-Treasurer, Richard V. Andree 
University of Oklahoma, Norman, Oklahoma. 

In addition to a panel discussion on “A Possible Cooperative Mathematics Program 
in Oklahoma Colleges,” the following papers were presented: 


1. Proof of a generalization of Rorem’s conjecture, by Edgar Karst, University of Oklahoma. 


2. Reflecttons in same common categaries, Part I, by Montie Monzingo, University of Okla- 
homa. 


3. Reflections in some common categories, Part II, by Joe Wimbish, University of Oklahoma. 
4. A normal equation in Hilbert space, by Tetsundo Sekiguchi, University of Arkansas. 


5. Geometrizing dynamics, by C. E. Springer, University of Oklahoma. 
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6. Mathematica] theory of optimal control in problems with time delay, by M. Q. Jacobs, Uni- 
versity of Oklahoma. 


7. On the incidence geometry of Deal, by R. R. Kinkade, Oklahoma State University. 
8. Open functions and dimension, by R. E. Hodel, University of Oklahoma. 

9. Some remarks on primitive roots, by D. L. Wright, University of Tulsa. 

10. An Ascoli-type theorem, by C. H. Cook, University of Oklahoma. 


11. Number theory functions in a semi-group ring which can be imbedded in a field, by R. B. 
Deal, Oklahoma State University. 
R. V. ANDREE, Secretary 
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N. A. Court, R. A. DeMarr, D. J. Dessart, J. B. Diaz, D. J. Dickinson, J. D. Dixon, 
J. M. Dobbie, A. Douglis, P. J. Doyle, M. P. Drazin, Edwin Duda, W. F. Eberlein, 
C. C. Elgot, Arthur Erdelyi, Trevor Evans, A. G. Fadell, N. J. Fine, Harley Flanders, 
M. K. Fort, Jr., J. S. Frame, Philip Franklin, R. S. Freeman, P. J. Freyd, K. O. Fried- 
richs, Orrin Frink, Watson Fulk, D. R. Fulkerson, David Gale, E. N. Gilbert, R. P. 
Gilbert, Leonard Gillman, W. Givens, Herman Gluck, C. Goffman, J. L. Goldberg, 
Michael Goldberg, J. K. Goldhaber, Michael Golomb, Solomon Golomb, R. A. Good, 
D. B. Goodner, W. H. Gottschalk, H. W. Gould, Harold Grad, A. A. Grau, D. Green- 
span, R. E. Greenwood, H. A. Guggenheimer, D. W. Hall, F. Harary, Alvin Hausner, 
D. R. Hayes, Nickolas Heerema, Albert Heins, Jack Heller, Peter Henrici, L. H. 
Herbach, I. N. Herstein, T. H. Hildebrandt, J. D. Hill, I. I. Hirschman, Harry Hoch- 
stadt, A. J. Hoffman, K. M. Hoffman, F. E. Hohn, A. F. Horadam, J. M. Horvath, 
A. S. Householder, J. A. Hummel, O. J. Huval, Eugene Isaacson, J. R. Isbell, S. B. 
Jackson, R. A. Jacobson, Anno Jaeger, Meyer Jerison, Donald Jones, L. W. Johnson, 
J. H. Jordan, Mark Kac, W. Kaplan, C. Karp, N. D. Kazarinoff, H. B. Keller, J. L. Kel- 
ley, John Kemeny, J. C. Kiefer, A. Kleppner, Louis Kokoris, E. R. Kolchin, I. I. Kolodner, 
Martin Kruskal, S. Kuroda, R. E. Langer, L. LaPaz, E. L. Lehmann, D. H. Lehmer, G. R. 
Lehner, J. Lehner, K. Leisenring, W. J. LeVeque, Norman Levine, R. J. Levit, L.S. Levy, 
D. C. Lewis, Joram Lindenstrauss, R. C. Lyndon, L. F. McAuley, P. J. McCarthy, 
Paul McDougle, J. E. McLaughlin, E. J. McShane, A. J. Macintyre, Kurt Mahler, 
K. N. Majindar, G. L. Maltese, D. C. B. Marsh, M. J. Meisner, Bert Mendelson, Elliott 
Mendelson, D. D. Miller, K. S. Miller, W. H. Mills, G. Minty, Deane Montgomery, 
Leo Moser, W. O. J. Moser, F. Mosteller, B. N. Moyls, K.S. Muller, F. D. Murnaghan, 
J. B. Muskat, Z. Nehari, B. H. Neumann, Ivan Niven, Ingram Olkin, O. Ore, R. Osser- 
man, J. C. Oxtoby, Pasquale Parcelli, M. H. Pearl, Daniel Pedoe, A. S. Peters, R. R. 
Phelps, R. M. Pollack, D. H. Potts, M. Powderly, Hans Rademacher, E. D. Rainville, 
J. F. Randolph, F. Raymond, R. C. Read, M. O. Reade, D. P. Rearick, R. M. Redheffer, 
W. P. Reid, I. Reiner, Irma M. Reiner, B. L. Reinhart, B. E. Rhoades, H. Ribeiro, 
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R. F. Rinehart, John Riordan, T. J. Rivlin, Herbert Robbins, J. B. Roberts, Louise J. 
Rosenbaum, Murray Rosenblatt, H. L. Royden, Z. Rubinstein, Mary E. Rudin, Walter 
Rudin, P. T. Rygg, H. J. Ryser, E. C. Schlesinger, I. J. Schoenberg, Jacob Schwartz, 
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P. M. Cohn 


UNIVERSAL ALGEBRA 


Devoted exclusively to the study of features common to different algebraic sys- 
tems, such as groups, rings, and lattices. Begins with a survey of set theory then 
presents the notion of an algebraic structure (defined roughly as a set with a num- 
ber of finitary operations) ; discusses isomorphism theorems, as well as the basic 
notions of subalgebra and congruence; finally treats free algebras, studies varieties, 
and introduces model theory. Assumes only a knowledge of algebra and topology. 


Casper Goffman 


CALCULUS OF SEVERAL VARIABLES 


A clear and concise treatment of euclidean space, mappings and their differentials, 
mappings into the reals, main theorems on mappings, manifolds and differential 
forms, and vector analysis. Exercises. 


Denald Greenspan 


INTRODUCTORY NUMERICAL ANALYSIS OF 
ELLIPTIC BOUNDARY VALUE PROBLEMS 


Helping to fulfill the need for specialized, mathematical books on numerical meth- 
ods, it treats elliptic boundary value problems with mathematically rigorous 
numerical techniques on the high-speed computer. Useful as a text or as a research 
monograph. Many illustrative examples; exercises. 


Recent 


Peter Freyd 


ABELIAN CATEGORIES 
An Introduction to the Theory of Functors 


Presents clearly and concisely the basic ideas of categories and functors. The 
author lays a foundation for the theory of functors by choosing as the goal of his 
text the Mitchell-Freyd full embedding theorem—a previously unpublished theorem 
which reduces much of the theory of abelian categories to the theory of modules. 
170 pages; $7.00. 


Harper & Row, Publishers ¢ 49 East 33d St., N.Y. 10016 


COLLEGE DIVISION 


ALLYN AND BACON 


Allyn and Bacon Series in Advanced Mathematics 


“The Allyn and Bacon Series in Advanced Mathematics is de- 
signed to provide expositions of the basic areas of mathematics 
at the upper undergraduate and beginning gradvate levels. It 
is at this point that the student's acquaintance with modern 
mathematics really begins. A good text will, of course, supply 
the usual indispensable features: a high level of exposition, 
plenty of exercises ranging from routine ones to ingenious chal- 
lenges, and stimulating glimpses of where the subject goes 
when you penetrate deeper. A superb text does even more: it 
lets the student share the excitement that accompanied the great 
discoveries of the last century. It is to the development of superb 
texts that the Series is dedicated.” 


—IRVING KAPLANSKY, Consulting Editor, 
University of Chicago 
Marvin Marcus, Henryk Mince, 
both of the University of California, Santa Barbara 
A SURVEY OF MATRIX THEORY AND MATRIX INEQUALITIES. 180 pp. List $8.75 
Joseph J. Rotman, University of Illinois 
GROUP THEORY. Est. 320 pp. List. tent. $8.75 


General Surveys 
J. Houston Banks, George Peabody College for Teachers 


ELEMENTS OF MATHEMATICS, SECOND EDITION. 465 pp. List $7.75 


Edgar D. Eaves, University of Tennessee, 
Robert L. Wilson, Ohio Wesleyan University 
INTRODUCTORY MATHEMATICAL ANALYSIS, 


SECOND EDITION. 496 pp. List $8.75 

Howard Eves, University of Maine 

A SURVEY OF GEOMETRY, VOLUME I. 489 pp. List $9.95 

A SURVEY OF GEOMETRY, VOLUME II. Est. 584 pp. List tent. $11.75 


Harold Feldman, John H. Hindle, 
both of Fairleigh Dickinson University 
MATHEMATICS OF BUSINESS AFFAIRS, SECOND EDITION. 293 pp. Paperbound List $4.95 


Robert H. Oehmke, Michigan State University 
FUNDAMENTALS OF COLLEGE MATHEMATICS. 397 pp. List $7.95 


Jerome M. Sachs, Ruth B. Rasmusen, William J. Purcell, 
all of Chicago Teachers College 


BASIC COLLEGE MATHEMATICS, SECOND EDITION. Est. 384 pp. List tent. $7.50 


Refresher Mathematics 
Donald S. Russell, Ventura College 
ELEMENTARY ALGEBRA, SECOND EDITION. 316 pp. List $5.95 


Myron H. White 


INTERMEDIATE ALGEBRA FOR COLLEGE STUDENTS, REVISED. 460 pp. List $4.95 


LEADING TEXTS 


Calculus and Prerequisites 


J. Houston Banks, George Peabody College for Teachers, 
F. Lynwood Wren, San Fernando Valley State College 


ELEMENTS OF ALGEBRA. 


Charles W. Curtis, University of Oregon 
LINEAR ALGEBRA: AN INTRODUCTORY APPROACH. 


Harry F. Davis, University of Waterloo, Ontario 
FOURIER SERIES AND ORTHOGONAL FUNCTIONS. 
INTRODUCTION TO VECTOR ANALYSIS. 


Abraham P. Hillman, Gerald L. Alexanderson, 
both of the University of Santa Clara 

ALGEBRA AND TRIGONOMETRY. 

FUNCTIONAL TRIGONOMETRY. 


Richard E. Johnson, University of Rochester, 
Fred L. Kiokemeister, Mt. Holyoke College 
CALCULUS. 


CALCULUS WITH ANALYTIC GEOMETRY, THIRD EDITION. 


Joseph Landin, Norman T. Hamilton, both of the University of Illinois 


SET THEORY AND THE STRUCTURE OF ARITHMETIC. 
Julian D. Mancill, Mario O. Gonzalez, 
both of the University of Alabama 


BASIC COLLEGE ALGEBRA. 
MODERN COLLEGE ALGEBRA. 


Neal H. McCoy, Smith College 
INTRODUCTION TO MODERN ALGEBRA. 


Bert Mendelson, Smith College 
INTRODUCTION TO TOPOLOGY. 


Richard A. Moore, Carnegie Institufe of Technology 
INTRODUCTION TO DIFFERENTIAL EQUATIONS. 


Zeev Nehari, Carnegie Institute of Technology 
INTRODUCTION TO COMPLEX ANALYSIS. 


Gilbert de B. Robinson, University of Toronto 
VECTOR GEOMETRY. 


Malcolm Smiley, University of California, Riverside 
ALGEBRA OF MATRICES. 


Peter W. Zehna, Naval Postgraduate School, Monterey, Cal., 
Robert L. Johnson, Colorado State College 


ELEMENTS OF SET THEORY. 


For examination copies, write to: Arthur B. Conant, Dept. E. 


MATHEMATICS 

514 pp. List $7.75 

210 pp. List $8.25 

A403 pp. List $8.95 

359 pp. List $8.50 

514 pp. List $7.95 

327 pp. List $5.95 

634 pp. List $9.95 

798 pp. List $11.50 

264 pp. List $7.75 

458 pp. List $6.75 

386 pp. List $6.50 

304 pp. List $7.95 

217 pp. List $8.50 

236 pp. List $7.50 

258 pp. List $7.50 

176 pp. List $6.95 

Est. 248 pp. List tent. $7.95 
194 pp. List $6.50 


ALLYN AND BACON COLLEGE DIVISION 


150 Tremont Street, Boston, Massachusetts 02111 


Statistics and Probability 


“This is a well-written textbook intended for use 
in the first statistics course taken by undergradu- 
ates in business administration or the social sci- 
ences. . . . | would recommend the book for a 
sound introduction to statistical analysis or a good 
review of basic concepts for anyone who has been 
away from them for some time... ." (INDUSTRIAL 
QUALITY CONTROL, 1964). 1963, 494 pages, 
$8.00 


“There are a number of commendable features of 
this text... rich in its abundance of classical 
and rather recent topics in statistics ... contains a 
very generous supply of problems and a lengthy 
list of references ... a suitable text for [the third- 
year university level in mathematics]."" (JOURNAL 
OF THE AMERICAN STATISTICAL ASSOCIATION, 
1963) 1962, 462 pages, $8.50 


The Bell Laboratories Series Here is the first revision 
of this noted work. Updated by new applications, 
rich in statistical concepts and topics of current in- 
terest, reflecting modern symbolism and terminol- 
ogy, the new edition is ideal for meaningful under- 
graduate courses in probability for science and 
engineering students. coming December, 1964, 
about 450 pages, approx. $12.00 
e@eseeeeeoevneeeveeeeevneseeeeeeeaeeee 
A noted book, reviewed in its second edition as 
‘. «. @ very scholarly book in the best tradition of 
analysis." (ZENTRALBLATT FUR MATHEMATIK UND 
IHRE GRENZGEBIETE), and“... very valuable 
addition to the literature, a work of scholarship, 
and an excellent medium through which mathema- 
ticians can learn probability theory."’ (MATHEMAT- 
ICAL REVIEWS) 1963, 701 pages, $14.75 
eeeseeeeeeeeeeeeeeeeeeeeeeee 
This new book presents the principles of random 
walk from the point of view of the mathematician. 
Random walk is connected with potential theory 
and boundary theory to clarify both theories, and 
necessary background information is provided. 
1964, 417 pages, $12.50 
®eeeeeseeceeoveeeveeeeevneeeeeeeeeeee 
“The authors have succeeded in presenting this 
important subject from a fresh and exciting point 
of view. A number of new and valuable theorems 
are included. Interest builds steadily as one per- 
uses the book... [an] individualistic, interesting 
treatment of Markov chains." (AMERICAN MATH- 


EMATICAL MONTHLY, 1960) 1959, 224 pages, 
$6.00 


In paperback 
VAN NOSTRAND MATHEMATICAL STUDIES 
P.R. Halmos @ F. W. Gehring, Editors 
#£1 Lectures on Boolean Algebras © P. R. Halmos 


1963, 147 pages, $2.95 
#£2 Lectures on Elliptic Boundary Value Problems 
Jan. 1965, approx. $3.75 
#3 Notes on Differential Geometry @ N. J. Hicks 


e S$. Agmon 


STATISTICAL 
ANALYSIS: IDEAS 
AND METHODS 


E. Vernon Lewis, 


Ursinus College 
S@9eeeeeeeoeeeeeeeeeeeeeeeneee eee e 6 


INTRODUCTION TO 
STATISTICAL 
INFERENCE 


E. S. Keeping, 
University of Alberta 


PROBABILITY AND ITS 


ENGINEERING USES 


2nd _ Edition 
Thornton C, Fry, 


University Corporation for Atmospheric Research 
@eeooeeeee0eueovs@e~eeeeeeeeeeeeeegeee @ 


PROBABILITY 


THEORY 


3rd Edition 
Michel Loéve, 


University of California at Berkeley 
@®eeeoeeooeoevoeve0eaeeaeeeeeeeeeneeeeeee © 


PRINCIPLES OF 
RANDOM WALK 
Frank Spitzer, 


Cornell University 
@®eeeoeoeoeoeveeeeeeeeeeeeeeeeeeeee @ 


FINITE MARKOV 
CHAINS 


John G. Kemeny and J. Laurie Snell, 
both of Dartmouth College 


Van 
Nostrand 


120 Alexander Street 
Princeton, N.J. 


Jan. 1965, approx. $2.95 


RECENT & FORTHCOMING 
MATHEMATICS TEXTS 


PARTIAL DIFFERENTIAL EQUATIONS OF PARABOLIC TYPE Avner Friedman, 
Northwestern University; 1964, 347 pp., $12.00 


A FIRST COURSE IN FUNCTIONAL ANALYSIS Casper Goffman and George Ped- 
rick, both of Purdue University, January 1965, approx. 288 pp., $12.00 


ELEMENTS OF THE THEORY OF PROBABILITY Emile Borel, outstanding French 
Mathematician, translated by John Freund, Arizona State University; February 1965, 
160 pp., $5.75 


A NEW LOOK AT ELEMENTARY MATHEMATICS Benjamin E. Mitchell and 
Haskell Cohen, both of Louisiana State University; February 1965, approx. 400 pp., 
$7.95 


Selected Russian Publications in the Mathematical Science Series Edited and 
Translated from the Russian by RICHARD A. SILVERMAN .. . 


THEORY OF FUNCTIONS OF A COMPLEX VARIABLE, VOL I. iA. I. Markushe- 
vith, Moscow State University; January 1965, approx. 480 pp., $12.00 


SPECIAL FUNCTIONS AND THEIR APPLICATIONS N. N. Lebedev, Physio- 
Technical Institute of the Academy of Science of the USSR; January 1965, approx. 
320 pp., $12.00 

for approval copies, write: Box 903 


PRENTICE-HALL, INC., ENGLEWOOD CLIFFS, N.J. 


Latest Addition to 
the ATHENA Series... 


“Satisfies a 


real need’... .* | Forthcoming ... 


Brief but brilliant studies cov- 


DIFFERENTIAL 
EQUATIONS: 


A Modern Approach 


Harry Hochstadt, Profes- 
sor of Mathematics, Poly- 
technic Institute of Brook- 


lyn. 

*“. . . Satisfies a real need 
for a modern approach to 
intermediate differential 
equations. I particularly 
like the author’s develop- 
ment of the matrix method 
of solution of systems of 

linear equations.” 

John F. Lavelle, 

Gettysburg College 
1964 
ym 304 pp. $6. 50 


HOLT, RINEHART and WINSTON, Inc. 


ering specialized areas of 
mathematics not found in con- 
ventional texts. 


THE GAMMA 
FUNCTION 


Emil Artin, late of the 


University of Hamburg 
Translated by Michael 
Butler 


A first-rate translation of 
a hard-to-find mathemati- 
cal classic, incorporating 
corrections by the author. 


1964 64 pp. $1.75 


FUNCTIONAL 
ANALYSIS: 


Theory and Applications 


R. E. Edwards, Institute 
for Advanced Studies, Aus- 
tralian National University 


1965 864 pp. 
$25.00 (tent.) 


383 Madison Avenua, 
New York, N.Y. 10017 
In Canada: 833 Oxford Street, Toronto 18, Ontario 


New from Macmillan 


ELEMENTARY DIFFERENTIAL EQUATIONS, Third Edition 
by Earl D. Rainville, The University of Michigan 
Aims at developing a sound knowledge of elementary differential equations as well as good 
techniques for solving equations. Includes four new chapters on the Laplace transform, in ad- 
dition to new material on an asymtotic series, canonical variables, the error function, and 
special integral equations. 1964, 521 pages, illus., $7.50 


A SHORT COURSE IN DIFFERENTIAL EQUATIONS, Third Edition 
by Earl D. Rainville. 1964, 302 pages, illus., $6.00 


ANALYTIC GEOMETRY AND THE CALCULUS 
by A. W. Goodman, University of Kentucky 
Designed for freshman or sophomore students majoring in mathematics, science, or engineer- 
ing. Vectors are introduced early and used wherever possible. The problems are carefully 
graded, progressing from simple exercises in manipulation to more difficult problems, with 
answers provided to all. 1963, 774 pages, illus., $9.95 


ABSTRACT ALGEBRA 
by W. E. Deskins, Michigan State University 
Features the central theme of factorization, utilizes a number-theoretic viewpoint, proceeds 
from the familiar to the abstract, stresses the importance of analogy in the development of 
mathematics, and includes numerous examples and heuristic discussions. Allendoerfer Ad- 
vanced Series, 1964, 624 pages, prob. $9.95* 


MATHEMATICS FOR PARENTS 
by Carl B. Allendoerfer, University of Washington 
Designed to orient parents, in laymen’s language, to the current trends in elementary and sec- 
ondary mathematics programs. It describes the background and philosophy of the current re- 
form movement in mathematics and provides suggestions for parents who want the best mathe- 
matical training for their children. 1965, approx. 178 pages, paper, $2.95 


VECTOR CALCULUS 
by B. W. Lindgren, University of Minnesota 
This text for a one-term course to follow undergraduate courses in calculus and differential 
equations emphasizes the mathematical approach to vector analysis. Topics of line and sur- 


face integrals are covered more fully than usual, and angular velocity is carefully treated. 
1964, 200 pages, $6.50 


ELEMENTARY CONCEPTS OF MATHEMATICS, Second Edition 


by Burton W. Jones, University of Colorado 


Written for beginning students who do not intend to major in mathematics or science, this 
text clarifies the basic mathematical concepts and relates them to problems in everyday life. 
Allendoerfer Undergraduate Series, 1963, 368 pages, $6.00 


ARITHMETIC: An Introduction to Mathematics 
by L. Clark Lay, California State College, Fullerton 


This basic text presents material fundamental to algebra and higher mathematics and serves 
as an excellent transitional book that leaves nothing to be “unlearned.” Includes more than 
5,000 original, stimulating exercises. Allendoerfer Undergraduate Series. 1961, 323 pages, $4.95 


APPLIED COMPLEX VARIABLES 
by John W. Dettman, Oakland University 


A modern, over-all view, this book is heavily weighted with applications. The first half devel- 
ops the necessary mathematics, and the second half concentrates on applications to specifie 
engineering and science problems. Allendoerfer Advanced Series. Ready May 1965, approx. 
400 pages, prob. $10.00 


MEASURE AND INTEGRATION 
by Sterling Berberian, State University of Iowa 


Discusses the basic theory of measure and integration over abstract measure spaces, as well 
as the theory of measure and integration over locally compact topological spaces. Detailed 
proofs included. Allendoerfer Advanced Series. Ready January 1965, approx. 320 pages, prob. 
$10.00 


TOPICS IN HIGHER ANALYSIS 
by Harold K. Crowder and S. W. McCuskey, Case Institute of Technology 


An intermediate level text for junior and senior courses in advanced calculus. Covers standard 
topics in analysis for students of science and engineering. Complex variables are introduced 
early and employed throughout wherever essential. Allendoerfer Advanced Series. 1964, 561 
pages, $10.00* 


THE THEORY OF RINGS 
by Neal H. McCoy, Smith College 


For use by graduate or advanced undergraduate students as a supplement to that portion of 
ring theory which is introduced in the usual course in abstract algebra. The volume might 
also be used as primary text material for a one-semester course in the theory of rings. 1964, 
173 pages, $3.50 


PROJECTIVE AND RELATED GEOMETRIES 
by Harry Levy, University of Illinois 


Designed for a year’s course in geometry for the undergraduate mathematics major or for the 
beginning graduate student with a minimal preparation in geometry. Adopts Klein’s formu- 
lation of geometry as the invariant theory of a given set under a given group of transformations 
and develops this point of view consistently and systematically. Allendoerfer Advanced Series. 
1964, 450 pages, $11.00 


LIMITS AND CONTINUITY 
by William K. Smith, Bucknell University 


This paperback provides, in sprightly language and considerable detail, clear expositions of 
the two concepts, utilizing intuitive and heuristic approaches. Answers or outlines for proof 
are provided for over half of the exercises. Macmillan Mathematics Paperbacks. 1964, 144 
pages, $2.95 


FUNDAMENTALS OF MATHEMATICS, Revised Edition 
by Moses Richardson, Brooklyn College 


Emphasizing the fundamental concepts and applications of mathematics rather than its formal 
techniques, this book provides a suitable terminal course for students of the arts and social 
sciences. 1958, 507 pages, $7.50 


Write to Judith Wight for examination copies. 


* Indicates book sent on 30-day approval. Under Macmillan's new ‘30-day approval plan,"" a book 
is billed only if you decide not to adopt it, but wish to keep a personal copy. 


THE MACMILLAN COMPANY 60 Fifth Avenue, New York 10011 


A Challenging and Versatile Text for Undergraduate Mathematics 


FUNDAMENTAL STRUCTURES OF ALGEBRA 


By GEORGE D. MOSTOW, Yale University; J. H. SAMPSON, and 
JEAN-PIERRE MEYER, both of The Johns Hopkins University. 640 


pages, $8.95. 


Three prominent mathematicians offer in this text virtually all the alge- 
bra likely to be encountered by students who will take up science and 
engineering careers as well as a thorough introduction to algebra for fu- 
ture mathematicians. Their approach is to develop systematically the 
basic concepts of algebra via an axiomatic approach and then to progress 
directly into a mature, rigorous study of modern algebra. 


UNUSUAL FEATURES: 


A very wide range of uses, from the fresh- 
man to the senior level: 1) a first-semester 
algebra course for college freshmen and 
sophomores, based on Chapters 1-8. Such a 
course is ideally suited for a teacher train- 
ing program. 2) a second-semester algebra 
course following course one and aimed at 
average engineering students. 3) a full 
year’s course for mathematics majors. 4) a 
one-semester course in linear algebra for up- 
perclass science majors, based on Chapters 
1 and 7-16. 


Extremely clear exposition combined with 
an extensive coverage which will make the 
book a standard reference work. 


Designed to meet.the needs of the new cur- 
riculum demanded by the ever-greater needs 
of modern technology for facility in under- 
standing abstract mathematical systems. 


Copious illustration of abstract concepts by 
examples. 


Introduction of tensor algebra at a level 
comprehensible to undergraduate science 
and engineering students. 


A Teacher’s Manual is available. 


CONTENTS: 


1, Binary Operations and Groups; 2. Rings, 
Integral Domains, the Integers; 3. Fields, 
the Rational Numbers; 4. The Real-number 
System; 5. The Field of Complex Numbers; 
6. Polynomials; 7. Rational Functions; 8. 
Vector Spaces and Affine Spaces; 9. Linear 
Transformations and Matrices; 10. Groups 
and Permutations; 11. Determinants; 12. 
Rings of Operators and Differential Equa- 
tions; 13. The Jordan Normal Form; 14. 
Quadratic and Hermitian Forms; 15. Quo- 
tient Structures; 16. Tensors. 


More than 53 colleges and universities 
have adopted FUNDAMENTAL 
STRUCTURES OF ALGEBRA: 


Agriculture & Mechanical College 
Bethel College | 

Brandeis University 
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